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HARMONIC ANALYSIS AND UNCERTAINTY PRINCIPLES FOR
INTEGRAL TRANSFORMS GENERALIZING THE SPHERICAL
MEAN OPERATOR

(COMMUNICATED BY HUSEIN BOR)

KHALED HLEILI, SLIM OMRI, LAKHDAR TANNECH RACHDI

ABSTRACT. For m,n € N; m > n > 1, we define an integral transform %, n
that generalizes the spherical mean operator. We establish many harmonic
analysis results for the Fourier transform %, connected with Zpm . Next,
we establish inversion formulas for the operator %, and its dual *%p, .
Finally, we prove some uncertainty principles related to the Fourier transform

T

1. INTRODUCTION

The spherical mean operator Z is defined, for a function f on R x R™, even with
respect to the first variable, as

Z(f)(r,z) = f(0,2) + rw)do,(w); (r,z) € R x R".
Sn
where S™ is the unit sphere: S™ = {w € R x R" ; |w| = 1} and o, is the surface
measure on S™ normalized to have total measure one.
The dual of the spherical mean operator % is defined by

H0) ) = G [ oV =Py

where dy is the Lebesgue measure on R"™.

The spherical mean operator Z and its dual *% play an important role and have
many applications, for example, in image processing of so-called synthetic aperture
radar (SAR) data [13, 14], or in the linearized inverse scattering problem in acoustics
[10]. Many aspects of such operator have been studied [2, 7, 16, 19, 20, 23, 24, 26].

In [3] Baccar, Ben Hamadi and Rachdi defined and studied the Riemann-Liouville
operator %, which generalizes the spherical mean operator in dimension two, and
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in the same work, the authors established several inversions formula connected with
the operator Z,. In [15] Hleili, Omri and Rachdi proved many importants uncer-
tainty principles for the same operator Z,,.

Our purpose in this work is to define and study a class of integral transforms
which generalizes the spherical mean operator % in dimension n, and to establish

several uncertainty principles for this class of integral transforms.

Namely, for every integers m > n > 1, we define the integral transform %, ,, by

g
I\(mZ—n)l—\(n 1 / o f((O, x) + rtw)
P (f) (1) = x(1 — 2)" " ~Lndtdo, (w), if m > n,
F0,2) + rw)do, (w), if m=n,
Sn

where f is a continuous function on R x R", even with respect to the first variable.
The dual operator ‘%, ., is defined by

ﬂ// f(r,z+y)
2 2 52+| |2<r2

Ry (f)(5,y) = — 2))" 2 " trdrdz  if m > n,

1
/ f(\/52+|x—y|2,x) x if m = n.

@n)?
We associate to the operator %y, ,, the Fourier transform .#,, ,, defined by

+oo
VN €T s FunNN) = [ [ Fraiouatra) du (),

where

o Qun(r,@) = B (c0s(u)e™ M) (r,2) = s (73/02 4 27) 7N, and s,
-1

is the modified Bessel function of the first kind and index m

o dvy, , is the measure defined on [0, +oo[xR"™, by

r™dr dx
m

= ® =
2" P(mEly  (2m)%

AV (1, ) =

e T is the set given by
T=RxR"U{(it,z) | (t,z) e RxR", [¢| < |z]}.

Then we have established the harmonic analysis related to the Fourier trans-
form %, . Next, we define and study the fractional powers of the Bessel operator
0% 2a+190 02 "L 92
— + —, @ > —1 and the Laplacian operator A = — + Y —s.
Or? rooor’ T 2 P P e

by =

Using these fractional powers, we determine some subspaces of the schwartz
space Se (R x R™) (the space of infinitely differentiable functions on R x R™ rapidly
decreasing together with every their derivatives and even with respect to the first
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variable) where %, , and '%,, ., are topological isomorphisms and we give the
inverse isomorphisms, more precisely we have the following inversion formulas

f = K;m,n tt%m,n%m,n(f)7
g = t@m,n-[{rln’n t%m,n(g)

and
f = t'@m,ann,n‘%m,n(f)v
= Ky%l,n%m,n t%m,n (g)v

where the operators K, , and K72, ,, are expressed in terms of the fractional powers
of ¢, and A.

On the other hand, the uncertainty principles play an important role in har-
monic analysis and have been studied by many authors and from many points of
view [11, 12].These principles state that a function f and its Fourier transform
]?cannot be simultaneously sharply localized. Theorems of Hardy, Morgan, Beurl-
ing,... are established for several Fourier transforms [6, 18, 21, 22].

In this context, we have studied and established some important uncertainty
principles for the Fourier transform %, ,,. More precisely we have proved the fol-
lowing Beurling-Hrmander type theorem

o Let f € L%(dvp, n), and let d be a real number, d > 0. If
oo f (@) P () (1, V)]
man ) AL ralio] g d A
e Vm,n (T ) AYm,n(fy A) < +00.
[ L oot i) U 2)

Then there exist a positive constant a and a polynomial P on R x R”, even with
respect to the first variable, such that

Y(r,z) e RxR", f(r,x) = P(r, x)e_“(TZHIIZ),

d—(m+n+1)
—

with deg(P) <
Where

® d7yp, n is the spectral measure that will be defined in the second section.
e T, is the subset of T, given by

T4 = [0,4oo[xR™ U {(it,z) | (t,z) € [0,400[xR™ , t < |z|}.
e 0 is the bijective function defined on the set T by

= (V12 + AR A).

The precedent theorem allows us to establish the Gelfand-Shilov and Cowling-Price
theorems.

o (Gelfand-Shilov) Let p, ¢ be two conjugate exponents, p, g €]1, 400 and let &, 7
be non negative real numbers such that {n > 1. Let f be a measurable function on
R x R", even with respect to the first variable, such that f € L?(dvy, ).

It

Ep\(rz)\p

“+oo >
dmn? b
/ / 1+|rx>|>d V(T @) < oo
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and
7 e AUPRSIL
man( AV (1, A) < 4005 d 2 0.
[]. =y e

Then 1
i) For d < %,f:o.

1
i1) For d > %, we have

a) f=0for &n > 1.
b) f=0for&n=1, and p # 2.
c) f(r,x) = P(r, x)e*a(’ﬁ*'m'z) forén=1and p=q=2,
where a > 0 and P is a polynomial on R x R™ even with respect to the first variable,
1
with deg(P) < d — %

1
e (Cowling-Price) Let £, 7, w1, ws be non negative real numbers such that &n >

Let p,q be two exponents, p,q € [1,+00], and let f be a measurable function on
R x R", even with respect to the first variable such that f € L?(dvy,.»).
If

SE1GI1P
—_ < 400,
T+ o= >
DVm,n

and

oI >

@+ o= ) - s

then

i) For &{n > 7f—0

1
i1) For &n = T there exist a positive constant a and a polynomial P on R x R”,

even with respect to the first variable, such that

f(r,x) = P(r, x)e_”“(rz*'lx‘z).

2. THE OPERATORS %y, , AND ITS DUAL ‘%, ,

In this section, we define the operators %, ,, and its dual ‘%,, , and we give
some properties.
Let m,n be two integers such that m >n > 1.

For every (u,A) € C x C", the system

u(r,x) = —i\ju(r,x),if 1 < j < n,

0z;
Eu(r,z) = —pu(r, z),
u(0,0) = 1; Eu(o,x) =0,Vx € R",

admits a unique solution ¢, x, given by

V(r,z) e RxR";, @, a(r,z) = Jmor (ry/p2 + N2)e i A=) (2.1)
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where
e M2=22+ L+ 22 A=\, ) €CT,
o (Nz) =Mz + ... + Ay = (21, ...,2,) €R?,
e = is the operator given by
2 n_og2
:8—2+T£— 8—2. (2.2)
or r Or = Ox;

[1]

e mo1 is the modified Bessel function defined by

. 277 () e O S e VSO
jua (2) = Zi*" () =1(" )ZM(%M)@ . zeC,
k=0
(2.3)
and Jm-1 m_1 is the Bessel function of the first kind and index L [8, 9, 17, 25].

The modified Bessel function jm-1 has the following integral representatlon (1, 17],
for every z € C, we have

] —LF(mT_H) 1 —¢? Lcos(z
s (2) = \/EF(T;)/O (1— )% 1 cos(=t)dt. (2.4)

From relation (2.4), we deduce that for every z € C, and for every k € N, we have

j%(z){ < elm), (2.5)

From the properties of the modified Bessel function jmTfl, we deduce that the
eigenfunction ¢, » is bounded on R x R™ if and only if (i, A) belongs to the set

T=RxR"U{(it,z) | (t,z) e RxR", [¢| < |z}, (2.6)
and in this case
sup |g0#7>\(7",$)| =1, (2'7)
(r,z) ERXR™

where |z| = /22 + ...+ 22; x=(z1,....,2,) € R™

For real numbers a > b > —1/2, we define the Sonine transform S, ; by

2l'(a+1) —b—1,2b+1 :
(rt @ e, if b;
Sap(f)(r,2) =3 T(a—bL(b+1) / frt,2)(1 =) o Ha=bi o)
fr, @), if a = b.
It is well known, see for example [1, 17], that for every (i, \) € C x C", we have
V(r,z) € Rx R™, Sy (jo(p)e N7 (r,2) = ja(rp)e A7), (2.9)

Proposition 2.1. For every (1, \) € C x C", the eigenfunction ¢, x has the fol-
lowing integral representation

21-\ m+1
(22) n+1 / /n 1—12)"" "L cos(rtun)
ua(r,z) = —iQz 4t dtdo,, (0, €),  if m > n,
/ cos(rpm)e” Nt o, (n £), ifm=n,

(2.10)
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where S™ = {(n,£) € R x R™;n? + |£|? = 1} is the unit sphere of R x R, and o,
is the surface measure on S™ normalized to have total measure one.

Proof. e If m > n, it is well known that for every (i, \) € C x C", we have

Jooa (rvp?+A2) = /n cos(run)e "N dg, (n, €). (2.11)

On the other hand and according to relation (2.9), we have for every (u, A) € CxC",
and for every (r,z) € R x R”

Sms ns (fus (/2 + A2 ) (1, 2) = s (r/p2 + A2)e A (2.12)

Hence by combining relations (2.8), (2.11) and (2.12), we get for every (u,A) €
C x C™ and for every (r,z) € R x R",

2T( m+1 9 i
Pun(r,z) = = n+1 // (1-t7) ~Lcos(rtun)e” <|x+”§>t”dtdon(n,§).

e If m = n, then the result follows from relations (2.1) and (2.11). O

The precedent Mehler integral representation of the eigenfunction ¢, » allows us
to define the integral transform %y, ., connected with operators 8—;1 <j<n
N

J
and =. More precisely, we have

Definition 2.2. We define the integral transform %, » associated with operators

;1< j<nand= to be

s
20(
W/ Snf O .13)+7"tw>
R (f)(r,z) = x(1 —t2)" =" ~Lndtdo, (w), if m > n,
f((o,.T) + TLU)dO'n(W), me =n,
" (2.13)

where f is a continuous function on R x R™, even with respect to the first variable.

Remark 2.3. i) From the Proposition 2.1 and Definition 2.2, we have

(@) = Bmn ( cos(p.) exp(—i(A\.))) (r,x). (2.14)

it) We can easily see, as in [5], that the integral transform R, » is continuous and
injective from &.(R x R™) (the space of infinitely differentiable functions on R x R™,
even with respect to the first variable) into itself.

We denote by
e dmy, 11 the measure defined on [0, +oo[xR™, by
2 1

dmp1(r,z) = PTISE ——dr ® dz, (2.15)
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where dz is the Lebesgue measure on R”.
o LP(dmy1) the space of measurable functions f on [0, +00[xR™, such that

1

+o0 1
||f||p7mn+1 = (/ /” |f<r7 x)|p dmn-‘rl(ra x)) : < +Oo7 ifp 6 [17+OO[7

||f||007mn+1 = €s8 Sup |f(r7 1‘)| < +OO7 lfp = +OO
(r,x)€[0,+o0[xR"™

o dvy, p, the measure defined on [0, +oo[xR", by

r™dr dx

AV (r,x) = — ® =
’ ( ) 2 21I‘(mT+1) (27r)2

(2.16)

o LP(dvy, ), the Lebesgue space of measurable functions f on [0, +oo[xR", such
that || fllp,v,, ., <-+oo.

e S.(R x R™) the Shwartz’s space formed by the infinitely differentiable functions
on R x R", rapidly decreasing together with every their derivatives, and even with
respect to the first variable.

e C.(R x R™) the space of continuous functions on R x R™, even with respect to
the first variable.

Lemma 2.4. i) For every function f € L'(dvm.n), the function 'R »(f) defined

by
AT (T // f(r,z+y)
2 ’ 82+| |2<T2 7YL n
"R ()(5,y) = — 277 “Yrdrdz  if m >n,
1
= / f( 52—|—\x—y|2,x)da: if m=n.
(2m)z Jgn

belongs to L*(dmy, 1) and we have

Htf%)m,n(f)”l,mnﬂ <

(2.17)

ii) For every bounded function f € C.(RxR™), and for every function g € L' (dvp, ),
we have

/O+Oo/n‘%;m7n(f)(7”7 2)g(r, 2)dVpm 1 (r, )

+o0o
= /(; - f(57 y)t%’m,n(g)(s, y)dm7L+1(S, y)’

(2.18)
Proof. i) Let f € LY (dvim.n).
e If m > n, we have
t
P )(5.9)|
< Mo o < n o _ ’NL _1 d d 7
221( z_n)ﬂi /~/52+z|2<r2 £ (r, Z+y)|(r s |Z| ) ? rdrdz
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and using Fubini’s theorem, we obtain
+oo t
Lol
400
< ST E f/ Lo /SZHZW Fr =+ )

x (12 —s? —|z])"2" rdrdz)dsdy

+oo
N 2m+§llf(’1”2" ants /0 {//£2+22<r2 (/n |f(7“,z—|—y)|dy)

%m,n<f><s,y>\dmn+l(s,y>

x (12— — |27 rdrdz} ds
et U L
= m—+n— 1 |f(r7 y)| dy)
2T () o stlzfr<rs N JRn
x (r? —s? — |z|2)m7?_1rdrdz} ds
1 oo
= m4n— 1 |f(T7 y)l
2+21F(m2n)7rn+2‘/0 /n
X // (r2 — 5% - |z|2)m5n )rdrdy
82+|Z|2<7"2

—+oo
_ m-_n__q n
- TR / [ 15t /( )" rdrdy.

From the fact that

r m=n\ n+l
/(T2 t2) 5 _1tndt ( 2 +(1 2 ),rm—l7
0 2I(™5=)
we deduce that
+oo ¢
/ / e%m,n(f)(sv y)‘danrl(Sv y)
0 n
+o0
< e (ryy)|r™drd
2" (L) (27) 5 / / Nl Y

= ||f||1,um,n~

e The case m = n may be treated similarly .

ii)e If m > n, then by relation (2.13), we have

P () (1)
I'(

mtl) m—n
-t [ P, +9)(r® — 5% — yf?) “F* dsdy
r(ms2)n 2 24 |y|2<r?
F(m—i—l) .
= m_nZ 71+1 1 // ,y)(’l’ 75 *|$7y|) ldey7
r(=s2)n 2 24 |p—yl2<r?
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and by Fubini’s theorem, we get

/O+°° /n%m,n(f)(ﬂz)g(r, ) Ay 0 (7, T)

1 /+00/
= s n n g\r,x
27 T (=) ™5 (27) 5 Jo L9 7)

2

X (//82_1”0_1”20‘2 f(s,y)(r2 _s2_ |z — y|2)m

+oo 1
= f(s,y m// g\r,x
/0 g ( )(2 2 F(%)W{z s24|z—y|2<r? ( )

x (r2 —s? — |z — y|2)%7lrdrdx)dmn+1(s, Y).

71 dsdy) rdrdx

e If m = n, we have

/0+°° / R (£) (1, 2)g(r, )V (7, 2)

400
— 2"?{*(%5-1)(2”)3 /O /n ( . flrw+ (O,x))dan(w))

x g(r,x)r"drdz,

and by Fubini’s theorem,

/OJFOO /n%n,n(f)(ﬁl‘)g(r, &) dvp (7, )

1 +00
:ffﬂﬁwwﬂ&@fﬂ 5 [0+ (02)
x g(r,x)r"drdoy, (w)) dz

_ L)
—%Tfﬁwﬁ%ﬁAALMmmew
x g(v/8%+ |y Q,x)dsdy)dx

_ L)
CoortT 2t (i) (2r) 3 /]R" (/R"+1 f&y)
x g(v/s% + |y — af?, x)dsdy)d:v
+o00
:/ f(Say)(i/ g(V S2+‘y—l‘|2,$)dl‘)dmn+1(87y).
0 Rm™ R™

(2m)%

We denote by
e %y the o-algebra defined on T by

By, ={07(B), B € Bpor([0, +o0[xR™)},

where the set T, and the function 6 are defined in the introduction.
® dv,, the measure defined on By, by

VAe %T+; 'Vm,n(A) = Vm,n(a(A))
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o LP(dm,n) the Lebesgue space of measurable functions f on Y, such that
||f||p7’)’7n,n < +00.

Then we have the following properties

Proposition 2.5. i) For every nonnegative measurable function g on Ty, we have

//r g, A) d¥mn (e, A)
~ o (ml+1)(27T)g (/OJFOO/R”g(M,A)(MJF 2™
2
+/7L/0A|g(w’)‘)(|)‘|2_UQ)TududA).

1) For every nonnegative measurable function f on [0, +oo[xR™ (respectively in-
tegrable on [0, +oo[xR"™ with respect to the measure dvy, ), fob is a measurable
nonnegative function on Y, (respectively integrable on T4 with respect to the mea-
sure dym.n) and we have

//]er S 00) (1, X) dymn (11, A /+°° 5 f(r @) dvg, (7, ). (2.19)

T pudpd\

3. THE FOURIER TRANSFORM ASSOCIATED WITH THE OPERATOR % n

In the next, we shall define the translation operator and the convolution product
associated with the integral transform %,, ,,. For this we need the following product
formula satisfied by the function ¢, x, that is for every (r,z), (s,y) € [0, +oo[xR",
Cux(r,)eua(s,y) = L;rl) /ﬂ (V12 + 52 + 2rscos b, x + y) sin™ 1 (0)do

Al e V(E) Jo o |

(3.1)

Definition 3.1. i) For every (r,z) € [0,4+00[xR", the translation operator 7(, )
associated with the integral transform Hu, , is defined on LP(dvy, ), p € [1, +00],
by

r(m)
T(T,m)f(s y) \/*1—\( )
ii) The convolution product of f,g € L*(dvm ) is defined by
“+o0
V(.)€ 0 +oalR™ frg(ra) = [ [ oy (s, 0)dnn(s.0),
0 n

where f(&y) = f(s,—y).

/ F(V/r? + 52+ 2rscos b, x + y) sin™(6)db.

We have the following properties

e relation (8.1) can be written: 7(, ) 0u(8,Y) = ©ux (1, 2)0uA(5,Y).
o If f € LP(dvpm ), 1 < p < +o0, then for every (r,z) € [0, +oo[xR"™, the function
Tr,z)f belongs to LP(dvp, ) and we have

| (3.2)
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In particular, for every f € L*(dvy, ) and (s,y) € [0, +0o[xR", the function Tira) [
belongs to L' (dvy, ) and we have

+o0 +oo
/ / T(s,y) f (1 ) AV (1, ) = / fr, x)dvm o (1, x). (3.3)
0 R 0 R

1 1 1
e Let p,q,r € [1,+00] such that — —|— - =1+ e For every f € LP(dvp, ), and
q
g € LYdvy, ), the function f *g belongs to Lr(dym n) and we have
Illgvmn- (3.4)

In the following, we will define the Fourier transform %, n, connected with %, n
and we give its connection with the translation operator and the convolution product
defined above. Next, we shall give some properties that we need in the coming
sections.

rwvmn < llpvmn

Definition 3.2. The Fourier transform %, », associated with the integral transform
R is defined on L (dvy, ) by

—+oo
N €T s FrnlNd) = [ [ Fr)unto) don o)
O n
where @, x s the function given by (2.1) and Y is the set defined by (2.6).

The Fourier transform %, ,, satisfies the properties

e For every f € L'(dvy, ) and (r,z) € [0, +0o[xR™, we have

V(IUH /\) e, jm,n(T(n—w)f)(,Ua )\) = gpu)\(r, a:)fmm(f)(,u, /\)~ (3~5)
e For every f,g € L'(dvy,.), we have

V(i A) €T, Fonn(f * 9) (1 A) = Fonn () (11 A) Fmn (9) (115 A).-
e For every f € L'(dvp, ), and (u,\) € T
(D)1 N) = P () 0 01 N), (3.6)
where for every (p, A) € [0, +oo[xR™,

FunDN) = [ [ @i e S r2). 37

Moreover, relation (2.7) implies that the Fourier transform .%#,,, is a bounded
linear operator from L!(dv,, ,) into L (dvm ), and that for every f € L' (dvpm ),
we have

[Fmn (FMlloo . < 111100 (3-8)

Theorem 3.3 (Inversion formula). Let f € L'(dvi, ) such that Fp, n(f) € LY (dymon),
then for almost every (r,z) € [0, +oo[xR"™, we have

f(rx) = / /T T ) (s N (7o) oy (11, A)

(WQGNMI) AW (5 A).-

+oo _
:/ Fonon(F) (11, N)f s
0 R™
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Theorem 3.4 (Plancherel theorem). The Fourier transform %, ,, can be extended
to an isometric isomorphism from L?*(dvy,n) onto L*(dym.n). In particular, we
have the Parseval equality, for every f,g € L*(dvm n)

“+o0
/ f(r,x)g(r, 2)dvy, o(r, z)
0 R
~ [ | Za D00 NF T A1)

Remark 3.5. i) Let f € L'Y(dvim,n) and g € L*(dvy.n), by relation (3.8), the
function f x g belongs to L*(dvy,.); moreover

mn(f*g) mn(f)ym,n(g) (39)

ii) For every f,g € L*(dvm.n); the function f* g belongs to the space Ce (R x R™)
consisting of continuous functions h on RxR"™, even with respect to the first variable
and such that

lim h(r,x) =0.

r24|z|?2—+o0
Moreover,
[xg= mn(Jm n(F)Fmn(9)), (3.10)
where F,;%. is the mapping defined on L (dvyp.n) by

1,M

Fabl@)r) = [ [ ol o T )
+
Remark 3.6. From Lemma 2.4 and relation (2.14), we deduce that for every f €
LY (dvp, ), we have
V(s A) € RXR™, Fp n(f) (1, A) = Apyr 0 t%m,n(f)(luv A)s

where Ay41 is the usual Fourier transform defined on [0, +oo[xR"™, by

+oo )
A () (1. ) = / F(r.z) cos(rp)e™ N dimi, i (r, ). (3.11)
0 R®
The following result is an immediate consequence of Fubini’s theorem.
Lemma 3.7. For a bounded function g € C.(R x R™), and a function f € Se(R x
R™), we have

+oo
[ 1008w @0 0) donr2)
0 R™

—+oo
/ / tSm21,n21 (), 2)g(r, x) dvy n(r, ),
(3.12)
where 'Sy is the dual of the Sonine transform defined for f € Se(R x R™), b

1 e a—b— . .
tSa’b(f)(’f‘, .’E) = m/r (t2 - TQ) 1f(ta .I‘)t dtv ZfCL > b; (313)
f(rvx)a ifa:b.
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Proposition 3.8. For every f € L'(dvy,.), the function t5%7%(f) belongs to

L' (dvy, ), and we have

1St s (Dl < [l (3.14)

Moreover, for every f € Se(R x R™) we have
(i1, A) € [0,400[XR", T (F)(11, ) = Frn 0 'St o (F)(1, ). (3.15)
The relation (3.15) follows from (2.12) and Lemma (3.7).

Remark 3.9. Since for every m = n, the Fourier transform %, ,, is a topological
isomorphism from S.(R x R™) onto itself, then by relation (3.15) we deduce that
the dual transform tSmT—17nT—1 is also a topological isomorphism from Se(R x R™)
onto itself.

4. FRACTIONAL POWERS OF BESSEL AND THE LAPLACIAN OPERATORS

In the next section, we will establish inversion formulas for the operators %, »
and its dual *Z,, . More precisely, we define some functions spaces where the op-
erators %, and t%m,n are topological isomorphisms, and we exhibit the inverse
operators in terms of integro-differential operators. For this we define and study in
this section, the fractional powers of Bessel and Laplacian operators.

We denote by

e £.(R) the space of even infinitely differentiable functions on R.

e S.(R) the subspace of &,(R), consisting of functions rapidly decreasing together
with every their derivatives.

e S'(R) the space of even tempered distributions on R.

° S; (R x R™) the space of tempered distributions on R x R™, even with respect to
the first variable.

Each of these spaces is equipped with its usual topology.

eFora € R, @ > 3, dw, the measure defined on [0, +o00[ by

1

_ 2041 g, 4.1
dwe (1) 72°‘F(a n 1)T dr (4.1)
e {, the Bessel operator defined on ]0, 00| by
0% 2a+10 1
by = =— + ————, > ——. 4.2
or? + r o 2 (42)

e For an even measurable function f on R, T}"“ denotes the even tempered distri-
bution defined by

+oo
Ve € Su(R), (T4, ) = / Fr)p(r)dw (). (4.3)
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e For a measurable function g on R x R™, even with respect to the first variable,
T, (resp.T,™") denotes the even tempered distribution, defined by

“+o0
Vo € S, (R xR™), (T"+, ) = / / g(ryx)p(r, x)dmy,11(r, x),

(resp. (T3 / o / glr )l 2 (1)), (4.4)

where dm,, 11 and dv,, ,, are the measures given by relations (2.15) and (2.16).

Let a € C, such that Re(a) > —2(a + 1), then the function r — |r|* defines an
even tempered distribution T‘“"“a on R . Indeed, let m € N satisfying

+oo Re(a)+2a+1
/ dr < 400,
0

(1+r2)m
then for every ¢ € S¢(R);
‘<7"‘(:ra7§0>‘ g Cm,(l,apm(@)’

where
+o0 ,,,Re(a)+2a+1

1
Cmaa: d7
0= 2ol (a + 1) /0 1 +r2ym

and
Pu(p)= sup (1+ %)™ |pk2)(2)|.

k1,kg<m
zER

Now let a € C\{—2(a+1)—k, k € N} and m € N* such that Re(a) > —m—2(a+1),
then the value of the following expression

] L o0(0) N . 1 = 1) (0)
/0 () - ]z::O i )rdealr) + 22T (a + 1) & Z G +a+2a+2)

is independent of the choice of the parameter m. Hence the mapping

0 T

may be extended on C\{—2(« + 1) — k, k € N}, by setting

Tk, @) = /1 ( mz:l i ‘)r“dwa(r) + /1+OO o (r)dwa (r)
=0
(e N 2 ()

T T et 2 i +a+2a+2)

where m is an any integer satisfying Re(a) > —m — 2(a.+ 1), and therefore T“;’ra is
an even tempered distribution on R. Thus the mapping

ar— Tl‘;"“a
can be extended to a valued function in S (R), analytic on C\{—2(a+1)—k, k € N}.
On the other hand, the points —2(a+ 1) — k, k € N are simples poles for T‘:‘ffa and
we have
(-1F &

ReS(T o= (OZ+1)_I€) = mﬁ7

e
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in particular

-1 §(2k+1) g
Res(T}75,, —2 1)—-2k-1) = =0 «(R).
es(Tjpfo ~2at 1) = et n i - S ®

This means that the mapping
0ns T

is analytic on C\{—2(a + k + 1),k € N} and

Res(T¥, —2(a 4+ k + 1)) = ——— oey
es(Tj7fi, —2(a +k + 1)) = 20T (a + 1) (2k)!

Definition 4.1. i) The Bessel translation operator 7% is defined on S.(R) by

r 1 ™ . |
X (f)(s) = 1/7?;020;:_)%)/0 f(\/r2+52+2rscosa)smz (0)de, Zfa>_%;
S +8)+ fr—s)), Foe L

ii) The Bessel convolution product of f € Se(R) and T € S,(R) is the function
defined by

VreR, Txq f(r)={(T,72(f)). (4.5)
iii) The Fourier-Bessel transform is defined on S.(R) by

“+o0
VuER, Fa(f)(u) = / F () o (i) e (1), (4.6)

and on S,(R) by
Vg € Se(R), (Fa(T),¢) = (T, Fulp))- (4.7)

We have the following properties
e F, is an isomorphism from S,(R) (resp. S,(R)) onto itself, and we have

F;'=F,. (4.8)
e For f € S,(R), and r € R, the function 7.2 (f) belongs to S.(R) and we have
Fa(r7 1) (1) = Jolrm) Fa(f) (1) (4.9)

e For f € S.(R) and T’ € S, (R), the function T, f belongs to &.(R), and is slowly

increasing, moreover
Fo(Trs, p) = Fo(f)Fa(T). (4.10)
Proposition 4.2. The mappings
ar— T, a— T (4.11)

Irl®” MQG‘FO‘“M_G_M_Z

I'(5")

defined initially for —2(a + 1) < Re(a) < 0, can be extended to a valued functions
in S,(R), analytic on C\{—2(a + k + 1),k € N}, and we have

Fo(T¥) = T, . 4.12
(T} L(%+a+ 1)2a+a+1|r‘,a,2a,2 (4.12)

Iz
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Proof. Let a € C, —2(a + 1) < Re(a) < 0 and let 1); be the function defined by

Pe(r) = (371‘;2 , t>0.
We have s
Fa()(\) =t e, (4.13)
On the other hand, for every ¢ € S.(R), we have
“+o00o —+00
/0 Fo(the)(r)e(r)dwa(r) = ; Fa(@)(r)(r)dwa(r), (4.14)

from relations (4.13) and (4.14), we obtain
Foo —r2 +oo —tr2
/ t= e 2w p(r)dwe (r) :/ Fo(p)(r)e 2 dwu(r).
0 0

Multiplying both sides by t~“3* and integrating over 10, +00[, we obtain

oo ptoo at2 —A2
/ / tm T2 e (1) dwg (1)dt (4.15)
0 0
oo oo —tr2 at2
:/ / Fo(p)(r)e 2t 2 dws(r)dt,
0 0
(4.16)

and by using Fubini’s theorem, we deduce that

+o0 INE +1 +o0
Fo(p)(r)rdwa(r) = 2a+a+1(2+i)/ p(r)r = 2 2 dwq (r).
0 I'(3Y) 0
This shows that for every a € C, such that —2(a+ 1) < Re(a) < 0, we have
Fa(TMa) = TF(% + a4+ 1)

(%)

2a+a+1|r‘fa72a72'

The result is then obtained by analytic continuation.
O

Definition 4.3. For a € C\{—(a + k + 1),k € N}, the fractional power of Bessel
operator L, is defined on S.(R) by

(=€a)*f(r) = (Tﬁa Fa+1) *q f) (r). (4.17)

22a+a+1 s —2a—2a—2

It is well known that for f € S.(R), the function (—£¢,)®f belongs to &.(R) and
is slowly increasing, moreover by relations (4.10) and (4.12), we deduce that for
f€Se(R)and a € C\{—(a+ k+ 1),k € N}, we have

Fa(T(w_aga)uf) :Foz(f)Tr;rzu (418)

Let < be the transform defined on S.(R x R™) by

S0 = [ plp)don )

then &7 is a continuous mapping from S.(R x R™) into S, (R).
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Let a € C, such that Re(a) > —2&L then the function (r,z) — (r? + |z|?)®
defines an even tempered distribution T(T 2n-:|1m|2)a on R x R"” and we have

+oo
Tt = [ [ 07+ o) el 2 r.2)
Wn—1

(T (). (4.19)
From relation (4.19) and Proposition 4.2, we deduce that the valued function in
S.(R x R™) defined by

M1
a = T2 2y

is analytic on C\{—(241 + k), k € N}. Moreover, we have
Proposition 4.4. the mappings

a— T E a— T (4.20)
(r2+]z|?)®? ntl 1 n
F( 2 +0J)2w-2*— +2a(,r,2 + |$|2)_( 21+a)
[(~a)

defined firstly for 7"7“ < Re(a) < 0, can be extended to valued functions in Sé(R X
R™), analytic on C\{—(** + k),k € N}, and we have
A1 (T3 pye) = T

(r2+lz]2)e F( + a) n+1 n+1 ’
2 ntlyoq, 2 2\ — (2L 1 q)
—2 +
I'(—a) ’ (" + el

(4.21)

where A,y is defined on S,(R x R™) by
<An+1(T)a (P> = <Ta An+1 (50)>7 Y e SG(R X Rn)7 (422)
and Apy1(p) is given by relation (3.11).

Proof. Let a € C, such that —(%5) < Re(a) < 0, and let ¢, ¢ > 0, be the function
defined on R x R", by

Ye(r,z) = e (P Hzl?)
‘We have
An—o—l('(/)t)(ﬂ, )\) = tf%efi(/ﬁ+‘>\|2).
On the other hand, for every ¢ € S.(R x R™), we have

+o00
/ An+1(wt)(r7 CU)SO(Ta x)dmn+1(7.7 LC)
0 R

+oo
— /0 - Ui (r, ©) A1 (0) (1, )iy 11 (1, ),

hence,

+oo n+1 1 (2 2
/ / i~ e—ﬁ(r +lz| )go(?“, x)dmn+1(7”a x)
o n

+oo
N / / 67§(r2+|x|2)A”+1(50)(T7 x)dmy41(r, T).
0 n
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Multiplying both sides by t~(*+1) and integrating over ]0, 40|, we obtain

+oo +oo . ) N
/ (/ / o3t (Pl )ga(r, x)dmnH(T’,m))t’(TﬂH)dt
0 0 n
400 +o00 L .
:/ (/ / e~ s (r = )A,ﬁl(@@)(?‘, 2)dmy, 41 (7, x))t_(a"'l)dt,
0 0 n

using Fubini’s theorem, we deduce that

+oo
| [ 8@ ) + ey )
r(natl o " +oo n
B H2+/ / p(r, @) (1 + |2*) TV (r, ).
F(—CL) 0 n
This shows that for every a € C, such that f”T'H < Re(a) < 0, we have

An 1(Tmn+1 a) _ Tmn;gl
T (r242)?) (22 +a)

I'(—a)

Then the proof is complete by analytic continuation . (I

2%-‘1-2:1(7“2 + ‘x|2)—("7+1+a)

Definition 4.5. For a € C\{—(%t + k),k € N}, the fractional power of the

‘ ? K0, n
Laplacian operator A = 32 + ;(a—x]) is defined on S.(R x R™) by

(=AY f(r,z) = (T * f)(r,x), (4.23)
( POE ) popimngz y pyj2)-oem )
I'(=a)
where
i) * is the usual convolution product defined by
Txf(r,2) = (T.04-0)(f), T€S.RxR"), feS(RxR");  (4.24)

i) 0 (5 is the translation operator associated with Ay 1 and given by

U(T,I)(f)(s,y):%[f(r—l—s,x+y)+f(r—s,x+y)], f € SR XxTR™). (4.25)

It is well known that for f € S, (R x R") and T € S, (R x R™), the function T * f
belongs to &.(R x R™) and is slowly increasing. Moreover

AnJrl(T]TZZ}Jrl) = An+1(f)An+1(T)’ (426)

thus from relations (4.21) and (4.26), we deduce that for f € S.(R x R™) and
a € C\{—(* + &),k € N},

An+1(T(7inA+)laf) = An+1(f)T(T2"I|1I|2)a~ (4.27)

5. INVERSION FORMULAS FOR %, , AND tt%’m’n

In this section, we will define some subspaces of S.(R x R™) where the operator
R and its dual %, ,, are topological isomorphisms. Using the fractional powers
defined in the precedent section we give nice expression of the inverse operators.
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We denote by
e ./ the subspace of S.(R x R"), consisting of functions f satisfying

0

n k _
where % is the singular partial differential operator defined by
r
0 10
_— -, ~2
or?2  ror (5.2)

o S o(RxR™) the subspace of S. (R xR™), constituted by the functions f satisfying
+oo
VkeN,VzeR", / f(r,z)r**dr = 0. (5.3)
0

e S%(R x R™) the subspace of S.(R x R"), constituted by the functions f satisfying

SUpP(Fomn(£)) © { (1 X) € R X B [pa] > Al (5.4)

Lemma 5.1. i) The usual Fourier transform A, 1 defined by relation (3.11) is an
isomorphism from Se o(R x R™) onto A".
i1) The subspace A can be written as

N = {f €S RxR");VkeNVaeeR", (%)Qkf((),x) = 0}. (5.5)
Proof. Let f € Seo(R x R™).
i) For m > 0, we have
0

. (=D () o,
(Tug)k(l?mz;l )(rp) = mr2kjm51+k(rﬂ)v (5.6)

thus, from the expression of A, 1, given in Remark 3.6, and the fact that j =1 (s) =
cos s, we obtain

(i)k(A (f))(O )\) _ (_1)k / /+oo f(?’ x)Tle—i()\\1>drdl-
o2’ R T ok i (k4 1) (2m)F Jan Jo ’ ’
(5.7)
which gives the result.
ii) The proof of ii) is immediate. O

Theorem 5.2. i) For every real number a, the transforms o7, (f) and B, (f) defined
respectively on A by
Ao (f) () = (r + [x*) f (r, @),
and
Ba(f)(r,x) = |r|*f(r,z),

are isomorphisms from the space A onto itself.
ii) For f € A, the function B~1(f) defined by

- _ =z, i ] = el
B (f)(rx) = { 0, otherwise,

belongs to the space S.(R x R™).
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Proof. i) Let a be a real number, by induction for every k € N, there is a polynomial

Py, of n + 1 variables such that
0 _
(5,)" 0%+ [2)* = Pi(r,2)(r® + [2])* 7.
Hence, for every (k,a) € N x N, there is a polynomial Py . satisfying for every
() € R x R™\{(0,0)},
0
(5, DR + [2*)* = Pia(r,2)(r? + a2yl (5.8)
Let f be a function of the space .4/, and let (k,a) € N x N then by Leibniz’s
formula, we deduce that for every (r,z) € R x R"\{(0,0)}, we have
9k 2 2 (k, a)!
—\kpo a —
(G D2 P fra) = 3

(k1,B)<(k,a)

0 0
X (5 DE* + ) (5 ) D7 (£)(r, ),

and from relation (5.8), we get

O ka2 2va (k,a)!
Iep _ P
(ar) S ((r= + |z|%) f(r,z)) o Uor, Bk — oy, — B! 1,8 (7, )
x (r* + |$|2)a_k1_‘5‘(%)k_leg_B(f)(Ta T).

Let m, ¢ € N satisfying a — m + £ > 0, and let k, k" € N, a € N* such that k' < m
and k + |a| < m. Since f belongs to the space .47, then by using Taylor’s formula
we have

0
(5, D2 ((r? + lal®)" £ (r,))
_ (k,a)! i
. (k ﬁ)z<:(k a) (k1, B)N(k — k1, o0 — ﬂ)!Pkl’ﬁ(T’ 2)(r* + |zf)
ret ' 20-1,9 24-k—k; ma—f .
. (2[—1)!/0 -7 (50 "D (f)(rt, w)dt; if |r| <1,
and
(ZD2((r2 + fal?)* £, 2))
or z )

= — E (k,a)! ) , o
- ( 7x)(T |$‘ ) 18]
ﬁ ! _ ]lkhﬁ 7 —+ a— B

(k1,8)<(k,a) (k]7 )(k kl,OA ﬁ)

X _r /+OO(1 — t)%l(2)2£+’<*’“1Da*f’(f)(rt x)dt; if |r| > 1

(2¢-1)"J; or r ’ ’ '
This shows that the function 7, (f) is infinitely differentiable on R x R™, even with
respect the first variable and for every k € N and = € R"”,

(o [tniman] =0

Furthermore, there exist mg € N and a constant C' > 0 such that for every (k1, 8) <
(k, ), k+ |a] < m, we have

| Py s(r, )] < C(L+12 + Jzf?)™.
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e For (r,z) € R x R™; |r| < 1, we have
2 ok [ 9 ka2 2\a
(L 2+ ) [ () D (2 + o) £ ()|

ar
(/{,Oé)! '(1 +7,,2 + |x|2)k/+[a]+1—m+€+mo

SC Y WA —hash)

(k1,B8)<(k,a)

< [l et

k,a)!
< CQ[a]JrlJré Z ( 3
(k1,8)< (ko) (khﬁ)’(k - klva - /8)'
1
a mol, O ket o

x/ (1 () o [yl o (2 26k ke Db )t )

0
< C2lH I Dokt a4 mo+1 (f)- (5.9)

e For (r,z) € R x R™; |r| > 1, we have

(1 + r24z2)¥ '(%)kpg((ﬂ e, m))‘
(k,a)!
(k1, B)!(k — k1,00 = B)!

<C

(k1,8)< (k)
oo 2 2\ [al+14304mo |, O \204k—ky a8 dt
X . (1+(rt)” + |z[) (E) D72 (f)(rt, x) 15

< Cm2" Papimmot(a+1(f)- (5.10)

Combining relations (5.9) and (5.10), we deduce that 7, (f) belongs to the space
A, and for every m € N,

Py (f)) < 2mHtHlal+2 D3t rmrmotla)+1(f)- (5.11)

0
where Py () = sup (L4712 +|z)" |(5)*=Dgp(r, 2)|,
(r,x) ERXR™ or
k1<m
ko+|al<m

v € S.(RxR").

Hence, for every a € R, the transform 47, is continuous from the space .4 into itself,
and consequently .27, is an isomorphism from .4 onto itself, and 7,1 = o7 .
Similarly, one can prove that for every a € R the transform %, is an isomorphism
from .4 onto itself, and B, ! = B_,.

ii) Let f € Sc(R x R™) and let

QWM=B*mmm={fW@—wﬁw,ﬁﬂ>uL

0, otherwise.

Then by induction for every k € N, there exist real polynomials Py, 0 < k& < n,
such that

k
(@) ) = - Pl ) ()7~ P ),
£=0
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On the other hand, for every j € {1,...,n} and again by induction on «; € N, we
get

<£j>“’<§ =2 ey () )/~ o),

where

o0
Tor2 " Oz’

Hence, for every (k,a) € N x N we have
D ko " o gy D
(D2 (a)ra) = 3 PR O3 () (/7 — e,

£=0

Cj=—

this shows that B=1(f) is a C°° function on R x R", even with respect to the first
variable.

Let m € N, k, k" € N and o € N” satisfying k +|a| < m and k* < m, then for every
(r,z) € R x R™, we get

(1) (2D (B (1), 2)
k

= (4 ) S PO O () (DN )

Let mg € N and M > 0 such that for every L < k<m
|Po(r)| < M(L+7%)"0 < M(1+ 7%+ |z[*)™

then for every (r,z) € R x R™, we have

(14 7+ a) [ () D (B (1), )

k
! m aq o 0
M I 4r 4 o[ () NP
k ) 5
2 2\k +mg aq an((_ Y ¢ 2 2
Mo 2oy OO () () T )|
- 0
<MY P, (70 (5" () (5.12)
(=0
Therefore the function B~1(f) belongs to the space S.(R x R™). O

Theorem 5.3. The Fourier transform F, n associated with the integral transform
R is an isomorphism from SO(R x R™) onto A .

Proof. Let f € S2(R x R™). From relation (3.6), we get

0 0 ~
(aiﬂg)k(ﬁm,n(f))(ov/\) = (T/ﬂ)k(ym,n(f) © 9)(0’)‘)
_ ((;ﬂ)’“?m(f)) 0 0(0,\) (5.13)

~(2) P DALY =0,
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because supp(ﬂmn(f)) C {(,u,/\) € R xR™ |ul > \)\|} This shows that %, ,
maps injectively S?(R x R™) onto .#". On the other hand, let h € .4 and

g(rz) = { h(y/r? —|z|?,x), if |r] = |z,

0, otherwise.

From Theorem 5.2 ii), it follows that g belongs to S.(R x R™), then there exists

f € S.(R x R") such that Z,, ,(f) = g. Consequently, f € S°(R x R") and
Fman(f) =h. [l

From Lemma 5.1, and Theorem 5.3, we deduce the following result

Corollary 5.4. The dual transform 'Ry, », is an isomorphism from
S9(R x R™) onto Seo(R x R™).

Theorem 5.5. The operator K}nm defined by
NS 02

1 S At TN
is an isomorphism from Seo(R x R™) onto itself,
here
‘ 82 1 1
(=g2)2 f(ra) = (=t50)2 (f(, 2)) (7). (5.15)

Proof. Let f € Sco(R x R™) and ¢ € S.(R x R™). Using Fubini’s theorem, we get

A (T4
(Ansa (I3 1 ).9)

—+o00
/ / arz )2 f(r,2) A1 (0) (r, @)dmp 1 (7, @)

—1
7 Foa (g —ilaly)
27T /” /n Z )2 ( (.,m))’ TI(QO( ay))>€ dxdy,

=

and by relation (4.18), we obtain

A1 (T 1 ) 0)

@2

)3 f
oS —i(aly)
P // ot (DT pleon) e e dady
+oo +oo
2/0 /n sp(s,y) /0 - flr,z) cos(rs)eiimy)dmnﬂ(r, x))dmn+1(s,y),

this shows that

An+1(T(,T§7;)%f) - T\T|7\::1(f)' (5'16)

Now, from Lemma 5.1, we deduce that the function
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belongs to the subspace .47, then from relation (5.16), it follows that the function

2
(—;2 )%f belongs to the subspace S, o(R x R™), and we have
r
9? 1
V) ERX R, (o) 208N = A (DY) (519

By the same way, and using relation (4.27), we deduce that for every f € S o(R x

R™), the function (—A)mTflf belongs to the subspace S, o(R x R™), and for every
(1, A) € R X R™,

At (D) F) (i, 3) = (12 + ND T A (F) (11, M), (5.19)
From relations (5.18) and (5.19), we deduce that
K n(£)(r,) = ”(@)M (2 + WD) = lalAna (D) (). (5:20)
2

Hence, the Theorem follows from Lemma 5.1 and Theorem 5.2. O

We denote by
e For T € S, (R x R"), ¢ € Se(R x R"),

(San(T), ) = (T, "Sap(¥)), (5.21)
where S ;0> 0> —%, is the Sonine transform defined by relation (2.8).
e For T € S,(R x R™), ¢ € So(R x R"),

Txo(r,x) = (T, T(r,—2)9), (5.22)

where 7(, ;) is the translation operator given by Definition 3.1.
® F..n is the mapping defined on S (R x R™) by

(Fmn(T), ) = (T, Frum(9)); ¢ € Se(Rx R™). (5.23)
® Lum_. is the operator defined on Se(R x R™) by
Lus (f)(r,a) = (—Lo)™ 7 (F(2)) (r), (5.24)

where (—£ mo1 ) is the fractional power of Bessel operator given by Definition 4.3.

Theorem 5.6. The operator Kﬁl,n defined by
K2 o(F)(r,2) = St s (T) % ((<5)Lns (), —) (5.25)

is an isomorphism from SO(R x R™) onto itself, where
o T is the distribution defined by

(T, ¢)

T
() et
e = is the operator given by relation (2.2).

Proof. For f € SO(R x R™), we have
Kn21,7z(f)(ra x) = <S%7%(T)5T(r,w)(_E)L%f>

™ " -
QmFQ(MTH)(zﬂ.)% /Rn Smgl,";l(T(m:)( H)LmT_lf)(|y|,y)dy.

/"mmw@, (5.26)
R
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Using inversion formula for the Fourier Bessel transform F not and applying the

Fubini’s theorem, we deduce that

Ko n(f)(r, )

ey O 1 B B A T
2mF2(mT+1)(27T)% n L Jo 0 e ap VN (ne) = (’ |
5.27

X s (£5) s (slyl)deon (8)duon (5) }y.
From the fact that

T L 1 —i(Aly)
A o (slyl) = n/ ———d, (5.28)
IAl<s

280 (24L) (2m)2 ,/ — AP
and again by Fubini’s theorem, we obtain
Ko n(f)(r,2)
el Lo
= Sm n— TTT Lom— t
2m=3T2(mELy(2m)% IAl<s Rn & 1(( (=) 1f)( Y)
. sdsdA
X juoi(ts)e” KXY dy,, (8, 1/)]\/827_7|/\|2 (5.29)

Using relation (3.15), we get
Ko (),

x)
+oo
2m2F2(\mf T / //\<S</mn(7—(rz)( E)Lm_s 1f>(s /\)%:;lsdf\)\lz'

(5.30)

Since for every f € S.(R x R™), we have
V(r,), (5,0) € RXR”, Fo (1) ) (8, 0) = s ()N Z 1 (£) (5, M),

(5.31)
we get
+o00
K2 (f)(r,x / / Lm 1 f)(s, A
WD) = iy | P2 D)
. iley  SdsdA
xgm,T_l(rs)e A >7\/m.
(5.32)

On the other hand, for f € SO(R x R"), the function Lm_1 f belongs to & (R xR™),
and is slowly increasing. Moreover, we have

ym’n(T(:nZ:LT,l)m*lf(.,x)(r)) = I]TT;;:L2§7,”L(J¢)' (5.33)
But, for f € SO(R x R™), the function fmn(f) belongs to the subspace .4, hence
according to Theorem 5.2, we deduce that the function L mo1 f belongs to S.(R x

R™), and we have

V(i) € R X R, F (Lo ) (1 N) = 07> T () N (5.34)
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This implies that

+oo
K2 (f)r,z) = / / s2m=2( A2
00 = s [ ~IAP)

X Fman(f)(s, )Jm;(rs)e \/ﬁ

By a change of variables, and using Fubini’s theorem, we get

Ko (D), x)

(5.35)

+oo
2m—§rz mil) (o) % / / (12 + AP T (F) (V12 + A2, )
X fms (ry/u? + |>\| )elw )dud. (5.36)

From relations (2.19) and (3.6), we deduce that
Vg ~
s (R T E ) [CORNNCE Y

Then the result follows from relation (5.37), Lemma 5.1, Theorems 5.2 and 5.3. O

Ko n(f)(r,2) =

Theorem 5.7. i) For f € Sco(R x R") and g € SO(R x R™), there exists the
inversion formulas for % n

f = Kyln;n t%m,n%m,n(f)v 9= %m,nKyln,n t%m,n(g)' (538)

ii) For f € Seo(R x R") and g € S2(R x R™), there exist the inversion formulas
for 'R n,

f= t%m,nK?n,n%m,n(f)v g = K?n,n%m,n t%m,n(g)' (5'39)

Proof. i) Let g € SO(R x R™). From relations (2.14), (5.14), Theorem 3.3, Remark
3.6, and Theorem 5.3, we have

+o0o .
ore) = —— . / / HG® 4+ N
0 R

—_

X
N
3
3
=
@]
Z
7; ~—r

DM dmi g (1, )

™ oo m—1
= %m(% / w(p® + AP Ang1 0 "Pnn(9) (1, A)
)

xcos(p.) e MV dmy, 11 (1, /\)> (r,@)

= RBmn (Aﬁl (2F(\/E+1)M(”2 + |,\|2)’”T‘1An+1 o "R (9) (1, /\))) (r, )

2
= ‘%m,nKrln,n t%m,n(g)- (5.40)

This relation, together with Corollary 5.4, relation (5.20) and Theorem 5.5, imply
that the integral transform %, ,, is an isomorphism from S, (R x R™) onto SO(R x
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R"), and that K, ,, "%mn is its inverse, in particular for S (R x R"), we have

f= Koo' Bonin B (f)- (5.41)
ii) Let f € Sco(R x R™). From i), we have

[ =Ky Bonin B (f)- (5.42)
Let g = Zmn(f), then g € SO(R x R"), and we have

R (9) = Ky ' P (9), (5.43)

and from Remark 3.6, it follows that

— — ™ m—1
Zrt(9) = AnH(m(\/;H)u(u?HAF) ;
2

_ i
'% r%m n( ) = ‘g\m,ln(ﬂl—\(\/;)
2

(1? +[A?) 7=

which gives

f = t%m,nK?nm%m,n(f) (545)

6. UNCERTAINTY PRINCIPLES FOR THE FOURIER TRANSFORM %, ,,

In this section, we shall use the well known generalized Beurling-Hrmander the-
orem established by Bonami, Demange and Jaming in [4], to prove the same result
for the Fourier transform .%,,,. Next, we use this result to establish two other
uncertainty principles for this transform.

Theorem 6.1. [4] Let f be a measurable function on R x R™, even with respect to
the first variable such that f € L*(dmy+1), and let d be a real number, d > 0. If

- T DA (D] il
/ /n/ /n (1+[(r,2)] + (s, y)|)d dmy,11(r, x)dmp1(8,9)

< +o00,
then there exist a positive constant a and a polynomial P on R x R™, even with
respect to the first variable, such that
f(r,z) = P(r, x)e_“(r2+|””‘2),
d—(n+1)
2

Theorem 6.2 (Hérmander-Beurling for .%,, ,,). Let f € L*(dvy,.n), and let d be a
real number, d > 0. If

+oo
//r / /n |f(r, @ Hdém n(f) (1 )\)Le|(r,m)||9(u,/\)| de,n(T, x) d'Ym,n(.Ua A)
4

with deg(P) <

(L4 |(r,z)| + [0, N)])
< +o00.

Then there exist a positive constant a and a polynomial P on R x R™, even with
respect to the first variable, such that

Y(r,z) e RxR"™,  f(r,z) = P(r, w)e*a(r%r'””‘?),

d—(m+n+1)

with deg(P) < 5
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Proof. Let d\y,1ni1 be the normalized Lebesgue measure defined on R™*! x R™
by
dy dx
m ® n
(2m)™+  (27m)2
and let L?(d\y,4n+1) be the space of square integrable functions on R™*! x R"

with respect to the measure d\,,+n41.
For f € L*(dvm ), we denote by g the function defined on R™*1 x R" by

Y(y,z) € R™ < R™, g(y,2) = f(|y|,z)

then the function g belongs to L?(d\,,4n41), and we have

dAmgnt1(y, ©) =

||g||27/\m+n+1 = ||f||2al’m,n'

Furthermore,
V(Ma )‘) € Rm+1 X an Am-‘rn-‘rl (g)(u, )‘) = %’L,n(f)““'a )‘)a (61)

where A, 4,11 is the usual Fourier transform defined on R™*! x R” by

A1 (9)(1 A) = / ) / gy, x)e B —INR Gy ().
]R'rn 1 n

| Fn () (125 M)
mn(F) (1 A raliown] g p N et

¢ Vmn\T, T) QYm,n (L, 0.
//T+/ /n (14 [(r, )| + 6(1, N)] )¢ (r,z) (1, A)

Then by relations (2.19) and (6.1), we have

19(, D[ Am+n+1(9) (G M]jra1¢0)
@ d\ L) A\t A
I O I = v i et 0 2) a2

+o0 400 |f7“37 ||</mn(f)(ﬂa )‘ \(TT)HLXI - 5
Lo T e )

o ) [ Fman (D) M| 100
‘ ' d m,n\"» d m,n 7>\
//T+/ / (T 10 )+ 1006 VD Vi (1) Y (11, 1)

< 400,

and therefore by applying Theorem 6.1, we deduce that there exists a positive
constant a and a polynomial P on R™*! x R", such that

g(y,z) = P(y,x)e v+l
d
with deg(P) M
Now, the polynomial P defined on R x R™ by
P(r,z) = P((r,0,...,0),z),

d— 1
is even with respect to the first variable with deg(P) < d=(mtn+l)

Y(r,z) e Rx R", f(r,x) = P(r, x)e_“(r2+|m|2).
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Lemma 6.3. Let P be a polynomial on R x R™, P # 0, with deg(P) = k. Then
there exist two positive constants A and C' such that

n+l
2m 2

Vit A, pt) = / | P(tw)|doy (w) = Ct".

Proof. Let P be a polynomial on R x R, P # 0, with deg(P) = k. Then, we have

27T71,-2I—1
p(t) = W / .

where the functions aj, 0 < j < k, are continuous on S™. It’s clear that the
function p is continuous on [0, +oc[, and by dominate convergence theorem’s, we
have

k

Z a;j(w)t? ’dan(w)

|
§=0

p(t) ~ Cpt*  (t — +00), (6.2)

n+1
2m 2

where C 7/ ar(w)|do, (w) > 0.
= fag [, loeldon

Now relation (6.2) implies that there is a positive constant A such that

vt > A, p(t) > %t’“.

O

Theorem 6.4 (Gelfand-Shilov for %, ). Let p,q be two conjugate exponents,
p,q €]1,+00] and let £, be non negative real numbers such that En > 1. Let f be
a measurable function on R x R™, even with respect to the first variable, such that
I € L3 (dvimn)-

If

+oo sPu;z)\P

/ /n (1 +| (r,z)])? AV, n(r, ) < +00,
and
160G )|
//T+ e "1 + |9(M)7| )|)dq Y, A) < 4005 d =0

Then
i) Ford < %’Hl; F0.
i) For d > %ﬂﬂ we have

a) f=0 for&n > 1.
b) f=0 for&n=1, and p # 2.
) f(r,x) = P(r,2)e "2l for ¢n =1 and p=q =2,
where a > 0 and P is a polynomial on R X R™ even with respect to the first variable,

1
with deg(P) < d — %
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Proof. Let f be a function satisfying the hypothesis. Since én > 1, and by a
convexity argument, we have

’ [ (r )| P (F) (1 M|
m,n 5 \(r,z)HB(,u,)\)\d d A
e Vi (T, ) dYimn (2,
//T+/ / (14 |(r, @)| + 6, N)])24 (1) Ay (115 N)

2o 0 )| P DN ot
m,n ) e"‘(“*)‘le(””\)‘dl/mnr,xdmn A
//T/ / 1+|m J0L+ 160 A))? lr>) P (1 3)

+oo
,(L‘ &pl(' z)[P
R )

1+ ](r, 2
| F o (f (,u,)\)| n910(u,0)]9
4 d m,n ;)\
//qr+ T+ 100w N € Y (1 ))
< +oo0. (6.3)

Then from the Beurling-Hérmander theorem, we deduce that there exist a positive
constant a and a polynomial P such that

flr,z) = P(r,z)e o0+, (6.4)
1 1
with deg(P) < d — % In particular if d < %, then f vanishes
almost everywhere.
1
Suppose now that d > % By a standard computation, we obtain
P (F) (11, 2) = Qpa, Ao 31+, (65)

where @ is a polynomial on R x R™, even with respect to the first variable, with

deg(P) = deg(Q).
On the other hand, from relations (2.19), (3.6), (6.3), (6.4) and (6.5), we get

/m/ /+°°/ |P” QU NI enitra) iy —atr+al?)
Rr w (L 10y 2) )4+ [ (1, M)

X e 7a (1 —H/\l )dem(r)x) de,n(M,)\) < to0,

hence,
+oo +oo
/ / SD(S)d(ﬁp;)d6&78’)6’”526‘4@’328’”*”/)’”*”clsdp<+<>o, (6.6)
where
(s) 2”T/ |P(sw)|lwr [ dom (), w = ( )
o(s) = = sw)|lwi|™dop (W), w=(w1,...,wn
L(25) Jsn
and
27‘-%“ m
Y(p) = F(ni%l) . |Q(pw)||w1|™ doy (w).

e Suppose that & > 1. If f = 0, then each of polynomials P and () is not identically
zero, let k = deg(P) = deg(Q).
From lemma 6.3, there exist two positive constants A and C such that

Viz A, o(s) > Csk,

and
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Then, the inequality (6.6) leads to

+oo +oo egnsp 5 L 2
/ / (14 5)4(1 + p)d ATsias it ¢« dsdp <o (6.7)
Let € > 0, such that £&n —e = o > 1. relation (6.7) implies that
/+°° /+°° e JSP67a8267ip2dep < o0. (6.8)
1+ 51+ p)

d
However, for every s > A > - and p > A, we have
ecrs eeAz
= )
(14+s)41+p)d = (14 A)2
and by relation (6.8) it follows that

4700 4700 2 1 2
/ / e7Pe™ e 1al dsdp < +o00. (6.9)

—+oo
Let F(s) = / e”ps_i’fdp, then F' can be written
A

ac?s? e —Lp? _az ° Acw—ac?w?
F(s)=e e~ 1’ dp+ 2a0e” 4a e dw),
A 0

in particular

2.2 oo 1.2
F(s) ze*? / e " dp.
A
Since o > 1, then

+oo +oo 2 1,2 +oo 2
/ / e7Pe” e al dsdpz/ e~ F(s)ds
A Ja A

4700 1 2 4700 2 2
2/ e daf dp/ e =D ge — oo,
A A

This contradicts relation (6.9) and shows that f = 0.
e Suppose that é&n = 1 and p # 2. In this case we have p > 2 or ¢ > 2. Suppose
that ¢ > 2, then from the second hypothesis and relation (6.5), we have

= y(p)e et
0 (1+p)?

If f # 0, then the polynomial @ is not identically zero, and by Lemma 6.3 and by
relation (6.10), it follows that

pdp < 400. (6.10)

nqpq

/+<><>e—z§e " dp< +
T g P 0,
0 (14 p)d

which is impossible since ¢ > 2 and the proof of Theorem 6.4 is complete. (|

Theorem 6.5 (Cowling-Price for %, ). Let &,1,w1,ws be non negative real num-

1
bers such that &n > 1 Let p,q be two exponents, p,q € [1,+00], and let f be a

measurable function on R x R™, even with respect to the first variable such that
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J € L3 (dvimn).

If
112
RENONI < oo, (6.11)
PyVm,n
and
el
ot ope D) e (6:12)
” 9,Ym,n
then

i) For &{n > ,f—O

1
1) For &n = L there exist a positive constant a and a polynomial P on R x R”,

even with respect to the first variable, such that
flr,z) = P(r, m)e*a(ﬂﬂwﬁ).

Proof. Let p’ and ¢’ be the conjugate exponents of p respectively gq. Let us pick

di,ds € R, such that d; > m+n+1 and do > m+n+1. Finally, let d be a positive
do m+n+1

d
real number such that d > maz (w; + —}, wo + —, 5 )-
p q

From Hélder’s inequality and relations (6.11) and (6.12), we deduce that

+oo £l(r,a))?
/ / |f(r, z)le AV (1, ) < F00,
"t (@)t

T ) |enlf(u))]?
// | Fp Ale 77— @ymn (11, A) < +o00.
T (1400, N)))H

and

Consequently, we have

+oo El(’“ z)|?
/ / (r z)le AV (1, 2) < +00,

(14 |(r, x)|)d
and )
| T () (1, ) |enl el
d ,A) < +oo.
J R ey Y
Then, the desired result follows from Theorem 6.4. (]

Remark 6.6. Hardy’s Theorem is a special case of Theorem 6.5 whenp = g = +00.
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