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THRIAD GEODESIC COMPOSITIONS IN FOUR DIMENSIONAL
SPACE WITH AN AFFINE CONNECTEDNESS WITHOUT A
TORSION

(COMMUNICATED BY KRISHNAN LAL DUGAL)

MUSA AJETI

ABSTRACT. Let A4 be an affinely connected space without a torsion. Follow-
ing [7] we introduce the affinors ag, bg and 6§ = icg = —iagbg (12 = -1)
which define the compositions Xo X Xg, Ya x Vs and Z5 x 22, respectively. The
first two compositions are conjugate. The composition Us x Us generated by
the affinor d§ = ag + bg + cg is considered too. We have found necessary and
sufficient condition for any of the above compositions to be of the kind (g — g).
Characterisics of the spaces A4 that contain such compositions are obtained.
Conections between Richis tensor and fundamental density of E;A4 are estab-
lish when the space is equiaffine and the compositions X2 x Xa, Ya X Ya, Zo X Za,
are simultaneously of the kind (g — g).

1. INTRODUCTION

Let Ay be a space with a symmetric affine connectedness without a torsion,
defined by I'? - Let consider a composition X;,, x X, of two differentiable basic
manifolds X,, and X,,(n+m = N) in the space Ay. For every point of the space of
compositions Ay (X, X X,,) there are two positions of the basic manifolds, which we
denotes by P(X,,) and P(X,,) [3]. The defining of a composition in the space Ay
is equivalent to defining of a field of an affinor a, that satisfies the condition [2], [3]
(1) ajag, =
The affinor af is called an affinor of the composition [2]. According to [3] and
[5] the condition for integrability of the structure is a3Viaay] — aaVigay] = 0 The
projective affinors "aZ and ™ag, [3], [4], defined by the equalities "ag = (65 +af),

mag = 1(68 — af) satisfy the conditions "af +™ af = 05, "al +™ af = af For
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n n m
every vector v* € An(X, x X,,) we have v® = aBv® +™ av? =V, + V,,, where

Ve = afof € P(X,), Ve =™ aboP € P(Xom)[].

The composition X,, X X,, € Axy(n+ m = N) for which the positions P(X})
and P(X,,) are parallelly translated along any line of X,, and X,,, respectively is
called a composition of the kind (g — g)[3] or geodesic composition [6]. According
to [3] the geodesic composition is characterized with the equality

(2) agVgag +afVeay =0

Let A4 be an space with affine connectedness without a torsion, defined by I'? 3 (o, 8,0 =
1;2;3;4). Let 11)0‘ , 12JO‘ , go‘ , 1{‘ are independent vector fields in A4. Following [7]

we define the covectors 0n by the equalities

(3) V0, = 68 < VPl =69
[0} (0%

According to [6], [7] we can define the affinor

1 2 3 4
(4) af = v + 1700 — 1700 — 10,

that satisfy the equalities (1). The affinor (4) defines a composition (X,, x X,,) in
Ay. The projective affinors of the composition (X, x X,,,) are [7]

(5) Cng = vﬁéa —l—’UBlQ)a , (21§ = Uﬂ%a —&-vﬁéa
1 2 3 4
Following [7] we choose the net (11), v, 721)) for a coordinate one. Then we have
v™(1,0,0,0) . v(0,1,0,0) , v°(0,0,1,0) , v(0,0,0,1)
(6)

b (1,0,0,0) , Do (0,1,0,0) , ¥a (0,0,1,0) , a (0,0,0,1)

Let consider the vectors [7]

[e3 «

(7) w* =v* + 0% w* =v*+0v* | w
1 12 2 2 4

We define the covectors w, by the equalities
(8) W’ We=0
From (3) and (8) follow

1 1 /1 2 2 1 /2 4 3
(9) Wa= 5 (Ua + Uoz) , W= 5 (Ua + Ua) y, Wa=

Let consider the affinor
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1 2 3 4
(10) b = whw, +wli, —wlw, —wlw,,
1 2 3 4
which according to [7] satisfies the equality b7b% = 2. Therefore the affinor (10)

defines a g)mposition Yy x Yy in A4. According to [7] the compositions X5 x Xs
and Y3 X Y5 are conjugate. By (3), (7), (8) and (10) we obtain

(11) b = UBSQ —l—vﬁzl/a —i—vﬁéa —&-UB?ZJQ .
1 3 2 4
Following [7] let consider the affinor ¢ = —a?b®, which satisfies the equality
cBeg = —52. With the help of (3), (4), (11) we establish
(12) = UBll/a —U’H’ga +U57_2)a —UB{LJQ .
3 1 4 2
The affinor Eg = icg, where i2 = —1, defines a composition Zy x Zo in Aj.
82. Geodesic compositions in spaces Ay

According to [8] we have the following derivative equations

o v

1%
(13) VU’UB =T, vP , Vo %5: —Ts vg .
« « v 14
Let consider the composition Xo x X5 and let accept:

a,B,7,0,v,7 € {1,2,3,4}; 0,5, k,s € {1,2}; 1,7, k,5 € {3,4}.

Theorem 1.1. The composition Xo X Xo is of the kind (g — g) if and only if the
coefficients of the derivative equations (13) satisfy the conditions
Z ,

i
(14) Tov* =0, Tov*=0.
k s k S

Proof: According to (4) and (13) we have

v ”*72 ”11) f’} vy +1T“ ”5 —% Yo
5&5— 15%') 7 Tﬁqu 7 2’83'} 7 ‘rﬂv 7

(15)
T L3 3 LT T LA 4 LT
Dwbordiy b Doy horuyd
Taking into account the independence of the covectors 0 and using (2), (3), (4),

(15) we find the equalities

3 4 3 4
) (5B+a5)(?ag+?oqi):05 (%JF%)(?U%)JF?UX):O,
16

1 2 1 2
(5B—a5)(%}g ‘*‘%@7% )=0, (%‘%)(Zog +zag )=0.

Because of the independence of the vectors v¥ it follows an equivalence of (16)
[

to the following equalities
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3 3 4 4 3 3 4 4

?ﬁ"‘aﬂ 11—‘0 = O; ?ﬁ+a5 C{U == 07 12—‘5"'_&,3 12—‘0' - 07 €6+aﬁ ,-gcr - 07
(17)

1 1 2 2 1 1 2 2

Ty—ag Ty =0, Ty—a§ Tp =0, Tg—af T, =0, Tg—a3 T, = 0.

Now it is easy to see that the equalities (14) follow after contraction by 1116 and
gﬂ for the first four equalities of (17) and by gﬂ and 115 for the last four equalities
of (17). Let?s note that the equalities (17) are proved in [6] by another approach.

Corollary 1.2. If the net (11),12),1?5,%) is chosen as a coordinate one then the com-

position Xo x Xo from the kind (g — g) characterizes by the following equalities for:
(1.1) the coefficients of the derivative equations

(18) T:=0, Ts=0
k k
1.2) the coefficients of the connectedness
(19) e, F;E =0.

Proof: Let choose the net (1{,12),13{,34)) for a coordinate one. Then by (6) and

(14) we find (18). According to [1] and (13) we can write d,v° + 'S v” :f“avﬂ

from where using (6) we obtain

8
(20) 8., =T,.

The equalities (19) follow from (18) and (20). Let’s note that the equalities (19) are
obtained in [3], when the coordinates are adaptive with the composition Xo x Xs.
This happens so, because the chosen coordinate net raises adaptive with the com-
position coordinates.

From (19) and R g = 2014156 — 2I'7 o'} [1] we establish the validity of the
following statement:

Fact 1. When the composition Xo x X5 is of the kind (g—g) then in the parameters
of the coordinate net (’111, g,g},g) the tensor of the curvature satisfy the conditions

)

Theorem 1.3. The composition Yo x Yo is of the kind (g — g) if and only if the
coefficients of the derivative equations satisfy the conditions

1 3 1 3 1 3 1 3
(TU T<,> v+ (T,, T,,) V7 =0, <T(, Ta> V7 + <TC, Tc,> V7 =0,
1 3 1 3 1 3 1 3 3 3 1 1
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1 3 1 3 1 3 1 3

(TJ— TJ> v7 + (TJ— TJ> v7 =0, <TJ— T[,> v7 + <TJ— TJ> v7 =0,
1 39 ) 2 3 17 ) 4 1 39 )1 3 17 ) 2
2 4 2 4 2 4 2 4

(TU TU> v7 + (TU TU> v7 =0, <TJ TU> v7 + <TU TJ> v7 =0,
1 39 )1 3 17)3 1 39)3 3 17 )1
2 4 2 4 2 4 2 4

(TU— TU> v7 + (TU— TU> v7 =0, <TU— Ta> v7 + <TU— Tg> v? =0,
1 37) 2 3 17 )4 1 39 ) 4 3 17 )2

(21)

1 3 1 3 1 3 1 3

(TU— T[,> v7 + (TU— T[,> v =0, (TU— TJ) v7 + (TU— TO.> v7 =0,
2 47 ) 1 4 29/ 3 2 149) 3 4 29 )1
1 3 1 3 1 3 1 3

(TU— T(,) v7 + (TU— T(,) v7 =0, <TU— TU> v7 + <TU— TJ> v7 =0,
2 17 ) 2 4 27 ) 4 2 47) 1 4 27 ) 2
2 4 2 4 2 4 2 4

(TU TG> v7 + (TU TG> v7 =0, <Tc, TU> v7 + <T17 Tc,> v7 =0,
2 4% )1 4 27 )3 2 47) 3 4 29 )1
2 4 2 4 2 4 2 4

(T{T T(,> v7 + (T{, T(,> v7 =0, <T,, TU> v7 + <Tr, TU> v7 =0
2 47 ) 2 4 27 ) 4 2 47 ) 4 4 27 ) 2

Proof: Because of the equalities (11) and (14) we have
Ld 3 3 v Ld 1 1 v
Vbl :?Uvﬁva—Taqfﬁva+%“gvﬁva—ngﬁva
(22)
v 4 4 v Ld 2 2 v
RS Al S C A S
Transforming the condition b3,V by + b3V by, = 0 with the help of (3), (11), (22)

and using the independence of the covectors 5(1 we obtain the following equalities

1 3 1 3 2 4 2 4

11—‘5_ §ﬂ+bg (%10_ 1;0) :0, 11—‘,3_ %:ﬁ‘f’bg (%—‘a_ ?a) :07
(23)

1 3 1 3 2 4 2 4

LoD+ (- 1r) =0, fo- Do (T 1) -0

Now after contraction by v® it is easy to see the equivalence of (23) to (21).
g

Corollary 1.4. If the net (Qf,g,g,g) is chosen as a coordinate one then the com-

position Yo X Yo from the kind (g — g) characterizes by the following equalities for:
2.1) the coefficients of the derivative equations

(24)

2.2) the coefficients of the connectedness
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(25) Lo +T8 = 2Ty, 9, +Tg, = 215, , ['Hh+Tg = {+15;

as when a accepts consecutively the values 1,2, 3,4 then & accepts the values 3,4, 1,2,
respectively.

Proof: Let choose the net (y,g,g,v) for a coordinate net. With the help of

4
(6) and (21) we find (24).
Then by (20) and (24) we obtain (25).

Theorem 1.5. The composition Zo X Zo is of the kind (g — g) if and only if the
coefficients of the derivative equations (13) satisfy the conditions

Ly~
q
+
)-dﬂw
S
N———
we
uq
7 N
)—A’ﬂH
Q
\
whNw
Q
N————
[N
Q
|
7 N
wh =
Q
+
N
Q
N———
=~
JQ

3
3 1 1 3 3 1 1 3
(TU— TU) v7 = <TU—|— Ta> v7, (TU— TU) V7 = (TU+ T
3 1 3 3 1 1 3 1 4 3 1
2 4 2 4 2 4 2 4
(TU— TU> V7 = (TU—l— TU> v7, (TU— TU) v = (T,ﬁ— T,,) v,
1 3 1 3 1 3 1 3 2 3 1 4
4 2 2 4 3 2 2 4
(TU— T[,> v7 = (TU—l— TU) v, (TU— T(,) v7 = (TU+ T[,> v7,
3 1 3 3 1 1 4 1 4 3 1 2
(26)
1 3 1 3 1 3 1 3
(TU TU> v — <Tg TU> v <TU TU) v — (TU+ TG> v
2 4 1 4 2 3 2 4 2 4 2 4
3 1 3 1 3 1 1 3
(TU— TU> v7 = <TU+ TU> v, (TU— Tg> v? = (Tg—i— TU) v7,
4 2 3 2 4 1 4 2 i 4 2 2
2 4 2 4 2 4 2 4
(TU— T[,> v = (TU—l— TU) v7, (TU— TU> v7 = (To—i— TU) v,
2 4 1 4 2 3 2 4 2 4 2 4
4 2 2 4 4 2 2 4
(TU— TU) Vo = (Tg-i— TU> v <TU— TU) v = (T(,+ TU) v
4 2 3 4 2 1 4 2 4 4 2 2
a

Proof: By the equalities (12) and (14) we obtain

v 1 v 3 3
VUCQ:TUUBUQ—TUUﬁUa—TUUﬁUa—i-TU’UB{I)a
3 v 1 v v 1

v 3
(27)
v 2 2 v v 2 4 v
+ T, 08 0, =T, VP v, =Ty VP vV, — Ty vP U,
4 v v 4 2 v v 2

Transforming the condition ¢, Vgby + c3Vob, = 0 with the help of (3), (12), (27)

and using the independence of the covectors Do we obtain the following equalities

3 1 1 3 4 2 2 4
%:ﬁ_ j;ﬁ + Cﬁ (7310-"' 1;0-) = O, 131@_ 1;/8 + CB <%:o'+ ?a’) = 0,

(28)
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3 1 3 1 4 2 2 4
Fo— T+ (Lot 1) =0, T Tot g (T4 12 =0

Now after contraction by v® it is easy to see the equivalence of (28) to (26).
o

Corollary 1.6. If the net (v,v,v,v,> s chosen as a coordinate one then
1234

the composition Za x Zo from the kind (g — g) characterizes by the following
equalities for: 3.1) the coefficients of the derivative equations

1 3 3 1 3 4 4 2
Ta_Taze TE+TE 5 1—101_1704:6 Ta—i_Ta

(29) 1 3 1 3 1 3 1 3
1 3 3 1 2 4 4 2
Ta_ a — € Ta‘i_Ta 3 Ta—Ta:6 Ta"i_Ta
2 2 4 2 4 2 4

3.2) the coefficients of the connectedness
(50)
) — I3 = 2el'f3, 9y — Ty =25, T —T'g, =TI, + T,
as when o accepts consecutively the values 1; 2; 3; 4 then & accepts the

values 8; 4; 1; 2; respectively and
e=1fora=1,2,e=—1 for a =3,4.

Proof. Let choose the net (v, v, v, v,) for a coordinate net. Then the equal-
1234

ities (29) follow by (6) and (26), and the equalities (30) follow by (20) and
(29).

Using (19) (25) and (30) we establish the validity of the following state-
ment:
O

Fact 2. If two of the compositions Xo x Xo,Ys x Yo, Zy x Zo are from the
kind (g - g) then and the third composition is of the kind (g - g).

Since from (19), (25) and (30) it follows

(31)
I =T5 =0, =T =0,y + 19 =0

then we can formulate

Fact 3. When the compositions Xo x Xo,Ys X Yo, Zo x Zo are of the kind

(g9-g) then in the parameters of the coordinate net | v,v,v,v, | the tensor of
1234

the curvature satisfy the conditions Rijkﬁ = Rﬂsg =0,R133% = Roas © =

o « o (e} « o
R311 - = Ryo0 - = Ry43 - = Rogq - = R301 - = R412- = 0.
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Let consider the affinor

(32)
i =al +05 +cf

According to (3), (4), (10) and (12) we have
(33)

a'gbg + bgag =0, bgcg + cgbg =0, cga'g + agcg =0.
From (32) and (33) it follows d = a2 ah +b5b5 + c5 ¢ = 65 + 65 — 65 = 52
, which means that the affinor dg defines a composition Uy x Uy with the
positions P(U2) and P(Us):

Theorem 1.7. The composition Uy x Us is of the kind (g-g) if and only if
the coefficients of the derivative equations (13) satisfy the conditions
(54)

s—d5T s =0

Bl
??‘Hﬂo;

(35)

Tot T o= Ts-2T +d°'<f Ty >—0
P R T TR T R )
Proof According to (2) the composition Uy x Uz will be of the kind (g -
g) if and only if
(36)
dng d('; + dgvg dz =0
With the help of (4), (10), (12) and (32) we find
(37)
o pr—

1 2 i i i
dl = al +2(v" v, +v" v, = v v, =0 v, +2 v Y, .
3 4 i i 2ti

Then (36) can be written in the form

(38)
d"(j(i v v, —% s —]6’ W o —i—]z s +2% v’ 0, —2% v”v5)+
oGP TSP TP T s T s Pan

J i s 9 i 5 s i i )
dZ(T 60" Vo =T 60 V6 =T 60" Va+T 0" V0 +2 T 60" 00 2T 5 v " va) =0
i 9 5§ i Y 5 2+i 0 § 2+

The equalities received from (38) after contraction by ga and v" are con-
k

tracted once again by 5,, and zgjl,. As a result of these operations we reach
to (34) and (35).
Corollary 4  If the net (11),12),}3),31)) is chosen as a coordinate one then

the composition Uy x Uy from the kind (g - g) characterizes by the following
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equalities for:
4.1) the coefficients of the derivative equations

S
T;=0
k
5 s 5-2  5-2 5 s 5—2
Ti+Ti—Ti— T i+Tit2+ T iv2— T i+2=0
k k+2 k k+2 k k+2 k
4.2) the coefficients of the connectedness
(40)
F%{ == 0,

LS+ T e — I 2 =T o+ TS ok + T 2 — T35 =0
Proof: Let choose the net (11), v, g, g) as a coordinate one. Then taking

into account (4), (6) and (37) we find the following presentation of the affinor
da

(41)
10 2 0
s |01 0 2
) =10 0 -1 0
00 0 -1

From (34), (35) and (41) we obtain the equalities (39), from where accord-
ing to (20) follow (40) From [2] and the first equation of (39) it follows the
validity of the statement:

Fact 4 If the composition Us x Us is of the kind (g - g) , then the com-
position Xo x Xy is of the kind (X3 — g) , i.e. the positions P(X2) are
parallelly translated along any line of Xo.

3. Geodesic compositions in spaces FqAy

Let A4 by an equiaffine space with a fundamental 4-vector e,g+5. The quan-
tit 2P
ity eapys?V™y

known that the extent V preserves when the vectors v are parallelly trans-
[0

g”f is called an extent, defined by the vector fields v7 It is
(6%

lated along any line in FqAy4 [1]. We denote by e = ej234 the fundamental
density of the equiaffine space FqAy. The following characteristics for the
equiaffine spaces are known: I'},, = 0 —alne, V,eqp,6 = 0, Rag = Rga[l]

Proposition 1 If in the equiaffine space EqA4 with a fundamental 4-vector
1. 2 3 4

Cafys = Va VgV~ V5], where o are defined by (3), the compositions Xo X
Xo,Ys x Yo are the kind of (g — g), then the space EqAy is affine

1. 2 3 4
Proof: From Ve,gys = V[, V50 ~0s] = 0 and derivative equations (13)
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we obtain Qﬁ, = 0 which, according to (20), is equivalent to F‘SV s = 0. Since
o

the compositions Xo x Xo,Ys X Y4 are the kind of (g-g), then on basis of
Fact 2, (31) and IS5 = 0, Ine = 0 we establish ['%5 = 0, i.e. the space FgqA,
is affine.

Proposition 2 If in the equiaffine EqAy with a fundamental density e the
compositions Xo X Xo,Ys X Yo are the kind of (g9 — g) hen the components
of the Richi?s tensor of the space EqAy have the following presentation:
(42)

Ri3 = —o13lne, Ry = —oalne +1'{0qIne+ 0.1y,
R24 = —094 ln €, R23 = —02923 lne — Fg?)aa lne — aar%’,
(43)
Rij = —6ijlne — el 1Y R = —0zIne — e}, T,

where e =1 fori=j ori=j,e=—1fori#jori#j
and for the indexes are fulfilled: 1 < 4,2 <> 3.

Proof. According to [1] for the tensor of Richi in the space FqA, we have
Rgy = Rapy © = 5afgv —0gyIne+ ng(sp Ine — ngfgv: Then applying (31)
we find

(14)
Rij = —ojjlne — rfgr’gj, R = —o;Ine — F?,I’;;
Rﬁ = UQF% — 05 Ine + F%O‘a Ine

Now using (31) and (44) we obtain

Riy = —di1lne — (I'}y)?, Rs3 = —dszlne — (I'%,)%,
Ry = —dplne — (T1,)?, Ru = —duslne— (T1,)?
R12 = —(512 lne + Fil4r?4, R34 - _534 lne + F%4F%47

and (42). It is obviously that R4 + Ro3 = —d141ne — oz lne. O
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