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APPROXIMATION OF FUNCTIONS BY MATRIX-EULER
SUMMABILITY MEANS OF FOURIER SERIES IN
GENERALIZED HOLDER METRIC

(COMMUNICATED BY HUSEIN BOR)

SHYAM LAL AND SHIREEN

ABSTRACT. In this paper, a new estimate for the degree of trignometric ap-
proximation of a function f € Hﬁw), (r > 1) class by Matrix-Euler means
(A.Eq) of its Fourier Series has been determined.

1. Introduction

The degree of approximation of a function f belonging to Lipa class by Norlund
summability method (N, p,) has been determined by several investigators like
Khan[6], Qureshi[7] [§], Chandra[lI], Leindler[9], Stepants[2] and Lal[16]. Working
in quite different direction, Totik[I7, 18], Mazhar[14], Totik and Mazhar[I5] and
Chandra[l2] have studied the approximation of functions in Hélder space H (w),
But till now no work seems to have done to obtain the degree of approximation of
functions f € H", (r > 1), by Matrix-Euler (A.E;) product summability means.
In an attempt to make an advance study in this direction, in this paper, a new
estimate for degree of trignometric approximation of a function f € H,(-w), (r>1)
space has been determined. It is important to note that H,(-w)7 (r > 1), is a gen-
eralization of H") H (a),r and H(,y spaces. Some important applications of main
theorem has been investigated.

2. Definition and Notations

Let f(x) be a 27 periodic function, integrable in the Lebesgue sense over [o, 27]
) class. Let the Fourier series of f(z) is given by

flx)= %ao + i(an cosnx + by, sinnx) (1)

n=1

and belonging to Hﬁw
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with n'* partial sums s, (f; ).

Let Z?:o Uy, be an infinite series having n*" partial sum s,, = Z:zo Uy, .

Let T' = (an,x) be an infinite triangular matrix satisfying the condition of regularity
(Silverman-Toeplitz [10]) i.e.

(i). Xr_pank=1lasn— oo,
(i1). any =0for k>n,
(iif). ZZ:O |ank| < M , a finite constant.

The sequence-to-sequence transformation
n n
A § : 2 :
tn = Un kSk = An,n—kSn—k
k=0 k=0

defines the sequence ¢4 of triangular matrix means of the sequence {s, }, generated
by the sequence of coeflicients (ay, 1)

If t& — s as n — oo then the series >0 o Un is summable to s by triangular
matrix A- method (Zygmund[I], p.74).

1 n
Let ET(ll) = 272 <Z> sp. If E,(ll) — s as n — oo, then EZOZO u, is said to be
k=0

summable to s by the Euler’s method, F;(Hardy[5]).
The triangular matrix A-transform of E; transform defines the (A.E;) transform
t5E of the partial sums s,, of the series Y oo u, by

tTALE — Zan,kEé = Za"vkﬁz (1/) Sy.
k=0 k=0 v=0

If t2F — s as nm — 00, Yo" Uy is said to be summable (A.E;) to s.

n

1
Sp— 8 = Eﬁll) = —Z <n) s, — s as n — oo, E1 method is regular,
2n =\
= t3EW)=t2F & s as n — oo, A method is regular,

= (A.E7) method is regular.

Some important particular cases of triangular matrix-Euler means (A.E;) are
(). (H, %H)(El) means, when a,, j = m.
(ii). (N,pn).E1 means, when a, = p};;"‘, where P, = >, pr # 0.

(iii). (N, pn,¢n).E1 means, when a,, ) = Enztie

where R, = > _o Prdn—k # 0.

Let C5, denote the Banach space of all 2r-periodic and continuous functions
defined on [0, 27] under the supremum norm.
For 0 < a <1, let

Hioy ={f € Con : |f(x +1) — f(2)| = O(It|")}
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The space H(,) is a Banach space (Préssdorfff [I3]) under the norm

[f(z+1t) = fz)|

1fll@ = sup [f(x)]+sup g 0<as<l
0<z<27 t;g
t —_
= |[fll +sup |f(x+|t)a @l g a<t.
hoh

The metric induced by the norm [,y on H(qa) is called the Holder metric. Clearly
(H(a): | fll(a)) is @ Banach space which decreases as a increases, i.e.,

H(a)gH(g) C Oy, for 0<B <<,

and
1£llgy < 0211 fll @) -
In general,
t _
sup |f(z)| # sup o+ )a f(:r)\’ 0<a<l.
0<z<2m o |t]

We define the norm ||[|,. by

1
[ f@) e} for 1< < o

ess sup |f(z)| for r = cc.
o<z<2m
2m

Let L"[0,27] = {f :[0,27] = R :/ |f(z)]" dx < oo} ,7 > 1, be the space of all

= O(It(’)}-

The space Hq),, 7 > 1,0 < a < 1is a Banach space under the norm ||||(a) -

_ 1FC+8) = O,
1l ayr = Il +§1;10> T8 :

LAl =

2m-periodic, integrable functions and for all ¢

3=

Higyr = {f e oozl ([ T - ) ds)

Hf”(O),r = ”er

The metric induced by the norm ||[|
degree 7.
Easily, it can be obtained by

1 llgyr < @ llgy,rs 0SB<a<l, r>1.

a),r On Hy),r is called Holder continuous with

Since f € H(q), if and only if [|f|,,, < oo, we have
H(a),r - H(ﬁ)J - LT[O,27T], 0<fB8<a<l r>1
For f € L"[0,2n],r > 1, the integral modulus of continuity is defined by
1

2m ™
wy(f,0) = sup {2177/ |f(z+1t) — f(x)|rdm} , for f € L"[0, 2nr] where
0

0<t<s
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1 <r < oo and if r = 0o, then
w(f,8) = weo(f,6) = sup max|f(z +1t) — f((z)| for f € Cor.
o<ty T

It is known (Zygmund [I], p.45) that w,(f,d) — 0 as 6 — 0.

Let w : [0,27r] — R be an arbitrary function with w(t) > 0 for 0 < ¢ < 27 and
lirél+ w(t) =w(0) = 0.

t—

The class of function H™) has been defind by Leindler [9] as

H® = {f € Cor : |[f(x+1t) — f(z)] = O(w (1))}

where w is a modulus of continuity, that is, w is a postive non-decreasing continuous
function with the property: w(0) =0, w(t; +t2) < w(t1) + w(ta).

4t) = f(.
We define H") = { f € L"[0,27] : 1 < r < oo, sup 176+ = FOll, < o0
t£0 w (t)
At) = f(. w

and ||f||£w) = || f|l, +sup IfC+8) = )”T, r > 1. Clearly ||||£w) is a norm on H").

0 w(t)
The completeness of the space Hr(w) can be discussed considering the completeness
of L™ (r > 1).

4t)— f(.
IfC A1) = FOIL r> 1. Tf “® tends to zero as t — ot then

11 = (1 £11, + sup :
1£0 v (Jt]) '

f'(z) exists and is zero everywhere and f is constant.

Let (%) be positive non decreasing.

Then Hf||£v) < max (1, 15((22:))) Hf||£w) < 00. Thus,

HWCHYCL, r>1

Remarks.

(i). If we take w(t) = t* then H("*) reduces to H,) class.
(ii). By taking w(t) =% in H™, it reduces to Hay
(iii). If we take r — oo then H™ class reduces to H®).

The degree of approximation of a function f: R — R by a trignometric polyno-

mial ¢, (z) = Sag + Y oo (a, cosva + b, sinvz) of order n is defined by (Zygmund
0], p.114-115)
En(f) = min|[t, — f,..
We write,

¢(I,t) = f(l’+t) +f($*t) 72f(x)aAan,k = OGn,k — Gnk+1, 0 < k <n-— 1.

KAE _ 1 & sin (n — k +1)(%)cos™*(%)
n _%Za”’k sin (1) :
k=0 5 2
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3. Theorem

In this paper, we prove the following theorem:

Theorem 3.1. Let A = (an ) be a regular lower triangular infinite matriz such
that

n—1 1
> 1804 = 0 (57 )0+ D lanal =01 ©)

If f : [0,27] — R be a 2w-periodic, Lebesgue integrable and belonging to the gen-
eralized class Hﬁ w) > 1; w,v be modulus of continuity and 4% ) be positive, non-
decreasing then the degree of approximation of f by tmangular matmaz Euler means

taF = S ho @, k% ZV 0 ( )sl, of its Fourier series is given by

v) _ 1 " w(t)
||t$E - ng ) = 0 ((n + 1) /nl+1 tQU(t) dt) . (3)

4. Lemmas

Following Lemmas are required to prove the theorems:

Lemma 4.1. For0<t< (n+1)"!, K2E(t) =O0(n+1).

Proof. For 0 <t < (n+1)71 s % > %, sinnt < nt, |cost| < 1. We have
sin (n —k +1)(£)cos" (%)
KAE(p| — . 2 2
| " ()| Za § sm(%)
1 < (n k+1)(%)|cos”_k(%)|
< P
= Qﬂ-z |a"vk| (i)
k=0 s
1 n
< Z(TH_ 1) Z | k|
k=0
< Yy
L
= O(n+1)

Lemma 4.2. For (n+1)"' <t<x, K3F(t)=0 (W) :
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Proof. For (n+1)7' <t <, sinf > L, using Abel’s lemma, we get

k2
™

(n—Fk+ 1)(%)(}05"‘7’“(%)

sin
|KAE ‘ = Zank 7
e sin (5)
< LIS )3 st —v+ 1 )eosr (£
< 5 An. ke — G k41 sin(n — v 5 | cos 5
k=0 v=0
+an, Zsm (n—k+1) ! cos™* 4
k=0
[n—1 . . .
1 sin (2n — k + 2) (L) sin (n + 1)(%) sin(n +2)(%)sin(n+ 1) (%
S 2775 Z|Aan,k| 4t 4 +|an,n| 4 Z (4)
L k=0 sin () sin (§)
< I nz:1|Aank|—|—|ann\ max sin (2n — k +2) L sin(n + 1) ¢
- 2 = k<n 2 2
™
= ? Z|Aan,k|+|an,n]
Lk=o
[ 1 1
= Zlo(— — )|
12 _O(n+1)+0(n+1)] y

= o(Gwm)

5. Proof of the Theorem(3.1]
Following Titchmarsh [, s;(f;z) of Fourier series is given by

: 1
sp(fix) — f(z) = 217r B(, )Wdt, E=0,1,2....
2
Then
" /n 1T 1 o= (n\sin(k+3)t
52 (1) o~ 1) = g [Cotwng: S (3) T
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B~ f@) = o ewk {ELy(@) — @)
" k=0

_ % /W (, 1) éan,ksm {(n—k J;i)((é))} oy
Let
() = t25 (@) - f(z) = /0 " (e NEOF ()i
Then

L@+ ) — (@) = AQW%+%®M%UM?WU£

By generalized Minkowski’s inequality (Chui[3], p.37), we get

|mc+y>zaunsﬁﬂwc+%w¢umTMf%owt

_ A"“0wc+%w¢m¢mAKwaDdt{/iuwc+%w¢m»nAKﬁWwDﬁ
= L1+ 1. B (4)
Clearly

lo(z +y,t) — oz, 1)) < |fle+ty+t)—fle+yl+|flz+y—1)—flz+y)

+f(x+1) = f@) +[f(x 1) = f(2)].

Applying Minkowski’s inequality, we have

160 +9.0) =000l < IFC+y+0 = FC+u)l, + 17 +y—1) = F(+D)l,
FIFCH+D = FOlL + 17 =D = FO,

= O(w(t)). (5)
Also
l6C+ 5.0 = 6,0, < IFC+y+0 =T+, +17C+y—1)— 5=,

20 +y) = FOl,
= O(w(ly)))- (6)

For v is positive, non decreasing, t < |y|, we obtained

6+~ 90 0ll, = O ()
- o(0(35))
(e (351))
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Since 2 ig positive, non-decreasing, if ¢t > |y|, then 2 w(t) > w(ly‘)7 so that
v(t)

o0 = (v
loC-+y.8) =o(, DI, = O(w(ly)))

= oo (£9)). g

L = /* 160+ 9,0) — o0, |K2E(0)| di

Using lemma (4.1]) and we obtain

Also,using Lemma (4.2)) and (7)) we get
I = / 60+ .1) — 6(. D)l KB (1) d

By a and @D, we have
(- +y) =), = O (U(|y)w("1))

Thus,

oty -0l (v ()
i T R O(%;))
O(nL/n; t:}%dt). (10)
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Clearly

|¢(,1)] [f(@+1)+ flz —t) = 2f(z)|
[f(@+1t) = f(@)] + |f(z — 1) — f(z)|
Applying Minkowski’s inequality, we have
loC ol < NG+ =FOI + G =) = FOI,
= O (w(t)). (11)

Using7 Lemma 7Lemma we obtain
. -

Ol = (27 - 1], < (/ [ ) oDl [ K25 () dr
n+1

s

/om 16(, DI, | (K2E )| dt + / | lloG o)l [KRE @) dt

IN

n+1

) <(n+ 1) /0T w(t)dt) +0 <(nil) /i “’t(;) dt)

n+1

- 0(w<(nil))>+0<(ni1)/; wt(;)dt>. (12)
Now, By and

o _ o I+ ) = O],
”ln()Hr - Hln(')”r—’_y#%) ’U(|y|)

= ou(iy)) vo gy [ 20a)

n+1

w {57 Tow
(v(( j;) +O<(n—1kl) /. U(t()tt)2dt>'

n+1 n+1

o

_|_

Using the fact that w(t) = f((:)) w(t) < o(m) 7”5((:))7 0<t<m, we get

IO = 0(%)”(@1) / Tfffdt> "

Py T

Since w and v are modulus of continuity such that wt) jg positive, non decreasing,

v(t)
therefore

Ly oa (@)
<n+1)/n11t2_2v< )

+1
1
n+1

Then
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By and (14), we have
AE o) _ 1 Tw(?)
-1 = 0ty [ ).

This completes the proof of theorem

6. APPLICATIONS
We obtain the following corollaries from the main Theorems.

Corollary 6.1. Let f € Hi), ,72>1,0<a <1 then

HtAE_fH _ o W), 0<fB<ac<l,
' o 0 W)v B=0,a=1.

Proof. If we take w(t) = t*, v(t) = t? in theorem
i theorem m then degree of

FE1 means

Corollary 6.2. If we take an ) = m,

approximation of a function f € Hr(w) by (H, n+1)

n k

1 1 1 k
JHE  _ ,
" 1ognkz_0n—k+12k;_:o<y>s

of the fourier series is given by

v 1 " w
=~ ], = O((n+1)/nilt2v(§t))dt>'

Corollary 6.3. If we take a, j = p”P;’“ . where P, = Y"7'_ pi # 0 in theorem
then degree of approximation of a function f € Hﬁw) by (N, pn).E1 means

1 & 1 < [k
NE _
O DN S DY ()
k=0 v=0
of the fourier series is given by

v 1 " w
| e =l = o ((n-i—l) /nil t2v(2)dt> '

Corollary 6.4. If we take an = 2529 where R,y = Y1 Prn—k 7 0 in theorem
then degree of approzimation of a functzon fe Hﬁw) by (N,p,q).E1 means

1< 1 < [k
iNE = anpn_qugkz(y)sy
k=0 v=0

of the fourier series is given by

v 1 " w
I E - I = O((n+1)/1 t%(g)dt)
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