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ON A NEW APPLICATION OF ALMOST INCREASING
SEQUENCES

(COMMUNICATED BY H. BOR)

W.T. SULAIMAN

ABSTRACT. A new result concerning absolute summability of infinite series
using almost increasing sequence is presented. An application gives some gen-
eralization of Bor’s result [J.

1. INTRODUCTION

Let > ay, be an infinite series with sequence of partial sums (s,). By u, t&
we denote the nth Cesaro mean of order @ > —1 of the sequences (sy), (nay)
respectively, that is

« 1 - a—1
U= ;)An_vsv, (1.1)
« 1 - a—1
o = A_% ;An_vvav. (1.2)
The series ) a,, is summable |C,af, , k > 1, if
an*1 |uf{—uf{71|k EZnil t2]* < oo. (1.3)
n=1 n=1

For oo = 1, |C, |, summability reduces to |C, 1|, summability.
Let (p,) be a sequence of constants such that

P,=po+p1+..+pn —>00asn— 0.

The sequence to sequence transformation
1 n
on = N ;Jpn,vsv (1.4)
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defines the sequence (d,) of the Norlund mean of the sequence (s,) generated by
the sequence of coefficients (py,). > ay, is said to be summable |N, p,|,, k > 1, if

> k8, = 0|t < o0 (1.5)

n=1

In the special case when

I'(n+ a)
form+ly =0 (16)
|N, pp|, summability reduces to |C, |, summability.

A positive sequence (by,) is said to be almost increasing sequence if there exists
a positive increasing sequence (¢, ) and two positive constants M and N such that
Mec, < b, < Nc¢,. Every increasing sequence is almost increasing, but the converse
need not to be true, see for example when b, = ne(=1".

The following results are known:

Pn =

Theorem 1.1. [3] Let pg > 0, p, > 0 and (p,) be a non-increasing sequence. If
> an is summable |C, 1|, , then the series Y. anPp(n+1)~" is summable |N,p,|,
k> 1.

Theorem 1.2. [1] Let (pn) be as in Theorem 1.1 and (X,) be almost increasing
sequence. If the conditions

> 0| AN X, < oo, (1.7)
n=1
[An| X, = O(1) as n — oo, (1.8)
"1
> - to|" = O(X,), as n— o, (1.9)

v=1

are satisfied, then the series > anPoAn(n + 1)~ is summable | N, Pl kB> 1.
Lemma 1.3. [2] Under the conditions (1.7) and (I.8), we have

nX, |AX,| = 0(1), as n — oo, (1.10)
D X |AN| < 0. (1.11)
n=1

2. RESULTS

We state and prove the following result

Theorem 2.1. Let (p,) be as in Theorem 1.1 and (X,) be almost increasing se-
quence. If the conditions (I.7), (I.8) and

vy =0(1), as v— o0, (2.1)
vAp, =0(1), as v— oo, (2.2)

=~ 1
Z T t,[* = O(X,,), as 1 — oo, (2.3)

v=1

are satisfied, then the series Y anAnpp is summable |C, 1|, , k > 1.
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Proof. Let T, be the nth (C, 1) mean of the sequence (na,Anpy). Therefore

Abel’s transformation gives

n—1 v n
1
1 n—1 n—1
= 1th v \v 1tv v A v tn ns‘n
n+1<;(v+) <p>\+;(v+)sﬁ+1 /\>+ PnA

= Tnl + Tn2 + Tn3'

In order to complete the proof, by Minkowski’s inequality, it is sufficient to show
that

o0

1
> =Tl <00, j=1,2,3.
n

n=1

Applying Holder’s inequality, we have

mil . mil | nol k
— |71}, = — Dt, Ay Ay
3 it zz<> eo
m+1 k—1
_ k
- w3 St aart i (51
m—+1 n—1
= Z Z k|t| |A<Pv | v|
m m—+1 1
k k k
= 0 vkl [Ag, P IX* D 3
v=1 n=v+1
k k
= 0(1) Z - [tol™ [l
v=1

|t
= 0O(1 Ao
<>;UX5_1| |
m— m |k
= |A)‘|Z k 1+O ) [Am Z’L)Xk 1

= 0(1) " Xy |AN| + O() X [Am| = O(1).
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mil . mil | ol k
— T, = — Dty our1 Ay
;nl 2 ;nHl;(H)wHA
m+1 k k n—1 k-1
_ kltol” lout1]” [AN]
- Z nk+1 Z X1 ZXv |AX, |
v v=1
TP IAN] R 1
= 0(1)2” k1 Z Tl
v=1 X” n=v+1 n *
= v AN ]
m—1
tr| VAP W
- 0w X elanl Y L+ ommian 3 b e
v=1 — X v=1
m—1 m—1
= 0O(1) Y v|APN] X, +0(1) Y Xy [AN] + O1)m [AN, | X,
v=1 v=1
= 0().
— Tn - — [n¥PnAn
nz::ln| 3| Z::n PnA |
_ om3h
= o)) T [Anl
n:ln

= O(1), as in the case of T);.

3. REMARKS

Remark 3.1. (a) It may be mentioned that condition [23)is weaker than (L9). In
fact is (9] is satisfied, then

Sl o(4 )il )
2 X XFT) 2 Xm),
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while if (Z3)) is satisfied then,

m 1 . m 1 R
|tv| ) k—1 ( |tn| ) k—1
= Z AX + Z X
k—1 n =1 m
n=1 ('u_l v Xy oy Xn
m—1
= 0(1) X, ’AXﬁ_ll T+ O(Xp) XE1
n=1
m—1
= O(Xm-1) ) (Xnii = X071 +O(X5)
n=1
= O (Xh - XE) 0
= O(Xp).
or we can deal with this case as follows
m 1 k m 1 ko1 - m 1 . .
;nl | ;anf*ll " Xn (X5, );anf*” | (XF)

Therefore (L9) implies ([2.3]) but not conversely.

(b) The other advantage of condition (23] is that this condition leave no losing
through estimation concerning powers of |\, |. As an example through the proof of
Theorem 1.2, 1t has been substituted [A,|" = [A,|" " [An| = O(|An|), which implies
that |An|" ' has been lost.

Remark 3.2. By putting ¢,, = P,,/(n+ 1) in Theorem 2.1, we obtain Theorem 1.2
via Theorem 1.1, as follows:

As (py) is non-increasing, then P,, < (n + 1)po which implies ¢, = O(1). Also
< Pn Pn+1> ( Pn Pn PnJrl Pn PnJrl
nAp, = n =n

n+l n+2 n+1_n+2_n+2>_n(n+1)(n+2) n+2

0 (ﬂﬂ) + O(pni1) = O(1).
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