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RELATED FIXED POINT THEOREMS FOR TWO PAIRS OF

MAPPINGS ON TWO SYMMETRIC SPACES

(COMMUNICATED BY PROFESSOR V. MULLER)

M.AAMRI, S.BENNANI, D. EL MOUTAWAKIL

Abstract. Some new related fixed point results for two pairs of mappings on
two symmetric spaces are established.

1. Introduction

In 1997, B. Fisher et P.P. Murthy presented in [2] the following related fixed
point Theorem in metric spaces

Theorem 1.1. Let (X, d) and (Y, δ) be complete metric spaces. let A,B be mappings

of X into Y and let S,T be mappings of Y into X satisfying the inequalities :

(1)δ(SAx, TBx′) ≤ cmax{d(x, x′), d(x, SAx), d(x′, TBx′), δ(Ax,Bx′)}

(2)d(BSy,ATy′) ≤ cmax{δ(y, y′), δ(y,BSy), δ(y′, ATy′), d(Sy, T y′)}

for all x,x’ in X and y,y’ in Y, where 0 ≤ c < 1

If one of the mappings A,B, S and T is continuous, then SA and TB have a

unique common fixed point z in X and BS and AT have a unique common fixed

point w in Y . Further, Az = Bz = w and Sw = Tw = z

Our purpose here is to give a generalization of this Theorem for two symmetric
spaces (X, d) and (Y, δ). We begin by recalling some basic concepts of the theory
of symmetric spaces. A symmetric function on a set X is a non negative real valued
function d on X ×X such that
(1)d(x, y) = 0, if and only if x = y.
(2)d(x, y) = d(y, x).
Let d a symmetric on a set X and for r > 0 and x ∈ X , let B(x, r) = {y ∈ X :
d(x, y) < r}. A topology t(d) on X is given by U ∈ t(d) if and only if for each
x ∈ U , B(x, r) ⊆ U .
A symmetric d is semi-metric if for each x ∈ X and for each r > 0, B(x, r) is a
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neighborhood of x in the topology t(d). Note that lim
n→∞

d(xn, x) = 0 if and only if

lim
n→∞

xn = x in the topology t(d).

The following axioms are available in [3], [4] and [5]:
(W3)[5] Given {xn}, x in X, lim

n→∞

d(xn, x) = 0 and lim
n→∞

d(xn, y) = 0 imply x=y.

(W4)[5] Given {xn},{yn} and x in X, lim
n→∞

d(xn, x) = 0 and lim
n→∞

d(xn, yn) = 0

imply that lim
n→∞

d(yn, x) = 0.

(1C)[3] A symmetric d on a set X is said to be 1-continuous if lim
n→∞

d(xn, x) = 0

implies lim
n→∞

d(xn, y) = d(x, y), for all y ∈ X .

It is easy to see that for a semi metric d, if t(d)is Hausdorff, then (W3) holds. Also
(W4) implies (W3) and (1C) implies (W3) but converse implications are not true.
A sequence in X is d- Cauchy if it satisfies the usual metric condition with respect
to d. There are several concepts of completeness in this setting (see [4])
1) (X, d) is d-Cauchy complete if for every d-Cauchy sequence {xn} there exists
x ∈ X with xn → x in the topology t(d).
2) (X, d) is S-complete if for every d-Cauchy sequence {xn} there exists x ∈ X with
lim
n→∞

d(xn, x) = 0.

3) (X, d) is (
∑

) d-complete if for every sequence {xn},
+∞∑

n=1

d(xn, xn+1) < ∞ implies

that {xn} is convergent in the topology t(d).

2. Main result

Theorem 2.1. Let (X, d) and (Y, δ) be two 1-continuous semi-metric spaces. let

A,B be mappings of X into Y, and let S,T be mappings of Y into X satisfying

(i) d(SAx, TBx′) ≤ cmax{d(x, x′), d(x, SAx), d(x′, TBx′), δ(Ax,Bx′)}

(ii) δ(BSy,ATy′) ≤ cmax{δ(y, y′), δ(y,BSy), δ(y′, ATy′), d(Sy, T y′)}

for all x,x’ in X and y,y’ in Y, where 0 ≤ c < 1
If either X is (

∑
) d-complete and Y satisfies (W4) or Y is (

∑
) δ-complete and

X satisfies (W4), and one of the mappings A,B, S and T is continuous then SA

and TB have a unique common fixed point z in X and BS and AT have a unique

common fixed point w in Y . Further, Az = Bz = w and Sw = Tw = z.

Proof : Let x be an arbitrary point in X . Define the sequences {xn} and {yn}
in X and Y, respectively, as follows: y1 = Ax, x1 = Sy1, y2 = Bx1, x2 = Ty2,
y3 = Ax2....
In general, we define x2n−1 = Sy2n−1, y2n = Bx2n−1, x2n = Ty2n and y2n+1 =
Ax2n for n = 1, 2, ...
On the one hand, using inequality (i) we get

d(x2n, x2n+1) = d(TBx2n−1, SAx2n)
≤ cmax{d(x2n, x2n−1), d(x2n, SAx2n), d(x2n−1, TBx2n−1), δ(Ax2n, Bx2n−1)}
≤ cmax{d(x2n−1, x2n), d(x2n, x2n+1), δ(y2n, y2n+1)}

Then

d(x2n, x2n+1) ≤ cmax{d(x2n−1, x2n), δ(y2n, y2n+1)}
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Similarly, using inequality (i), we get

d(x2n−1, x2n) ≤ cmax{d(x2n−1, x2n−2), δ(y2n−1, y2n)}

which imply

d(xn, xn+1) ≤ cmax{d(xn−1, xn), δ(yn, yn+1)}

On the other hand, applying inequality (ii) we get

δ(y2n, y2n+1) ≤ cmax{d(x2n−1, x2n), δ(y2n−1, y2n)}

and

δ(y2n−1, y2n) ≤ cmax{d(x2n−1, x2n−2), δ(y2n−1, y2n−2)}

which imply

δ(yn, yn+1) ≤ cmax{d(xn−1, xn), δ(yn−1, yn)}

It follows that

max{d(xn, xn+1), δ(yn, yn+1)} ≤ cn−1 max{d(x1, x2), δ(y1, y2)} = cn−1Md,δ

where Md,δ = max{d(x1, x2), δ(y1, y2)}.
Therefore, we get lim

n→∞

d(xn, xn+1) = lim
n→∞

δ(yn, yn+1) = 0.

Suppose that X is (
∑

) d-complete. We have

k=n∑

k=1

d(xk, xk+1) ≤ Md,δ

k=n∑

k=1

ck−1 , n ≥ 1

which implies

+∞∑

k=1

d(xk, xk+1) < ∞. Therefore xn → z for some z ∈ X . Let w = Az

and suppose that A is continuous. Then lim
n→∞

δ(y2n+1, w) = lim
n→∞

δ(Ax2n, Az) = 0

and therefore lim
n→∞

δ(y2n, w) = 0 since lim
n→∞

δ(y2n, y2n+1) = 0 and Y satisfies (W4).

Hence lim
n→∞

δ(yn, w) = 0.

Using inequality (i) we get

d(Sw, x2n) = d(SAz, TBx2n−1)
≤ cmax{d(z, x2n−1), d(z, SAz), d(x2n−1, TBx2n−1), δ(Az,Bx2n−1)}

Letting n tend to infinity, on using the 1-continuity of d, we get d(Sw, z) ≤ cd(Sw, z)
and therefore Sw = z = SAz. Applying inequality (ii) we get

δ(Bz, y2n+1) = d(BSw,ATy2n)
≤ cmax{δ(w, y2n), δ(w,BSw), δ(y2n, ATy2n), d(Sw, Ty2n)}

Letting n tend to infinity, on using the 1-continuity of δ, we obtain δ(Bz,w) ≤
cδ(Bz,w) and therefore Bz = w = BSw. Using inequality (i) we have

d(z, Tw) = d(SAz, TBz)
≤ cmax{d(z, z), d(z, SAz), d(z, TBz), δ(Az,Bz)}
≤ cd(z, Tw)

from which it follows that Tw = z = TBz.
The same results of course hold if one of the mappings B, S, T is continuous instead
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of A. To prove uniqueness, suppose that SA and TB have a second fixed point z’.
On using uniquality (i) we get

d(z, z′) = d(SAz, TBz′)
≤ cmax{d(z, z′), d(z, SAz), d(z′, TBz′), δ(Az,Bz′)}
≤ cmax{d(z, z′), δ(w,w′)}

Therefore d(z, z′) ≤ cδ(w,w′). Similarly, using inequality (ii) we get

δ(w,w′) = δ(BSw,ATw′)
≤ cmax{δ(w,w′), δ(w′, BSw′), δ(w′, ATw′), d(Swz, Tw′)}
≤ cmax{δ(w,w′), d(z, z′)}

and so δ(w,w′) ≤ cd(z, z′) and therefore d(z, z′) ≤ cδ(w,w′) ≤ c2d(z, z′). Hence
z = z′.
Similarly, we prove that w is the unique fixed point of BS and AT . The same
results of course hold if Y is supposed (

∑
) δ-complete. This completes the proof

of the Theorem.

For a metric space and a semi-metric space, we have the following new results

Corollary 2.1. Let (X, d) be a 1-continuous semi-metric space and (Y, δ) be a

metric space. let A,B be mappings of X into Y, and let S,T be mappings of Y into

X satisfying

(i) d(SAx, TBx′) ≤ cmax{d(x, x′), d(x, SAx), d(x′, TBx′), δ(Ax,Bx′)}

(ii) δ(BSy,ATy′) ≤ cmax{δ(y, y′), δ(y,BSy), δ(y′, ATy′), d(Sy, T y′)}

for all x,x’ in X and y,y’ in Y, where 0 ≤ c < 1
If either X is (

∑
) d-complete or Y is complete and X satisfies (W4), and one of

the mappings A,B, S and T is continuous then SA and TB have a unique common

fixed point z in X and BS and AT have a unique common fixed point w in Y .

Further, Az = Bz = w and Sw = Tw = z.

Corollary 2.2. Let (X, d) be a metric space and (Y, δ) be a 1-continuous semi-

metric space. let A,B be mappings of X into Y, and let S,T be mappings of Y into

X satisfying

(i) d(SAx, TBx′) ≤ cmax{d(x, x′), d(x, SAx), d(x′, TBx′), δ(Ax,Bx′)}

(ii) δ(BSy,ATy′) ≤ cmax{δ(y, y′), δ(y,BSy), δ(y′, ATy′), d(Sy, T y′)}

for all x,x’ in X and y,y’ in Y, where 0 ≤ c < 1
If either X is complete and Y satisfies (W4) or Y is (

∑
) δ-complete, and one of

the mappings A,B, S and T is continuous then SA and TB have a unique common

fixed point z in X and BS and AT have a unique common fixed point w in Y .

Further, Az = Bz = w and Sw = Tw = z.

When (X, d) and (Y, δ) are metric spaces, Theorem 2.1 gives a generalization of
Theorem 2 in [1] in the following way

Corollary 2.3. Let (X, d) and (Y, δ) be two metric spaces. let A,B be mappings of

X into Y, and let S,T be mappings of Y into X satisfying

(i) d(SAx, TBx′) ≤ cmax{d(x, x′), d(x, SAx), d(x′, TBx′), δ(Ax,Bx′)}

(ii) δ(BSy,ATy′) ≤ cmax{δ(y, y′), δ(y,BSy), δ(y′, ATy′), d(Sy, T y′)}
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for all x,x’ in X and y,y’ in Y, where 0 ≤ c < 1
If either X or Y is complete, and one of the mappings A,B, S and T is continuous

then SA and TB have a unique common fixed point z in X and BS and AT have

a unique common fixed point w in Y . Further, Az = Bz = w and Sw = Tw = z.
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