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ON GENERALIZED CONFORMAL MAPS

(COMMUNICATED BY KRISHNAN DUGGAL)

A. M. CHERIF, H. ELHENDI AND M. TERBECHE

ABSTRACT. In this paper, we present some new properties of generalized con-
formal maps as f-biharmonic between equidimensional Riemannian manifolds.

1. INTRODUCTION

Consider a smooth map ¢ : M — N between Riemannian manifolds M =
(M™, g) and N = (N™,h) and f : M x N — (0,+00) be a smooth positive
function, then the f-energy functional of ¢ is defined by

1
Bye) =5 [ fap@)ldelr,
M
(or over any compact subset K C M).

A map is called f-harmonic if it is a critical point of the f-energy functional. By
[1] the map ¢ is f-harmonic if and only if

Ti(p) = for(p) +do(grad™ f,) — e(o)(grad™ f)op =0, (1)

where f, : M™ — (0,400) be a smooth positive function defined by

ftp(x) = f(x,cp(x)), Vo € M,

() = traceyVdyp is the tension field of ¢, and e(p) = 5 |dip|? is the energy density

of .

Tr(¢) is called the f-tension field of ¢, and the f-bi-energy functional of ¢ is
defined by

Baylo) =3 [ Ims@)P uy.
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A map ¢ is called f-biharmonic if it is a critical point of the f-energy functional.
By [1] the map ¢ is f-bi-harmonic if and only if

To.1(p) = —fotrace,RN (14(), dp)dp — trace,V? f,NV 21 () (2)
+e(p) (VY (o grad™ ) o o — dp(grad™ T (0)(f))
~T1(@)(N)T()+ < VF74 (), dip > (grad™ f) o o = 0,
where (, ) is the inner product on T*M ® ¢ TN and RY is the curvature tensor
of N.
7o, (¢p) is called the f-bi-tension field of ¢.

The f-biharmonic concept is a natural generalization of biharmonic maps ([3][4][7][8]).

2. CONFORMAL f-BI-HARMONIC MAPS.
Theorem A. Let ¢ : (M™ g) — (N™ h) be a conformal map with dilation \.
The f-bi-tension field of v is given by
rf(p) = Fidp(grad” In\) + Fadp(grad™ (fx o ¢))
+2(n — 2)f3,d<p(RicciM(g7‘adM In\)) — 2f,dp(Ricci™ (grad™ f,))
+nfpdp(Ricci™ (grad™ (fn o @) +2(n — 2)f2 < Vdp,VdIn A >
—2f, < Vdp,Vdf, > +nf, < Vde,Vd(fn o p) >
+(n —2) f2dp(grad™ AIn X)) — fode(grad™ A(f,))
+— fs(,dgo(gradMA(fN 0p))+4(n—2)f,V? grad™ f, do(grad™ In \)
(n —2)2 LﬂvjradM wade(grad™ In X)) — ngde dp(grad™ f,)

n
+nv§rade‘P d@(g?"adM (fN © 90)) - gfgongadM fNo¢)d<p(gradM In )\)
n(n —2 n2
_%V;aw In )\d (gradM(fN © 90)) - Zv;radﬂl(mep)d (gradM(fN © 90))

+(7’l - 2)d(p(vgradM In )\g’f‘CLd (fN © gp)) + ( )dw(vgradM(fNogp)grad In A)
_d@(vgrade grad (fN 090)) dcp(vgradM(fNow)grad f«p)
+§ds0(gmdM(lgmdM(fN °op)*),

where
Fio= (n=2)grad" fo|* + (n = 2)foA(fo) = (n = 2)°g(grad™ n A, grad™ (fn © ¢))
i~ 2)glorad® £, grad (fx o 9)) ~ D grad (0 o).
and
Fy = —(n—2)A@nN) +A(f,) - ZA(fx o).

We need the following lemmas to prove Theorem A.



ON GENERALIZED CONFORMAL MAPS 101

Lemma A. Let ¢ : (M™,g) — (N™, h) be a conformal map with dilation \. The
f-tension field of p is given by
7i(p) = (2—n)fpdp(grad™ In ) + dp(grad™ f,)
n
—Edgo(gradM(fN o <p))7

where, at x € M, fny : N — (0,00) defined by fn(y) = f(z,y) for ally € N.

Proof. Since 7(¢) = (2 — n)dp(grad™ In)), e(p) = 2X? and let {e;}}; be an
orthonormal frame in M, then {f;}?_;, where f; 0 p = %dcp(ei) for alli =1,...,n,
be an orthonormal frame in N. Then

(gradV f)op(x) = (grad™ fn)e(w)
= fi|<p(:r)(fN)fi|Lp(z)
1

= @ do(ei)s(fn)de(ei)s

(
= %e”x(]ﬂN o p)dp(e;)s
~ Sy delarad” iy o),
for all x € M. -

Lemma B. Let v: M — R be a smooth function, then
trace,(V?)2dp(grad™y) = (2 - n)V“;mdedga(gradM In \) + 2dp(Ricci™ grad™~)
~trace, RN (dp(grad™~), de)dy + 2 < Vdyp, Vdy >
+dp(grad A(y)),
where < Vdp,Vdy >= Vdp(e;,e;)Vdy(e;, e;) = Vdp(ei, e;)g(V grad™ . e;).
Proof. Fix a point g € M and let {e;}? ; be an orthonormal frame, such that
Vé‘fej =0 at xg for all 7,j = 1,...,n. Then calculating at xg, we have
trace,(V¥)2dp(grad™y) = Vfinidgp(gradM'y)
= V?ZVdyp(e;, grad™ ) + V¢ dp(VY grad™~) (3)
= V7 Vdop(e, gradM’y) + Vdy(e;, Vé\:[grade)
+d<p(Vé‘fVé\fgradM'y)
= V?ZVdgp(e;, grad™y)+ < Vdp, Vdy >
+dp(trace, (VM) grad™ )
Let V2dp be the third fundamental form defined by
V2do(X,Y,Z) =V§Vde(Y,Z) - Vdp(V4Y,Z) = Vde(Y,V5Z),  (4)
for all X,Y,Z € T'(TM). And we have
V2de(X,Y,Z) = V?de(Z,Y,X)+ do(RM(Z,X)Y) (5)
~RN(d(Z), dp(X))dp(Y).
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By (4) and (5)), the first term of (3) is

V¢ Vdp(ei, grady) = Vidg(ei, e, grad™y) + Vdp(e;, VY grad )
= Vidp(grady, e, e;) + do(RM (grad™, e;)e;)
—RN (dp(grad™y), dp(e;))dp(e:) + Vdp(ei, V2 grad™~)
— medMyT(‘p) + do(Ricci™ grad™ ~)
—trace, RN (dp(grad™y), dp)dp+ < Vdp, Vdy > .

From the equation
trace,(VM)?grad™~ = Ricci® (grad™~) + grad™ (Ay),

the Lemma B follows. [

Lemma C. Let~v: M — R be a smooth function, then

< Vdp(gradMy),de >=nX2g(grad™~, grad® In \) + A\2A(y).

Proof. Let {e;}_; be an orthonormal frame, then

< Vdp(gradM~),de > = h(Ve,dp(grad™y),de(e;)
= ei(h(dp(grad™y), dp(e;))
—h(dp(grad™y), Ve, do(
= ei(Ng(grad™y,e;))
—(2 = n)h(dp(grad™~), de(grad™ In \))
= glgrad™~, grad™ z?)
+(n —2)X2g(grad™~, grad™ In \)
+A\%ei(g(grad™y, e;))
= 2X%g(grad™~, grad™ In \)
+(n —2)X%g(grad™~, grad™ In \)
+A?A(~Y)
= nX\3g(grad™y, grad™ In \) + N2A(y).

)
)
€;))

Proof of Theorem A.
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Let {e;}"_; be an orthonormal frame, such that V2 e; = 0 at 9 € M for all
i,7 = 1,...,n. Then calculating at zg, we have

—(2 = n)trace,V? [,V fodp(grad® InX) = (n—2)V?¢ £,V f,dp(grad™ In \)

= (n-— 2)V§mde¢ fodp(grad™ In \)
+(n — 2)f¢Vfini fwdga(gradM In)\)

= (n—2)|grad™ f,|*dp(grad™ In \)
+(n — 2)f%0V§mde¢ dp(grad™ In \)
+(n — 2) foA(fp)dp(grad™ In )
+2(n — 2)f¢V§mdew dp(grad™ In \)
+(n —2)f2trace, (V?)2dp(grad™ In \),

and by the lemma B, we obtain

(n —2)|grad™ f,[*de(grad™ n X)

+3(n — 2)f¢V§mdev do(grad™ In \)

+(n = 2) foA(f,)dp(grad™ In A)

+(n — 2)f;{(2 =)V an ade(grad™ In(s)
+2dp(Ricci™ grad™ In \)
—tracegRN(dcp(gradM In\), dp)de

+2 < Vdp, VdIn X > +dg(grad™ A(ln )\))}.

— (2 = n)trace, V¥ f,V? fdo(grad™ In \)

Of the same method, we obtain

— trace,V? f,V¢dp(grad™ f,) = —V;mdewdgo(gradeg,)
—fw{(2 — n)ngdev do(grad™ In \)
+2dp(Ricci™ grad™ f,) (7)
—tracegRN(dgo(gradew), dp)dp
+2 < Vo, Vdf, > +dplgrad A(£,) },

n n
§tracegV¢f¢V¢dap(gradN[(fN op)) = §V§mdewd<p(gradM(fN o))

n
—|—§f¢{(2 - n)V:mdM(wa)dgo(gradM In \)
+2dp(Ricci™ grad™ (fy o ¢)) (8)
—tracegRN(dga(gradM(fN o)), dyp)de
+2 < Vdip, Vd(fx 0 ) > +dip(grad™ A((fn 0 9))) },
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by Lemma A we have

n 1
e(gp)Vin(w)grade = 5)\2{(2 — n)ngdM ln/\ﬁdgo(gTadM(fN 0))

1
+v§radM feo Fd(p(gradM (fN © (P))

n

1
SV (ge) yzdelarad" (fy 0 9)) |

= 22O g wAPag(grad (1 o 4) (9)

A
2—n
+TV§7'adM In Ad(p(gradM (fN © 90))

2

— 5 (grad™ £,)(m N dg(grad™ (fx 0 )

1
+ﬁv§rade¢ d(p(gradM (fN © (P))

53 (grad" (fx 0 ¢)) (I N)dgp(grad™ (fx o))

n

=53 Vvt gyopye(orad (i o 9) .

The function 7¢(p)(f) is given by

(@) = 7 (@) (fN)
= (2-n)(grad” In\)(fx 0 @) + (grad" f,)(fx o ¢)

n
—§|9mdM(fN © @)|2>
then

—do(grad™ri(p)(f)) = (n—2)dp(grad™ ((grad™ InX)(fx o ¢)))
—de(grad™ ((grad™ f,)(fn o ¢)))

+5dp(grad™ (|grad™ (fi o o))

= (n—2)dp(V g1 xgrad™ (fn o ©)) (10)
+(n— 2)d<p(V2/T[adM(wa)gradM In\)
—dp(V ) yqrr 5, grad™ (fx © ¢))
—dW(V%adM(fNog;)gmde@
+5dp(grad™ (lgrad™ (fi 0 9))),

—71(@)()T(e) = (n- 2){(2 —n)(grad InX)(fx o @) + (grad™ f,)(fn o ¢)

fg\gradM(fNocp)|2}dg0(g7’adM In \). (11)
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Then by lemma C, we have

< V1), dp > (gradNflop = {(2 —n)nA%|grad™ In A2 + (2 — n)A2A(In \)
+n)\29(g7"ade¢, grad™ In \) + )\QA(f@)

2
—%Azg(gradM (fnop), grad™ In A) (12)

—%/\ZA(fN ° w)}%dw(gmdM(fN 0 ).

The Theorem A, follows from , @, , , @D, , and .

Particular Cases

(1) If f =1, we obtain

rp(p) = 72(p)
= 2(n — 2)dp(Ricci™ (grad™ In \)) + 2(n — 2) < Vdy, VdIn \ >
+(n — 2)dp(grad® A(ln X)) — (n — 2)V“;mdM 1n)\dcp(gradM In A).

Is the natural bi-tension field of ¢.
(2) If f1 : M — (0,00), be a smooth positif function. If f(z,y) = fi(z) for
all (x,y) € M x N, then the f-bi-tension field of ¢ is given by

m2.7(0) = T2n(p)
= (n—2)grad™ fi[Pdp(grad™ n ) + (n — 2) fiA(f1)dgp(grad™ Tn \
+2(n — 2) fidp(Ricci™ (grad™ In \)) — 2 f1dp(Ricci™ (grad™ f,))
+2(n — 2)f2 < Vdp,VdIn X > —2f; < Vdy, Vdf; >
+(n —2)f2dp(grad™ A(In N)) — fidp(grad™ A(f1))
+4(n = 2) AV v, dp(grad™ In \) — (n — 2)2f12V§mdM ade(grad™ In )

—ngdM f do(grad™ f1),

we recover the result obtained in [6].
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Theorem B. Let ¢ : (M™, g) — (N™, h) be a conformal map with dilation \.
Then ¢ is f-bi-harmonic if and only if
0 = Fygrad™In\+ Fygrad™(fy o)+ Fsgrad™ f,
+2(n — 2)ff,RicciM(gradM In\) — 2f,Ricci™ (grad™ f,)
+n foRicci™ (grad (fn o ¢)) — 4fs0v_fjgadM wagrad™ f,
+(n - 2)f2grad A X) — fograd A(f,) + 5 fograd™ A(fy o )

n(n —2)
2
)gradM In\ — VﬁadM(wa)gradew

+4(n — 2)f¢V2£ade¢gradM In\— f@V;\;{adM(wa)gradM In A

—|—(7’L - Z)ngﬂadM(fNoap

— 9 (n —
_(n=2)n=6) )2(n 6) igradM(|g7'adMln/\|2)

n — 2)2
+(2"fv>_( 2 ) )v;\{adM 1n>\97"adM(fN°<P)

1
—Sgrad (Jgrad™ ) + (n = 1)V gue;_grad (fx o 0)

_wgmdM(lgmdM(fN °@)”);

where

Fy = Fi—2(n—2)f;A(nN) + 2f,A(fp) = nfpAlfn o p)
—(n—2)%f2lgrad™ In A|* + [grad™ f,|?

2
—ng(grad™ f,, grad™ (fn o ¢)) + %IgmdM(fN o),

-2
Fy = Fy+ng(grad™ f,,grad™ In\) — nn-2)

5 (]‘@—l—1)|gradMln)\\2

2
—%g(gmdM(fN o), grad™ In \),

and
Fs = 4(n—2)f,|grad® n\? — 2g(grad™ f,, grad™ In \)
+ng(grad™ In X, grad™ (fx o ©)).
Proof. The Theorem B follows from Theorem A and the following formulae
h(< Vdp,Vdlny >, dp(X)) = g(2\*V qqm 10 agrad™ Iny (13)
M A(Iny)grad™ In \, X),

h(V%dp(grad™ Invy),dp(Y)) = g(A\?X(In))grad™ Iny — A?X (Iny)grad™ In A
4+ AdIn\(grad™ Inv) X + 22V¥ grad™ nv,Y),
(14)

for all smooth function v: M — R and X, Y € T'(TM). O
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Corollary A. Let ¢ : (M™,g) — (N™ h) be a conformal map with constant
dilation X. Then @ is f-bi-harmonic if and only if the function f satisfies the
equation

0 = (A(fgo) - gA(fN o @)) grad™ (fy o ) — 2f,Ricci™ (grad™ f,)
+nf,Ricci™ (grad™ (fx 0 ) = fograd“ A(f,) + 5 Fograd A(fy © )

—ngadM(fNow)gradeq, — %gradM(|grade¢|2)

n(n — 2)
4
Corollary B. Let ¢ : (M™,g) — (N"™,h) be a conformal map with constant
dilation X. If f, = fx o =1y, then ¢ is f-bi-harmonic if and only if the function
v satisfies the equation

9_
0 = T”A(fy)gradM'y — (2 = n)y Ricci™ (grad™~)

2—n M 2-n)? 1 M M_ 2
—5vgrad” A(y) (T +§)gmd (lgrad™~[%).

Example A. Let ¢ : R? — (N2, h) be a conformal map with constant dilation \.
If fo = fn o =1y, then @ is f-bi-harmonic if and only if

979 7 oy %y _
{ Ox Ox2 +8y818y O

+(n = D)V g g grad™ (fx o p) - grad (lgrad™ (fx o ©)[?).

6777 oy 0%y _
oy +8m618y 0.

Example B. Let o : (M2, g) — (N2 h) be a conformal map with dilation \. If
fo=fnop=1InA, then ¢ is f-bi harmomc if and only if the function X\ satisfies
the equation

grad™ (|grad® n A|?) = 0
Moreover, if M is related, then ¢ is f-bi-harmonic if and only if the function
|grad™ In )| is constant in M.
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