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ON CONVERGENCE OF A MULTI-STEP ITERATION PROCESS
WITH ERRORS FOR A FINITE FAMILY OF
QUASI-NONEXPANSIVE MULTI-VALUED MAPPINGS

(COMMUNICATED BY NASEER SHAHZAD)

ISA YILDIRIM

ABSTRACT. In this paper, we introduce a general iterative process with errors
for a finite family of quasi-nonexpansive multi-valued mappings and prove some
strong and weak convergence theorems for such mappings in uniformly convex
Banach spaces. Our results are generalizations as well as refinement of several
known results in the current literature.

1. INTRODUCTION AND PRELIMINARIES

Let E be a nonempty and convex subset of a Banach space X. The set E is
called proximal if for each x € X, there exists an element y € FE such that

|z —y|| = d(z,E) = inf{|jx — z|| : z € E}.

It is known that every closed convex subset of a uniformly convex Banach space is
proximal. We denote by CB(F), K (E) and P (F) the collection of all nonempty
closed bounded subsets, nonempty compact subsets, and nonempty proximal bounded
subsets of E respectively. The Hausdorff metric H on CB(X) is defined by

H(A, B) = max{sup d(z, B), sup d(y, A)}
z€A yeb

for all A,B € CB(X). Let T : X — 2% be a multi-valued mapping. An element
x € X is said to be a fixed point of T, if x € T'z. The set of fixed points of T" will
be denote by F (T).

Definition 1.1. A multi-valued mapping T : X — CB(X) is called

(i) nonezpansive if H(Tx,Ty) < ||z —y||, for all z,y € X;

(i1) quasi-nonexpansive if F (T) # 0 and H(Tz,Tp) < ||z —pl|, for all x € X
and all p € F (T);

(1ii) L-Lipschitzian if there exists a constant L > 0 such that H(Tz,Ty) <
Lz =y, for all z,y € X;

02000 Mathematics Subject Classification: 47H10, 47HO09.
Keywords and phrases. Multi-valued Mapping, Common Fixed Point, Strong and Weak Conver-
gence.
(© 2012 Universiteti i Prishtinés, Prishtiné, Kosové.
Submitted March 7, 2012. Published January 31, 2013.

61



62 ISA YILDIRIM

(iv) hemi-compact if, for any sequence {x,} in X such that d(x,,Tx,) — 0 as
n — o0, there exists a subsequence {xn]} of {xn} such that x,;, — p € X. We
note that if X is compact, then every multi-valued mappings T : X — CB(X) is
hemi-compact.

It is clear that every nonexpansive multi-valued mapping T with F (T) # 0
is quasi-nonexpansive. But there exist quasi-nonexpansive mappings that are not
nonexpansive (see [12]). It is known that if T' is a quasi-nonexpansive multi-valued
mapping, then F (T) is closed.

The study of fixed points for multi-valued contractions and nonexpansive map-
pings using the Hausdorff metric was initiated by Markin [6] and Nadler [7]. Since
then the theory of multi-valued mappings has applications in control theory, con-
vex optimization, differential equations and economics. Theory of multi-valued
nonexpansive mappings is harder than the corresponding theory of single-valued
nonexpansive mappings. Different iterative processes have been used to approxi-
mate fixed points of multi-valued nonexpansive mappings.

Among these iterative processes, Sastry and Babu [10] considered the following.

Let E be a nonempty convex subset of a Banach space X, T : E — P(E) a
multi-valued mapping with p € T'p.

(i) The sequence of Mann iterates is defined by z; € E,

Tnt1 = (1 —ap)Tn + anyn, n > 1, (1.1)

where y, € Tx,;
(i) The sequence of Ishikawa iterates is defined by z1 € E,

{yn = (1 - ﬁn)xn + Bnzn, n 21,

Tnt1 = (1 - an)xn + apln, N > 17

where z,, € Tx, and u,, € Ty,.

They proved that the Mann and Ishikawa iteration processes for multi-valued
mapping T with a fixed point p converge to a fixed point ¢ of T under certain
conditions. They also claimed that the fixed point ¢ may be different from p. Pa-
nyanak [9] extended result of Sastry and Babu [I0] to uniformly convex Banach
spaces. After, Song and Wang [IT] noted that there was a gap in the proof of the
main result in [9]. They further revised the gap and also gave the affirmative an-
swer to Panyanak’s open question. Shazad and Zegeye [12] extended and improved
results already appeared in the papers [9, [L0, [I1]. Moreover, the existence of fixed
points for multivalued mappings in Banach spaces was showed by many other au-
thors [I} 13| 15]. Recently, Cholamjiak and Suantai [4] introduced the following
Ishikawa iteration with errors for two quasi-nonexpansive multi-valued mappings
and prove some convergence theorems for such mappings.

Let E be a nonempty convex subset of a Banach space X and 17,75 : E —
CB(E) be two quasi-nonexpansive multi-valued mappings. Then for z; € E,

—(1—q — >
{ Yn = (1 = an = bn)xp + anwp + botp, n 2 1, (1.3)

Tn41 = (1 — Oy — ﬂn)xn + anzn + ﬂnvnv n Z 15

where w,, € Toz, and z, € T\yn, {an},{bn},{an},{Bn} € 10,1] and {u,},{v,}
are bounded sequences in F.
Next, they [3] introduced the following iteration process:
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Let E be a nonempty convex subset of a Banach space X and 717,75 : E —
CB(FE) be two quasi-nonexpansive multi-valued mappings and

Pr, (x) = {y € Ti (x) : llo — yll = d (=, T3 (2))} i = 1,2

Then for x; € F,
Yn = (1 — Gp — bn)xn + QpWnp + bn”na n 2 17 (1 4)
Tn+1 = (1 — OQp — ﬁn)xn + anzp + ﬁnvna n > 17 '

where wy, € Pr,xy, and 2z, € Pryyn, {an},{bn},{an},{Bn} €[0,1] and {u,},{vn}
are bounded sequences in F.

Very recently, Eslamian and Homaeipour [5] introduced a new three-step iterative
process for multi-valued mappings in Banach spaces. And they proved some con-
vergence theorems for multi-valued mappings in uniformly convex Banach spaces.
Their iteration process is a generalization of Noor iteration process with errors as
follows:

Let E be a nonempty convex subset of a Banach space X and T1,75,75 : E —
CB(FE) be three multi-valued mappings. Then for z; € FE,

Wnp = (1 — Qnp — bn)xn + anzn + bnsnu n > 17
Yn = (L — cp — dp)xy + cpu, + dns/n, n>1, (1.5)
Tn41 = (1 — Qp — ﬂn)zn + apv, + /an;;v n Z 15

where z,, € Thzp, U, € Tow, and v, € T3yn, {an},{bn},{cn},{dn},{an},{Bn} €
[0,1] and {s,}, {s
Also, their iteration process contains the following iteration process.

Let E be a nonempty convex subset of a Banach space X and T1,75,75 : E —
CB(FE) be three multi-valued mappings. Then for z; € F,

n} and {s;;} are bounded sequences in F.

Wy = (1 — Gp — bn)xn + anzp + bnsnu n>1,
Yn = (1 — ¢ — dp)xy, + cpun + dns/n, n>1, (1.6)
Tn+1 = (1 — Qp — 671):1371 + apv, + ﬁns;;7 n > 1,

where z,, € Pp, n, upn, € Prywy, and v, € Pryyn, {an}, {bn},{cn}, {dn}, {an}, {80}
[0,1] and {sn}, {s/n} and {s;;} are bounded sequences in E.

Finding common fixed points of a finite family {7; : i = 1,2, ...,k} of mappings
acting on a Hilbert space is a problem that often arises in applied mathematics.
In fact, many algorithms have been introduced for different classes of mappings
with a nonempty set of common fixed points. Unfortunately, the existence results
of common fixed points of a family of mappings are not known in many situa-
tions. Therefore, it is natural to consider approximation results for these classes of
mappings.

2. MAIN RESULTS

In this section, we use the following iteration processes.
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(A): Let FE be a nonempty convex subset of a Banach space X and T; : E —
CB(E) (i =1,2,...,k) be a finite family of multi-valued mappings. Then for z; € E,

Yin = (1 — 1n — ﬂln) Ty + Q1nln,l + ﬂlnuln; n Z 17
Yon = (1 — Qg — ﬁ2n) Ty + Q2n2n,2 + BQ’H,UQ’IH n 2 17

Yo—1yn = (1 = @k—1)n — Ble—1)n) Tn + Ak—1)nZnk—1 + Ble—1)nl(k—1)ns 1 = 1,
Tn41 = (1 — Ol — ﬂkn) Ty + Qen Zn k + ﬂknukn; n Z 17
where z,1 € Th (x,) and z,, € T; (y(i_l)n) for i = 2,3,....k and {an},{Bin} €
[0,1] and {wip} are bounded sequences in E.
(B): Let E be a nonempty convex subset of a Banach space X and T; : E —
CB(E) (i=1,2,....,k) be a finite family of multi-valued mappings and

Pr,(z) ={y € Ti(z): |z —y| = d(z,T; (x))}.
Then for x; € E, we consider the following iterative process:

Yin = (1 — Q1p — Bln) Ty + Q1nln,l + ﬂlnuln; n Z 17
Yon = (1 — Qon — BQn) Ty + Q2n2n,2 + ﬂ2nu2n; n Z 17

Ye—1yn = (1 = @k—1)n — Ble—1)n) Tn + Xk—1)n2n,k—1 + Ble—D)nU(k—1)n, 7 > 1,
Tn+1 = (1 — Ogp — ﬁkn) Tn + QknZn,k + ﬁknuknu n > 17
where z,1 € Pp, (2,) and 2, ; € Pr, (y(i,l)n) for i =2,3,....,k and {ain},{Bin} €
[0,1] and {u;} are bounded sequences in E.
Clearly, this iteration processes generalize the Mann iteration (I.TI), the Ishikawa
iteration (2)), the Ishikawa iteration with errors (IL3))-(I4]) and the three-step

iteration process (LH)-(LG) from one mapping to the finite family of mappings
(Ti:i=1,2,..,k}.
Definition 2.1. A mapping T : E — CB(FE) is said to satisfy condition (I) if
there is a nondecreasing function g : [0,00) — [0,00) with g(0) = 0, g(r) > 0 for
all v € (0,00) such that
d(z,Tx) = g (d(z, F(T))).

Let T, : E — CB(E) (i =1,2,....,k) be a finite family of mappings. The map-
pings T; for all i (i=1,2,...,k) are said to satisfy condition (II) if there exist
a nondecreasing function g : [0,00) — [0,00) with g(0) = 0, g(r) > 0 for all

r € (0,00) such that
k

Zd(x,TiI) >g(d(z,F)),

where F = N_ F(T3).

Throughout this paper, we denote the weak convergence and the strong conver-
gence by — and —, respectively.

Definition 2.2. A Banach space E is said to satisfy Opial’s condition 8] if for
any sequence {x,} in E, x, — x implies that

limsup ||z, — || < limsup ||z, — y||
n—oo n—oo

for all y € E with y # x.
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Examples of Banach spaces satisfying this condition are Hilbert spaces and all
I? spaces (1 < p < 00). On the other hand, LP[0, 27| with 1 < p # 2 fail to satisfy
Opial’s condition.

The mapping T' : E — CB(FE) is called demi-closed if for every sequence
{z,} C F and any y,, € Tx, such that z, — z and y,, — y, we have z € F and
yeTx.

We use the following lemmas to prove our main results.

Lemma 2.1. [T4] Let {a,},{bn} and {6, } be sequence of nonnegative real numbers
satisfying the inequality
an+1 < (1 + 5n) an + by,

If > 16, <00 and Y .7 by < 00, then limy,_ o0 ay exists. In particular, if {a,}
has a subsequence converging to 0, then lim,_ . a, = 0.
Lemma 2.2. [2] Let X be a uniformly convex Banach space and By = {x € X : ||z|| <},
r > 0. Then there exists a continuous, strictly increasing and convezr function
¢ :[0,00) = [0,00) with ©(0) =0 such that

laz + By +v2|* < all® + B lyl* + v lI21* — aBe (lz — yl)),
for all z,y,z € B, and all a, 8,y € [0,1] witha+ 4+ v =1.
Lemma 2.3. Let E be a nonempty closed convex subset of a uniformly convex
Banach space X and T; : E — CB(E), (i=1,2,....,k) be a finite family of
quasi-nonezpansive multi-valued mappings. Assume that F = NF_, F (T;) # 0 and
T; (p) = {p},(i=1,2,....k) for each p € F. Let {x,} be the iterative process de-
fined by (A) and >°77 | Bin < oo for each i = 1,2,...,k. Then lim, o |z, — p||
exists for any p € F.
Proof. Let p € F. Since the sequences {u;,} are bounded for ¢ = 1,2, ..., k, there
exists M > 0 such that

max {sup lu1n — p||, sup ||uan — ||, ---, SUD ||ugn —p||} <M.
n>1 n>1 n>1

Using (A) and quasi-nonexpansiveness of T; (i = 1,2,..., k) we have

ly1n =Dl < (1= a1n = Bin) |20 = pll + 1n 20,1 = Pl + Bin [uin — pll
< (1 — Oin — Bln) ||xn - p|| + aind (Zn,la T (p)) + Bin ||u1n —p||
< (I=awm = b)) l|lzn — pll + c1nH (Ty (x0) , T1 (p)) + Bin [[urn — pl|
< (I=awm =B llzn — pll + can [[n = pll + Bin [[u1n — pl|
= (1= B1w) zn = pll + Bin luin — pll
< lzn —pll + BiaM
and
lyan =l < (1= azn = B2n) lzn — pll + a2n (20,2 — Pl + B2n [luzn — pl|
< (1 — Q2p — ﬁ%) ||xn —p|| + agnd (2n727T2 (p)) + Ban ||u2n —p||
< (1 —azn = Ban) [lon — pll + a2nH (T2 (y1n) s T2 (P)) + B2n [uzn — pl|
< (L= oa2n = Ban) on — pll + a2n [[y1n — pll + B2n luzn — pl|
< (1 —azn = Ban) [lon — pll + a2n (|20 = pll + B1n M) + Bon [luzn — p|
= (1= Bon) [lon — pll + @20B1nM + B2n M
<z = pll + (Bin + fan) M.
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Similarly, we have

Hy(kfl)n - pH S ||xn - PH + (Bln + ﬁ2n +...+ B(kfl)n) Mu

and also
||$n+1 —p|| < (1 — Qkn — Brn) ||$n - p|| + Qkn ||Zn,l —p|| + Bkn ”“kn —p||
< (1 — Qkn — Brn) ||$n - p|| + agnd (Zn,vak (p)) + Brn ||u/m - p||
< (1= kn — Bin) llzn — 2l + kn H (T (Y—1yn) » Tie (P)) + Bion || tien — |
< (1= kn = Brn) 20 = pll + @ |Yek—1)n = P|| + Bren [[wrn — pll
< (1= kn = Brn) lzn — pll + okn [[l2n — p
+ (Bin + Ban + oo+ Bi—1)n) M| + Brn [[trn — pl|
< (1= Bn) llzn — pll + arn (Bin + Ban + oo 4 Ble—1yn) M + Bin M
< o, —p|l + (ﬂ1n+ﬂ2n+... +ﬂ(k_1)n+[3kn)M

lzn — pl| + 6n

where 0, = M (Bin + B2n + .- + B—1)n + Bin)- By assumption we have Y-, 0, <
00. Therefore by Lemma 2] it follows that lim, . ||z, — p|| exist for any p €
F. U

Theorem 2.1. Let E be a nonempty closed convexr subset of a uniformly con-
vex Banach space X and T; : E — CB(E), (i=1,2,....k) be a finite family
of quasi-nonexpansive and L-Lipschitzian multi-valued mappings. Assume that
F =t F(T;) # 0 and T; (p) = {p},(i=1,2,....,k) for each p € F. Let
{zn} be the iterative process defined by (A), and cy + Bin € [a,b] C (0,1) for
i=1,2,...k and 3" Bin < 00 for each i. Assume that T; (i =1,2,....k) satis-
fying the condition (IT). Then {x,} converges strongly to a common fized point of
T; fori=1,2,.. k.

Proof. Letp € F. From Lemmal[2.3] we know that the sequences {y1,}, {yan}, .- {y(k_l)n}

and {zn4+1} are bounded. Therefore, we can find r > 0 depending on p such that
Yin = Dy Y2n — Dy oo Yh—1)n — Py Tny1 — P € By (0) for all n > 1. As the proof of
Lemma 23] there exists N > 0 such that

max{sup etz — I 5up etz — I s 5D 1tk —p||2} <N.
n>1 n>1 n>1

From Lemma 22] we get

lyin _pH2 < (1= o1 —Bin) lzn _pH2 + o |20 —p||2 + Bin [luan —p||2
—ain (1 = a1n = Bin) @ (|Tn — 2n1l])
< (1= amm = Bin) |2 — plI* + €1nd (21, Ty (p))* + Bin luan — ol

—a1p (1= a1n = Bin) @ (|20 — Zn,l”)

< (1= ain — Bun) 2w — pl* + a1 H (T1 (20) , T1 (9))° + Bin |[urn — plI*
—a1p (1= a1n = Bin) @ (|0 — 2nal])

< (1= Bin) |zn —p||2 + Bin |uin —p||2 —ain (1 = a1 = B1n) ¢ ([|[2n — 201

< an =l + BinN — a1n (1 — a1n = Bin) @ (|20 — 2nall)

)
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and

lyan — P> < (1= can — Ban) |Zn — P> + @2n 1202 — DII* + Ban |[uan — p|>

—agn (1 = agn = Pan) @ (20 — 2n.2))

< (1= a2 — Ban) o — pl* + a20d (20,2, T (0))* + Ban ||uzn — ]
—aop (1 — azn — Bon) @ (|0 — 2n2]])

< (1= azn — Bon) 2n — plI* + c2n H (T2 (y1n) , T2 (p))* + Ban [[uzn — p|?
—azn (1 = azn — Ban) @ (|20 — 2n,2]|)

< (1= azn = Bon) [n — I + 20 [0 = plI” + B1aN — a1 (1 — a1 — i)
& (20 = 20,1 [D] + Ban luzn = plI* = azn (1 = @20 = Ban) @ (|20 = 2n2])

< (1= Bon) |20 — 2l + @20 B1n N — a1z, (1 — a1n — Bin) ¢ (|20 — 201
+B2nN — azn (1 — a2n — B2n) @ ([0 — 2n2|)

< wn = pl? + (Bin + Bon) N — a1nazn (1 — a1n — Bin) @ (|2 — 2nl)

—agn (1= azn = Ban) ¢ ([0 — 2n2]) -

It follows from Lemma that

yek—1)n —pH2 < lwa —pI? + (Bin + Ban + oo 4 Bom1yn) N — a1n02n...ah—1yn (1 — a1 — B1n)
¥ (”xn - Zn,l”) — Q2n3n.---O(k—1)n (1—az, — ﬁ2n) ¥ (Hxn - Zn,2||)
= = =1y (1 = ag—1yn — Bi—1)n) @ (|20 — 2n,k—1l])
< zn — p||2 + (ﬂm + Bon + ... + ﬂ(k—l)n) N

k—1

k—1
- H Qin Z (1 — Qi — ﬁzn) (P(”xn - Zn,i”) .
i=1

=1

By another application Lemma we obtain that

[Zn+1 —p||2 < (1= agn = Brn) |z —p||2 + Qkn ||Zn,k —p||2 + Bren [tkn — p||2
—akn (1 = agn = Brn) @ (|20 — 2n,kl)

< (1= o — Ben) 2 — plI° + nd (2o, T (0))° + Bren lurn — I
—agn (1= kn — Brn) @ (|20 — 2nkll)

< (1= an = Ben) |2 — Pl + ko H (T (yt—1yn) - T (9))” + B 1tk — pl|?
—agn (1= kn — Brn) @ (|20 — 2nkl)

< (1= akn — Ben) Izn = pI* + @n [|Y0r-1yn — 2||” + Ben N
—hn (1= hn = Brn) @ (|20 — 20k l)

< lwn —pl* + (Bin + Bon + oo+ Ble—1yn + Ben) N

k

k
- (6779} Z (1 — Qi — an) 2 (”xn - Zn,i”) .
1

=1
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Since i + Bin € [a,b] C (0,1) for i = 1,2, ..., k, we have

k k

a” Z (L=0) ¢ (lzn — znall)

i=1 i=

||xn - P||2 - ||xn+l - P||2 + (ﬁln + ﬁ2n +...+ ﬁ(kfl)n + Bkm) N.

IN

k
(6779} [Z (1 — Qi — ﬁzn) 2 (Hxn - Zn,i”)
1 i=1

IN

This implies that

'S k 00
Dol Y (1 =b) el - Zn,ill)] < e = plIP+> (Bin + Bon + - + Bo—1yn + Brn) N < 00
n=1

i=1 n=1

from which it follows that lim, o ¢ (||2n — 2n,il|) = 0. Since ¢ is continuous at 0
and is strictly increasing, we have

lim ||y — 2n] = 0.
n— o0
Hence for i = 1,2, ..., k, we have
lim ||@y — 2pall = lim ||z, — 2p2|| = ... = lim ||z, — 2n%] = 0. (2.2)
n—oo n—oo n—o0

Also, using (A), 22) and Y77 | Bin < 0o for each i, we have

im ||ly1n —znl| = lm (aan [[2n,1 = 2al + Bin [luin — z4l]) =0, (2.3)
lim ||y2n - fEnH = lim (0‘271 ||Zn2 - an + Ban ||u2n - an) =Y
lim ||zp41 —xn] = lm (s |20k — Zoll + Ben |ukn — z0]]) = 0.

Therefore from (22) and (23) we have
d(Tn, T () d(zn, T () + H (T1 (z0) , T1 (z0))
d (2, T1 (zn)) + L |20 — 24

|z — zn 1| = 0 as n — oo,

ININIA

and

d(xn, T2 (zn)) d(xn, T2 (y1n)) + H (T2 (y10) , T2 (1))
d(n, T2 (y1n)) + L |y1n — 20|

L ||y1n — xn|| + [|zn — 2n2]] = 0 as n — oo.

IN N CIA

In a similar way, we can show that d (2, T; (z,)) = 0asn — oo for i = 1,2, ..., k.
From lim,, s o0 d (2, T; (2,)) = 0 and condition (I1), we obtain that lim,,_,c d (2, F) =
0. Therefore, we can choose a sequence {xn]} of {z,,} and a sequence p; in F such
that for all j € N

1
e, — sl < -
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Therefore by inequality (21]) we get

om0 =2l < o =2l + 600,02
< len—2 = pll + 002+ O
nj+1—nj—1
< lom, —pll+ Y0 O

1=1
for all p € F. This implies that
nj+1—n;—1
HI"J'+1 —pH < ||33n] —ij + Z On;+i
1=1
1 nj+1—n;—1
< 5t Z On, 41
1=1
Now, we show that {p;} is Cauchy sequence in E. Note that

”pj-i-l _pj” < ||pj+1 — Tnjgy H + ||xﬂj+1 _ij
1 1 nj+1—nj—1
< W + 2—J + ; 0nj+l

MNj41 —’ﬂj—l

1
= R DR
1=1
Consequently, we conclude that {p;} is Cauchy sequence in E and hence con-
verges to ¢ € E. Since for i =1,2,....k

d(p;, Ti (q)) < H (T (p;), T (q)) < [lp; — 4l
and p; — q as j — oo, it follows that d (¢, T; (¢)) =0fori=1,2,...,k. Hence g € F
and {xn ; } converges strongly to ¢. Since lim,,_, |2, — ¢|| exists, we conclude that
{z,} converges strongly to q. O

Theorem 2.2. Let E be a nonempty closed convex subset of a uniformly con-
vex Banach space X and T; : E — CB(E), (i=1,2,....k) be a finite family
of quasi-nonexpansive and L-Lipschitzian multi-valued mappings. Assume that
F=nk F(T)#0 and T; (p) = {p}, (i =1,2,....k) for each p € F. Let {z,} be
the iterative process defined by (A), and an + Bin € a,b] C (0,1) fori=1,2,....k
and Y07, Bin < 00 for each i. Assume that one of the multi-valued mappings
{T;:i=1,2,...,k} is hemi-compact. Then {x,} converges strongly to a common
fixed point of T; fori=1,2,....k.

Proof. From the proof of Theorem 2] we know that lim, . d (2, T; (2,)) = 0
for each i. We suppose that one of the multi-valued mappings {T; : i = 1,2, ..., k} is
hemi-compact. Then there exists a subsequence {xnj } of {x,, } such that lim; o 2y,
z for some z € E. For i = 1,2, ...,k we have

d(zTi(2)) < |z =@l +d (@, Ti (2))
HZ - x":H +d (2n,, Ti (wn,)) + H (Ti (2n,) , T ()
d (zn,,Ti (zn,)) + (L+ L) ||z — 2n, || = 0 as j — oo,

IN A
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this implies that z € F. Since {xn]} converges strongly to z and the limit
limy, o0 ||Zn — 2| exists (as in the proof Theorem 2.1]), this implies that {x,,} con-
verges strongly to z. (Il

Theorem 2.3. Let E be a nonempty closed convex subset of a uniformly convex
Banach space X with the Opial property and T; : E — CB(E), (i=1,2,...,k)
be a finite family of quasi-nonexpansive and L-Lipschitzian multi-valued mappings.
Let {x,,} be the iterative process defined by (A), and oy, + Bin € [a,b] C (0,1) for
i =1,2,...k and > 00, Bin < 00 for each i. Assume that F = NE_F(T;) # 0,
T; (p) = {p},(i =1,2,....k) for each p € F and I —T; is demiclosed with respect to
zero for each i = 1,2,....k. Then {x,} converges weakly to a common fized point

of T; fori=1,2,... k.

Proof. Let p € F. From the proof of Lemma 23] lim,,_, ||z, — p|| exists. Now we
prove that {z,} has a unique weak subsequential limit in F. To prove this, let ¢
and w be weak limits of the subsequences {z,, } and {zy,, } of {z,}, respectively.
By Theorem 2] there exists z,; € T; (y(i_l)n) such that lim, o0 |2 — 2ni]| =0
and I — T; is demiclosed with respect to zero for each ¢ = 1,2, ..., k, therefore we
obtain g € T;q for each i. That is, ¢ € F. Again in the same way, we can prove
that w € F.

Next, we prove uniqueness. For this, suppose that ¢ # w. Then by the Opial
property of Banach space X, we have

lim o0 g = lim [lzn, — g
n—00 j—o0
< lim Hxn] —wH = lim |z, — w||
j—o0 n—00

= lim |z, —w| < lim |z,, —q|
m—00 m—o0
= lim [lz, —q]|
n—oo
which is a contradiction. Therefore {z,,} converges weakly to a point in F. ]

The compactness assumption is quite strong, since it is easy to find a sequence
in the domain which converges to a fixed point of the mapping. Therefore, we give
the following result.

Corollary 2.1. Let E be a nonempty closed convexr subset of a uniformly convex
Banach space X with the Opial property and T; : E — K(E), (i =1,2,...,k) be
a finite family of quasi-nonexpansive and L-Lipschitzian multi-valued mappings.
Assume that F = NF_ F (T;) # 0 and T; (p) = {p}, (i = 1,2,....k) for each p € F.
Let {x,} be the iterative process defined by (A), and oy + Bin € [a,b] C (0,1) for
i =1,2,....k and Y07 Bin < 00 for each i. Then {x,} converges weakly to a
common fized point of T; fori=1,2,.... k.

Now, we will remove the restriction that T; (p) = p for each p € F. Then we
have the following result.

Theorem 2.4. Let E be a nonempty closed convex subset of a uniformly convex Ba-
nach space X andT; : E — P(E), (i = 1,2,...,k) be a finite family of multi-valued
mappings such that Pr, is quasi-nonexpansive and L-Lipschitzian fori=1,2,... k.
Let {x,} be the iterative process defined by (B), and an + Bin € [a,b] C (0,1) for
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i=1,2,...,k and > .7 | Bin < o0 for each i. Assume that T; (i =1,2,...,k) satis-
fying the condition (II) and F = NE_, F (T;) # 0. Then {x,} converges strongly to
a common fized point of T; fori=1,2,... k.

Proof. Firstly, we show that lim, . ||z, — p|| exist for any p € F. Let p € F.
Then, for i« = 1,2,...,k we have p € Pr, (p) = {p}. Since {u;,} are bounded for
each 1, there exists M > 0 such that

max {sup letan — Il 5up iz — Pl s ooy s1p [t —p||} <M.
n>1 n>1 n>1

From (A) and quasi-nonexpansiveness of T; (i = 1,2, ..., k), we get

lyin — pll
and
ly2n — pl|

VAN VAN VAN VAN

IN

(VAN VAN VANNE VAR VANR VAR VAN

(1= ain = Bin) |#n = pll + a1n lzn,1 = pll + Bin [urn — pll

(1 — a1n = Bin) |20 — pll + @1nd (20,1, Pry () + Bin [[uin — p||

(1 = o1 = Bin) #n — pll + c1n H (Pry (xn) , Pry (p)) + Bun [[trn — pl|
(1= ain = Bin) #n — pll + a1n [|n = pll + Bin [[u1n — pl|

(1= B1n) |20 — pll + Bin [u1n — pl|

[#n — pl| + Brn M

(1= azn = B2n) #n — pll + a2n llzn2 = Pl + Bon [uzn — pll

( n) [0 = pll + @2nd (2n,2, Pr, (p)) + Ban [[u2n — pl|

(1 — a2n = B2n) |l2n — pll + 20 H (Pr, (y1n) , Pry () + B2n [[uzn — p||
(1= azn = B2n) #n = pll + a2n [[y1n — pll + Ban [luzn — p||

(1= azn = B2n) #n — pll + azn(llzn — pll + Bin M) + Ban [Juzn — pl|
(1 = Ban) |20 — pll + C2nB1n M + Ban M

|z — pll + (Bin + B2n) M.

1_05277,_

P2
P2

Similarly, we get

Hy(k:—l)n - p|| < ||.In - p” + (Bln + ﬂ?n + ...+ B(k:—l)n) M,

and also

€41 = pll

(VAN VAN VAN VAR VAN

INIA

1- An _Bk:n
1- Qkn _Bkn

2 — pll + akn 20,0 — Pl + Bren [[tkn — |

2 — pll + aknd (2n,k, Pry, (P)) + Brn [ten — |

1= apn — Bin) |0 — pll + aren H (Pr, (Y—1)n) » Pr. () + Bin [wkn — pl|
1= an = Brn) 20 = DIl + @k ||Yk=1)n = || + Brn [lurn —

(1 = arn = Bin) |20 — pll + akn [lzn — p||

+ (Bin + Ban + -+ Bk—1)n) M| + Brn [trn — pl|

(1 = Ben) llzn — Pl + hn (Bin + Ban + - + Be—1yn) M + B M

|Zn — pll + (Bin + Ban + - + B—1yn + Bin) M

|zn — pll + On

(
(
(
(

~—_— — — —

where 0,, = M (Bln + Ban + oo + Bh—1)n + ﬁ;m). Since >">7 | Bin < 0o for each i,
we have -7 | 0, < co. Thus by Lemma[2.T} lim,, o ||z, — p|| exist for any p € F.
Since the sequences {y1n},{y2n}, - {y(k,l)n} and {x,y1} are bounded, we can
find 7 > 0 depending on p such that y1, —p, Y2n —D; -+, Y(k—1)n —Ps Tnt1—p € B (0)
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for all n > 1. Also, since {u;,} are bounded for each 4, there exists N > 0 such
that

2 2 2
max{sup”uln—pﬂ ,sup |lugn — pl|”, ..., sup [|ugn — p| } <N.
n>1 n>1 n>1
From Lemma 2.2] we have

lgin =2l < (1= atn = Bin) lom — pl® + it 21 — I + B it — ol
—ain (1 = a1n = Bin) @ (|20 — an“)
< (1= oun = Bin) lon — plI* + @1nd (201, Py (9))* + Bun lurn — p|?
—ain (1 = a1n = Bin) @ (|20 — an“)

< (1= a1 = Bin) |20 — 2l + 1 H (Pry (22), Pry () + Bin |[urn — p|?
—a1p (1 = a1n = Bin) @ (|0 — 2nal])
< (1= Buin) llzn — pI* + Bun lluan — plI* = 1n (1 = a1n = Bin) @ (|70 — 20 ll)
< on =l + BinN = a1n (1= a1n = Bia) @ (|20 — 2nal|)
and
ly2n = pI? < (1= a2 = Ban) 120 = pII* + 20 20,2 = PI* + Ban [luzn — pII*
—azn (1 = az2n — Ban) @ (|20 — 2n,2]|)
< (1= agn — Ban) |0 — plI> + @20d (202, Pr, (0))° + Ban |uzn — p|?
—azn (1 = az2n — Ban) @ (|20 — 2n,2]|)
< (U= — Bon) 2 — pIP + 02nH (Pry (y1n)  Pry (0))* + Ban [z —
—aop (1 — azn — Bon) @ (|0 — 2n2])
< (1= agn — Bon) 20 — plI* + a2n |lzn — plI* + BinN — a1n (1 = a1n — Bin)
 (|2n = 201 ID] + Ban l[uzn — plI* = c2n (1 — azn — Ban) @ ([2n — 2n2l)
< (1= B2a) llon = plI* + @20B1nN = @1nazn (1 = a1n — Bia) ¢ (|20 — 2nl))
+B2nN — a2n (1 — a2y — Bon) @ (|20 — 2n,2]|)
< zn =l + (Bin + B2n) N — a1nazn (1 — a1n — Bin) ¢ (|20 — 201 ])

—Q2n (1 — Qg — 6271) "2 (Hxn - Zn,2||) .

Using Lemma 2.2, we obtain that

lyck—1)n —pH2 < wn =l + (Bin + Bon + oo+ Be—1yn) N — @inaange_1yn (1 — a1n — Bin)
@ (|7 — 2zn1ll) — a2nazn..—1yn (1 — a2n — B2n) @ (|20 — 2n,2|)
— o = a—1yn (1= @—1yn — Be—1)n) € (|20 — 201l
< lan—p)* + (Bin + Bon + oo 4 Be—1yn) N

k—1

k—1
- H Qin Z (1 — Oy — ﬁzn) (P(”xn - Zn,i”) .
i=1

i=1
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Again, we apply Lemma 2.2] to conclude that
[Zns1 —pI? < (1= akn = Ben) llzn — 2 + i 120 — PI* + Bin llwrn — pl*
—n (1 = akn = Brn) @ (|7 — Zn,k”)
< (1 — Qkgn — ﬁkn) ”xn _p”2 + aknd (Zn,kv PTk (p))2 + ﬁkn ”ukn _p||2
—en (1 = Qkn = Brn) @ (|7 — Zn,k”)

< (1= arn — Bin) |20 — plI* + @renH (Pr, (Ys-1yn) » Pr (p))2 + B |ukn — plI”
—kn (1 = akn = Bin) @ (|20 — 20k l)

< (1= agn = Bin) llom — Bl + o Y=y — 2| + Brn N
—gn (1= arn = Brn) @ (o — 20k l)

< lwn = pl? + (Bin + Ban + oo+ Bo—1yn + Brn) N

k
~ITew
i=1

Since ajy + Bin € [a,b] C (0,1) for i = 1,2, ..., k, we have

k
> (1= i = Bin) @ (|2 — Zmll)] :

k k k

akZ(l —b)e(|zn — 2nil) < Qin [Z (1 _ain_ﬁin)@(||xn_zn7il|)‘|

i=1 i=1 i=1

2 2
< ||.’L'n—p|| - ||xn+l _pH + (ﬁln+ﬁ2n++ﬁ(k71)n+6kn) N.

This implies that
S k 0o
Z a” Z (1 =) (e - Zn,i||)‘| < |lz1 - P||2+Z (Bin + Ban + -+ B—1yn + Brn) N < o0
n=1 i=1 n=1

and hence limy,_, o ¢ (||zn, — 2n4||) = 0. Since ¢ is continuous at 0 and is strictly
increasing, we have

nl;rgo |€n — 2n.i]| = 0.
As in the proof Theorem 2] we obtain that lim, o d (2, F) = 0. Therefore, we
can choose a sequence {a:nj} of {z,} and a sequence p; in F such that for all j € N

e, =pl < 55

2
As in the proof Theorem [Z] {p;} is Cauchy sequence in E and hence converges to
q € E. Since fori=1,2,...,k

d(pj,Ti(q)) < d(pj, Pr, (q)) < H (Pr, (p), Pr, (@) < llp; —qll,

and p; — q as j — oo, it follows that d (¢, T; (¢)) =0fori=1,2,...,k. Hence g € F
and {xn ; } converges strongly to ¢. Since lim,,_, |2, — ¢|| exists, we conclude that
{zn} converges strongly to q. O

Finally, using Theorem 2.4] we will give the following results.

Corollary 2.2. Let E be a nonempty closed convexr subset of a uniformly convex
Banach space X and T; : E — P(E), (i=1,2,....k) be a finite family of multi-
valued mappings such that Pr, is quasi-nonexpansive and L-Lipschitzian for i =
1,2,....k. Let {x,} be the iterative process defined by (B), and «;yn + Bin € [a,b] C
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(0,1) fori=1,2,....,k and Y| Bin < 00 for eachi. Assume that one of the multi-
valued mappings {T; :i=1,2,....k} is hemi-compact and F = NF_F(T;) # 0.
Then {xy} converges strongly to a common fized point of T; fori=1,2,... k.

Corollary 2.3. Let E be a nonempty closed convexr subset of a uniformly convex
Banach space X and T; : E — P(E), (i=1,2,....,k) be a finite family of multi-
valued mappings such that Pr, is quasi-nonexpansive and L-Lipschitzian for i =
1,2,....k. Let {x,} be the iterative process defined by (B), and «;yn + Bin € [a,b] C
(0,1) fori=1,2,...k and Y_.° | Bin < 00 for each i. Assume that I —T; is demi-
closed at 0 for each i = 1,2,....k and F = NE_ F (T;) # 0. Then {x,} converges
weakly to a common fized point of T; fori=1,2,.... k.

REFERENCES

(1] M. Abbas, S. H. Khan, A. R. Khan, R. P. Agarwal, Common fixed points of two multi-valued
nonexpansive mappings by one-step iterative scheme, Appl. Math. Lett. 24 (2011) 97-102.

[2] Y.J. Cho, H. Zhou, G. Gou, Weak and strong convergence theorems for three-step iterations
with errors for asymptotically nonexpansive mappings, Comput. Math. Appl., 47 (2004) 707-
717.

[3] W. Cholamjiak, S. Suantai, Strong convergence of a new two-step iterative scheme for two
quasi-nonexpansive multi-valued maps in banach spaces, J. Nonlinear Anal. Optim., 1 (2010)
131-137.

[4] W. Cholamjiak, S. Suantai, A common fixed point of Ishikawa iteration with errors for two
quasi-nonexpansive multi-valued maps in Banach spaces, Bull. Math. Analy. Appl., 3 (2011)
110-117.

[5] M. Eslamian, S. Homaeipour, Strong convergence of three-step iterative process with erors
for three multivalued mappings, arXiv.1105.2149v1 [math.FA] (2011).

[6] J. T. Markin, Continuous dependence of fixed point sets, Proc. Amer. Math. Soc., 38 (1973)
545-547.

[7] S. B. Nadler, Jr., Multivalued contraction mappings, Pacific J. Math., 30 (1969) 475-488.

(8] Z. Opial, Weak convergence of the sequence of successive approximations for nonexpansive
mappings, Bull. Amer. Math. Soc., 73 (1967) 591-597.

[9] B. Panyanak, Mann and Ishikawa iterative processes for multivalued mappings in Banach
spaces, Comp. Math. Appl., 54 (2007) 872-877.

[10] K. P. R. Sastry, G. V. R. Babu, Convergence of Ishikawa iterates for a multivalued mapping
with a fixed point, Czechoslovak Math. J., 55 (2005) 817-826.

[11] Y. Song, H. Wang, Erratum to "Mann and Ishikawa iterative processes for multivalued map-
pings in Banach spaces” [Comp. Math. Appl., 54 (2007) 872-877]. Comp. Math. Appl., 55
(2008) 2999-3002.

[12] N. Shahzad, H. Zegeye, On Mann and Ishikawa iteration schemes for multi-valued maps in
Banach spaces, Nonlinear Anal. 71 (2009) 838-844.

[13] N. Shahzad, H. Zegeye, Strong convergence results for nonself Multimaps in Banach Spaces,
Proc. Amer. Math. Soc., 136 (2008) 539-548.

[14] K. K. Tan, H. K. Xu, Approximating fixed points of nonexpansive mappings by the Ishikawa
iteration process, J. Math. Anal. Appl. 178 (1993) 301-308.

[15] S. H. Khan, I. Yildirim, Fixed points of multivalued nonexpansive mappings in Banach spaces,
Fixed Point Theory and Appl. 2012, 2012:73.

DEPARTMENT OF MATHEMATICS,
ATATURK UNIVERSITY,
ERrzUrRUM, 25240, TURKEY.
E-mail address: isayildirim@atauni.edu.tr



	1. Introduction and Preliminaries
	2. Main Results
	References

