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(COMMUNICATED BY OLEG REINOYV)

KHOLE TIMOTHY POUMAI AND S.K.KAUSHIK

ABSTRACT. In this paper, we give characterizations of retro Banach frames in
Banach spaces. The notion of almost exact retro Banach frame is defined and a
characterization of retro Banach frame has been given. Also results exhibiting
relationship between frames, almost exact retro Banach frames and Riesz bases
has been proved. Finally, we give some perturbation results of retro Banach
frames and an almost exact retro Banach frames for Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

Duffin and Schaeffer [7] introduced the notion of frames. Let H be a real (or
complex) separable Hilbert space with inner product (.,). A countable sequence
{fx} C H is called a frame ( or Hilbert frame ) for H, if there exist numbers
A, B > 0 such that

[o ]
AIFIZ < ST IE F) P < Bl f]?, for all f € M. (1.1)

n=1
The scalars A and B are called the lower and upper frame bounds of the frame,
respectively. They are not unique. The inequality in is called the frame
inequality of the frame. Feichtinger and Grocheing [9] extended the notion of frames
to Banach space and defined the notion of atomic decomposition. Grocheing [10]
introduced a more general concept for Banach spaces called Banach frame. Casazza,
Christensen and Stoeva [3] studied E4-frame and E4-Bessel sequence. For more on
the theory of frames, one may refer to [5]. Recall that a BK-space is, by definition, a
Banach (scalar) sequence space in which the coordinate functionals are continuous.

Definition 1.1. [3] Let E be a Banach space and E; be a BK-space. A sequence
{fn}S2, C E* is called an Eg-frame for E if

(1) {fu(x)} € Ey, for all z € E,
(2) there exist constants A and B with 0 < A < B < oo such that

Allz <l {fn(@)} [2,< Bl ||g, forall z € E. (1.2)
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A and B are called Ey-frame bounds. If at least (a) and the upper bound condition
in (1.2) are satisfied, then {f,} is called an E4-Bessel sequence for E. If {f,,} is an
E4-Bessel sequence for E, then a U : E — FE, given by

U(x) ={fn(z)}, forz e E

is a bounded linear operator and U is called the analysis operator associated to E4-

Bessel sequence {f,}. If {f.} is an E4-frame and there exists a sequence {x,} C F

such that z = > f,(2)x,, for all x € E, then a pair (x,, f,) is called an atomic
n=1

decomposition for E with respect FEq. Further, if {f,} is an E4-frame for E and

there exists a bounded linear operator S : E; — E such that S({f,(z)}) = « for

all x €E, then a pair ({f,},S) is called a Banach frame for E with respect to Ejy.

In [T4] Stoeva defined and studied E4-Riesz bases.

Definition 1.2. [I4] Let E be a Banach space and E; be a BK-space. The sequence
{zn}2; C E is called an E4-Riesz basis for E, if it is complete in E and there exist
constants 0 < A < B < oo such that for every {c,}°2,; € E,4 one has

Alenyizillzs <17 eazalle < Bl{ea}ois s, (1.3)

n=1
The number A (resp. B) in (L.3) is called a lower (resp. upper) E4-Riesz basis
bound.

Next, we give few results in the form of lemmas which will be used in the sub-
sequent work.

Lemma 1.3. [3] Let E; be a BK-space for which the canonical unit vectors {ey}
form a Schauder basis. Then the space Yy = {{h(e,)} : h € E}} with norm
[{h(en) v, = l|kllEs is a BK-space isometrically isomorphic to Ej. Also, every

continuous linear functional ® on E4 has the form ®{c,} = > cnd,, where {d,} €

n=1
Yy is uniquely determined by d,, = ®(eyp), and | @] = |[{P(en)}H|y,-

Lemma 1.4. [I5] Let X, Y be Banach spaces and S € B(X,Y). Then the following
are equivalent.

(1) S has a pseudoinverse operator ST. i.e. ST: SS1S = S.
(2) There exist closed subspaces W, Z of X, Y such that

X=kerSOW, Y =S(X) o Z.

Lemma 1.5. [I4] Let E; be BK-space which has a sequence of canonical unit
vectors as basis and {x,}22, C E be a sequence. Then, {x,} is a Riesz basis if
o0

and only if the operator T, given by T{a,}52 1 = > anxy, is an isomorphism of
n=1
Ey4 onto E.

Lemma 1.6. [2] If E is a Banach space, A1, 2 € [0,1) and S : E — E is a linear
operator satisfying

[ = S(@)| < Mllz] + X2 l|S@)], for all € E.

Then, S is a bounded invertible operator.
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Throughout this paper, E will denote a Banach space over the scaler field K
(which is R or C), E* the conjugate space of E, [z,] the closed linear span of
{z,} in the norm topology of E. Further, E; denotes a BK-space which has a
sequence of canonical unit vectors {e, }72; as basis, £ the conjugate space of Ey
and Yq = {{h(en)} : h € E}} denotes a BK-space which is defined in Lemma [1.3}

2. MAIN RESULTS

In this section, we begin with defining few definitions. In [I1], [12] Jain, Kaushik,
Vashisht had introduced and studied retro Banach frames for Banach spaces. Fur-
ther, P.A.Terekhin [I6] introduced and studied the notion of frames for Banach
spaces.

Definition 2.1. [I6] Let E be a Banach space and E; be a BK-space. A sequence
{z,}52,\ {0} C E is called a frame for E with respect to Ey if

(1) {f(xn)} € Yy for all f € E*,

(2) there exist constants A and B with 0 < A < B < oo such that

Allflle- < [I{f(@n)}Hlya < Bllf||z-, for all f e E*. (2.1)

We refer (2.1) as the frame inequalities. If at least (a) and the upper bound con-
dition in are satisfied, then {z,} is called Bessel sequence for E with respect
to Eq. If {x,} is a frame for E with respect to E4 and there exists a bounded
linear operator J : Yq — E* such that J({f(x,)}) = f for all f € E*, then a pair
({zn},J) is called a retro Banach frame for E* with respect to Yy. The opera-
tor J : Yy, — E* is called the reconstruction operator. If removal one element xy
renders the collection {z,,},., no longer a retro Banach frame, then ({z,}, J) is
called an exact retro Banach frame.

In the following result, we give a necessary and sufficient conditions for the
existence of frame in E.

Theorem 2.2. {xz,} is a frame for E with respect to Ey if and only if there exists
a bounded linear operator T : Eq — E from Eq4 onto E for which T (ey,) = zy, for
alln € N.

Proof. Let f € E*, B be upper bound of frame {x,,}. By Lemmal[L.3] {f(zn)}={®(en)}
for some ®¢ € E} and ||{f(z,)}]] = ||®f||. Let n,m € Nwithn <mand {¢,} € Eq,
then

Il = s Y af@ll= s [ (e
k=n

feeEx|Ifl=1 -, FEESIfI=T =,

m m
= sup (@Y erer)| < sup  [J@f)I D cxenl|
rems =1 A feB=|ifl=1 =

sup [[{f (@)}l D enenll < Bl crexl|.
k=n k=n

feE=|Ifll=1

Hence, T : Eq — E given by T{c,} = > ¢pn, {cn} € Eq is well defined bounded
-1

n
linear operator from E; into E. Moreover, T (e,) = x, for all n € N. By Lemma
and for f € E* we have

I{f ) = I{F (T (en)) H = KT () end | = [T 1l
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and from the frame inequalities we have T* is one-one and 7*(E*) is closed. Thus
by Theorem in [I3], p 103], 7 is onto.

Conversely, let 7 : E; — FE be well defined bounded linear operator from Ejy
onto E with T(e,) = «, for all n € N. So T* is one-one and T*(E*) is closed
by Theorem in [13], p 103]. Again, by Lemma in [8], p 487], there exists constant
C > 0 such that ||f|| < C|T*(f)| for all f € E*. Let f € E*. Then

{f(@n)} ={f(T(en))} ={T"f(en)} € Ya.
Also, by using Lemma and for f € E* we have

1A < CITOI = KT f(ea) I = I{F (T (en)) HI = [I{f (@n) -
To show the upper inequality,

I{f @)} = I{T" flea)H = 1T DI < ITNIAI], for all fe E.

Hence, {z,} is a frame for E with respect to Ey. O

Remark 2.3. Note that {z,} C E is a Bessel sequence for E if and only if there
exists a bounded linear operator 7 : E4 — FE from Ey into E for which T (e,) = x,
for all n € N. The operator 7 is called the synthesis operator associated with Bessel
sequence {x,} and R : E* — Yy given by

R(f) = {f(zn)}, for f € E".

is called the analysis operator associated with Bessel sequence {z,}. From Lemma
we know that Yy is isometrically isomorphic E. Let jg : Yq — £ be isomet-
rically isomorphism from Y, onto Ej. Then, 7* = jsoR.

Next, we give the following characterization of retro Banach frame in Banach
spaces.

Theorem 2.4. Let {z,} be frame for E with respect to Eq with bounds A and B.
Let T : Eqg — E and R : E* — E} be synthesis and analysis operators associated
to frame {x,}. Then, the following conditions are equivalent.
(1) T*(E*) is complemented subspace of E}.
(2) There exists a bounded linear operator J : Yq — E* such that ({x,},J) is
a retro Banach frame for E* with respect to Yy.
) T* has pseudoinverse (T*)T.
) kerT is complemented subspace of Ey.
) T has pseudoinverse T .
) There exists an Eq4-Bessel {f,}521 C E* such that

x = Z fu(x)xy, foralz e E.
n=1

(7) R has pseudoinverse RT.

Proof. (5) = (2) By given hypotheses, T has a pseudoinverse 71 : E — E, and
TTT is a projection from E onto T(E,). But, T(E4) = E. So, TTT = Ig and
Ig = (T")IT*. Take J = (T")1j4: Yy — E* and we have

F=(TNT) = (THGaR(f) = T{f (x)}, for all f € E™.
Hence, ({z,},J) is a retro Banach frame for E* with respect to Y.
(2) = (3) Given that f = J(R(f)) = Jj; " T*(f) forall f € B*. Thus T*Jj; ' T* =
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T*. Thus, J jd_1 is a pseudoinverse of 7 *.

(1) < (3) Since kerT* = {0} and by Lemma [1.4] it follows.
(3) < (5) obvious.

(4) < (5) Since, T(Eq) = E and by Lemma[.4] it follows.

(7) < (3) Obvious.

(6) = (5) By hypothesis, there exists an F4-Bessel sequence {f,} C E* such that

x = Z fu(x)zy, for all z € E.

Let U : E — E4 be the associated analysis operator of E4-Bessel sequence {f,}
given by U(x) = {fn(z)}, z € E. Then, TU = Ig and TUT = T. Hence, T has
pseudoinverse.

(5) = (6) TT' is a projection from E onto T(E4) = E. So TT! = Ip. Take
fn=(TH*(,), n € N, where {l,} C E} is a sequence of coordinate functionals on
FE4. So, for x € E, we have

Fa(@) = (T (In(2)) = 1 (T (2)).
This gives {f.()} = T1(x) € Ey, for all z € E. Further
[{fa(@)} ] < I T[], for all = € B.
Thus, {f.} is an E4-Bessel sequence for E. Also, for € E, we have

x:TTT( ) {fn an

(]
Remark 2.5. Let ({z,,},J) be a retro Banach frame for E* with respect Yy By
Theorem [2.4] there exists an FE4-Bessel sequence {f,,} such that = Z frn(X)xn,

for all z € N. We will call {f,} as the associated Eq-Bessel sequence to retro
Banach frame ({z,},J). Let U be the analysis operator of {f,}. So, Ig = TU.
Also, UTU = U and TUT = T. Moreover, UT is a projection from E; onto U(FE).
So, Eq = U(E) @ kerUT. It is obvious that kerT C kerUT. Let a € kerUT, then
UT(a) =0and TUT (o) = 0. Thus, kerT = kerUT. Hence, Eq = U(E) @ kerT.

Theorem 2.6. Let ({x,},J) be a retro Banach frame for E* with respect to Yy.
Then, removal of one element xy, from {x,}52, leaves {xy }nxi either incomplete
or a frame.

Proof. Since ({zy},J) is a retro Banach frame, so by Theorem [2.4] there exists an
E4-Bessel sequence {f,} C E* and for k € N we have

ar =3 Falen)wn = T({ (@) }2y)

In the first case let f,(z,) =1, for all n € N. Also, we have z;, = T (ex). Then
= T{fa(zr)}niy — er) = T{Fn(r) bnzr):

Therefore, {fn(xk)}tnzx € kerT. Let U be the analysis operator of {f,} and
{fn(zr)}22, € U(E). Therefore, {fn(zx)}nzr € U(E). Moreover, from the Re-
mark 2.5 kerT NU(E) = {0}. Thus, f,(z)) =0, for all n # k. In this case {f,} is
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a biorthogonal system for {z, } and hence {x, } nx; is incomplete.
In the second case, suppose that there is a k € N such that fx(xg) # 1. Then
we have

x = Z fo(@)xy = fr(z)zr + Z fa(@)xy, for all z € E.
n=1 n#k
and also

T = z_:lfn(xk)xn = fe(or)zr + ;f”(mk)x”'

1
So, 2, = A Y. fn(xk)x,, where A =

————. From the above equations we
n#k 1- fk(xk)

have

o= > (ful@)Afalzr) + ful@)z,

n#k

= > (fel@)Afu(mr) + fo(2)T(€n)

n#k
= TO_(fu(@)Afu(zi) + fulz))en)
n#k
= T{{fe(@)Afn(2r) + (@) tnzk)
But {fx(z)Afn(zr) + fu(2)}nzr € Eq, so T is bounded linear operator from Ey4

onto E for which T (e,) = x,, for all n # k. So, by Theorem {@n}nzk is a frame
for E with respect to Eg . (I

Definition 2.7. A retro Banach frame ({z,},J) is said to be almost exact if on
removal of one element zy, from {x,}7%; leaves {x, } nr not longer a frame.

Next, we give relation between almost retro Banach frame and Schauder basis
in Banach spaces.

Theorem 2.8. Let ({z,},J) be almost exact retro Banach frame for E*. Then,
{zn} is a Schauder basis for E.

Proof. Let {f,} be associated E4-Bessel sequence of retro Banach frame ({z,}, J).
In view of Theorem {fn} is biorthogonal to {z,}. Also, from Theorem
x= > fu(@)z,, for all x € E.

n=1
Hence, {z,} is a Schauder basis for E. O

Remark 2.9. Let ({z,},J) be a retro Banach frame which is not almost exact.
Then, {z,} is not a basis. Indeed, by Definition there is a k € N such that
{Zn}nzr is a frame. So, Span{z,}n,xr = E. But, no proper subset of a basis can
be complete. Hence, {x,,} cannot be a basis.

Next, we give the characterization of almost exact retro Banach frame for E*.

Theorem 2.10. Let {x,} be a frame for E with respect to E4 and T as its synthesis
operator. Then the following are equivalent.

(1) {xn} is an E4-Riesz basis.

(2) T is one-one.
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(3) There exists a bounded linear operator J : Yy — E* from Yy into E* such
that ({xn}, J) is almost exact retro Banach frame for E*.

Proof. (1) < (2) Obvious.
(3) = (2) We know that 7 is bounded linear operator from E; onto E for which
T(en) = xy, for all n € N. From Theorem {zn} is a Schauder basis for E.

Let {an} € Eq4 such that T({a,}) = 0. Then, Y a,z, = 0. Thus, a, = 0 for all

n=1

n € N. Hence, T is one-one.

2) = (3) By given hypothesis, T is invertible, so also 7* is also invertible. Take
J = (T*)_ljd :Y; — E*, then

T{f@n)}) = (T7) " GaR(f) = (T)'T*(f) = f, for all f € E”.

Also, it is clear that {z,} is a Schauder basis for E. So for k € N, {&,}nzs is
incomplete in E. Hence, {zy, }n-; is not a frame. O

Remark 2.11. If ({z,},J) is an almost exact retro Banach frame for E*, then
{z,} is minimal and there exists a sequence {f,} C E* which is biorthogonal to

3. PERTURBATION OF FRAMES AND RETRO BANACH FRAMES

Perturbation theory is a very important tool in various area of applied math-
ematics. In frame theory, it begin with the fundamental perturbation result of
Paley and Wiener. P.G.Casazza and O.Christensen [2] studied the perturbation of
operator and its application to frame theory. Also, O.Christensen and C.Heil [4],
Y.C.Zhu and S.Y.Wang [I7] and T. Stoeva [6] gave various results related to the
perturbation of atomic decompositions and Banach frames in Banach spaces. In
this section, we give some perturbation results related to almost exact retro Banach
frames and retro Banach frames in Banach spaces.

Theorem 3.1. Let ({x,},J) be an almost exact retro Banach frame for E* and
{fu} C E* be its associated Eq4-Bessel sequence. If for every non zero element
xo € E there exists a reconstruction operator Jy : Yqg — E* such that ({xn+x0}, J1)
is a retro Banach frame for E* with respect to Yy, then there exists an xo such that
the retro Banach frame ({x, + 2o}, J1) s not almost exact.

Proof. Since, {f,} is orthogonal to {x,} so f;(x;) = d;;, for all j,i € N. Suppose,
({xn + @0}, J1) is almost exact. By Remark there a sequence {g,} C E*
which is orthogonal to {z, + x¢} such that g;(z; + xo) = J;; for all j,i € N. As
xo # 0, so there exists p € N such that f,(zg) # 0. Let m € N such that m > p

and ay, as, as,..., a, be any m scalars. Then
m m
> arfplar+20)| = lap+ Y arfy(zo)]
k=1 k=1

Y

1S akllfo(@o)| — layl

k=1

1> arllfp(zo)| = 1D angp(an + wo)l.
k=1 k=1
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This gives us

m

1S agl < (M2l E 09l §= 0y ),

=1 | fp (o) 1

Therefore, by Theorem 5 in [I], p35] there exist linear functional f € E* on E
such that f(x, +z¢) = 1, for all n € N. If f(z9) = 1, then f(x,) = 0 for all
n € N. But span{z,}>2, = E, so f = 0 which a contradiction. Thus f(z¢) # 1.

Now take g = ———f. Th E* such th — f(z) =1,
ow take g 1—f(x0)f en g € such that g(x,) 1—f(:r0)f(xl)

—1
for all n € N. Let y € E such that g(y) # 0. Take zp = ——y which is a non

9(y)

—1
zero element in E. Then, g(z, + z9) = 1 + ﬁg(y) = 0, for all n € N. Since,
g\y

span{zy, + xo}5, = E, so g = 0 which is a contradiction. Hence, retro Banach
frame ({x,, + xo}, J1) is not almost exact. O

Theorem 3.2. Let ({z,},J) be a retro Banach frame for E* with respect to Yy
with bounds A and B. Let there exist constants A, > 0 and B € [0,1) satisfying

A+ pl| T < 1, where T is the associated synthesis operator of retro Banach frame
({zn},TJ) and TT is the pseudoinverse of T (see Theorem[2.4). Let a sequence
{yn} C E satisfy the conditions {f(yn)} € Yy for all f € E* and

1D an(@n —ya)l < A anzall + 81D anyall + ol

for all finite sequences « = {ay,} € Eq. Then there exists a bounded linear operator
J1 2 Yy — E* such that ({yn}, J1) is a retro Banach frame for E* with respect to
L= +pT) L+ X)B+p

(1+B)I7TH 1-5

Proof. By Theorem T has a pseudoinverse 71 such that 77T (x) = z, for all
x € E. By given conditions, for all finite sequences o = {a,,} € Ey4 we have

Y, with bounds

A+ N> anzall+ pllafl _ A+NB+p
IIZanynHS 1-3 < -3 ||ZanenH.

(o)
By Cauchy, it follows that the series || > anyn|| is convergent for all o € E4 and
n=1

oo

also that the operator 71 : Eg4 — E, given by Ti(a) = > anyn, is well defined;
n=1

moreover, for every o € Ey

(1+N)B+ |~

[ Ti(@)]| € ——="——1D_ anenll.

1 6 n=1

Thus, {y,} is a Bessel sequence for E with respect to E4 and 7; is the associated
operator of {y,}. Let R1(f) = {f(yn)} be the analysis operator of {y,}. Then for
all f € E* we have

1+ MNB+p

I )} = IR (D)l = g T DI = 1T FIl < = 5

val
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By the given condition and for x € E, we have
lz =TT @) = (T = T)T* ()|
< MTTH @)+ BITT" (@) + pll T ()]
< A+l TNl + BIT T ()]
Take L = T; 7T, by Lemma [1.6{ L is invertible and L* = (77)*7;*. Now for f € E*
we have

IFIE= IS LN < ) THIT ) I () 3

Also, for x € E we obtain

L)l =zl = l[(Ie = L)(@)|
> el = (Al TNl + BlIL(2)]1)
From here we get
_ T
T D o) < 2@, or e B
and
_ 1+8
LY —=
= T
L— (A +plTT)
Thus, for f € E* we have ———————=||f|| < [[{f(yn)}|-
A A M1 <)
Hence, {y,} is a frame for E with bounds L= QA+ ul 7)) A+NB+ a Since,

C+B)TT ° 1-8
L is invertible so Iy = LL™" = T;7TL™!. That gives us 7; = 7,7 L~'7;. Thus
T1 has pseudoinverse Tf = T7TL~'. Hence, by Theorem there exists a bounded
linear operator Jp : Yy — E* such that ({yn}, J1) is retro Banach frame for E*
with respect to Yjy. O

Theorem 3.3. Let ({x,},J) be a retro Banach frame for E* with respect to Yy with
bounds A and B and T, R be its associated synthesis operator, analysis operator.
Let A, 8 € [0,1) and pp > 0 with N Q| + B|IT — Q|| + ul|(T*)]| <1, where Q@ = RRT
is a projection from Yy onto R(E*) and (T*)' is the pseudoinverse of T*. If a
sequence {y,} C E satisfies the conditions {f(yn)} € Yq for all f € E* and

1{£(@n) = Fn)H| < AILF @)+ BILF @)} + ull fll for all f € E*. Then,

there exists a bounded linear operator Jy : Yg — E* such that ({yn}, J1) is a retro
- NITH

Banach frame for E* with respect to Yq with bounds 155

1+XN)B+u
-5

Proof. By Theorem TTT = Ig and therefore (T*)'T* = Ig-. So, for all f € E*
we have

A< T TIT O = 1T R = [T TR
Define Ry : E* — Yy as Ri(f) = {f(yn)}, for f € E*. By given condition we have
HIR() = Ru(HIT < MR+ BIRL (NN + pll £l f € B
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It follows that

14+ A I
RO < mIIR(f)IIﬂLmeII
< %Ilﬂl, for all f € E*

Therefore, {yy, } is a Bessel sequence for E with respect to E; with Ry as its analysis
operator. Moreover,

Ri(NI = %IIR(J”)II - ﬁllfll
> (1— A)IIY:);_1 “E £, for all f € B
But 1> NQIBIT- QI+l T 2 X7 2 0. s0 L= IMTT I =
0. Therefore {y,, } is a frame for E with respect to E4 with bounds (=% |§7:?; [
and w Let T; be synthesis operator of frame {y,, }. As we know, R has

1-8
pseudoinverse RT = (7*)7j,. Let a € Yy and we have

[(Ri = R)RN ()| < MRRU )|+ BIR1R(a) || + ul|RT ()]
< QI+ plIRT Dl

+ Bla+ (R —R)RI(a) - (Iy, = RR'(a)
< (ARl + By, — @Il + Rl

+ Bllly, + (R1 = R)RI(a)]].

Let L = Iy, +(R1—R)R', so L is a bounded linear operator from Yy into Y. Also,
for oo € Y; we have

IL(@) = all < (allQll + Bll1y, — Qll + R D]l + Bl L(a)].
Thus, by Lemma L is invertible. Also (7*)'T* = Ig«, so we have RIR =
(T*)dadg " T = (T*)IT* = Ip
LR =(Ip+ (R —R)(R)HR =R,y
But Ej = T*(E*) @ Z, for Z is a closed subspace of E%. So also Y; = j~1(E}) =
JTHUT*(EY) @i 1 (Z) =R(E*) ®j~1(Z). From here we have
Yy = L(Ya)=L(R(E")@j; ' (Z)) = LR(E*) @ L(jg ' (2))
= Ri(E) @ LG, (2)).

Thus,

Ej = ja(Ya) = jaRa(E") @ jal(jg ' (Z) = T{' (B") @ jaL(jg ' (2).

Hence, by Theorem there exists a bounded linear operator J; : Yy — E* such
that ({yn}, J1) is a retro Banach frame for E* with respect to Yj. O

Acknowledgments. The authors pay their sincere thanks to Professor Oleg Reinov
for his critical remarks and suggestions for the improvement of this paper. Also, we
are thankful to him for suggesting the reformulation of the statements of Theorem
Theorem [3.2] and Theorem |3.3



48

1
[2
3
[4
[5
[6
[7
8
[9
[10
[11
12

[13
[14

[15
[16

[17

TIMOTHY AND KAUSHIK

REFERENCES

| S.Banach, Theory of Linear Operations, Elscvier Science Publishers B.V. 1987, ISBN:0 444
70184 2.

| P.G.Casazza, O.Christensen, Perturbation of operators and applications to frame theory, J.
Fourier Anal. Appl. 3, 543-557 (1997).

| P.G.Cassaza, O.Christensen, D.T.Stoeva: Frames ezpansions in seperable Banach
space.J.Math.Anal. Appl., 307(2005),710-723.

] O.Christensen, Christopher Heil, Perturbations of Banach Frame and Atomic decomposition,
Math.Nachr. 185(1997) 33-47.

| O.Christensen, An Introduction to Frames and Riesz Bases, Birkhaurer,Bostan-Basel-
Berlin(2003).

| Diana T.Stoeva, Perturbation of frames in Banach space, Asian-European Journal of Math-
ematics, Vol.5, No.1(2012) 1250011(15 pages), DOI:10.1142/S1793557112500118.

] R.J.Duffin  and  A.C.Schaeffer, A class of non-harmonic  Fourier  series,

Trans.Amer.Math.Soc., 72(1952), 341-366.

N. Dunford and J. Schwartz, Linear operators, I, Interscience, New York, 1963.

Feichtinger and K.Grochenig,A wunified approach to atomic decompositions via integrable

group representations,In: Proc. Conf. Function Spaces and Applications”, Lecture Notes

Math.1302,Berlin-Heidelberg-New York: Springer (1988),52-73.

| K.Grochenig, Describing functions:Atomic decompositions versus frames, Monatsh.Math.,
112(1991), 1-41.

| P.K.Jain,S.K.Kaushik,L.K.Vashisht, Banach frames for conjugate Banach spaces, Zeitschrift
fur Analysis und ihre Anwendungen, 23(2004), 713-720.

| P.K.Jain,S.K.Kaushik,L.K.Vashisht, On Perturbation of Banach Frames, International Jour-
nal of Wavelets,Multiresolution and Information Processing, Vol.4, No0.3(2006) 559-565.

| W. Rudin, Functional Analysis, McGrawHill, New York, second edition, 1991.

] D.T.Stoeva, X4-Riesz Bases in Separable Banach spaces, Collection of papers, ded. to 60An-
niv. of M.Konstantinov, BAS Publ. house, 2008.

] Taylor, A. E., Lay, D. C.: Introdution to Functional Analysis, Wiley, New York, 1980.

| P.A.Terekhin, Frames in Banach spaces, Functional Analysis and its Application,
Vol.44,No.3,pp.199-208,2010.

] Y.C.Zhu,S.Y.Wang, The Stability of Banach frames in Banach Spaces, Acta Mathematica
Sinica, English Series Dec., 2010,Vo0l.26, No.12, pp.2369-2376.

KHOLE TIMOTHY POUMAI, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DELHI, DELHI-

110007, INDIA

DE

E-mail address: kholetim@yahoo.co.in

S.K.KAUSHIK, KIRORI MAL COLLEGE, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DELHI,
LHI-110007, INDIA
E-mail address: shikk2003@yahoo.co.in



	1. Introduction and Preliminaries 
	2. Main Results
	3. Perturbation of frames and retro Banach frames
	Acknowledgments

	References

