BULLETIN OF MATHEMATICAL ANALYSIS AND APPLICATIONS
ISSN: 1821-1291, URL: HTTP://WWW.BMATHAA.ORG
VOLUME 8 ISSUE 2(2016), PAGES 1-8.

A NEW THEOREM ON LOCAL PROPERTIES OF FACTORED
FOURIER SERIES

(COMMUNICATED BY HUSEYIN BOR)

SEBNEM YILDIZ

ABSTRACT. In this paper, a general theorem dealing with the local property
of |A, pn;d|;,, summability of factored Fourier series, which generalizes some
known results, has been proved. This new theorem also includes several known
and new results.

1. INTRODUCTION

Let 3 a,, be a given infinite series with partial sums (s,,). Let (p,) be a sequence
of positive numbers such that

Pn:va—M)o as n—oo, (Pi=p_;=0, i>1). (1.1)

v=0

The sequence-to-sequence transformation

T
On = F ZPUSU (12)
™ y=0

defines the sequence () of the (N,p,) means of the sequence (s, ), generated by
the sequence of coefficients (p,) (see [19]).
The series ) a,, is said to be summable |N, p,|,, k > 1, if (see [3])

[o%¢) k—1
> <P”> |Ag, 1" < oo (1.3)

n=1 n

and it is said to be summable |N,p,;d|,, k> 1 and § > 0, if (see [6])

00 P ok+k—1
> (”) |Ac, 1|F < . (1.4)

= \Pn
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where
R
Aop_1 = *m EZI P,_ia,, n>1

In the special case, when p, = 1 for all values of n (resp. § = 0), |N,py,; 4|,
summability is the same as |C, 1; 8|, (resp. |N,py|x) summability. Also, if we take
§=0,k=1and p, =1/(n+1) (resp.k = 1 and § = 0) summability |N,p,; 4|,
becomes |R,logn, 1| (resp. |N,p,|) summability.

Let A = (an,) be a normal matrix, i.e., a lower triangular matrix of nonzero
diagonal entries. Then A defines the sequence-to-sequence transformation, mapping
the sequence s = (s,,) to As = (A,(s)), where

An(s) :Zam,sy7 n=0,1,.. (1.5)
v=0

The series Y a, is said to be summable |A|g, k > 1, if (see [40])

>k TAAL(s)F < oo, (1.6)
n=1
and it is said to be summable |A, p,; 0|k, k > 1 and 6 > 0, if (see [31])

0o Pn Sk+k—1 B .
}:Q%> |AA,(s)]F < oo, (1.7)

n=1

where
AA,(s) = An(s) — Ap_1(s).

If we take p, = 1 for all n and 6 = 0 , then |A, p,;d|x summability reduces to
| Al summability. Also, if we take § = 0, then |A, p,;d|; summability reduces to
|A, pn|k summability (see [37]). Furthermore, if we take an, = £, then |A, p,; [k
summability is the same as |N,p,; §|x summability.

A sequence (\,) is said to be convex if A2),, > 0 for every positive integer n, where
A2\, = A(AN,) and AX, = Ap — Angr.

Let f(t) be a periodic function with period 27, and integrable (L) over (—m,).
Without any loss of generality we may assume that the constant term in the Fourier
series of f(t) is zero, so that

s

ft)dt=0 (1.8)
and
flt) ~ Z(ancosnt + bysinnt) = Z Cn (), (1.9)
n=1 n=1

where (a,) and (b,) denote the Fourier coefficients. It is well known (see [41])
that convergence of the Fourier series at a point is a local property, that is to say,
however small o > 0 may be the behavior of {s,(z)} the nth partial sums of the
series Y Oy, (), depends upon the nature of the generating function in the interval
(r — o,z + o) only and it is not affected by the values it takes outside the inter-
val. On the other hand it is known that absolute convergence of a Fourier series is
not a local property. Also Bosanquet and Kestelman (see [I§]) showed that even
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summability |C, 1| of a Fourier series a given point is not a local property of the
generating function.

Also it is known that the convergence of the Fourier series can be ensured by local
hypothesis, that is to say, the behavior of the convergence of Fourier series for a
particular value of x depends on the behavior of the function in the immediate
neighborhood of this point only.

2 Known Results
Mohanty (see [20]) demonstrated that the |R,logn, 1] summability of the factored
Fourier series

Cu(t)
Z log(n+1) (1.10)

at ¢ = x, is a local property of the generating function of > C,(t). Later on
Matsumoto (see [22]) improved this result by replacing the series (1.10) by

Ch(t
2 {loglog(n(Jr)l)}He’ €>0. (1.11)

Generalizing the above result Bhatt (see [2]) proved the following theorem.

Theorem 2.1 If ()\,) is a convex sequence such that Y- n~1), is convergent, then
the summability |R,logn, 1| of the series > C,(t)\,logn at a point can be ensured
by a local property.

The local property problem of the factored Fourier series have been studied by
several authors (see [1, 4-17, 20-21, 23-25, 27-36, 38-39]). Few of them are given
above.

Among them, Bor proved the following theorem in which the conditions on the
sequence (\,,) are somewhat more general than Theorem 2.1.

Theorem 2.2 ([10]) Let k > 1. If (\,) is a non-negative and non-increasing se-
quence such that ) p, A, is convergent, then the summability |N, p,|, of the series
> Cn(t)An P, at a point is a local property of the generating function f.

3 Main Results

The aim of this paper is to prove a more general theorem which includes some of
the above-mentioned result as special cases.

Before stating the main theorem, we must first introduce some further notations.
Given a normal matrix A = (a,,), we associate two lower semimatrices A = (G,,)
and A = (Gny) as follows:

o = Y _api, nv=0,1,.. (1.12)
and
&OO = Qg = apo, &nv = Qpy — dnfl,vv n= ]-7 27 (113)

It may be noted that A and A are the well-known matrices of series-to-sequence
and series-to-series transformations, respectively. Then, we have

An(s) = ianvsv = zn:am;av (114)
v=0 v=0
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and

AA,(s) = i Aoy - (1.15)
Now, we shall prove the following theorz;r(l).

Theorem 3.1 Let £ > 1 and 0 < ¢ < 1/k. If A = (ay,) is a positive normal matrix
such that

Gno =1, n=0,1,..., (1.16)

p—1,5 > Any, forn>v+1, (1.17)
Pn

emof)

If all the conditions of Theorem 2.2 and the conditions

m P ok
Z(") PnAn = O(1) as m — oo, (1.19)

1 \Pn
m P ok
Z (n> P, AN, = O(1) as m— oo, (1.20)
Pn
n=1
m+1 Sk 5k—1

P, P,
Z <n> |Ay (Gny)| = O { <U> } as m — 00, (1.21)

n=v+1 Pn Pv

m+1 Sk 5k

Z <Pn> |G, vi1| = O { (Pv> } as m— o0 (1.22)

n=v+1 n Py

are satisfied, then the summability |4, p,; 0| of the series Y C, (t) P, Ay, at a point
is a local property of the generating function f.

Remark It should be noted that if we take 6 = 0 in this theorem, then the condi-
tion (1.20) is satisfied by Lemma 3.2. Condition (1.19) is satisfied by a hypothesis
of the theorem when § = 0. Also in this case condition (1.21) and (1.22) are obvi-
ous. We need the following lemmas for the proof of our theorem.

Lemma 3.2 ([I0]) If (\,) is a non-negative and non-increasing sequence such
that > pn A, is convergent, where (p,,) is a sequence of positive numbers such that
P, — 00 as m — o0, then P, A, = O(1) as n — oo and Y P, A\, < 0.

Lemma 3.3 Let s, = O(1). If (\,) is a non-negative and non-increasing sequence
such that > p, A, is convergent and the conditions (1.16)-(1.22) of Theorem 3.1 are
satisfied, then the series ) apA\p Py, is summable |A, p,;0,, k> 1and 0 < § < 1/k.

Proof of Lemma 3.3 Let (I,,) denote the A-transform of the series Y -2 | an A, Py.
Then, by (1.14) and (1.15), we have

AL, = 2”: Gy Gy Py .

v=1
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Applying Abel’s transformation to this sum, we get that

Al, = idnvavpv)\v
v=1

n—1 v n

= Z Av(dnv)\vpv) Z ar + dnnAnPn Z Ay
v=1 r=1 v=1
n—1

== Z Av(dnv)\vpv)sv + annAnPnsn

v=1

n—1 n—1 n—1
= Z Av(dnv))\vpvsv + Z dn,v+1A)\vPvSv - Z dn,v+1pv+1>\v+1sv + ann)\npnsn
v=1 v=1 v=1
= In,l + In,2 + In,S + In,4~
Since

|In,1 + In,2 + In,3 + In,4|k S 4k(‘[n,1|k + |In,2|k + ‘In,3|k + |In,4|k)7

to complete the proof of Lemma 3.3, it is sufficient to show that

o) P Sk+k—1
> (") I F <oo, for r=1,2,34. (1.23)

n=1 n

First, by applying Hoélder’s inequality with indices k¥ and k', where & > 1 and
% + % = 1, we have that

mAl g N Oktk-1 mAl g N Skk1 (0] k
Z <pn> |In,1|k = (n) {Z |AU(&7LU)| )\'UPU|SU|}

<
n=2 n n=2 n v=1
mtl o p N Sktk—1 (n-] n—1 k-1
= 0O <n> { |Av(&m))|>‘5pf|5v|k} X {Z |Av(dnv)|}
n=2 Pn v=1 v=1
m-1 dk+k—1 n—1
—omy () Y A
n=2 Pn v=1
m m—+1 P ok
~ oY NP Y () 1A ()|
v=1 n=v+1 n
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by virtue of the hypotheses of Lemma 3.3 and Lemma 3.2.
Now, using Hoélder’s inequality we have that

mAl o p N Skt mAl o Oktk—1 (nol k
3 <n) AL 3 (n) {Z i, U+1|A)\UPU|sv|}

n=2 Pn n=2 DPn

m+1 Sk+k—1
( ) {mem AAPsUVf}
n—1
X {Z A)\UPU}
m+1 Sk+k—1
( ) {Z a1 llans1FIANP, }
m+1 SOk+k—1 n—1
( ) Z|am+1|mp
m+1 P ok
1)2%3 3 () -
v=1

n=v+1 n
m ok
(Pv> ANP,
Pv
= O(1) as m — oo,

IN

Il
i)
=

i

by virtue of the hypotheses of Lemma 3.3 and Lemma 3.2.
Again, we have that

mal P Sk+k—1 m-+1 P Ok+k—1 F
Z (pn) |In,3|k Z (") {Z |an U+1|pv+1)\v+1sv}

n

IA

n=2
mtl o p N kthol n—1 k-1
= O(]-) <pn> {Z |an v+1‘ Pov v} X {Zm%}
n=2 n v=1
m+1 P Sk+k—1
= O(]-) Z <pn> {Z |an v+1‘ |&n,v+1pv>\v}
n=2 n
m+1 Sk+k—1 -
= O(l) (”) aﬁ;l Z |dn,v+1|pv)\v
n=2 Pn v=1
m m+1 P ok
— 01} poh () oo
v=1 n=v+1 n
m ok
P,
= oY () nn
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Finally, since P, ), = O(1) as n — oo, we have that

m Sk+k—1 m Sk+k—1
P, P,
Z () |In74|k = Z () |ann>\npnsn|k
n=1 pn n=1 pn
2P\ k-1
= 0(1) Z (pn) (Pn)\n) " AnDn
n=1 n

= O(1) as m— oo,

by virtue of the hypotheses of Lemma 3.3 and Lemma 3.2.
This completes the proof of Lemma 3.3.

4 Proof of Theorem 3.1

The convergence of the Fourier series at ¢t = x is a local property of f (i.e., it depends
only on the behaviour of f in an arbitrarily small neighbourhood of z), and hence
the summability of the Fourier series at ¢ = = by any regular linear summability
method is also a local property of f. Since the behaviour of the Fourier series, as far
as convergence is concerned, for a particular value of z depends on the behaviour
of the function in the immediate neighbourhood of this point only, hence the truth
of Theorem 3.1 is a consequence of Lemma 3.3.

If we take § = 0 in this theorem, then we get a local property result concerning the
|A, ppn|r summability. Also, if we take § = 0 and a,, = fj—z in this theorem, then
we get a local property result concerning the |N,p,|; summability.
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