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THE PRODUCTS OF DIFFERENTIATION AND COMPOSITION
OPERATORS ON BLOCH TYPE SPACES

(COMMUNICATED BY TONGXING LI)

WEIFENG YANG

ABSTRACT. Suppose that ¢ is an analytic self-map of the unit disk D and m
is a nonnegative integer. A integral characterization of the boundedness and
compactness of the operator C, D™ on Bloch type spaces are given, where
(CoD™f)(2) = f™(p(2)). Moreover, an estimate of the essential norm for
this operator on Bloch type spaces is also given.

1. INTRODUCTION

Let D be the unit disk of complex plane C, and H(D) the class of functions
analytic in D. For a € D, let o, denote the conformal automorphism defined by
04 = == . Let g(z,a) be Green’s function for D with logarithmic singularity at a,
i.e., g(z,a) = log m

For a € (0,00), recall that an f € H(D) is said to belong to the Bloch type
space, denoted by B®, if

[ £lla = sup(l — |2|*)*|f'(2)] < cc.
zeD

With the norm || f|lge = |f(0)] + || fllas B is a Banach space. Let B denote the
space which consists of all f € B* satisfying lim, 1 (1 — |2[*)*|f/(z)| = 0. This
space is called the little Bloch type space. From [26], we see that f € B* if and
only if

sup [ [7/(2)F(1~ 222 (5, a)dA(:) < o (11)
a€D JD

where dA denote the normalized Lebesgue area measure on D. f € B if and only
if

lim /D|f/(z)|2(1 — 212?722 (2,a)dA(z) = 0. (1.2)

la]—1
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Moreover,
£l = Slelg/m [F/ ()P (L= [2%)?29% (2, a)dA(2).

Let ¢ be an analytic self-map of ID. The composition operator C, is defined
by Cuo(f) = foe, f € H(D). Let D denote the differentiation operator, i.e.,
Df =f', fe€ H(D).For a nonnegative integer m, the m-th differentiation operator
is define by

(D™ f)(z) = f"™(2), fe€ HD).
The product of the operator D™ and the composition operators C,, denoted by
C,D™, is defined as follows.

(CoD™ f)(2) = [T (p(2)), f € H(D).

By Schwarz-Pick Lemma, we see that each composition operator is bounded on
the Bloch space. See [9] 10}, 1T}, 12}, T3], 14} 18| 19, 211 27] for the study of the com-
pactness and essential norm of composition operator on the Bloch space. Product
composition operator ans some other operators attracted considerable interest re-
cently. The product of differentiation and composition operators has been studied,
for example, in [3, 4[5 6] [7, &, 15l 06, 17, 20, 23] 24] 25 28] B0] and the related
references therein.

In [20], Wu and Wulan characterized the boundedness and the compactness of
the operator C', D™ acting on the Bloch space. They proved that C,D™ : B — B
is compact if and only if lim,,_, ||C, D™ (2™)||g = 0, as well as

a—z
i, o2 (7=5) | = o
a1 Co 1—az/lls 0

Liang and Zhou in [8] proved that C,D™ : B* — B’ is compact if and only if
C,D™ : B® — B is bounded and lim,, o n®~1||C, D™ (2")||gs = 0. In [28], Zhou
and Zhu showed that C,D™ : B* — B is compact if and only if C, D™ : B — BF

. . m 17|a|2
is bounded and lim|q| ;- HC@,D ((1—&)&)’ _—

In this paper, we study the boundedness, compactness and essential norm of the
operator C, D™ between Bloch type spaces by using the integral characterizations
which stated in (1) and (2).

Throughout this paper, constants are denoted by C, they are positive and may
differ from one occurrence to the other. The notation A < B means that there is a
positive constant C' such that B/C < A < CB.

2. MAIN RESULTS AND PROOFS

In this section, we will state and prove the main results in this paper. For this
purpose we give some auxiliary results which we use in this paper. The following
lemma can be proved as Proposition 3.11 in [I].

Lemma 2.1. Let 0 < a,8 < o0, @ be an analytic self map of D and m be a
nonnegative integer. Then C,D™ : BY — BB is compact if and only if for every
bounded sequence {f,} in B converging to 0 uniformly on compact subsets of D as
n — 00, lim, o [|C, D™ frllgs = 0.

Similar to the proof of Proposition in [19], we have the following result.
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Lemma 2.2. Let 0 < a,8 < oo, ¢ be an analytic self map of D and m be a
nonnegative integer. If C,D™ : B(B§) — B? is compact, then for any e > 0 there
exists a 0 € (0,1), such that for all f in Bga(or Bpg ), the unit ball of B ( or Bf),
and § <r <1, holds

sup / P (p(2)) Ple (2)P(1 = 2*)* g% (2,0)dA(2) < €
ach

le(2)|>r

By modifying the proof of Theorem 4.2 of [12], we can prove the following result.
We omit the details.

Lemma 2.3. Let 0 < a,5 < o0, @ be an analytic self map of D and m be a
nonnegative integer. Then C,D™ : B* — Bg is compact if and only if C,D™ :
BY — Bg is bounded and

lim  sup / (CoD™ Y (2)2(1 = [2[2)2P=26% (2, a)dA(2) =

lal =1 £l 5o <1
The following lemma can be found, for example, in [29].

Lemma 2.4. For f € H(D), 0 < a < o0 and m be a nonnegative integer. Then
f € B if and only if

sup(1 — [2[2) 2 f D (2)] < oo
zE

f € By if and only if

Jim, (1= [z D ()] = 0.
Theorem 2.5. Let 0 < o, < 00, ¢ be an analytic self map of D and m be a
nonnegative integer. Then the following statements are equivalent:
(i) C,LD™ : B* — B is bounded;
(ii) C, D™ : B§ — BP is bounded;
(iii)

()2
o [ G U i) < @)

Proof. (iii) = (i). For any f € B, by Lemma[2.4] we have

IC,D™f% = sup / (CoD™ Y ()21 — 222726 (=, a) dA(2)
acD
- / £ (0(2)) Pl ()P — [2[2)2526% (2, a)dA(2)
acD
1_ 2B8—2
< Il sup / 'tz M 'i'oim 2(a)dA(z)  (22)

<

Hence C, D™ : B — Bﬁ is bounded.

(i) = (i1). This implication is obvious.

(i3) = (ii3). Let f € B*. Set f.(z) = f(rz) for 0 < r < 1. Tt is easy to check
that f. € BS and || fr]la < || flla- Thus, by the assumption we have

1CeD™ frlls < ICoD™ ([l frlla < 1C D™ l[sepell flla < [|Co D™ (| 522l fll5(2:3)
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for any f € B*. By [2] we know that there exists two functions f1, fo € B* such
that

C
T < MG +1AG), zeD.

By Lemma, we see that there exist h, k € B* and

C
A |zp)m < RV ()] + [ (2)], 2 e D. (2.4)

Replacing f in (2.3) by h and k respectively, we get

1Ce D™ hellp < |Co D™ || gasgs Al 5o, [[CoD™ krllg < [Co D™ [|ga—ps[K]| e

Then
P2’ (2) 2 1.12\28-2 .2
(1 _ |TSO( )|2)2(m+a) (1 |Z‘ ) g (z,a)dA(z)
= 2 / (IR D o) P + KD (rp(2)) ) 221! (2) P (1 = o)~ (2, a)dA(2)
D
= 2 [ (1 00 P 1™ 00 (2)F) (1= o) 2 (2. a)dA(:)
D
< 2[C,D™he || + 2(|C D™k, ||

< 2CoD™ e ps (1ll3e + 1K) < o0

for all @ € D and r € (0,1). This estimate and Fatou’s Lemma give (2.1). O

Theorem 2.6. Let 0 < o, < 00, ¢ be an analytic self map of D and m be a
nonnegative integer. Then C,D™ : Bf — Bg is bounded if and only if ¢ € Bg and

sup/ ( |<p’(z;|)2(m+a) (1= |2)*~2¢(2, )dA(2) < oo. (2.5)

Proof. Assume that C,D™ : By — is bounded. It is clear that C, D™ : By —
B? is bounded. By Theorem., holds Let f(z) = z™*L Usmg the bound-
edness of C, D™ : By — BO we see that € B

Conversely, assume that ¢ € Bg and holds. By Theorem we see that
C,D™ : B¢ — BP is bounded. To prove that C,D™ : B — By is bounded, it
suffices to prove that C, D™ f € Bg for any f € Bg. Let f € Bf. For every € > 0,
by Lemma we can choose p € (0,1) such that | £ (w)|(1 — |w|?)**+™ < ¢ for
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all w € D\ pD. Then,

T / (CoD™ ) ()P~ |2 262 (2, a)dA ()

— ([ [P P R a)dA)

la]—1
le(2)|>p  le(2)I<p

< ¢ lim / ' ()" (1 — |2|2)%~2¢2(2, a)dA(2)
T Jalot (1= lp(2)[2)20m+e) ’
lo(2)|>p
||f||B°‘ / |z|2)2’6_292(z,a)d14(z).
(1 — p2)2(m+a) |a\—>1
()<
From the above inequality and by the assumption, we get the desired result. ]

Theorem 2.7. Let 0 < o, < 00, ¢ be an analytic self map of D and m be a
nonnegative integer. Then the following statements are equivalent:

(i) C,D™ : B* — By is bounded;

(i) C, D™ : B* — Bg is compact;

(iii)

. ' (2)]? —1212)28-202( 4. g 2) =
tim [ e e (= P )dA(e) =0, (26)

Proof. (it) = (i). It is obvious.
(i) = (dii). Assume that C,D™ : B* — BY is bounded. From the proof of
Theorem [2.5] we can choose functions g, h € B such that

C

T e S 9TV EI R, 2 e D.

Then we get C,D™g;,Cp,D™go € Bg. Therefore,

C lim () (1 — |22)%~2%(2, a)dA(2)
lal=1.Jp (1 = [ip(2)[?)2mte) ’
< 2 lim /|g(erl NPl ()P = [2*)* g% (2, a)dA(2)
+2 tim [ RO ()Pl (P = 2 adA )
a|—
= 2|1'1‘m /|C@Dmg|2(1—|z|2)25_292(2,a)dA(z)
al—1
+2 hm /|C’ D™h)?(1 — |2%)%P72¢%(2, a)dA(2)
as desired.

(#i) = (i1). Assume that (2.6)) holds. By Theorem we see that C,D™ :
B> — B is bounded. We first prove that C,D™ : B — B is bounded. For this
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purpose, we only need to prove that C,D™ f & Bg for any f € B*. Let f € B*.
We have

lim / (CoD™ ) (2) 2(1 — |2[2)25~26 (2, a)dA(2)

|a]—1
; ' )P -
< O£l d”iﬁm/(1—|¢(z)|2)2<m+a>(1‘|z|2>25 29°(2,a)dA(z), (2.7)

which with 1) imply that C,D™ : B — Bg is bounded. Moreover, we have

tim sup_ [ (€D )P~ 2Rz 0)dA ) = 0. (23)

lal =1 £ )5 <1
From Lemmam we see that C, D™ : B — Bg is compact. O

Theorem 2.8. Let 0 < o, < 00, ¢ be an analytic self map of D and m be a
nonnegative integer. Suppose that C,D™ : B — BP is bounded. Then

IC, D™ 12 g 5 = ICo D™ |12 o0 = T,

where

. ¢ (2 )\ 28—2 2
T:= hmsupsup/ (1—1z%) 9°(z,a)dA(z).
r—=1  a€D J|p(z)|>r ( |90(Z)| )2(m+a)

Proof. 1t is clear that
ICo D™ 12 g 55 < ICo D™ o5

Next we prove that
ICo D™ 12 g5 2 T

Let {r;} C (1/2,1) such that ; — 1 as i — co. Define
BN 2ktm+e) i6\2F 2k 427
figola) = o ; (2F + 2m2)(2F + 25 — 1) -~ (2F + 2 — m) (rie)” =

for 4,5 € N such that 27 —m > 0 and 6 € [0, 2~). Since
2k(m+a)

lim 2F(—®) : : _ )2 —
e (2k+23)(2k+21_1)...(2k+23_m)(r€ ) )
the function f; j ¢ € By by Theorem 1 of [22]. Moreover,
ok(m+ta) ok
2k(1—a) . _ : ; i0y2" | 1
?ég (2k+23)(2k+2j71)...(2k+2j7m)(7"6 )| <

Hence there exists a positive constant M such that || f; j ¢z < M for all 4,5 € N
such that 27 —m > 0 and 6 € [0, 27). Moreover, f; ;¢ tends to zero uniformly on
compact subsets of I for every ¢ and 0 as j — oo, and therefore f; ; ¢ tends to zero
weakly as j — co. It follows that for any compact operator J : By — BA,

|CoD™ — Jllggps 2 limsupsup||(CoD™ — J)(fij0)llpe

~
j—oo 4,0

v

hmsupsupllC D™ (fi.5.0) 52 —lir_nsupsugallJ(fi,j,e)IIzsa

‘]‘)OO ’L, J—00 2,

limsupsup ||Cy, D™ (fi,5,0) |5 -

j—oo 4,0
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Therefore,
|CoD™ |2 135 50 = E [|CoD™ = T3 50
> limsupsupsup / 1 (@)1 (2)2 (1 = 212262 (2, a)dA(2).
j—oo 0,0 a€D -6

Given € > 0, there exists a N € N such that

IC,D™|I2 g5 +€ 2 / LI (0(2) Pl (2) (1 = |22)%P 2 g% (2, a)dA(2)

for all a, # and ¢ when j > N. Let a € D be fixed. Integrating with respect to 6,
using Fubini’s theorem and Parseval’s formula, we obtain

(10 D™ P s s )
/ / £ (o(2)) Pdblg! ()21 — |=2)2 2 (=, a)dA(2)

) o0 - 2
= [ letaypem / 0 2 0 o)) g
D 0 k=1
X[ (2)P(1 = |2*)* 2 g? (2, a)dA(2)

= / ()2 72 (0 2B () 22D ) ! () (1 - 22226 (2, a)dA(2).
k=1

From the formula (3.8) in [9], we have that

oo
222k(m+a)|ri ( )|2(2k_1) >
k=1

for all z € D with |¢(2)| > 1/2. Thus by Fatou’s Lemma, we get
27(||Cy DmHeBa—ﬂsB +¢)

/ 2
> liminf 27+1 2m |§0 (Z)|
2 it [P G 2

o P ]
2 [l e e (1 R A ()

2
> 27 +1 ¢’ (2)] _ 28—2 2
2 [ e i (1= 1R G Ao
Since a € D was arbitrary, we obtain that
21(|CoD™ |12 pg 5 +€)
1 N I2(1 — [2]2)28-2 42
,hmsupsup/ |SD (Z)‘ ( |Z|2) = Jrg)(z’a)dA(Z)
€ jooo aeDJ{|p(z)|>1-2-G+D} (1 = |p(z)[2)2(mte
1 HNI2(1 — 12]2)28-2 2
= flimsupsup/ [P (z) (1 = =] 2) T f)(zva)dA(Z),
€ r—=1 €D lo(2)|>r (17|90(Z)| ) more
for all € > 0. Therefore ||C,D™|? Bg—B5 >T.
Finally, we prove that

Vv

1
(= Irap )P0

—121%)*72¢%(2,a)dA(2)

Vv

ICoD™ |2 e S T
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. Since the

For j € N, define (K f)(z) = (Ky, f)(2) = f(]ﬁz), where 9;(z) = jj_fl
operator K is compact on B for all 7 € N and C,D" : B* — B? is bounded, we
get

ICoD™ |12 o5 < C D™ — Cu D™ K[ ps = |Co D™ (I = K)o, 55

~ s sup [ (7= KN @) I RO = PR a)dAC)
Il fllpe <1 a€D

< sup sup/
Il fllse <1 a€D Jip(z)|<r

+ sup sup/
Ifllse<1a€D Jp(z)|>r

= Ji+Js
for all » € (0,1) and j € N, where I(f) = f and

Ji = sup sup/
[fllge <1 a€D J]p(2z)|<r

and

Ja = sup sup/
Il sa <1 a€D J|p(z)|>r

Since C,D™ : B* — B? is bounded, we see that ¢ € B?. Since f — f o 1; and its
derivative tend to zero uniformly in a compact subset of D as j — oo, it follows
that

(- Kjf><m+1><sa<z>>\2\so'<z>|2<1 — B[22 (2, @)dA(2)

2
(f - Kjf)(m“)(w(z))) |/ (2)P(1 = [2[*)*°~2g% (2, a)dA(2)

2
(f_Kjf)(erl)(‘P(z))‘ |/ (2)]P(1 = [2*)*°"2g% (2, a)dA(2)

(f = K)o 1o ()P~ 2127262 (2. a)dA(2)

Ji < [lellges limsup sup  sup |(f = K; )" (p(2))F = 0.
J=o0. Ifllsa <1 lp(z)l<r

On the other hand, Since
If = K fllg < IfllBe + [ 0 ¥jllg> <2/ fllz> <2, (2.9)
by Lemma [2.4] we get

s < [ G (1= 23 ) dA).
aeD Jip(z)[>r (1 = [p(2)[?)20m e
Consequently,
1CoD™ |2 payps < limsup||CoD™ — Co D™ K|l ps
j—o00
< limsup J; 4 limsup Js
j—o0 j—o0
¥’ (2)I? 26-2 2
< s [ (1~ |2 "262(z, a)dA(2)
aeb Jjp(z)|>r (1 = |(2)[2)2(m+e)
for all r € (0,1). Thus ||C,, Dm||e go_ps < 1. The proof is completed. O

From the last Theorem, we get the following result.

Corollary 2.9. Let 0 < o, 8 < 00, ¢ be an analytic self map of D and m be a
nonnegative integer such that C,D™ : B — B? is bounded. Then the following
statements are equivalent:

(i) C,LD™ : B* — BP is compact;

(ii) C,D™ : B§ — BP is compact;
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(iii) ¢ € B? and

. o' (2)[? 1.12)\28-2 2 _
lim sup (1—129) 9°(z,a)dA(z) = 0. (2.10)
r—=14eD (

le(2)|>r
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