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THE PRODUCTS OF DIFFERENTIATION AND COMPOSITION

OPERATORS ON BLOCH TYPE SPACES

(COMMUNICATED BY TONGXING LI)

WEIFENG YANG

Abstract. Suppose that ϕ is an analytic self-map of the unit disk D and m

is a nonnegative integer. A integral characterization of the boundedness and

compactness of the operator CϕDm on Bloch type spaces are given, where

(CϕDmf)(z) = f (m)(ϕ(z)). Moreover, an estimate of the essential norm for
this operator on Bloch type spaces is also given.

1. Introduction

Let D be the unit disk of complex plane C, and H(D) the class of functions
analytic in D. For a ∈ D, let σa denote the conformal automorphism defined by
σa = a−z

1−az . Let g(z, a) be Green’s function for D with logarithmic singularity at a,

i.e., g(z, a) = log 1
|σa(z)| .

For α ∈ (0,∞), recall that an f ∈ H(D) is said to belong to the Bloch type
space, denoted by Bα, if

‖f‖α = sup
z∈D

(1− |z|2)α|f ′(z)| <∞.

With the norm ‖f‖Bα = |f(0)| + ‖f‖α, Bα is a Banach space. Let Bα0 denote the
space which consists of all f ∈ Bα satisfying lim|z|→1(1 − |z|2)α|f ′(z)| = 0. This
space is called the little Bloch type space. From [26], we see that f ∈ Bα if and
only if

sup
a∈D

∫
D
|f ′(z)|2(1− |z|2)2α−2g2(z, a)dA(z) <∞, (1.1)

where dA denote the normalized Lebesgue area measure on D. f ∈ Bα0 if and only
if

lim
|a|→1

∫
D
|f ′(z)|2(1− |z|2)2α−2g2(z, a)dA(z) = 0. (1.2)
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Moreover,

‖f‖2Bα � sup
a∈D

∫
D
|f ′(z)|2(1− |z|2)2α−2g2(z, a)dA(z).

Let ϕ be an analytic self-map of D. The composition operator Cϕ is defined
by Cϕ(f) = f ◦ ϕ, f ∈ H(D). Let D denote the differentiation operator, i.e.,
Df = f ′, f ∈ H(D). For a nonnegative integer m, the m-th differentiation operator
is define by

(Dmf)(z) = f (m)(z), f ∈ H(D).

The product of the operator Dm and the composition operators Cϕ, denoted by
CϕD

m, is defined as follows.

(CϕD
mf)(z) = f (m)(ϕ(z)), f ∈ H(D).

By Schwarz-Pick Lemma, we see that each composition operator is bounded on
the Bloch space. See [9, 10, 11, 12, 13, 14, 18, 19, 21, 27] for the study of the com-
pactness and essential norm of composition operator on the Bloch space. Product
composition operator ans some other operators attracted considerable interest re-
cently. The product of differentiation and composition operators has been studied,
for example, in [3, 4, 5, 6, 7, 8, 15, 16, 17, 20, 23, 24, 25, 28, 30] and the related
references therein.

In [20], Wu and Wulan characterized the boundedness and the compactness of
the operator CϕD

m acting on the Bloch space. They proved that CϕD
m : B → B

is compact if and only if limn→∞ ‖CϕDm(zn)‖B = 0, as well as

lim
|a|→1

∥∥∥CϕDm
( a− z

1− az

)∥∥∥
B

= 0.

Liang and Zhou in [8] proved that CϕD
m : Bα → Bβ is compact if and only if

CϕD
m : Bα → Bβ is bounded and limn→∞ nα−1‖CϕDm(zn)‖Bβ = 0. In [28], Zhou

and Zhu showed that CϕD
m : Bα → Bβ is compact if and only if CϕD

m : Bα → Bβ

is bounded and lim|a|→1−

∥∥∥CϕDm
(

1−|a|2
(1−az)α

)∥∥∥
Bβ

= 0.

In this paper, we study the boundedness, compactness and essential norm of the
operator CϕD

m between Bloch type spaces by using the integral characterizations
which stated in (1) and (2).

Throughout this paper, constants are denoted by C, they are positive and may
differ from one occurrence to the other. The notation A � B means that there is a
positive constant C such that B/C ≤ A ≤ CB.

2. Main results and proofs

In this section, we will state and prove the main results in this paper. For this
purpose we give some auxiliary results which we use in this paper. The following
lemma can be proved as Proposition 3.11 in [1].

Lemma 2.1. Let 0 < α, β < ∞, ϕ be an analytic self map of D and m be a
nonnegative integer. Then CϕD

m : Bα → Bβ is compact if and only if for every
bounded sequence {fn} in B converging to 0 uniformly on compact subsets of D as
n→∞, limn→∞ ‖CϕDmfn‖Bβ = 0.

Similar to the proof of Proposition in [19], we have the following result.
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Lemma 2.2. Let 0 < α, β < ∞, ϕ be an analytic self map of D and m be a
nonnegative integer. If CϕD

m : Bα(Bα0 )→ Bβ is compact, then for any ε > 0 there
exists a δ ∈ (0, 1), such that for all f in BBα(or BBα0 ), the unit ball of Bα ( or Bα0 ),
and δ < r < 1, holds

sup
a∈D

∫
|ϕ(z)|>r

|f (m+1)(ϕ(z))|2|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)dA(z) < ε.

By modifying the proof of Theorem 4.2 of [12], we can prove the following result.
We omit the details.

Lemma 2.3. Let 0 < α, β < ∞, ϕ be an analytic self map of D and m be a

nonnegative integer. Then CϕD
m : Bα → Bβ0 is compact if and only if CϕD

m :

Bα → Bβ0 is bounded and

lim
|a|→1

sup
‖f‖Bα<1

∫
D
|(CϕDmf)′(z)|2(1− |z|2)2β−2g2(z, a)dA(z) = 0.

The following lemma can be found, for example, in [29].

Lemma 2.4. For f ∈ H(D), 0 < α < ∞ and m be a nonnegative integer. Then
f ∈ Bα if and only if

sup
z∈D

(1− |z|2)α+m|f (m+1)(z)| <∞.

f ∈ Bα0 if and only if

lim
|z|→1

(1− |z|2)α+m|f (m+1)(z)| = 0.

Theorem 2.5. Let 0 < α, β < ∞, ϕ be an analytic self map of D and m be a
nonnegative integer. Then the following statements are equivalent:

(i) CϕD
m : Bα → Bβ is bounded;

(ii) CϕD
m : Bα0 → Bβ is bounded;

(iii)

sup
a∈D

∫
D

|ϕ′(z)|2

(1− |ϕ(z)|2)2(m+α)
(1− |z|2)2β−2g2(z, a)dA(z) <∞. (2.1)

Proof. (iii)⇒ (i). For any f ∈ Bα, by Lemma 2.4, we have

‖CϕDmf‖2Bβ � sup
a∈D

∫
D
|(CϕDmf)′(z)|2(1− |z|2)2β−2g2(z, a)dA(z)

= sup
a∈D

∫
D
|f (m+1)(ϕ(z))|2|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)dA(z)

≤ ‖f‖2Bα sup
a∈D

∫
D

|ϕ′(z)|2(1− |z|2)2β−2

(1− |ϕ(z)|2)2(m+α)
g2(z, a)dA(z) (2.2)

< ∞.
Hence CϕD

m : Bα → Bβ is bounded.
(i)⇒ (ii). This implication is obvious.
(ii) ⇒ (iii). Let f ∈ Bα. Set fr(z) = f(rz) for 0 < r < 1. It is easy to check

that fr ∈ Bα0 and ‖fr‖α ≤ ‖f‖α. Thus, by the assumption we have

‖CϕDmfr‖β ≤ ‖CϕDm‖‖fr‖α ≤ ‖CϕDm‖Bα→Bβ‖f‖α ≤ ‖CϕDm‖Bα→Bβ‖f‖Bα(2.3)
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for any f ∈ Bα. By [2] we know that there exists two functions f1, f2 ∈ Bα such
that

C

(1− |z|2)α
≤ |f ′1(z)|+ |f ′2(z)|, z ∈ D.

By Lemma 2.4, we see that there exist h, k ∈ Bα and

C

(1− |z|2)α+m
≤ |h(m+1)(z)|+ |k(m+1)(z)|, z ∈ D. (2.4)

Replacing f in (2.3) by h and k respectively, we get

‖CϕDmhr‖β ≤ ‖CϕDm‖Bα→Bβ‖h‖Bα , ‖CϕDmkr‖β ≤ ‖CϕDm‖Bα→Bβ‖k‖Bα .

Then

∫
D

|r|2m+2||ϕ′(z)|2

(1− |rϕ(z)|2)2(m+α)
(1− |z|2)2β−2g2(z, a)dA(z)

≤ 2

∫
D

(
|h(m+1)(rϕ(z))|2 + |k(m+1)(rϕ(z))|2

)
|r|2m+2|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)dA(z)

= 2

∫
D

(
|(h(m)

r ◦ ϕ)′(z)|2 + |(k(m)
r ◦ ϕ)′(z)|2

)
(1− |z|2)2β−2g2(z, a)dA(z)

≤ 2‖CϕDmhr‖2β + 2‖CϕDmkr‖2β
≤ 2‖CϕDm‖2Bα→Bβ (‖h‖2Bα + ‖k‖2Bα) <∞

for all a ∈ D and r ∈ (0, 1). This estimate and Fatou’s Lemma give (2.1). �

Theorem 2.6. Let 0 < α, β < ∞, ϕ be an analytic self map of D and m be a

nonnegative integer. Then CϕD
m : Bα0 → B

β
0 is bounded if and only if ϕ ∈ Bβ0 and

sup
a∈D

∫
D

|ϕ′(z)|2

(1− |ϕ(z)|2)2(m+α)
(1− |z|2)2β−2g2(z, a)dA(z) <∞. (2.5)

Proof. Assume that CϕD
m : Bα0 → B

β
0 is bounded. It is clear that CϕD

m : Bα0 →
Bβ is bounded. By Theorem 2.5, (2.5) holds. Let f(z) = zm+1. Using the bound-

edness of CϕD
m : Bα0 → B

β
0 we see that ϕ ∈ Bβ0 .

Conversely, assume that ϕ ∈ Bβ0 and (2.5) holds. By Theorem 2.5, we see that

CϕD
m : Bα0 → Bβ is bounded. To prove that CϕD

m : Bα0 → B
β
0 is bounded, it

suffices to prove that CϕD
mf ∈ Bβ0 for any f ∈ Bα0 . Let f ∈ Bα0 . For every ε > 0,

by Lemma 2.4, we can choose ρ ∈ (0, 1) such that |f (m+1(w)|(1− |w|2)α+m < ε for
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all w ∈ D \ ρD. Then,

lim
|a|→1

∫
D

|(CϕDmf)′(z)|2(1− |z|2)2β−2g2(z, a)dA(z)

= lim
|a|→1

( ∫
|ϕ(z)|>ρ

+

∫
|ϕ(z)|≤ρ

)
|f (m+1)(ϕ(z))|2|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)dA(z)

≤ ε lim
|a|→1

∫
|ϕ(z)|>ρ

|ϕ′(z)|2

(1− |ϕ(z)|2)2(m+α)
(1− |z|2)2β−2g2(z, a)dA(z)

+
‖f‖2Bα

(1− ρ2)2(m+α)
lim
|a|→1

∫
|ϕ(z)|≤ρ

|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)dA(z).

From the above inequality and by the assumption, we get the desired result. �

Theorem 2.7. Let 0 < α, β < ∞, ϕ be an analytic self map of D and m be a
nonnegative integer. Then the following statements are equivalent:

(i) CϕD
m : Bα → Bβ0 is bounded;

(ii) CϕD
m : Bα → Bβ0 is compact;

(iii)

lim
|a|→1

∫
D

|ϕ′(z)|2

(1− |ϕ(z)|2)2(m+α)
(1− |z|2)2β−2g2(z, a)dA(z) = 0. (2.6)

Proof. (ii)⇒ (i). It is obvious.

(i) ⇒ (iii). Assume that CϕD
m : Bα → Bβ0 is bounded. From the proof of

Theorem 2.5, we can choose functions g, h ∈ Bα such that

C

(1− |z|2)m+α
≤ |g(m+1)(z)|+ |h(m+1)(z)|, z ∈ D.

Then we get CϕD
mg1, CϕD

mg2 ∈ Bβ0 . Therefore,

C lim
|a|→1

∫
D

|ϕ′(z)|2

(1− |ϕ(z)|2)2(m+α)
(1− |z|2)2β−2g2(z, a)dA(z)

≤ 2 lim
|a|→1

∫
D
|g(m+1)(ϕ(z))|2|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)dA(z)

+2 lim
|a|→1

∫
D
|h(m+1)(ϕ(z))|2|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)dA(z)

= 2 lim
|a|→1

∫
D
|CϕDmg|2(1− |z|2)2β−2g2(z, a)dA(z)

+2 lim
|a|→1

∫
D
|CϕDmh|2(1− |z|2)2β−2g2(z, a)dA(z)

= 0,

as desired.
(iii) ⇒ (ii). Assume that (2.6) holds. By Theorem 2.5 we see that CϕD

m :

Bα → Bβ is bounded. We first prove that CϕD
m : Bα → Bβ0 is bounded. For this
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purpose, we only need to prove that CϕD
mf ∈ Bβ0 for any f ∈ Bα. Let f ∈ Bα.

We have

lim
|a|→1

∫
D
|(CϕDmf)′(z)|2(1− |z|2)2β−2g2(z, a)dA(z)

≤ C‖f‖2Bα lim
|a|→1

∫
D

|ϕ′(z)|2

(1− |ϕ(z)|2)2(m+α)
(1− |z|2)2β−2g2(z, a)dA(z), (2.7)

which with (2.6) imply that CϕD
m : Bα → Bβ0 is bounded. Moreover, we have

lim
|a|→1

sup
‖f‖Bα≤1

∫
D
|(CϕDmf)′(z)|2(1− |z|2)2β−2g2(z, a)dA(z) = 0. (2.8)

From Lemma 2.4, we see that CϕD
m : Bα → Bβ0 is compact. �

Theorem 2.8. Let 0 < α, β < ∞, ϕ be an analytic self map of D and m be a
nonnegative integer. Suppose that CϕD

m : Bα → Bβ is bounded. Then

‖CϕDm‖2e,Bα0→Bβ ≈ ‖CϕDm‖2e,Bα→Bβ ≈ T,

where

T := lim sup
r→1

sup
a∈D

∫
|ϕ(z)|>r

|ϕ′(z)|2

(1− |ϕ(z)|2)2(m+α)
(1− |z|2)2β−2g2(z, a)dA(z).

Proof. It is clear that

‖CϕDm‖2e,Bα0→Bβ ≤ ‖CϕD
m‖2e,Bα→Bβ .

Next we prove that

‖CϕDm‖2e,Bα0→Bβ & T.
Let {ri} ⊂ (1/2, 1) such that ri → 1 as i→∞. Define

fi,j,θ(z) =
1

ri

∞∑
k=1

2k(m+α)

(2k + 2n2)(2k + 2j − 1) · · · (2k + 2j −m)
(rie

iθ)2
k

z2
k+2j

for i, j ∈ N such that 2j −m ≥ 0 and θ ∈ [0, 2π). Since

lim
k→∞

2k(1−α)
∣∣∣ 2k(m+α)

(2k + 2j)(2k + 2j − 1) · · · (2k + 2j −m)
(rie

iθ)2
k
∣∣∣ = 0,

the function fi,j,θ ∈ Bα0 by Theorem 1 of [22]. Moreover,

sup
k∈N

2k(1−α)
∣∣∣ 2k(m+α)

(2k + 2j)(2k + 2j − 1) · · · (2k + 2j −m)
(rie

iθ)2
k
∣∣∣ ≤ 1.

Hence there exists a positive constant M such that ‖fi,j,θ‖Bα ≤ M for all i, j ∈ N
such that 2j −m ≥ 0 and θ ∈ [0, 2π). Moreover, fi,j,θ tends to zero uniformly on
compact subsets of D for every i and θ as j →∞, and therefore fi,j,θ tends to zero
weakly as j →∞. It follows that for any compact operator J : Bα0 → Bβ ,

‖CϕDm − J‖Bα0→Bβ & lim sup
j→∞

sup
i,θ
‖(CϕDm − J)(fi,j,θ)‖Bβ

≥ lim sup
j→∞

sup
i,θ
‖CϕDm(fi,j,θ)‖Bβ − lim sup

j→∞
sup
i,θ
‖J(fi,j,θ)‖Bβ

= lim sup
j→∞

sup
i,θ
‖CϕDm(fi,j,θ)‖Bβ .
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Therefore,

‖CϕDm‖2e,Bα0→Bβ = inf
J
‖CϕDm − J‖2Bα0→Bβ

& lim sup
j→∞

sup
i,θ

sup
a∈D

∫
D
|f (m+1)
i,j,θ (ϕ(z))|2|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)dA(z).

Given ε > 0, there exists a N ∈ N such that

‖CϕDm‖2e,Bα0→Bβ + ε &
∫
D
|f (m+1)
i,j,θ (ϕ(z))|2|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)dA(z)

for all a, θ and i when j ≥ N . Let a ∈ D be fixed. Integrating with respect to θ,
using Fubini’s theorem and Parseval’s formula, we obtain

2π(‖CϕDm‖2e,Bα0→Bβ + ε)

&
∫
D

∫ 2π

0

|f (m+1)
i,j,θ (ϕ(z))|2dθ|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)dA(z)

=

∫
D
|ϕ(z)|2(2

j−m)

∫ 2π

0

∣∣∣ ∞∑
k=1

2k(m+α)e2
kiθ(riϕ(z))2

k−1
∣∣∣2dθ

×|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)dA(z)

=

∫
D
|ϕ(z)|2

j+1−2m
( ∞∑
k=1

22k(m+α)|riϕ(z)|2(2
k−1)

)
|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)dA(z).

From the formula (3.8) in [9], we have that

∞∑
k=1

22k(m+α)|riϕ(z)|2(2
k−1) &

1

(1− |riϕ(z)|2)2(m+α)

for all z ∈ D with |ϕ(z)| > 1/2. Thus by Fatou’s Lemma, we get

2π(‖CϕDm‖2e,Bα0→Bβ + ε)

& lim inf
i→∞

∫
D
|ϕ(z)|2

j+1−2m |ϕ′(z)|2

(1− |riϕ(z)|2)2(m+α)
(1− |z|2)2β−2g2(z, a)dA(z)

&
∫
D
|ϕ(z)|2

j+1−2m |ϕ′(z)|2

(1− |ϕ(z)|2)2(m+α)
(1− |z|2)2β−2g2(z, a)dA(z)

&
∫
D
|ϕ(z)|2

j+1 |ϕ′(z)|2

(1− |ϕ(z)|2)2(m+α)
(1− |z|2)2β−2g2(z, a)dA(z).

Since a ∈ D was arbitrary, we obtain that

2π(‖CϕDm‖2e,Bα0→Bβ + ε)

&
1

e
lim sup
j→∞

sup
a∈D

∫
{|ϕ(z)|>1−2−(j+1)}

|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)

(1− |ϕ(z)|2)2(m+α)
dA(z)

=
1

e
lim sup
r→1

sup
a∈D

∫
|ϕ(z)|>r

|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)

(1− |ϕ(z)|2)2(m+α)
dA(z),

for all ε > 0. Therefore ‖CϕDm‖2e,Bα0→Bβ & T.
Finally, we prove that

‖CϕDm‖2e,Bα→Bβ . T.
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For j ∈ N, define (Kjf)(z) = (Kψjf)(z) = f( j
j+1z), where ψj(z) = jz

j+1 . Since the

operator Kj is compact on Bα for all j ∈ N and CϕD
n : Bα → Bβ is bounded, we

get

‖CϕDm‖2e,Bα→Bβ ≤ ‖CϕD
m − CϕDmKj‖2Bα→Bβ = ‖CϕDm(I −Kj)‖2Bα→Bβ

≈ sup
‖f‖Bα≤1

sup
a∈D

∫
D

∣∣∣(f −Kjf)(m+1)(ϕ(z))
∣∣∣2|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)dA(z)

≤ sup
‖f‖Bα≤1

sup
a∈D

∫
|ϕ(z)|≤r

∣∣∣(f −Kjf)(m+1)(ϕ(z))
∣∣∣2|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)dA(z)

+ sup
‖f‖Bα≤1

sup
a∈D

∫
|ϕ(z)|>r

∣∣∣(f −Kjf)(m+1)(ϕ(z))
∣∣∣2|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)dA(z)

= J1 + J2

for all r ∈ (0, 1) and j ∈ N, where I(f) = f and

J1 = sup
‖f‖Bα≤1

sup
a∈D

∫
|ϕ(z)|≤r

∣∣∣(f −Kjf)(m+1)(ϕ(z))
∣∣∣2|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)dA(z)

and

J2 = sup
‖f‖Bα≤1

sup
a∈D

∫
|ϕ(z)|>r

∣∣∣(f −Kjf)(m+1)(ϕ(z))
∣∣∣2|ϕ′(z)|2(1− |z|2)2β−2g2(z, a)dA(z).

Since CϕD
m : Bα → Bβ is bounded, we see that ϕ ∈ Bβ . Since f − f ◦ ψj and its

derivative tend to zero uniformly in a compact subset of D as j → ∞, it follows
that

J1 ≤ ‖ϕ‖Bβ lim sup
j→∞

sup
‖f‖Bα≤1

sup
|ϕ(z)|≤r

|(f −Kjf)(m+1)(ϕ(z))|2 = 0.

On the other hand, Since

‖f −Kjf‖Bα ≤ ‖f‖Bα + ‖f ◦ ψj‖Bα ≤ 2‖f‖Bα ≤ 2, (2.9)

by Lemma 2.4 we get

J2 ≤ sup
a∈D

∫
|ϕ(z)|>r

|ϕ′(z)|2

(1− |ϕ(z)|2)2(m+α)
(1− |z|2)2β−2g2(z, a)dA(z).

Consequently,

‖CϕDm‖2e,Bα→Bβ ≤ lim sup
j→∞

‖CϕDm − CϕDmKj‖2Bα→Bβ

≤ lim sup
j→∞

J1 + lim sup
j→∞

J2

. sup
a∈D

∫
|ϕ(z)|>r

|ϕ′(z)|2

(1− |ϕ(z)|2)2(m+α)
(1− |z|2)2β−2g2(z, a)dA(z)

for all r ∈ (0, 1). Thus ‖CϕDm‖2e,Bα→Bβ . T . The proof is completed. �

From the last Theorem, we get the following result.

Corollary 2.9. Let 0 < α, β < ∞, ϕ be an analytic self map of D and m be a
nonnegative integer such that CϕD

m : Bα → Bβ is bounded. Then the following
statements are equivalent:

(i) CϕD
m : Bα → Bβ is compact;

(ii) CϕD
m : Bα0 → Bβ is compact;
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(iii) ϕ ∈ Bβ and

lim
r→1

sup
a∈D

∫
|ϕ(z)|>r

|ϕ′(z)|2

(1− |ϕ(z)|2)2(m+α)
(1− |z|2)2β−2g2(z, a)dA(z) = 0. (2.10)

Acknowledgments. The authors would like to thank the anonymous referee for
his/her comments that helped us improve this article.

References

[1] C. Cowen and B. Maccluer, Composition operators on spaces of analytic functions, CRC

Press, Boca Raton, FL, 1995.

[2] P. Gauthier and J. Xiao, BiBloch-type maps: existence and beyond, Complex Variables 47
(2002), 667-678.

[3] R. Hibschweiler, N. Portnoy, Composition followed by differentiation between Bergman and

Hardy spaces, Rocky Mountain J. Math. 35 (2005), 843-855.
[4] H. Li and X. Fu, A new characterization of generalized weighted composition operators from

the Bloch space into the Zygmund space, J. Funct. Spaces Appl. Volume 2013, Article ID

925901, 12 pages.
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[7] S. Li and S. Stević, Products of composition and differentiation operators from Zygmund

spaces to Bloch spaces and Bers spaces, Appl. Math. Comput. 217 (2010), 3144-3154.
[8] Y. Liang and Z. Zhou, Essential norm of the product of differentiation and composition

operators between Bloch-type space, Arch der Math. 100 (2013), 347-360.
[9] Z. Lou, Composition operators on Bloch type spaces, Analysis, 23 (2003), 81-95.

[10] B. Maccluer and R. Zhao, Essential norm of weighted composition operators between Bloch-

type spaces, Rocky. Mountain. J. Math. 33 (2003), 1437-1458.
[11] K. Madigan and A. Matheson, Compact composition operators on the Bloch space, Trans.

Amer. Math. Soc. 347 (1995), 2679-2687.

[12] S. Makhmutov and M. Tjani, Compact composition operators on some Möbius invariant
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