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BEST PROXIMITY POINT SOLUTIONS FOR CERTAIN
CLASSES OF CYCLIC CONTRACTIONS IN ORDERED METRIC
SPACES

(COMMUNICATED BY NASEER SHAHZAD)

MOOSA GABELEH, OLIVIER OLELA OTAFUDU

ABSTRACT. In this work we survey some best proximity point theorems for
various classes of cyclic contractions by using a geometric notion of monotone
proximally property on a nonempty pair of subsets in a metric space equipped
with a partially ordered relation. We also extend and improve the main results
of Sadiq Basha [S. Sadiq Basha, Discrete optimization in partially ordered sets,
J. Global Optim. 54, 511-517, (2012)]. Examples are given to support our main
conclusions.

1. INTRODUCTION AND PRELIMINARIES

In [15] Kirk et al. established an interesting extension of Banach contraction
principle as follows:

Theorem 1.1. Let A and B be two nonempty closed subsets of a complete metric
space (X, d). Suppose that T : AUB — AUB is a cyclic mapping, that is T(A) C B
and T(B) C A, such that d(Tx,Ty) < ad(z,y) for some a € (0,1)and for all
x € A,y € B. Then T has a unique fized point in AN B.

It is interesting to find out about what happens when ANB = ) in Theorem|[1.1
The answer to this question is clear that 7" has no fixed point. Indeed the notion
of best proximity point for cyclic mappings was derived from this observation.

Definition 1.1. Let A, B be two nonempty subsets of a metric space (X,d) and
T : AUB — AUB be a cyclic mapping. A point p € AUB is called a best proximity
point of T if d(p, Tp) = dist(A, B), where dist(A4, B) := inf{d(z,y) : x € A,y € B}.

Indeed best proximity point theorems have been studied to find necessary con-
ditions such that the minimization problem mingeayup d(z, Tx) has at least one
solution.
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Let A and B be two nonempty subsets of a metric space (X, d). We set
d(z, A) =dist({z}, A), VzeX,
Pa(z)={zx e A:d(z,z) =d(z,A)}, VzelX,
Ap:={z € A:d(x,y) =dist(4, B) for some y € B},
By :={y € B:d(z,y) = dist(4,B) forsome xz € A}.

Note that if (A, B) is a nonempty, weakly compact and convex pair of subsets of
a Banach space X, then Ay and By are also nonempty, closed and convex subsets
of X.

Definition 1.2. Let A and B be nonempty subsets of a metric space (X,d). We
say that A is Chebyshev set w.r.t. B provided that P4(z) is singleton for any « € B.

For instance, if A and B are two nonempty, weakly compact and convex sets in
a strictly convex Banach space X, then A is Chebyshev set w.r.t. B and B is also
Chebyshev set w.r.t. A.

In [30] Suzuki et al. introduced a notion of property UC on metric spaces as
follows.
Definition 1.3.([30]) Let A and B be nonempty subsets of a metric space (X, d).
Then (A, B) is said to satisfy the property UC provided if {z,} and {z,} are se-
quences in A and {y,} is a sequence in B such that lim,, d(x,,y,) = dist(4, B) and
lim,, d(zp, yn) = dist(A, B), then lim,, d(x,, z,) = 0.

Example 1.3.([7]) Let A and B be nonempty subsets of a uniformly convex Banach
space X. Assume that A is convex. Then (A, B) satisfies the property UC.
Next lemma was proved in [30] which will be used in the sequel.

Lemma 1.2. Let A and B be two nonempty subsets of a metric space (X,d) such
that (A, B) satisfies the property UC. Let {x,,} and {y,} be sequences in A and B,
respectively, such that either of the following holds:
lim sup d(@m,yn) = dist(A, B) or lim sup d(x,,yn) = dist(A, B).
n—oo m>n

m—00 p>m

Then {x,} is a Cauchy sequence.

Very recently, a weaker notion of property UC was introduced in [8] as follows.
Definition 1.4. Let A and B be nonempty subsets of a metric space (X,d). The
pair (A, B) is said to satisfies the property WUC if for any sequence {z,,} in A such
that for every e > 0 there exists y € B satisfying that d(z,,y) < dist(4, B) + ¢ for
n > N, then it is the case that {x,} is convergent.

It was proved that if A and B are two nonempty subsets of a complete pointwise
uniformly convex geodesic metric space (X, d) with monotone modulus of convezity
such that A is convex, then (A, B) satisfies the property WUC (see Proposition
3.15 of [§]).

Definition 1.5. Let (X, <) be a partially ordered set. A self mapping T': X — X
is said to be monotone nondecreasing iff T'(z) < T(y) whenever z,y € X,z < y.
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Here, we state the main result of [I] which establishes the existence and con-
vergence of best proximity points for cyclic contraction type mappings in partially
ordered metric spaces.

Theorem 1.3. ([I]) Let (X, <) be a partially ordered set and d be a metric on X.
Let A, B be two nonempty subsets of X such that (A, B) satisfies the property UC,
and A is complete. Assume that X satisfies the condition

if a nondecreasing sequence x,, — x € X, then x, < x Vn. (1.1)

Let T : AUB — AU B be a cyclic mapping such that T and T? are nondecreasing
on A. Moreover,

d(T#,T?z) < ad(#, Tx) + (1 — a)dist(4, B),

and
d(Ty, T?y) < ad(j,Ty) + (1 — a)dist(A, B)

for some a €]0,1[ and for all (z,%) € A x A,(y,y) € B x B with x < &,y = 4.
If there exists o € A such that xg < T?x¢ and v,y 1 = Txp, then T has a best
proximity point p € A and x2, — p.

We refer to [2, [I8] for some generalizations of Theorem and [3] @] @, 10, 20l
20), 27] for more information to the same problem. Some of recent results related
to existence of fixed points for cyclic mappings can be found in [6], 111 12| 13} [14]
91, 22 23], 24].

This paper is organized as follows: in Section 2 we introduce a geometric notion
of monotone proximally property on a nonempty pair of subsets in partially ordered
metric which is an extension of the property WUC ([8]) and generalize and improve
the main results of [I]. In Section 3, we study the existence of best proximity
points for a class of cyclic mappings which are contractions in the sense of Meir-
Keeler ([I7]) in the metric spaces equipped a partially ordered relation and so
extend the results of [5]. Finally, in Section 4 we introduce a new class on non-
self mappings, called generalized ordered proximal contractions in ordered metric
spaces, and prove a best proximity point theorem for this class of non-self mappings.
Thereby, we improve and extend the main conclusions of [25]. Example are also
given to useability of our main results.

2. CYCLIC CONTRACTIONS

In this section we consider generalized cyclic contraction type mappings and
study existence and convergence of best proximity points for this class of mappings
which contains the class of mappings in Theorem 1.6 as a subclass. We begin with
the following auxiliary lemma.

Lemma 2.1. Let A, B be nonempty subsets of a metric space (X,d) and "<” be a
partially ordered relation on A. Let T : AUB — AU B be a cyclic mapping such
that T? is nondecreasing on A and

d(T#,T?z) < amax{d(#, Tx),d(£, Tt),d(T?z, Tx)} + (1 — a)dist(A, B),

for some a € (0,1) and for all x,& € A with x < &. If there exists xo € A with
xo =X T?x¢ and xpy1 = Ty, then d(zy, 2,41) — dist(4, B).
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Proof. Since T? is nondecreasing on A and z¢ = T2z,
xo 3 T?wg < -+ I T?ag < -+ .
Put r, = d(zp, Tni1). We have
Ton = d(Ton, Toni1) = d(T(22n), T (T2n_2))
< amax{d(zan, Tan-1), A(T2n, Tant+1), d(T2n, Tan—1)} + (1 — a)dist(A, B)
= amax{ro,—1,72,} + (1 — a)dist(A, B).

If there exists ng € N such that ropn,—1 < rop,, then we obtain

Tone, < amax{Tan,—1,72n,} + (1 — a)dist(4, B) = arap, + (1 — a)dist(A, B).
Thus ra,, = dist(A, B). Besides,

Pongt1 = A(@2ng 15 2ng42) = d(T(T200) T2 (@20, )
< amax{d(Tan,, Tang+1)s AT2ngs T2ng+1), A(T2ng+2s Tang+1) } + (1 — a)dist(A, B)
= aran,+1 + (1 — a)dist(A, B).
Therefore, ro,,+1 = dist(A, B). Analogously, we conclude that r,, = dist(A, B),
for all n > ngy. Similar argument implies that if there exists ng € N such that
Tong—2 < Tan,—1 then r, = dist(A, B), for all n > ng and hence r,, — dist(A, B).
Let ro, < ro,_1 and ro,_1 < r9,_9 for all n € N. Thus
ron < amax{ran_1, 7o} + (1 — a)dist(4, B)

= arg,_1 + (1 — a)dist(A4, B) = ad(T(x2,_2), T*(z2n_2)) + (1 — a)dist(A, B)

< alomax{d(x2n—2,Tan—1), d(Tan—2, Tan—1), d(T2n, Ton—1) }+(1—a)dist(A, B)]+(1—a)dist(A, B)
= a?ry,_o + (1 —a?)dist(4, B) < ... < a®rg + (1 — o®™)dist(A, B).

Now if n — oo, we obtain 79, — dist(A, B). Similarly, we see that ro,—1 —
dist(A, B). Hence, r,, = d(zp,Zpn11) — dist(A, B). O

We now establish the following existence theorem.

Theorem 2.2. Let A, B be nonempty closed subsets of a metric space (X,d) and
let =<7 be a partially ordered relation on A. Assume that T is a cyclic mapping on
AU B such that T? is nondecreasing on A and

d(T#,T?z) < amax{d(#, Tx),d(£, Tt),d(T?z, Tx)} + (1 — a)dist(A, B),
for some o € (0,1) and for all x,& € A with x < &. Suppose that there exists

ro € A with g < T?x¢ and define 11 = Tx,. If A satisfies the Condition (1)
and either A or B is boundedly compact, then T has a best proximity point.

Proof. We assume that A is boundedly compact. Then there exists a subsequence
{zan, } of {z2,} converging to some p € A. Thus

dist(A, B) < d(p, t2n,—1) < d(p, T2n,) + d(T2n,, T2ng—1)-

Now if k — oo, then by Lemmawe have d(p, T2,, 1) — dist(A, B). Since T? is
nondecreasing and the Condition (1) holds,

d(x2n;c ) Tp) = d(Tpa T2x2nk—2)

< amax{d(p, xan,—1),d(p, Tp), d(xan, , Ton,—1)} + (1 — a)dist(A, B).
Letting k — oo, we obtain d(p, T'p) = dist(A, B). O
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Remark. [t is worthwhile to note that if in the above theorem Pa(y) is singleton
for any y € By, then T?p = p, that is, p is a fized point of T?.

Proof. Since d(p, Tp) = dist(A4, B), we have P4(Tp) = {p}. Now from the contrac-
tive condition on 7' we obtain

d(Tp, T?p) < amax{d(p,Tp),d(p, Tp),d(T?p, Tp)} + (1 — a)dist(A, B)
= ad(T?p, Tp) + (1 — a)dist(A, B),
which implies that d(T'p, T?p) = dist(A, B). Thereby, T?p € Pa(Tp) and so T?p =
Pp.
[l

Motivated by Definition 1.4, we introduce the concept of monotone proximally
property in partially ordered metric spaces.

Definition 2.1. Let A and B be nonempty subsets of a partially metric space
(X,d). The pair (A, B) is said to have monotone proximally property if for any
increasing sequence {z,} in A such that for every € > 0 there exist y € B and
N € N satisfying that d(z,,,y) < dist(A4, B) 4+ ¢ for n > N, then it is the case that
{zn} is convergent.

Let us illustrate the above notion with the following examples.

Example 2.1. Consider X = R with the usual metric and with the natural
partially ordered relation <. Suppose A = [-1,0] U {2} and B = {1}. Then
dist(A, B) = 1 and Ag = {0,2}, By = {1}. Let € > 0 be given. We just have the
following two cases:

Case 1. Consider the nondecreasing sequence {x,} defined with x,, = f%. Then
for y = 1 we have lim,, o d(z,,y) = 1 and so, there exists N € N such that
d(xy,y) < dist(A, B) + ¢ for all n > N. We note that =, — 0.

Case 2. Let {z,} be a sequence in A for which xz,, = 2 for all n € N except perhaps
finite numbers. In this case we have z,, — 2 and that lim,, o, d(z,,y) = 1.
Therefore, (A, B) has the monotone proximally property. We now claim that (A, B)
does not satisfy the property WUC. To prove it, let us the sequence {z,} in A as

{_711 if n is odd,
Zn =

2 if n is even.

Then we have lim,,_, o d(2,,y) = dist(A, B) but the sequence {z,} is not conver-
gent.

The following lemma will be used in the sequel. We omit the proof since it
follows similar patterns to those given by the proof of Proposition 3.3 of [7].

Lemma 2.3. Let (X,=) be a partially ordered set and d be a metric on X. Let
T:AUB — AUB be a cyclic mapping such that T? is nondecreasing on A and

d(T#,T?z) < ad(#,Tx) + (1 — a)dist(4, B),

for some a € (0,1) and for all x,& € A with x < &. If there exists xo € A with
xo = T?xg and if 1 = Tx,, then the sequences {xa,_1} and {x2,} are bounded.

Next theorem improves and extends Theorem
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Theorem 2.4. Let (X,=) be a partially ordered set and d be a metric on X.
Suppose that (A, B) is a nonempty pair of subsets of X such that (A, B) has the
monotone prozimally property and A is complete. Assume that the condition (1)
holds on X and T : AUB — AU B is a cyclic mapping such that T and T? are
nondecreasing on A and

d(T#,T?z) < ad(+,Tz) + (1 — a)dist(4, B),

for some a € (0,1) and for all (x,4) € A x A and (xz,2) € B x B with x < &.
If there exists o € A such that xo = T?x¢ and 41 = Tx,, then T has a best
proximity point p € A and x2, — p.

Proof. Consider n € N. Then for all k£ € N by the fact that the sequences {za,—1}
and {x9,} are nondecreasing and bounded, we have

d(2nt2k, Tans1) = A(T?" 2o, T ag) = d(T(22n426-1), T (220-1))
< ad(ont2k-1,Z2n) + (1 — a)dist(4, B) (since To,—1 = Tont2k—1)
= ad(Txoniok—2, T*xon_2) + (1 — a)dist(A, B)
< a2d(;v2n+2k,2, ZTop—1) + (1 — aQ)dist(A7 B) (since xoy,—2 =X Taptok—2)
<< a®d(wop, 1) + (1 — o) dist(A, B) < a® M + (1 — o®™)dist(A4, B),
where M := sup{d(zak,z1) : k € N}. Thus for all € > 0 there exists ng € N such
that d(zang+2k, Tane+1) < € + dist(A4, B) which implies that
Tongtok € B(@any+1,€ +dist(4,B)), VkeN.
Since (A, B) has the monotone proximally property, we conclude that {zg,} is
convergent to a point such as p € A. It now follows from a similar argument of

Theorem [2.2] that p is a best proximity point of 7" and this completes the proof.
O

Example 2.2. Suppose X = R? and define the metric d on X by

d((z1,91), (22,92)) = max{|z) — za|, [y — val}, ¥ (21,91), (22,92) € R%.
We know that X is not strictly convex. Consider the partially ordered relation on
X with
(1,91) 2 (22,92) © 21 <22, Y1 < Yo
Let

A:{(O,l—%):neN}U{(O,n):neN}, B={(2,y):0<y<1}.

Then dist(A, B) = 2and Ag = {(0,1—55) : n € N}U{(0,n) : n € {1,2,3}}, By = B.

Also, it is easy to see that (A, B) has the monotone proximally property. Define
the mapping T': AUB — AU B with

1 1

T0,1——)=(2, —

01-5)=05

Now for any (x,%) € A x AUB x B with x < x and « € (0,1) we have

d(T%,T%*x) = 2 < ad(%,Tx) + (1 — a)dist(A, B).

), T(0,n)=1(2,0) and T(2,y) = (0,1).

Moreover, for any xg € {(0, 1—%) :n € N} we have xg < T?xg. It now follows from
Theorem @ that T has a best proximity point in A and if we define x,,41 = TX,,
then x5, converges to the best proximity point of T in A. It is worth noticing that
any point of the set {(0,1 — ﬁ) :n € N} is a best proximity point of T'.
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3. CycLic MEIR-KEELER CONTRACTIONS

The class of cyclic Meir-Keeler contractions were introduced by Di Bari et al.
in [5] in order to study of existence and convergence of best proximity points in
uniformly convex Banach spaces (see Theorem 2 of [3]).

Before we state the main result of them, we recall the following essentials.

Definition 3.1.(Lim [I6]) A function ¢ : [0,00) — [0, 00) is called an L-function if
©(0) = 0,p(s) > 0 for s € (0,00), and for every s > 0 there exists § > 0 such that
o(t) < s forall t € [s,s+ 4.

Lemma 3.1. ([16,28]) Let Y be a nonempty set and let f and g be functions from
Y into [0,00). Then the following equivalent.
(1) For each € > 0, there exists § > 0 such that

zeY, f(x)<e+d implies g(z)<e.

(i) There exists a (nondecreasing, continuous) L-function ¢ such that

zeY, f(x)>0 implies g(z)<(f(r))
and
xeY, f(x)=0 implies g(xz)=0.

Lemma 3.2. ([28]) Let ¢ be an L-function. Let {s,} be a nondecreasing sequence
of nonnegative real numbers. Suppose spr1 < @(sn) for all n € N with s, > 0.
Then lim,, s, = 0.

Next theorem is the main result of [5].

Theorem 3.3. (Theorem 4 of [5]) Let X be a uniformly convex Banach space and
let A and B be nonempty subsets of X. Suppose that A is closed and convex. Let
T:AUB — AUB be a cyclic mapping so that for every € > 0, there exists 6 > 0
such that

|z —y|| < dist(4,B)+d+¢e implies ||Tx— Ty| < dist(A, B) +¢,
and
|T2z — Ty|| < ||z —y|| whenever |z —y| > dist(A, B),
for any (z,y) € Ax B. Then T has a best prozimity point in A and for any o € A

if we define 11 = Tx,, then xa, converges to the best prozimity point of T

At the end of this section, we attempt to generalize Theorem [2.4] to metric spaces
equipped with the partially ordered relation. We begin with the following lemma.

Lemma 3.4. Let A, B be nonempty subsets of a metric space (X,d) and "<” be a
partially ordered relation on A. Let T : AUB — AU B be a cyclic mapping such
that T? is nondecreasing on A and for every € > 0, there exists § > 0 such that

d*(#,Tx) < §+¢ implies d*(T¢,T%z) <e,
and
d(T#,T?z) < d(,Tx) whenever d* (&, Tx) >0,
forallz, & € A with x < &, where d*(a,b) := d(a,b) —dist(A, B) for all (a,b) € Ax
B. If there exists xg € A with xo < T?xo and if xny1 = Ty, then d(zp, Tni1) —
dist(4, B).
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Proof. By Lemma [3.1] we have
d*(#,Tx) >0 implies d*(T#, T?z) < o(d*(¢,Tx))
and
d*(#,Tz) =0 implies d*(T#,T%z) =0,
for all x,# € A with < £. According to the fact that 72 is nondecreasing on A,
{z2n} is a nondecreasing sequence. Set s, = d*(2y, Tpy1). If there exists ng € N

such that s,, = 0, then we conclude that d(z,,Tz,) = dist(A4, B) for all n > ng
and we are finished. Now, suppose s,, > 0 for all n € N. Thus

o = d* (Tan, Tont1) = A" (T22n, T?T2n—2)  (Tan—2 =< T2y)
< p(d* (w2n, Txon—2)) = @(s2n-1) < S2-1
= d*(2an—1,T2n) = A" (Tx2n—2,T?T2n_2) < p(d*(T2n—2,T2n—1)) = P(s2n_2).
It now follows from Lemma @ that so, — 0 and so ss,_1 — 0. Therefore,
Sp — 0. ([

Theorem 3.5. Under the assumptions of Lemmal[3-4 if A, B are closed, A satisfies
the Condition (1) and either A or B is boundedly compact, then T has a best
proximity point.

Proof. Let {x2,,} be a subsequence of {z3,} converging to some p € A. Similar
argument of Theorem implies that d*(p, 2, —1) — 0. Hence

d* (xan7Tp) = d* (Tp7 T2(£2nk—2)) (xan—2 j p)
< p(d*(p; w20, —1)) < d"(p, Tang—1).
Letting k — oo, we obtain d*(z2,,,Tp) — 0. Then d(p, T'p) = dist(A, B). O
Next result is another extension of Theorem [L.3]

Theorem 3.6. Let (X, =) be a partially ordered set and d be a metric on X.
Suppose that (A, B) is a nonempty pair of subsets of X such that (A, B) satisfies
the property UC and A is complete. Assume that the condition (1) holds on A and
T:AUB — AUB is a cyclic mapping such that T and T? are nondecreasing on
A and for every € > 0, there exists § > 0 such that

d*(#,Tx) < §+¢ implies d*(T¢,T%z) <e,
and
d(T#,T%*z) < d(#,Tx) whenever d*(#,Tx) >0,
for all (x,4) € Ax A and (z,%) € B x B with x < &. If there exists x9 € A such

that xo = T?x¢ and x,41 = Tx,, then T has a best proxzimity point p € A and
Top — P.

Proof. By Lemma for the nondecreasing sequences {x2,} and {x2,_1} we have

d*(Ton, Tont1) = 0, d"(z2nt2,T2n41) — 0.

Since (A, B) satisfies the property UC, d(xom, Tam+2) — 0. Let € > 0 be given and
choose 0 € (0, 1) satisfying p(e+0) < 2¢. Let k € N be such that d*(zam, Tam+1) <
e, d*(xom+2, Tam+1) < € and d(xom, Tamt2) < 0, for all m > k. Fix m € N with
m > k. We now prove that

d*(xgm,$2n+1) < 3e (31)
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for all n > m. If n = m, then (2) holds. Assume that (2) holds for n > m. We
have

d*(om2, Tant3) < A (T(Tan42), T (w2m))  (T2m =< T2nt2)
< p(d*(T2nt2, Tams1)) < d*(T2n+2, Tamt1)
= d*(T(w2n+1), T*(22m—1)) < @(d* (T2m, T2ns1))  (T2m-1 = Tant1)
<pe+0) < 2e.
This implies that
d*(2m, Tan+3) < d(Tam, Tam+2) + A" (T2m+2, T2n13)
<0+ 2 < 3¢,

that is (2) holds. Therefore lim,,; oo SUP, > @ (T2m, T2nt1) = 0. It follows from
Lemma that {xy,} is a Cauchy sequence and by the completeness of the set A,
there exists p € A such that x2, — p. Since the condition (1) holds on A, we have
ZTon =2 p, for all n € N. Thus

d* (pv Tp) = nh~>nolo d* (1.2717 Tp) = nh~>nolo d* (Tpa T2 (x2n72)) (x2n72 j p)
< li * < li *
< lim o(d*(p, 22n-1)) < lim d*(p, x2n-1)
S nli{r;o(d(p’ an) + d* (-T2n7$2n71)) =0.
Hence d(p, Tp) = dist(A, B) which completes the proof. |

We finish this section by raising the next problem.

Question 3.1. It is interesting to find out if Theorem still holds whenever the
pair (4, B) has the monotone proximally property.

4. GENERALIZED ORDERED PROXIMAL CONTRACTIONS

In the last section of the current work, we are going to extend the main results

of [25]. We start by recalling the following notions.
Definition 4.1.([25]) Let (X, <) be a partially ordered set and d be a metric on X
and assume that A, B are nonempty subsets of X. A mapping T : A — B is said
to be a proximally increasing if it satisfies the condition that

x 2y,

d(u, Tx) = dist(A, B), =u=v,

d(v,Ty) = dist(A4, B),

for all x,y,u,v € A.

Definition 4.2.(]25]) A non-self mapping T : A — B is said to be an ordered
proximal contraction if for all u,v,z,y € A with

x =2y, d(u,Tx)=dist(A,B) and d(v,Ty)=dist(A, B),
we have
d(u,v) <rd(z,y). (4.1)

Here, we introduce the concept of generalized ordered prozimal contractions as
below.
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Definition 4.3. Consider a strictly decreasing function 7 from [0,1) onto (1, 1] by
n(r) = 1—}& The non-self mapping 7' : A — B is said to be a generalized ordered
proximal contraction if for all u,v,z,y € A with

x =2y, d(u,Tx)=dist(A,B) and d(v,Ty)=dist(A, B),
we have

n(r)d*(z,Tz) < d(z,y) implies d(u,v) < rd(z,y). (4.2)

Remark. It is clear that the class of generalized ordered proximal contractions
contains the class of ordered proximal contraction as a subclass.

Example 4.1. Consider X = R? with the partially ordered relation and the
metric as in Example 2.2. Assume that A := {(0,0),(4,5),(5,5)} and B :=
{(0,0),(4,5),(4,0)}. Let T : A — B be a mapping defined as

T(x) = (4,5) lf x = (5,5),
(0,0) if x#(5,5).
Note that dist(A, B) = 0. Then T is generalized ordered proximal contraction for
each % <r < 1. To this end, we consider two following cases.
Case 1. Let (u,x) = ((0,0),(0,0)) and (v,y) = ((4,5),(5,5)). Then we have
x <Xy and d(u,Tx) = d(v,Ty) = dist(4, B). Also,
du,v) =1<rx5=rdx,y).

Case 2. Let (u,x) = ((0,0),(4,5)) and (v,y) = ((4,5),(5,5)). Then we have
x Xy and d(u,Tx) = d(v,Ty) = dist(A4, B). Also,

n(r)d*(x,Tx) = 1 o >1=d(x,y).

+r

Hence, T is a generalized ordered proximal contraction mapping. It is interesting
to note that T is not ordered proximal contraction. Indeed, in Case 2 we have

dlu,v) =5>r x1=rdx,y).
We now establish the following existences theorem.

Theorem 4.1. (Compare with Theorem 3.1 of [25]) Let (X, <) be a partially or-
dered set and d be a metric on X. Assume that A, B are nonempty subsets of X
such that A is nonempty, closed and the condition (1) holds on A. LetT : A — B
be a non-self mapping satisfies the following conditions.

(1) T is a proximally increasing and generalized ordered proximal contraction and
T'(Ao) € Bo.

(73) There exist elements xo,x1 € Ao such that

d(zy,Txo) = dist(A,B) and xo < 1.
Then T has a best proximity point.

Proof. By condition (ii) there exist zq, z1 € Ag such that xg < 1 and d(z1, Txo) =
dist(A, B). Since T'xy € By, there exists z2 € Ag such that d(x2, Tx1) = dist(A, B).
By the fact that T is proximally increasing we conclude that z; < x5. Continuing
this process, we can find a sequence {z,,} in Ay such that

d(xp41,Txy,) = dist(A, B), x, = x,41, for all n e NU{0}. (4.3)
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For all n € NU {0} we have
d(xn, Tzy) < d(Tn, Tpy1) + d(@pnr1, Teyn) = d(zn, Tne1) + dist(A, B).

Note that n(r) < 1, thus

d(xpt1,Tx,) = dist(A, B),

& d* n,T n Sd nydn .
d(Xnt2, Txnq1) = dist(A, B), n(r)d* (@n, Tas) (Tns Tnt1)

T j xn+1a {

By the fact that T is generalized ordered proximal contraction,
d(@pi1, Tnta) < rd(Tn, Tni1), Vo € NU{0}.
By induction we conclude that
d(Tpn, Tpt1) < rd(zo, 1),
which implies that
Yo d(@n, Tny1) < X0 1" d(20, 1) < 00.

Thus, {z,} is a Cauchy and increasing sequence Ay. Since Ay is closed and X is
complete, we deduce that {z,} is a convergent sequence. Let p € Ay be such that
x, — p. Since the condition (1) holds on A, z,, < p for each n € NU{0}. We prove
that

d*(p,Tz) <rd(p,z), VYre Ay with =z, <z ZpVneNU{0}. (4.4)
Let x € Ag be such that z, < z for all n € NU {0} and =  p. By the fact that
T(Ap) C By, there exists y € Ap such that d(y, Tz) = dist(A4, B). Since z,, — p,
there exists N1 € N such that

1
Now, for each n > N; we have
n(r)d* (xn, Tey,) < d*(xn, Ty)
S d(mnap) + d(]% anrl) + d* (-Tn+17 Txn)

2
= d(wn,p) +d(p,Tpy1) < gd(x,p)

1
< d(xn, ).
Thereby, for each n > Ny

{d(xn+1,Txn) = dist(4, B),
T, 2 x,

& d*(zn, Tzy) < d(zy, ).
d(y, Tz) = dist(4, B), n(r)d* (2, Ty) < d(z,, )

Again, since T is generalized ordered proximal contraction,

d(In—Hv y) S Td(xn; 'T)

Thus,
d(p,Tz) = nhﬁngo d(xpy1,Tx) < nlingo[d(zn+1,y) +d(y, Tz)]
< li_>m [rd(z,, ) + d(y, Tx)] = rd(p, ) + dist(A4, B)
Hence,

d*(p,Tz) <rd(p,z), Ve Ay, with =z, 2z p,VneNU{0},
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which implies that, (6) holds. We now have
d*(2n, Txy) < d(wp,p) +d*(p, Tay,)

< d(zn,p) +rd(p,r,) = (14 7)d(p, zy).
So,

n(r)d* (xn, Tzy) < d(p, xn)- (4.5)

On the other hand, since p € Ay and T'(4g) C By, there exists ¢ € Ay such that
d(q,Tp) = dist(A, B). Therefore,

o < p d(xps1,Txy,) = dist(A, B),
"7 | dla, Tp) = dist(A, B),

which deduces that

& n(r)d (xn, Tey) < d(zn, p),

d(xnt1,9q) < rd(xn,p).
Since z,, — p, by the above relation we must have z,, — ¢. This implies that p = ¢
and so,
d(p, Tp) = dist(A, B),
that is, p is a best proximity point of T" and the proof completes.
|

The following result is an extension of Suzuki’s fized point theorem ([29]) in
partially ordered metric spaces.

Corollary 4.2. Let (X, X) be a partially ordered set and d be a metric on X such
that (X,d) is complete and the condition (1) holds on X. Let T : X — X be a
nondecreasing mapping for which

n(r)d(z, Tx) < d(z,y) implies d(Tx,Ty) <rd(z,y),

for every x,y € X with x <y. If there exists xg € X with xg = Txg, then T has a
fixed point.

Finally, we obtain the following fixed point theorem due to Nieto and Rodriguez-
Lopez ([19]).

Corollary 4.3. Let (X, =) be a partially ordered set and d be a metric on X such
that (X,d) is complete and the condition (1) holds on X. Let T : X — X be a
nondecreasing mapping for which

d(Tz, Ty) < rd(z,y),

for every x,y € X with x <y and for some r € (0,1). If there exists xg € X with
xo9 = Txq, then T has a fized point.
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