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SOME RESULTS ON A GENERALIZED HYPERGEOMETRIC

k-FUNCTIONS

(COMMUNICATED BY JOZSEF SANDOR)

GAUHAR RAHMAN, MUHAMMAD ARSHAD, SHAHID MUBEEN

Abstract. In this paper, we define further generalized hypergeometric k-
functions, using a special case of Wright hypergeometric function. Some of the

differential properties, integral representation, contiguous relations and differ-

ential formulas of the generalized hypergeometric k-functions 2R1,k(a, b; c; τ ; z)
(where k > 0) are established.

1. Introduction

The hypergeometric function 2F1(a, b; c; z) plays an important role in mathe-
matical analysis and its applications. Most of the special functions encountered
in physics, engineering and probability theory are special cases of hypergeometric
functions see ([8],[9],[12],[13], [16],[17], [27]). Wright [29] has extended the general-
ization of the hypergeometric function in the following form

pΨq(z) =

∞∑
n=0

Γ(α1 + βn) · · ·Γ(αp + βpn)

Γ(ρ1 + µ1n) · · ·Γ(ρq + µqn)
, (1.1)

where βr and µs are real positive numbers such that

1 +

q∑
s=1

µs −
p∑
r=1

βr > 0.

When βr and µs are equal to 1, equation (1.1) is differ from generalized hyper-
geometric function pFq(z) by a constant multiplier only. This generalized form of
hypergeometric function has been established by Malovichko [14]. But Dotsenko
[4] considered one of the interesting cases which has the following form

2R
ω,µ
1 (z) =2 R1(a, b; c;ω;µ; z) =

Γ(c)

Γ(a)Γ(c− b)

∞∑
n=0

Γ(a+ n)Γ(b+ ω
µn)

Γ(c+ ω
µn)

zn

n!
(1.2)
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and its integral representation is expressed in the form

2R
ω,µ
1 (z) =

µΓ(c)

Γ(b)Γ(c− b)

1∫
0

tµb−1(1− tµ)c−b−1(1− ztω)−adt (1.3)

where Re(c) > Re(b) > 0. In 2001, Virchenko et al. [28] have investigated by direct
observation, the function 2R

ω,µ
1 (z) is not symmetric with respect to the parameters

a and b. In the same paper, they defined the said Wright type hypergeometric
function 2R

τ
1(z) in the following form

2R
τ
1(z) =2 R1(a, b; c; τ ; z) =

Γ(c)

Γ(c− b)

∞∑
n=0

(a)nΓ(b+ τn)

Γ(c+ τn)

zn

n!
; τ > 0, |z| < 1

(1.4)

and its integral representation is defined as

2R
τ
1(z) =2 R1(a, b; c; τ ; z) =

Γ(c)

Γ(b)Γ(c− b)

1∫
0

tb−1(1− t)c−b−1(1− ztτ )−adt(1.5)

or

2R
τ
1(z) =2 R1(a, b; c; τ ; z) =

Γ(c)

τΓ(b)Γ(c− b)

1∫
0

t
b
τ−1(1 − t 1

τ )c−b−1(1 − zt)−adt.

(1.6)

The same authors have also defined the following contiguous function relations for

2R
τ
1(z)

(b− aτ)R = bR(b+ 1)− aτR(a+ 1) (1.7)

(c− aτ − 1)R = (c− 1)R(c− 1)− aτR(a+ 1) (1.8)

(c− b− 1)R = (c− 1)R(c− 1)− bR(b+ 1) (1.9)

cR = (c− b)R(c+ 1)− bR(b+ 1) (1.10)

where for simplicity R =2 R
τ
1(z) = R(a, b; c; τ ; z) and R(a+1) = R(a+1, b; c; τ ; z)

etc., have been used. For more details about the theory of Wright type hypergeo-
metric series and for its properties, see ([25]-[27],[30]).

In 2007, Diaz and Pariguan [6] have introduced and proved some identities of
gamma k-function, beta k-function and Pochhammer k-symbol. They have deduced
an integral representation of gamma k-function and beta k-function respectively
given by

Γk(z) = k
z
k−1Γ(

z

k
) =

∞∫
0

tz−1e−
zk

k dt, Re(z) > 0, k > 0 (1.11)

Bk(x, y) =
1

k

1∫
0

t
x
k−1(1− t)

y
k−1dt, Re(x) > 0, Re(y) > 0. (1.12)
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They have also provided the following some useful and applicable relations

Bk(x, y) =
Γk(x)Γk(y)

Γk(x+ y)
(1.13)

(z)n,k =
Γk(z + nk)

Γk(z)
(1.14)

where (z)n,k = (z)(z + k)(z + 2k) · · · (z + (n− 1)k); (z)0,k = 1 and k > 0
and

∞∑
n=0

(α)n,k
zn

n!
= (1− kz)

−α
k . (1.15)

The Researchers ([1]-[3], [5],[7],[11],[15] have proved a number of properties and
Kokologiannaki [10] has also taken up zeta k-function as

ζ(z, s) =

∞∑
n=0

1

(z + nk)s
, k, z > 0, s > 1 (1.16)

mmj(
z

m
)j,k(

z + k

m
)j,k · · · (

z + (m− 1)k

m
)j,k = (z)mj,k (1.17)

(z)mj,k =
Γk(z +mjk)

Γk(z)

∞∑
j=0

zj

j!
= ez. (1.18)

(1.19)

For more details about the theory of special k-functions like gamma k-
function, beta k-function, hypergeometric k-function, solutions of hypergeometric
k-differential equations, contiguous k-function relations, inequalities with applica-
tions and integral representations involving gamma and beta k-functions, contigu-
ous function relations and integral representation for Appell k-series and so forth
(See [18]-[23]). In 2012, Mubeen and Habibullah [24] have defined an integral rep-
resentation of some hypergeometric k-functions as

Fk[(a, k), (b, k); (c, k); z] =
Γk(c)

kΓk(b)Γk(c− b)

1∫
0

t
b
k−1(1− t)

c−b
k −1(1− ktz)

−a
k dt.

2. Wright type hypergeometric k-functions

In this section, we define the said hypergeometric k-functions and their integral
representation in terms of a new parameter k where k > 0.
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2.1. Extended hypergeometric k-series. The extended hypergeometric k-series
is defined in the following form as

pΨq,k(z) =

∞∑
n=0

Γk(α1 + β1nk) · · ·Γk(α + βpnk)

Γk(ρ1 + µ1nk) · · ·Γk(ρ1 + µqnk)

zn

n!
(2.1)

where βr, µs and k are real positive numbers such that

1 +

q∑
s=1

µs −
p∑
r=1

βr > 0.

Equation (2.1) differs from the generalized hypergeometric k-function pFq,k(z) only
by a constant multiplier.

2.2. Wright type hypergeometric k-function. The Wright type hypergeomet-
ric k-function is defined in the following form

2R
ω,µ
1,k (z) =2 R1,k(a, b; c;ω;µ; z) =

Γk(c)

Γk(a)Γk(b)

∞∑
n=0

Γk(a+ nk)Γk(b+ ω
µnk)

Γk(c+ ω
µnk)

zn

n!
, k > 0.(2.2)

Theorem 2.1. If Re(c) > Re(b) > 0, then the function 2R
ω,µ
1,k (z) can be expressed

in the following form

2R
ω,µ
1,k (z) =

µΓk(c)

kΓk(b)Γk(c− b)

1∫
0

tµ
b
k−1(1− tµ)

c−b
k −1(1− ztω)

−a
k dt, k > 0. (2.3)

Proof. Let us consider

2R
ω,µ
1,k (z) =

Γk(c)

Γk(a)Γk(b)

∞∑
n=0

Γk(a+ nk)Γk(b+ ω
µnk)

Γk(c+ ω
µnk)

zn

n!

=
Γk(c)

Γk(a)Γk(b)Γk(c− b)

∞∑
n=0

Γk(a+ nk)Γk(b+ ω
µnk)Γk(c− b)

Γk(c+ ω
µnk)

zn

n!

=
Γk(c)

Γk(a)Γk(b)Γk(c− b)

∞∑
n=0

Γk(a+ nk)Bk(b+
ω

µ
nk, c− b)z

n

n!

=
Γk(c)

Γk(a)Γk(b)Γk(c− b)

1∑
n=0

Γk(a+ nk)[
1

k

1∫
0

t
b
k+

ω
µn−1(1− t)

c−b
k −1dt]

zn

n!

=
Γk(c)

kΓk(a)Γk(b)Γk(c− b)
[

1∑
n=0

Γk(a+ nk)
znt

ω
µn

n!
]

1∫
0

t
b
k−1(1− t)

c−b
k −1dt.(2.4)

Now since

(1− kzt)− ak =
1

Γk(a)

∞∑
n=0

Γk(a+ nk)
zn

n!
(2.5)

and taking into account

(1− kzt
ω
µ )−

a
k =

1

Γk(a)

∞∑
n=0

Γk(a+ nk)
znt

ω
µn

n!
. (2.6)
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Hence by substituting (2.6) in (2.4), we obtain

2R
ω,µ
1,k (z) =

Γk(c)

kΓk(b)Γk(c− b)

1∫
0

t
b
k−1(1− t)

c−b
k −1(1− kzt

ω
µ )−

a
k dt. (2.7)

Thus after a simplification, we get the required result as:

2R
ω,µ
1,k (z) =

µΓk(c)

kΓk(b)Γk(c− b)

1∫
0

tµ
b
k−1(1− tµ)

c−b
k −1(1− kztω)−

a
k dt.

�

3. The function 2R
τ
1,k(z)

The function 2R
ω,µ
1,k (z) is not symmetric with respect to the parameters a and b.

So by substituting ω
µ = τ > 0 in (2.2), then we have the following form

2R
τ
1,k(z) =2 R1,k(a, b; c; τ ; z) =

Γk(c)

Γk(a)Γk(b)

∞∑
n=0

Γk(a+ nk)Γk(b+ τnk)

Γk(c+ τnk)

zn

n!
, k > 0, τ > 0.(3.1)

Its integral representation is expressed in the following form:

2R
τ
1,k(z) =

Γk(c)

kΓk(b)Γk(c− b)

1∫
0

t
b
k−1(1− t)

c−b
k −1(1− kztτ )−

a
k dt (3.2)

and by change of variable, we obtain

2R
τ
1,k(z) =

Γk(c)

τkΓk(b)Γk(c− b)

1∫
0

t
b
τk−1(1− t 1

τ )
c−b
k −1(1− kzt)− ak dt. (3.3)

3.1. Definition.
We define the contiguous function to 2R

τ
1,k(z) as a function which is obtained by

increasing or decreasing one of the parameters by ±k where k > 0. For simplicity,
we use the following notations

2R1,k(a, b; c; τ ; z) = Rk, 2R1,k(a+ k, b; c; τ ; z) = Rk(a+ k), 2R1,k(a, b+ k; c; τ ; z) = Rk(b+ k).

Lemma 3.1. For 2R
τ
1,k(z) and its contiguous functions, the following relations

satisfy

(b− aτ)Rk = bRk(b+ k)− aτRk(a+ k) (3.4)

(c− aτ − k)Rk = (c− k)Rk(c− k)− aτRk(a+ k) (3.5)

(c− b− k)Rk = cRk(c− k)− bRk(a+ k) (3.6)

cRk = (c− b)Rk(c+ k)− bRk(b+ k; c+ k) (3.7)

Γk(b)Γk(c+τk)Rk = Γk(b)Γk(c+τk)Rk(a+k)−kzΓk(c)Γk(c+τk)Rk(a+k; b+k; c+k).
(3.8)
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Proof. To prove the first relation (3.4), we have

bRk(b+ k) =
bΓk(c)

Γk(a)Γk(b+ k)

∞∑
n=0

Γk(a+ nk)Γk(b+ k + τnk)

Γk(c+ τnk)

zn

n!

=
Γk(c)

Γk(a)Γk(b)

∞∑
n=0

Γk(a+ nk)Γk(b+ τnk)

Γk(b+ τnk)

zn

n!
(b+ τnk) (3.9)

and

aτRk(a+ k) =
aΓk(c)

Γk(a)Γk(a+ k)

∞∑
n=0

Γk(a+ k + nk)Γk(b+ τnk)

Γk(b+ τnk)

zn

n!

=
Γk(c)

Γk(a)Γk(a)

∞∑
n=0

Γk(a+ nk)Γk(b+ τnk)

Γk(a+ nk)

τzn

n!
(a+ nk). (3.10)

Subtracting (3.10) from (3.9), we get the required relation (3.4). Now to prove
relation (3.5), we have

(c− k)Rk(c− k) =
(c− k)Γk(c− k)

Γk(a)Γk(b)

∞∑
n=0

Γk(a+ nk)Γk(b+ k + τnk)

Γk(c− k + τnk)

zn

n!

=
Γk(c)

Γk(a)Γk(b)

∞∑
n=0

Γk(a+ nk)Γk(b+ k + τnk)

Γk(c+ τnk)

zn

n!
(c+ τnk) (3.11)

and

aτRk(a+ k) =
Γk(c)

Γk(a)Γk(a)

∞∑
n=0

Γk(a+ nk)Γk(b+ τnk)

Γk(a+ nk)

τzn

n!
(a+ nk).(3.12)

Thus subtracting (3.12) from (3.11), we get the desired relation. In the same
manner, we can prove (3.6)-(3.8). �

Lemma 3.2. If τ ∈ N (τ = n), then the following relation holds

2R1,k(a, b; c;n; z)

= An+1Fn,k[(a, k), (
b

n
, k), · · · , (b+ (n− 1)k

n
, k); (

c

n
, k), (

c+ k

n
, k), · · · , (c+ (n− 1)k

n
, k); z],

(3.13)

where

A = n−
δ
k

Γk(c)Γk( bn )Γk( b+kn ) · · ·Γk( b+(n−1)k
n ))

Γk(b)Γk( cn )Γk( c+kn ) · · ·Γk( b+(n−1)k
n )

, δ = c− b.

Proof. Let us consider

n+1Fn,k[(a, k), (
b

n
, k), · · · , (b+ (n− 1)k

n
, k); (

c

n
, k), (

c+ k

n
, k), · · · , (c+ (n− 1)k

n
, k); z]

=
Γk( cn ) · · ·Γk( c+(n−1)k

n )

Γk(a)Γk( bn ) · · ·Γk( b+(n−1)k
n )

∞∑
n=0

Γk(a+ nk)Γk( bn + nk)Γk( b+kn + nk) · · ·Γk( b+(n−1)k
n + nk))

Γk( cn + nk)Γk( c+kn + nk) · · ·Γk( c+(n−1)k
n + nk)

zn

n!

=
n
c
kΓk( cn ) · · ·Γk( c+(n−1)k

n )

n
b
kΓk(a)Γk( bn ) · · ·Γk( b+(n−1)k

n )

∞∑
n=0

Γk(a+ nk)Γk(b+ n2k)

Γk(c+ n2k)

zn

n!
. (3.14)
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By substituting (3.14) in right hand side of (3.13), we get

Γk(c)

Γk(a)Γk(b)

∞∑
n=0

Γk(a+ nk)Γk(b+ n2k)

Γk(c+ n2k)

zn

n!
=2 R1,k(a, b; c;n; z).

�

4. Differentiation formulas

In this section, we derive some basic differentiation formulas by the help of
following lemmas.

Lemma 4.1. If k > 0, then

d

dz
[2R1,k(a, b; c; τ ; z)] = a

Γk(c)Γk(b+ τk)

Γk(b)Γk(c+ τk)
2R1,k(a+ k, b+ τk; c+ τk; τ ; z).(4.1)

Proof. Consider

d

dz
[2R1,k(a, b; c; τ ; z)] =

Γk(c)

Γk(b)Γk(a)

d

dz

∞∑
n=0

Γk(a+ nk)Γk(b+ τnk)

Γk(c+ τnk)

zn

n!
.

Thus, we can write

d

dz
[2R1,k(a, b; c; τ ; z)] =

Γk(c)

Γk(b)Γk(a)

∞∑
n=1

Γk(a+ nk)Γk(b+ τnk)

Γk(c+ τnk)

zn−1

(n− 1)!
. (4.2)

Now replace n− 1 by n in (4.2), we obtain

d

dz
[2R1,k(a, b; c; τ ; z)] =

Γk(c)

Γk(b)Γk(a)

∞∑
n=1

Γk(a+ k + nk)Γk(b+ τk + τnk)

Γk(c+ τk + τnk)

zn

n!

= a
Γk(c)Γk(c+ τk)Γk(b+ τk)

Γk(b)Γk(b+ τk)Γk(a+ k)Γk(c+ τk)

×
∞∑
n=1

Γk(a+ k + nk)Γk(b+ τk + τnk)

Γk(c+ τk + τnk)

zn

n!

= a
Γk(c)Γk(b+ τk)

Γk(b)Γk(c+ τk)
2R1,k(a+ k, b+ τk; c+ τk; τ ; z).

�

Lemma 4.2. If k > 0, then

d

dz
[z
a
k 2R1,k(a, b; c; τ ; z) =

1

k
[az

a
k−1 2R1,k(a+ k, b; c; τ ; z)]. (4.3)

Proof. Let us consider

d

dz
[z
a
k 2R1,k(a, b; c; τ ; z)] =

Γk(c)

Γk(a)Γk(b)

d

dz

∞∑
n=0

Γk(a+ nk)Γk(b+ τnk)

Γk(c+ τnk)

zn+
a
k

n!

=
Γk(c)

Γk(a)Γk(b)

∞∑
n=0

Γk(a+ nk)Γk(b+ τnk)

Γk(c+ τnk)

zn+
a
k−1

n!
(
a

k
+ n)

=
1

k
[az

a
k−1 2R1,k(a+ k, b; c; τ ; z)].

�
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Similarly the following differentiation formulas holds for k > 0

dn

dzn
[2R1,k(a, b; c; τ ; z)] =

Γk(a+ nk)Γk(b+ τnk)Γk(c)

Γk(a)Γk(b)Γk(c+ τnk)
2R1,k(a+ nk, b+ τnk; c+ τnk; τ ; z)(4.4)

dn

dzn
[z
a
k+n−1 2R1,k(a, b; c; τ ; z)] =

Γk(a+ nk)

kΓk(a)
z
a
k−1 2R1,k(a+ nk, b; c; τ ; z) (4.5)

a2R1,k(a+ k, b; c; τ ; z) = (kz
d

dz
+ a) 2R1,k(a, b; c; τ ; z). (4.6)

To prove the result (4.6), we have

a[2R1,k(a+ k, b; c; τ ; z)−2 R1,k(a, b; c; τ ; z)]

=
Γk(c)

Γk(b)

∞∑
n=0

[
aΓk(a+ k + nk)Γk(b+ τnk)

Γk(a+ k)Γk(c+ τnk)

− aΓk(a+ nk)Γk(b+ τnk)

Γk(a)Γk(c+ τnk)
]
zn

n!

=
Γk(c)

Γk(a)Γk(b)

∞∑
n=0

Γk(a+ nk)Γk(b+ τnk)

Γk(a)Γk(c+ τnk)
[a+ nk − a]

zn

n!

=
Γk(c)

Γk(a)Γk(b)

∞∑
n=1

Γk(b+ τnk)

Γk(a)Γk(c+ τnk)
k

zn

(n− 1)!

= kz
d

dz
2R1,k(a, b; c; τ ; z).

This implies that

a2R1,k(a+ k, b; c; τ ; z) = (kz
d

dz
+ a)2R1,k(a, b; c; τ ; z).

5. Integral formulas of 2R
τ
1,k(z)

In this section, we derive some integral formulas in term of k, where k > 0.

Theorem 5.1. If Re(c−b) > 1− 1
τk , Re(c−b) > 0, then 2R

τ
1,k(z) can be expressed

in the following integral forms:

2R1,k(a, b; c,
1

τ
; z) =

2Γk(c)

τkΓk(b)Γk(c− b)

∞∫
0

(sinhφ)2
b
τk−1(coshφ+ 1)

1
τ+

a
k−

(b+c)
τk

[1 + kz + (1− kz) coshφ]
a
k

× [(coshφ+ 1)
1
τ − (coshφ− 1)

1
τ ]

c−b
k −1dφ (5.1)

2R1,k(a, b; c,
1

τ
; z) =

4Γk(c)

τkΓk(b)Γk(c− b)

∞∫
0

(coshφ)
2
τ−

2c
τk+

2a
k −1(coshφ− 1)

(b+c)
τk −

a
k−

1
τ

[1 + kz + (1− kz) coshφ]
a
k

× [(coshφ+ 1)
1
τ − (coshφ− 1)

1
τ ]

c−b
k −1dφ. (5.2)
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Proof. To prove (5.1), using the substitution tτ = tanh2 φ
2 in (3.2) then

2R1,k(a, b; c,
1

τ
; z) =

2Γk(c)

τkΓk(b)Γk(c− b)

∞∫
0

(tanh2 φ
2 )

1
τ (

b
k−1)(1− tanh2 φ

2 )
1
τ (

c−b
k −1)

(1− kz(tanh2 φ
2 ))−

a
k

× (tanh2 φ

2
)

1
τ−1 tanh

φ

2

1

cosh2 φ
2

dφ.

Now taking into account that

coshφ− 1 =
sinh2 φ

coshφ+ 1
,

and after simplification, we get

2R1,k(a, b; c,
1

τ
; z) =

2Γk(c)

τkΓk(b)Γk(c− b)

∞∫
0

(sinhφ)2
b
τk−1(coshφ+ 1)

1
τ+

a
k−

(b+c)
τk

[1 + kz + (1− kz) coshφ]
a
k

× [(coshφ+ 1)
1
τ − (coshφ− 1)

1
τ ]

c−b
k −1dφ.

Similarly, using the substitution tτ = tanh2 φ
2 in (3.2) and then taking the following

into account, we will get the required integral (5.2)

coshφ+ 1 =
sinh2 φ

coshφ− 1
.

�

Theorem 5.2. If Re(c) > Re(b) > 0, then the following relation holds:

2R1,k(a, b; c; τ ; z) =
Γk(c)

kΓk(b)Γk(c− b)

∞∫
0

s
b
k (1 + s)−

c
k [1− kz( s

s+ 1
)τ ]−

a
k ds. (5.3)

Proof. Let us consider (3.2)

2R
τ
1,k(z) =

Γk(c)

kΓk(b)Γk(c− b)

1∫
0

t
b
k−1(1− t)

c−b
k −1(1− kztτ )−

a
k dt.

Now replacing t by s
s+1 , then dt = 1

(s+1)2 ds. Thus, we can write

2R
τ
1,k(z) =

Γk(c)

kΓk(b)Γk(c− b)

∞∫
0

(
s

s+ 1
)
b
k−1(1− (

s

s+ 1
))
c−b
k −1[1− kz( s

s+ 1
)τ ]−

a
k

1

(s+ 1)2
ds

=
Γk(c)

kΓk(b)Γk(c− b)

∞∫
0

s
b
k−1(1 + s)−

c
k [1− kz( s

s+ 1
)τ ]−

a
k ds.

�
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Corollary 5.3. The substitution s = sinh2 φ in (5.3) leads to the following integral
representation as

2R
τ
1,k(z) =

2Γk(c)

kΓk(b)Γk(c− b)

∞∫
0

(sinhφ)
2b
k −1(coshφ)−

2c
k +1[1−kz(tanhφ)2τ ]−

a
k dφ.

(5.4)

The following integral representation can be easily derived from theorem 5.2

2R
τ
1,k(z) =

2Γk(c)

τkΓk(b)Γk(c− b)

π
2∫

0

(sinλ)
2b
τk−1(1− sin

2
τ λ)

c−b
k −1

(1− kz sin2 λ)
a
k cosλ

dλ (5.5)

2R
τ
1,k(z) =

2Γk(c)

τkΓk(b)Γk(c− b)

π∫
0

(sinh λ
2 )

2b
τk−1(1− sin

2
τ λ

2 )
c−b
k −1

(1− k z2 + k z2 cosλ)
a
k cos λ2

dλ (5.6)

2R
τ
1,k(z) =

2Γk(c)

τkΓk(b)Γk(c− b)

∞∫
0

(tanhλ)
2b
τk−1(1− tanh

2
τ λ)

c−b
k −1

(1− kz tanh2 λ)
a
k cosh2 λ

dλ. (5.7)

To prove (5.5), we may write theorem 5.2 as

2R1,k(a, b; c; τ ; z) =
Γk(c)

τkΓk(b)Γk(c− b)

∞∫
0

s
b
τk (1 + s)−

c
τk [1− kz( s

s+ 1
)]−

a
k ds.

Now by replacing s = tan2 λ, then after simplification we get the required integral
representation. Similarly we can prove (5.6) and (5.7).
Conclusion. In this paper, the authors introduced the τ -Gauss hypergeometric
functions in term of a new parameter k > 0. The substitution k = 1 will leads to
the results of Virchenko et al. [28].
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