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A NEW NOTE ON LOCAL PROPERTY OF FACTORED
FOURIER SERIES

SEBNEM YILDIZ

ABSTRACT. The aim of this paper is to generalize a main theorem dealing with
local property of Fourier series to the |A, 0y, summability. Also some new
and known results are obtained dealing with some basic summability methods.

1. INTRODUCTION

Let > a, be a given infinite series with partial sums (s,), and let (p,) be a
sequence of positive numbers such that

P,=po+..+p,—>00 as n— oo. (1.1)

The sequence-to-sequence transformation

1 n
T, = — v Sw 1.2
7 ;p (1.2)

defines the sequence (7},) of the Riesz mean or simply the (N,p,) mean of the
sequence (s,) generated by the sequence of coefficients (p;,) (see [6]).
The series ) a, is said to be summable | N, p,, 0, |, k > 1, if (see [9])

SO T = Ty |F< 0. (1.3)

n=1

In the special case when 6,, = 5—” and 6,, = n, we obtain | N,p, |, (see [1]) and

| R,pn |, (see [3]) summabilitie&"respectively. Also, if we take 6, =n and p, =1
for all values of n, then we get | C, 1 |, summability (see [5]).

Let f be a periodic function with period 27, and Lebesgue integrable over (—m, ).
Without loss of generality, we may assume that the constant term of the Fourier
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series of f is zero, that is

rwar=o,
f(t) ~ i(ancosnt + bysinnt) = i Chp(t). (1.4)
n=1 n=1

A sequence ()\,) is said to be convex if A%\, > 0 for every positive integer n,
where AX, = A, — An11. Given a normal matrix A = (ay,,), we associate two lower
semimatrices A = (@) and A = (G,,) as follows:

n
Qny = E api, n,v=0,1,... Aan, =0py —ap_1,v a_190=0 (1.5)
1=
and

dOO = Qoo = a0, dnv = Adnv = Gpy — anfl,v; n= 1a27 (16)

It may be noted that A and A are the well-known matrices of series-to-sequence
and series-to-series transformations, respectively. Then, we have

ATL(S) = ianvsv = zn:dnvazu (17)
v=0 v=0

and
n
AAn(s) =) nuay. (1.8)
v=0
Let A = (any) be a normal matrix, i.e., a lower triangular matrix of nonzero

diagonal entries. Then A defines the sequence-to-sequence transformation, mapping
the sequence s = (s;,) to
As = (An(s)), where

n
An(s) :Zamsv, n=0,1,.. (1.9)
v=0
Let (6,,) be any sequence of positive real numbers. The series Y a,, is said to be

summable |A,0,|,, k > 1, if (see [§])

oo

Z gh—1 |AAn(s)’k < 00, (1.10)
n=1
where
AA,(s) = Ap(s) — Ap_1(s). (1.11)

Remark. If we take 6, = % and a,, = 1’;—’:, then we get | N, p, |, summability.

Also, if we take 6,, = n and a,, = B>, then we get | R, py, [, summability.
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2. THE KNOWN RESULTS

Some known results have been proved dealing with local property of Fourier
series (see [2], [I1]). Furthermore, in [4], Bor has proved the following result.

Theorem 2.1. Let k > 1 and (p,) be a sequence satisfying the conditions
P, = O(npn)
P,Ap, = O(pnpn-‘rl)'

If (6,,) is any sequence of positive constants such that

3 (9”7"”)“ %(Av)k =0(1), (2.3)

A
10
N =
b=

>
v=1
m 0 D k—1
; ( 3 ) AN, = O(1), (2.4)
m vav k—1 1 p
S (%) et =om, (25)
m+1 k—1 k—1
> (G"p”> b -0 (9”7”“) 2, (2.6)
n=v+1 Pn PnPn—l Pv Pv

— o0
then the summability | N, py, 0y |, of the series Y Cyp(t)\nPrn/npy, at a point can
n=1

be ensured by local property, where (\,) is convex sequence such that > . n~1\, is
convergent.

By using the above result, Sarigél has obtained the following theorem (see [7]).
Theorem 2.2. Let k > 1 and let (p,,) be a sequence satisfying the conditions
A(P,/np,) = O(1/n). (2.7)

Let (\,) be a convex sequence such that > n=1\, is convergent. If (0,) is any
sequence of positive constants such that

m PU
gr—1 AN, < 00 2.8
v k
v=1 VP

m k
> oot (A> <00 (2.9)
v=1 v
m+1 k—1 k—1
1
Z enpn DPn — O a'upv - , (210)
Pn PnPn—l Pv PU

n=v+1

— oo
then the summability | N, py, 0y |, of the series Y Cyn(t)\n Py /npy, at a point can
n=1

be ensured by local property of f.

In [I0], Sulaiman has proved the following theorem covering all the results before
this.
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Theorem 2.3. Let k > 1, and let the sequences (pn), (0,), (A\n) and (¢n) where
0, > 0, are all satisfying the following conditions

[An+1] = O(|Anl), (2.11)
o k
S0k () Paltlen < . (212)
n=1 n
D 0 A M Apn]* < oo, (2.13)
n=1
n—1 po (/K1
301k, (p) |AN,| < oo, (2.14)
v=1 v
n=v+1 Pn PnPn—l Pv Pv ’

— o0
then the summability | N,py, 0y |, of the series Y Cp(t)\npn at a point can be
n=1

ensured by local property of f.

3. THE MAIN RESULT

The aim of this paper is to generalize Theorem 2.3 for |A, 6,,|; summability fac-
tors of Fourier series in the following form.

Theorem 3.1. Let k > 1 and let A = (any) be a positive normal matriz such that

Gno =1, n=0,1,..., (3.1)
Ap—1,0 > Qny, forn>v+1, (3.2)
o
= O(22), (33)
n—1
Z avv&n,v+1 = O(ann)- (34)
v=1

If the conditions (2.11)-(2.14) of Theorem 2.3 are satisfied and (6,) holds the fol-
lowing conditions,

oo

Z (enann>k_1&n,v+l =0 {<9vavv)k_1} P (35)
n=v+1

> (0nann)Aan| = O {(Byav0)" v}, (3.6)
n=v+1

then the series Y Cp(t)Anpn is summable |A, 0,],, k > 1.

PROOF OF THEOREM 3.1

Proof. Let (I,) denotes the A-transform of the series Y | Cp,(¢£)\yn. Then, by
(1.7) and (1.8), we have

AIn = zn: &nvav/\vspv-

v=1
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Applying Abel’s transformation to this sum, we get that

n—1 v n

AIn = Z A(dm;)\v@v) Z ar + GnnAnPn Z Ay
v=1 r=1 v=1
n—1

= Z A(GnvAvpv) sy + AnnAnPnsn

v=1

n—1 n—1 n—1
- Z Aan'u)\v<pv3v + Z &n,v+1A)\vSDUSv + Z CA’/n,'qul)\'qulA(,Ovsv + annAnsnS@n

v=1 v=1 v=1

= In,l + In,2 + In,3 + In,4~

To complete the proof of Theorem 3.1, by Minkowski’s inequality, it is sufficient to
show that

(oo}
> 0 | Iy [F< oo, for r=1,2,34. (3.7)

n=1

First, by applying Holder’s inequality with indices k¥ and k', where k¥ > 1 and
% + % =1, we have that

m—+1 m+41 n—1 B k
Z 9571 | In,l |k = Z 95171 Z Aaf’n’u)\'UQO'USU
n=2 n=2 v=1
m+1 n—1 n—1 B k—1
= Z 95;1 Z |Aanv| ‘)‘U|k|@v|k|sv|k x {Z |Aanu|}
n=2 v=1 v=1
On the other hand, since by (3.1) and (3.2), we have
n—1
Z |Atny| < ann (3.8)
v—1

Therefore, using condition (2.12), (3.6) and (3.8), we get

m+1 m+1 n—1 B
Z 9571 | In |k: o(1) Z(Gnann)kil {Z |Aanv|)‘v|k|@v|k}
n=2 n=2 v=1
m—+1 B
= O(l) |A1’|k|<p'ulk Z (enann)kil‘Aa’nU|
n=v+1

1z 114:

=0(1) (9vavv)k_1aw|/\v|k|<pv|k

S
Il
—

95_1a1’fv|<pv|k|/\v\k =0(1) as m — oo,

NE

= 0(1)

S
I
—
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by virtue of the hypotheses of Theorem 3.1. Now, using Holder’s inequality and
then using condition (2.14) we have that

m—+1 m—+1
SURITED Yo 1{z|am+1|m ||%||sv|}
n=2
m+1 n—1 (k—=1)(1—%)
_ . 1-Ha-k) [ Py k
32951{Zlan,mlklMul<pu||sv|’“9§ b () }
n=2 v=1 v

n—1 P (1/k)—1 k—1
x {Z 0, || (”) A)\U}
v=1 DPov
= = (k=1)(1-)
5w (P
:O(”295_1{ZIdn,ml’“‘lian,v+l||%||mv|9£1 poc () }

n=2 v=1
m+1 (k—1)(1—%)
a-Ha-xk) [ P, k

—o(1) Y oial, 1{Zlam+lm|m ol >(p”) }

n=2 v

m (k—l)(l—f) m+1

1-YYya—k) [ P, s
DY eullan el 0 (22) S (i) s
v=1 v n=v+1

The elements a,, > 0 for each v,n. In fact, it is easily seen from the positiveness
of the matrix, (3.1) and (3.2), that ago = 1,

v—1

dnv = anpo — avfl,O + Z(anfl,i - ani)
=0
Zan 15— Qpi) >0 for 1<v<n. (3.9)

1=
So, using the conditions (2.14) and (3.5), we get
m—+1

(k—1)(1—%)
_» (P, G
Zﬁ’“\ln, - Zl% AN, [0SR0 () (Ga0)"

Dy

p,\ )1
1) E :‘911;71/]”901)\ <p> [AX,] = O(1) as m — oo,
v=1

v

by virtue of the hypotheses of Theorem 3.1. Furthermore, using the conditions
(2.11), (2.13), (3.4)-(3.5), and (3.9), we have that

m+1 m+1 n—1 k
Z 9271|In,3|k < Z 9271 {Z |&n,v+1|A90v|>‘v+l|5v|}

n=2 n=2 v=1
m—+1 n—1 » k—1
< 29 I{Zlamu( ) |A%|’€|Av+1’“sv|’c} x {;mn,wupz}

m—+1

e (P
DS ot S (2) ol
v=1 v

n=2
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m Pv k—1 m+1 L
—0m 3 () 18 Y Gt i

v

v=1 n=v+1
m P k—1

400y (p) (Bua00) Ay [F] A, |F
v=1 v

=0 Y 05 A A F = 0(1) as m — oo,
v=1

by virtue of the hypotheses of Theorem 3.1. Finally, using the conditions (2.12)
and (3.3), we have that

Zeﬁ_1|—rn,4|k < Zeﬁ_lainl)‘n|k|sn|k|9@n|k =0(1) Zeg_laﬁn|>‘n|k|@n|k =0(1)
n=1 n=1 n=1

by virtue of hypotheses of the Theorem 3.1. Since the behaviour of the Fourier series
concerns the convergence for a particular value of x depends on the behaviour on
the function in the immediate neighborhood of this point only, this justifies (1.4)
and valid. This completes the proof of Theorem 3.1. (Il
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