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ON THE LIE DERIVATIVE OF FORMS OF BIDEGREE

BUI CAO VAN

ABSTRACT. The aim of this work is to study some properties of the Lie de-
rivative of forms of bidegree on a n—dimensional complex manifold M. More
precisely, we give sufficient conditions such that the Lie derivative Lxw of
bidegree (p, p) form w along the vector field X is also the bidegree (p,p) form.

1. INTRODUCTION

The Lie derivative on differential forms is important operation. This is a gener-
alization of the notion of directional derivative of a function. The Lie differentiation
theory plays an important role in studying automorphisms of differential geometric
structures. Moreover, the Lie derivative also is an essential tool in the Riemann-
ian geometry. The Lie derivative of forms and its application was investigated by
many authors (see [5], [6], [7], [8], [I1], [12], [13] and the references given therein).
Recently, the authors of [I] constructed the Lie derivative of the real currents on
Riemann manifolds and given some applications on Lie groups. The main goal of
the present work is to investigate some properties of the Lie derivative of differential
forms of bidegree. More precisely, we shall give a sufficient conditions such that
the Lie derivative Lxw of bidegree (p,p) form w along vector field X is also the
bidegree (p,p) form (Theorem . We would like to emphasize that our interest
for studying the Lie derivative of forms of bidegree stems from the ideas for con-
struction of Lie derivative of the currents of bidegree. It will be useful in studying
of the pluripotential theory.

2. PRELIMINARIES

Let M be a n-dimensional complex manifold and let (U, {z1, 22, ..., 2n}),2; =
zj +iy;,j = 1,n be local complex coordinates on an open U C M. If we identify
C" with R?" then the linear forms dz;, dy; can be written in a unique way as linear
combinations with complex coefficients of dz; = dx; + idy; and dz; = dx; — idy;.
For each j = 1,...,n, we use operators

o 1,0 0N 0 1,0 .0
9z, 2(axj Zay)’ oz, 2<axj “ayj)’
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the second operator is called Cauchy-Riemann operator. Let I = {ji,...,5,} C
{1,...,n} be multi-index. We denote dzr = dz;, A ... Ndz;,, dZ; = dzZ;, N ... NdZ;,.
Then any k-form w on M can be written locally in a unique way as

w= Z pyrdzy NdZk,
| T |+ K|=k

where @ x € C®°(M,C) are functions with complex values. We say that w is a
form of bidegree (p,q) if ¢y = 0 when either |J| # p and |K| # q.

Note that, every differential form of degree k can be written uniquely as sum of
differential forms of types (p,q), where p 4+ ¢ = k. We denote by Q®9) (M, C) the

space of differential forms of bidegree (p, q) on M and Q¥(M,C) = @ Q@9 (M,C).
p+q=k
If w € Q@9 (M, C) then w can be written as

w = E wyrdzy NdZg.
[J|=p, |K|=q

Next, we need recalling the differential operators. For each differential (p, ¢) —form
w, we set

01y _

ow = Z aQOJK/\dZJ/\dZK: Z ZTZ’dej/\dZJ/\dZK;

|7]=p, |K|=q |J|=p, |K|=q j=1
_ — Oprs
ow = Z Opgx Ndzy NdZg = Z Z azijdZJAdZK7

[J]=p, |K|=q |7|=p, |K|=q j=1

and
dw = Z dojx Ndzyg NdZk.
|J|=p,| K|=q

It is easy to see that if w is a form of bidegree of (p, ¢) then dw and dw are forms
of bidegree of (p+1,¢q) and (p, g+ 1) respectively. As in the case of real differential
forms, if the degree of w is positive, i.e if w is not a scalar valued function, then the
operator d of exterior differentiation has to be distinguished from the differential d.
In particular, the former satisfies d?> = dd = 0. Furthermore, d = 9 4 0 and hence

0=d’w=20%+ (35+58)w—|—52w

Since all three terms are of different types, we conclude that 0? = 0;52 =0;00 =
—00

Another important, differential operator that will be used the paper is the op-
erator d° defined by d° =i (9 — 0). Note that dd® = 2i99 and that, if v € C*(U),
then

d°u = 21 Z 82]82 ————dzj A\ dz.

The set of vector fields on M is denoted by B¢(M) and the set of holomorphic
functions on M is denoted by O(M). A vector field X = (Xy,...,X,,) is called a
holomorphic vector field if the functions X; : M — C are holomorphic, X; € O(M).

The set of holomorphic vector fields on M is denoted by %(1 0)( M). We denote
set of holomorphic p-forms on M by let QF (M), whose coordlnate functions are
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holomorphic; that is, if U C M is a coordinate neighborhood, with holomorphic
local coordinates (21, 22, ..., z,) then w € QF (M) implies

w = Z wil_“ipdzil A\ dZi2 VANRVAN dzip,wil,,,ip S O(M)
1<ir<..<ip<n

fe (M)=O(M) if and only if df = 0. More generally,
weQ (M) e we QPO (M)Nkerd.

Next, we recall the concept and basis properties of Lie derivative of forms along
vector field X.

Definition 2.1. Suppose that X € Bc(M),w € QF(M,C) and let {¢;} be an
one-parameter group of transformations on M generated by X. The map
k
Lyw: M — /\TpM
p = (Lxw)p

is called the Lie derivative of w with respect to X and is denoted by Lxw, where
(Lxw)p is defined by:

T (‘Pt)*wp — Wp _ d *
(Lxw)y = lim 22— — ()", )

,Vp € M,
t=0

where (¢¢)*w is the pull-back of w along ;.

For f € C(M,C),pf f = fop: also belongs to C>°(M, C). Then the Lie deriv-
ative of f with respect to X, is denoted by Lx f and is defined by:

fleua) = @) _ Sl t) — f()

(Lxf)e = tlg% t t—0 t
= iy LE DO Ly o = w1 = (X UD@)

Obviously, Lx : QF(M,C) — QF(M,C) is a linear map.

We now state a number of properties of Lie derivatives without proofs. Most
of these proofs are fairly straightforward computations, often tedious, and can be
found in most texts, including Warner [14], Morita [I5] and Gallot, Hullin and
Lafontaine [16].

Proposition 2.2. For every vector field X € B¢(M), the following properties hold:
i) For all w € QF(M,C) and all p € Q" (M, C),
Lx(wAp)=(Lxw)Ap+wA (Lxp),

that is, Lx is a derivation.
ii) For all w € Q¥(M,C), for all X, X1, X2, ..., X}, € Bc(M),

(Lxw)(X1, o Xi) = Lx (@(X1, ., Xi) = 3 w(X1, o, Lx Xi,y o Xi).

i=1

ili) The Lie derivative commutes with d: Lx od = do Lx.
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Definition 2.3. For every vector field X € B¢ (M), for all & > 1, there is a linear
map, ix : Q¥ (M,C) — QF1(M,C), defined so that, for all w € Q*(M,C), for all
p € M, for all uy,ug,...,up—1 € TpM,

(in)P(u17u27 ...,Uk_l) = wp(Xp7u17u27 "'7’“4{)—1)'

Next, we give some more interested properties of Lx. For this, we have to define
the interior multiplication by a vector field ix.

Obviously, ix is C*° (M, C)-linear in M and it is easy to check that i xw is indeed
a smooth (k — 1)-form. When k = 0, we set ixw = 0. Observe that ixw is also
given by (ixw), = ix,wp,Vp € M, where ix, is the interior product (or insertion
operator). As a consequence, the operator iy is an anti-derivation of degree -1, that
is, we have i% = 0;ixiy +iyix = 0;ix(wAp) = ixwAp+(—1)FwNixp;ix(w+p) =
Ixw+ixpix+yw = ixw +iyw;ixdy = Lxp;loxw = Yixw;ix(pw) = @ixw, for
all X,Y € B (M), for all w, u € QF(M, C), for all ¢ € C>(M,C).

The following proposition is the well known result.

Theorem 2.4. (Cartan’s formula) For every vector field X € Be(M) and for
every w € Q¥ (M, C), we have

Lxw=dixw+ixdw,

that is, Lx = doix + ixod.

3. THE LIE DERIVATIVE OF DIFFERENTIAL FORM OF BIDEGREE

Let w € QWP)(M,C). In general case, Lxw ¢ QPP)(M,C), the illustrated
example will be mentioned late. Our main goal is to find conditions on X such that
Lxw belongs to Q®») (M, C).

The following theorem is a key for proving the main result of this section.

Theorem 3.1. Letw = Y. ¢jrdz; Adzp € QB (M,C), X = (X1, X2, ..., X,,) €
Jok=1
Be(M). Then we have
Lxw = Z [X [(pjk] de ANdz + Pk (de NdZy — dyk A dzj)] (3.1)
Gok=1

Proof. For every Y € B¢(M), we have

S

; _ _ zj(X) dz(Y)
(ixw)(Y) =w(X,Y) = Z oindzj A dzy, (X,Y) Z Dk de X) de ()
J,k=1 j,k=1

X, Y, _
=2 v X, 7, ‘: Z ik (X;Yk — XiY5)
j,k=1

oir (X;dzr(Y) — Xpdz;(Y))

= oir (Xjdz, — Xidz;) | (Y),VY € B(M).
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n R
Thus ixw = Y @k (deEk — Xkdzj) . Hence
b=

Jk=1

d(ixw) = (d(@ijj) NdZy — d(@jkyk) A de)

J 1

[0 (o X;) 9 (pjkX;)
1[ 0 dz; + 0 dz;| N dzy,

Gik=11=
"0 (pinX 0 (v X
— Z Z ((pjk k)dzl-i- ((pji k)dfl /\dzj
. azl azl
7,k=11=1
- - Xja% ‘Pyka j 8%
— Z lz o dz A dzy + Z 2 dz A dzy + Z - dz A dzp+
7,k=1 Ll=1
- ‘PJk X, Xka%k ‘PJkan
Z dzy Ndzy, — lz; 92 dzy Ndzj — Z 0 dzy Ndzj—
X199k 00X
_Z a7 dz; /\dzj Z 9% dz; l/\de .
(3.2)
On other hand, for every vector fields Y, Z € B¢ (M), we have
(ixdw) (Y, Z) = dw(X,Y, Z) = Y doji Ndz; Ndz (XY, Z)
Gik=1
n | deji (X)) deji (YY) deji (2) n | Xlejwl Yiewl Zlepl
= | dm(X) dy(Y)  d5(2) =D | X Y; Zj
j,k=1 dzy (X) dzy (Y) dzy (Z) j,k=1 X5 Yy s,
v _ Y, Z; | _ Yokl Zlpjkl < | Yol Zlpjkl
- »;1 [X el v 7 ’ S I 7 R ¢ Z;
Jh=
N | dzdz | dejk dpjk w~ | dejk dejk
= ;1 [X il | gz, daz, ‘ Xl az oz | TR a4z o4y || 0D
k=

(X pjn] dzj Adzy — Xjdji A dzy + X dpji A dzj)] (Y,Z) VY, Z € Be(M).

Il
1
3

jk=1
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Thus

n

ixdw =Y " (X [pjr] dz; A dzx — Xjdpj A dzy + X pdipji A dzj)

Jk=1
= Z Z a@jk X+ a(P]le dzp Ndzy, — X Z ago]kd 21+ awjk dz; | NdzZp+
jh=1 Li=1 82:1 8 6zl

+EZ (aa(pikdzl + 8(;Djkdzl> /\dzj]

n

3

Jik=1

Xi0¢pjk Opin —~ X;0pk _
Z .t /\dzk+XlZ ! dzJAdzk—Z%iZlﬂdzmdzk—

=1 =1

X 3% ka%k ka%k

- dzyNd dz; Ndz dzyNdz;| .

ILCTIIVERS 3 il

(3.3)
From (3.2)), (3.3) and applying Cartan’s formula, we obtain
LXoJ = d(ixw) + ix(dw)
" X,0 0X X,0

=3 lz a% dzl/\dk+z%k jdzl/\dzk+z 238k 4z A dze+

jk=1 Li=1 Z

eikdX; X109k 00X}
+2Tadzmdzk—; on daNdz Z oo da Nz

X
—Z ka‘pfkcrmz] Z‘”’J’“ cF/\dz]—&—Z l%kdz/\dzk—&—

= Ok _ X005k _
X, —22dz; NdZy, — ————dz; N dZ;—
+ X E: 9z Zj 2k ;:1 92 21 N\ AdZg

X;
72 A dzAkorZ ka%kdmdzﬁszdzmd,zj]
21

- &Pk a@k 0X; X -
Z( J 8] >dzj/\dz+2§03k<a le—Faldel)/\dzk

=1

—Pik Z <6Xk an dzl> A de

[X [pjx] dzj A dZy + @i, (dX; A dZy, — dXj, A dz))].
1

x|

Jk

“1-

J

We easily get the following corollary.
Corollary 3.2. Let X = (X1,X5,..,X,) € %SO’ZO)(M) be a holomorphic vector

field on M and w = oirdzj Ndzp € QLD (M,C). Then Lyw € QD (M,C)
jok=1
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and Lxw is defined by formula:

n

LXw: Z

k=1

0X 0X
Lxpjrdz; N\ dzy + Z Ojk—m 0 dzl ANdZ — Z cpjk dzl Ndz;|.

(3.4)

Proof. Since X = (X1, Xo,...,X,,) € ‘Bglo’lo)(M) be a holomorphic vector field on

M, thus 08);] =0; 88)2(’“ =0,V4,k,l = 1,n. Hence, applying Theorem we have

n

Lyw= Z [X [Qﬂjk] dzj N\ dzZr + @ji (de ANdzy — dyk A dz])]

dzl/\d +Z szmdzk—

| —— |
>
5’
<
=,
Q.
X
>
Q.
N
>
+
AS)
BN
=
/\
D M:
¥

n

0X
= Z lLXgoJkdzJ Ndzy + Z gojk dzl Ndzy — Z%k dzl Ndzj|.
Gk=1

So that Lxw € QD (M,C). O

Example 3.3. Let M = C?,w = 22dz; A dz;, X = (21,22). Calculate the Lie
derivative of differential form w7

Applying Theorem we obtain
2
Lxw= Y [X[pjldz; A dz + @i (dX; AdZ), — dX i Adzj)]
Gok=1
= X [21] dzy N dZ1 + 27 (dX1 Adz — dXy Adzy)
= 2z%dz1 ANdzi1 + Z% (le NdzZ] —dz1 A le) = 4Z%d2’1 A dz;

Example 3.4. Let M = C?,w = z120d2y A dZ2, X = (Z2,%1). Calculate the Lie
derivative of differential form w?
Note that X is not a holomorphic vector field. Applying Theorem [3.1 we obtain
2
Lxw= Z [X [(pjk] de A dZy + Pik (de NdZy — dyk A dz])]
G, k=1
=X [212’2] dZQ AN d?Q + 2129 (dX2 A d22 — dXQ A dZQ)

2 0 (z122) 0 (z122)
:Z 172 X+ LQ Yl dzo N dza + 2129 (dﬁ/\d?g—de/\ng)
8zl azl

= (z9X1 + 0) dzo N\ dZa + (Z1X2 + O) dzo N dzZs + z129dz1 A\ dZog — z122dz1 N dzo

—~ o~

= (|21| + |2’2‘ ) dzo NdZy 4+ z120dZ1 N dZy — z120d2z1 N\ dzo.

This shows that
Lxw ¢ Q4Y(C2,0).

Now, we state the main result of this section.
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Theorem 3.5. If X = (X1, Xs,..,X,) € ‘B&ZO)(M) is a holomorphic vector field

on M andw= 5. @yrdzy ANdZx € QPP (M, C) be the differential forms of
|J|=|K|=p

bidegree (p,p) then Lxw € Q@) (M,C).

Proof. We will prove Theorem by induction. The case n = 1 is easily followed
by Corollary Assume that there is a k > 1 such that Lyw € Q*F) (M, C),Vw €
QkF) (M, C). We shall prove that the formula

Lxw e QUL (A1 ), Yw € QLR (A C).
Indeed, let
w = Z @jl-j2mjk+1dzj1 ANdzj, Ao . Ndzj, N dekJrl NdZj, NdZj, A ..o NdZj, N d,?jk+1
| J|=k+1
k _ — _ _
= (—1) Z @jl,jz,,,jk+ldzjl A de2 TANAN dek A\ del A\ d2j2 VANAN dek A\ (dzjk-H A dzjk+1) s
|| =ht1
where J = (1 < j; <... < jg+1 < n). We have

Lyw= (=1 Y [Lx ((#jrdorgusrdziy Ao Nzj, AdZj, A A2 ) A (dzg,, AdZ, )]
|J|=k+1

= (-1)* Z [(Lx (@1 gonjrpadzjy Ao Adzjy NdZj Ao NdZ)) A (d2j,, AdZj ) +
|J|=k+1
+ (Pjrgorgers @2y A oo Adzj, NdZj, Ao NdZ,) A Lx (dzj,,, AdZj,,,)] -
It follows that
Lx (01 daejrindzin Ao Adzj, NdZ; Ao AdZy,) € QR (M, C)

dzj, ., Ndzj,,, € QEY(M,C),

ivdoinsr A2y A e Ndzj AdZj, A AdZ, € QFF (M, C)
and
Lx (dzj,,, Ndzj,,) € QED(M,C).
Note that, if w € Q) (M, C) and p € QD (M, C) then w A p € QEHLEHD (M C).
Therefore
Lxw € QEHLAD (A €)Y € QLA (A C).

The following result give an slight computation in the special case.

Proposition 3.6. Let X = (X1, Xo,...,X,) € %,(ll.jlo)(M) s a holomorphic vec-

tor field and X is bounded on M; w = 3. ¢dz; AdZ, € QWD (M, C) be the
Gok=1
differential forms of bidegree (1,1). Then we have

n

Lxw = Z (Lxpjx) dz; A dzg. (3.5)
jk=1
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Proof. By using Corollary [3.2] we obtain

. 0X; 0X
Lyw= Y LXgpjkdzj/\dzk—i—Z(ka o Ldzy A dzy — Z%k a;dzmdzj :

Jk=1 1=1 1=1
Since X is a holomorphic vector field and X is bounded on M, therefore applying

Liouvile, then X is constant vector field. Hence Lxw = Y (Lxgojk) dz; Ndz. O

Jk=1
Remark 3.7. Suppose that X = (X1, Xs,...,X,) € %hlolo)( M) is a holomorphic
vector field on M.
i) If f € O(M) then Lx f € O(M).
i) f we Qf (M) then Lyw € Qf_,(M).
Proof. 1) Since X = (X1, Xo,...,Xp) € %21010)( M) is a holomorphic vector field
and f € O(M) is a holomorphic function on M, we have gff =0,Vj = 1,n and
0
87f’ Vj = 1,n are holomorphic functions on M. Therefore
J
3f
L
xf= Z Z (%J
d(Lxf) n 62f of 0X; _
H _— X; = 0,Vk = 1,n. H L
ence A Z=: 505 + 8% O , D ence Lxf €
O(M).
ii) The result easily follows from 1i). O

Remark 3.8. If u € C°°(M,C) then

L
Lxddu = 2 Z 62(5;?)% A dZy. (3.6)
J

k=1

Proof. Since doLx = Lx00 and OoLx = Lx00, we obtain d°oL x = Lxod®. Hence,
applying Proposition we obtain dd°oLyx = Lxodd¢. This implies that

92 (Lyu)

Lxddu = dd® (Lxu) = 2i Z e
2502k

7,k=1

de A dzZp.

d
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