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FIXED POINT RESULTS FOR o, -MULTIVALUED MAPPINGS

ABDULLAH SHOAIB

ABSTRACT. The aim of this paper is to establish fixed point results for semi cv«-
admissible multivalued mappings satisfying generalized locally a«-1)-contractive
conditions in left (right) K-sequentially complete dislocated quasi metric space.
Applications have been given. An example has been constructed to demon-
strate the novelty of our results.

1. INTRODUCTION

Let H: M — M be a mapping. A point z € M is said to be a fixed point of
M, if x = Hzx. Fixed point results are a tool to approximate the unique solution
of non linear functional equations. Many results appeared in literature related to
the fixed point of mappings which are contractive on the whole domain. It may
happens that H : M — M is not a contraction but is a contraction on a subset
of M. Recently, Beg et al. [§] proved a result concerning the existence of fixed
points of a mapping satisfying locally contractive conditions on a closed ball (see
also [3, 4 B, 13| 22] 23, 24]). It is also possible that mapping satisfying locally
contractive conditions on a sequence contained in a closed ball in M. One can
obtain fixed point results for such mapping by using the suitable conditions.

The notion of dislocated topologies have useful applications in the context of logic
programming semantics (see [10]). Dislocated metric space (metric-like space) (see
[15, [19]) is a generalization of partial metric space (see [I7]). Furthermore, dislo-
cated quasi metric space (quasi-metric-like space) (see [8, 21 26] 27]) generalized
the idea of dislocated metric space and quasi-partial metric space (see [16] 22]).

Nadler [I8], introduced a study of fixed point theorems involving multivalued
mappings (see also [7]). Asl et al. [0] introduced the concepts of a,-1) contractive
multifunctions, a,-admissible mapping and obtained some fixed point results for
these multifunctions (see also [I], [IT]). In this paper, we discuss some new fixed
point results for a,-1-contractive type multivalued mappings in a closed ball in left
(right) K-sequentially complete dislocated quasi metric space. Our results unify,
extend and generalize several comparable results in the existing literature. We give
the following definitions and results which will be needed in the sequel.
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Definition 1.1 [26] Let X be a nonempty set and let d;, : X x X — [0,00) be
a function, called a dislocated quasi metric (or simply d,-metric) if the following
conditions hold for any z,y,z € X :

(i) If dg(z,y) = dy(y,z) =0, then x = y;

(ii) dq(z,y) < dg(z,2) + dg(2, ).

The pair (X, dy) is called a dislocated quasi metric space.

It is clear that if dy(x,y) = d¢(y,x) = 0, then from (i), z = y. But if z = y,
dq(x,y) may not be 0. It is observed that if dy(z,y) = dq4(y, x) for all z,y € X, then
(X, d,) becomes a dislocated metric space (metric-like space) (X,d;). For z € X
and € > 0, Bg,(z,e) = {y € X : dy(z,y) < ¢ and dy(y,z) < €} and By, (r,c) =
{y € X : dy(z,y) < € and dy(y,x) < e} are open ball and closed ball in (X,d,)
respectively. Also By, (z,e) ={y € X : dy(z,y) < e} is a closed ball in (X, d;).
Example 1.2 [§] Let X = RTU{0} and d,(z,y) = z+max{z, y} for any z,y € X.
Now,

(1) If dg(z,y) = dy(y,x) = 0, then = + max{z,y} = y + max{y,z} = 0, which
implies that z =y = 0.

(ii) Case 1: If & > y, then dy(z,y) = @ + max{z,y} =2z. Let z € X. If 2 < z,
then,

dol,2) +dg(zy) = =-+max{z, 2} + 2+ max{z,y}
= z+a+z+max{z,y} > 2z =d,(x,y)

If z > x, then, dy(z, 2) + dy(z,y) =z + 24+ 2+ 2 > 2z = dy(z,y).

Case 2: If x < y, then dy(z,y) = x +y. If z > y, then, dy(z,2) + dy(2,y) =
r+z+z+z>x+y=d¢(z,y). If z <y, then, dy(x, 2) +dy(z,y) = v+ max{x, 2} +
2ty >x+y=dy(z,y).

Hence both the conditions of Definition 1.1 hold, so dq4(z,y) = z+max{z,y} defines
a dislocated quasi metric on X.

Definition 1.3 [8] Let (X, d,) be a dislocated quasi metric space.

(a) A sequence {z,} in (X, d,) is called left (right) K-Cauchy if Ve >0, 3ng € N
such that V n > m > ng (respectively V. m > n > ng), dg(@m,zn) < €.

(b) A sequence {z,} dislocated quasi-converges (for short d, -converges) to z if

lim dy(z,,x) = lim d4(z,2z,) =0 or for any € > 0, there exists ny € N, such that
n—oo n—roo

for all n > ng, dy(z,2,) < € and dy(zp, ) < €. In this case x is called a dg-limit of
(¢) (X,d,) is called left (right) K-sequentially complete if every left (right) K-
Cauchy sequence in X converges to a point € X such that d,(x,z) = 0.
Definition 1.4 Let (X,d;) be a dislocated quasi metric space. Let K be a
nonempty subset of X and let x € X. An element yg € K is called a best ap-
proximation in K if

de(z, K) = dg(x,y0), where dg(z, K) = in}f{dq(x,y)
yeE
and do(K,z) = d4(yo,x), where dy(K,z) = ig}f(dq(y,x).
Yy
If each x € X has at least one best approximation in K, then K is called a prox-

iminal set.
We denote P(X) be the set of all proximinal subsets of X.
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Definition 1.5 Let (X, d,) be a dislocated quasi metric space, S : X — P(X) be
a multivalued mapping and « : X x X — [0,+00). Let A C X, we say that S is
semi a,-admissible on A, whenever a(z,y) > 1 implies that a.(Sz, Sy) > 1, for all
x,y € A, where a,(Sz, Sy) = inf{a(a,b) : a € Sz, b € Sy}. If A= X, then we say
that S is a,-admissible on X.

Definition 1.6 The function Hy, : P(X) x P(X) — X, defined by

Hgy,(A, B) = max{sup dy(a,B), sup dq,(A,b)}
a€cA beB

is called dislocated quasi Hausdorff metric on P(X). Also (P(X), Hg,) is known as
dislocated quasi Hausdorff metric space.

Lemma 1.7 Let (X,d;) be a dislocated quasi metric space. Let (P(X), Hy,) be
a dislocated quasi Hausdorff metric space on P(X). Then, for all A,B € P(X)
and for each a € A, there exists b, € B, such that Hy, (A,B) > dy(a,b,) and
Hy,(B,A) > dy(bs,a).

Proof. We know that Hy, (A, B) = max{sup dq(a, B), sup dq(A,b)}. If Hy, (A, B) =

acA beB

sup dy(a, B), then Hy (A, B) > dy(a, B) for each a € A. As B is a proximinal set,
acA
so for each a € X, there exist at least one best approximation b, € B satisfies

dy(a, B) = d4(a,b,) and dy(B, a) = dy(ba,a). Now, we have Hg, (A, B) > dg(a,b,).

Also, if Hg, (A, B) = sup dy(A,b) > supd,(a, B). Hence, for each a € A there
beB acA
exists b, € B, such that Hy (A, B) > dy(a,b,). Similarly, we can prove that

Hy, (B, A) > dy(ba, a).

Definition 1.8 Let (X, d,) be a dislocated quasi metric space. Let U C X, then

(a) U is called an open set, if for each x € U, there exist an open ball By, (,¢),
such that By, (z,¢) C U.

(b) a point x € X is called a limit point of U, if for each open ball By, (z,¢),
By, (z,e)NU — {z} # ¢.

(c) the set of all limit points of U is denoted by D(U).

(d) U is said to be a closed set if D(U) C U.

(e) the set U is the intersection of all closed super sets of U.

(f) the set U° is the compliment of U.
Lemma 1.9 If U€ is an open set, then U is a closed set.
Proof. Let z € D(U). Suppose = ¢ U, then x € U€. So, there exist an open ball
Bg,(z,¢) such that By, (z,e) CU As U°NU = ¢, then By, (x,e) NU = ¢, which
implies that By, (2,e) "U — {x} = ¢. Therefore, x ¢ D(U). A contradiction, so
x € U. Hence U is closed.

Lemma 1.10 Every closed ball in a dislocated quasi metric space is a closed set.
Proof. Let By, (xo,r) be a closed ball in a dislocated quasi metric space X. Let
x € Bg, (o, r)c. It implies that d,(xo,x) > r. Let € = dg(wo,z)—r and y € By, (z,¢).
Then dq(zo,x) < dg(zo,y) + dg(y,2) < dg(z0,y) + € = dg(zo,y) > r. It follows
that y € By, (xom)c. It implies that By, (z,e) C By, (mo,r)c. Now by Lemma 1.9,
By, (x0,7) is a closed set.

Lemma 1.11 Every closed ball Y in a left (right) K-sequentially complete dislo-
cated quasi metric space X is left (right) K-sequentially complete.
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Proof. Let {z,} be a left (right) K-Cauchy sequence in Y. As Y C X, then {z,}
be a left (right) K-Cauchy sequence in X. As X is left (right) K-sequentially com-
plete, so x,, — = € X. Therefore, for any ¢ > 0, there exists ng € N, such that
for all n > ng, dy(z,z,) < e and dy(x,,z) < e. It implies that each open ball
By, (x, ) contains all the points of {z,,}, except a finite number of points. As {x,}
is a sequence in Y, so By, (z,¢€) contains at least one point of Y, different from z. It
implies that z € D(Y) and therefore z € Y. As Y is closed, so Y =Y. This shows
that x € Y. Hence Y is left (right) K-sequentially complete.

2. MAIN RESULT

Let (X, d,) be a dislocated quasi metric space, zg € X and S : X — P(X) be a
multivalued mapping on X. As Sxg is a proximinal set, then there exists x; € Sxq
such that dy(zo, Szo) = dg(xo, z1) and dq(Szo, x0) = dg(x1, z0). Now, for z; € X,
there exist zo € Sx; be such that dy(z1,S51) = dy(x1,22) and dy(Sz1,21) =
dy(x2,21). Continuing this process, we construct a sequence z,, of points in X such
that z,41 € Sz, dg(xn, Sty) = dg(xn, Tny1) and dy(Szy, ) = dg(Tn+1, Tn). We
denote this iterative sequence {XS(z,)} and say that {XS(x,)} is a sequence in
X generated by xg.

Theorem 2.1 Let (X,d,) be a left (right) K-sequentially complete dislocated
quasi metric space, r > 0, g € By, (z0,7), @ : X x X = [0,+00), S: X = P(X)
be a semi a,-admissible multifunction on By, (zo,r) and {XS(z,)} be a sequence

in X generated by xzg with a(zg,z1) > 1 and a(z1,2) > 1. Assume that for some
1 € U, the following hold:

o (Sz,Sy)Hy, (Sx, Sy) < (dg(x,y)), for all x,y € By, (xo,7) N{XS(z,)} (2.1)

and max{zw .(x1, T0) Zl/) a(xo, 1))} <7, foralln e NU{0}. (2.2)

i=0
Then, {XS(z,)} is a sequence in By, (z0,7), a(Tn,Tpni1) > 1, a(@pi1,2,) > 1,
for all n € NU {0} and {XS(z,)} — 2* € Bqg,(xo,7). Also, if a(xy,2*) > 1,
alz*,x,) > 1, for all n € NU {0} and the 1nequahty (2.1) holds for all z,y €
(Ba, (zo,7) N{XS(x,)}) U{x*}. Then, S has a fixed point 2* in By, (w0, 7).
Proof. Let {X S(z,)} be a sequence in X generated by xg. Then, we have x,,11 €
Sy, and dg(zn, Sx,) = dg(2n, Tni1), for all n € NU {0}. By Lemma 1.7, we have

dq(xna mn-{-l) < qu (an—lv Smn); (23)

dq(xn+1uxn> < qu(S(En,anfl), (24)

for alln € N. If 2, = 2,41 for any n € NU{0}, then x,, is a fixed point in Bg, (zo,7)
of S. Let x,, # xp41, for all n € NU {0}. From (2.2), we have

max{dq(z1,20), dg(x0,21))} < max{z wi( (z1,0)) Zw g(zo, 1))} <.
i=0

It follows that, d,(z1,x0) < 7 and dg(zo,x1) < r. Hence, we have

r1 € By, (xo,7).
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As a(xg,z1) > 1 and S is semi a,-admissible multifunction on Bg,(zo,7), so
s (Sxo, Sz1) > 1. As a,(Sxzo,Sx1) > 1, 1 € Sxp and x5 € Sz, so a(xy,x9) > 1.
Let xa,--- ,x; € By, (xo,r) for some j € N. As S is semi «a,-admissible multifunc-
tion on By, (zo,7), thus, we have a,(Sz1,Sx2) > 1. As a.(Sz1, Sz2) > 1, we have
a(xg, x3) > 1, which further implies o, (Sx2, Sz3) > 1. Continuing this process, we
have o, (Sz;_1,Sz;) > 1. Now, by using (2.3), we have

dg(zj,2541) < Hy, (Sxj-1,S;)
< o (Szj_1,Sz;)Ha, (STj-1,575) (2.5)
< Pldg(zj-1,25)) < <¢]( ¢(z0,71)).

Also, we have

IA

dq($07xj+1) dq(xo,xl)+...+dq(wj,xj+1)

< dg(z0,x1) + . + 97 (dg(z0,71)), by (2.5)
j
dq(m0,$j+1) < Z¢l $07$1 ) (2.6)
< max{Zw (21,20)), ) ¥ (dyg(w0,71))} < .
i=0

Also, by using a(z1,z¢) > 1, we have a..(Sz;, Szj_1) > 1. Now, by using (2.4), we
have

dq(xj+1,xj) § qu(ij,ij,l) § Oz*(ij,Sl'j 1)Hd (ij,ij,l) (2 7)
< Y(dg(zj,25-1)) < ... < ¢ (d q(T1,T0)). .
Now,
dq(l’j+1,l'0) § dq(xj+1,xj) + ...+ dq(Il,mo)
< zpj(dq(xl,:co)) + ... +dg(z1,20), by (2.7) (2.8)

dq(wj41,20) < max{Z@[;i( (z1,0) 21/1 o(zo, 1))} <7
i=0

By (2.6) and (2.8), we have z;;1 € By, (2o,7). Hence, by mathematical induction,
Tp € By, (wo,7). As a.(Szj_1,S2;) > 1 and . (Szj,Sr;_1) > 1, then we have
a(xj,xjy1) > 1 and oz y1,2;) > 1. Also S is semi a,-admissible multifunction
on By, (xo,7), therefore o, (Sx;, Sxjy1) > 1 and a.(Sxj11,Sx;) > 1. This further
implies that a(xj41,2;42) > 1 and a(z;42,2j41) > 1. Continuing this process, we
have a(zy, Tpt1) > 1 and a(zp41,2,) > 1 for all n € N. Now, inequalities (2.5)
and(2.7) can be written as

dg(@n, Tni1) < " (dg(x0, 1)), for all n € N. (2.9)

dQ(‘TnJrl’ xn) < wn(dq(mhxo))’ for all n € N. (2'10)
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Fix € > 0 and let k1(¢) € N, such that Y 9*(dy(w0,21)) < . Let n,m € N
k>ki(e)
with m > n > k;i(e). Now, we have

m—1
dq(xnvxm) < qu(xkaxk+l)

IN

Zwk (zo,21)), by (2.9)
Z W (dy(wo, 71)) < e.

k>k1(e)

IN

dg(Tn, Tm)

Thus, { X S(x,)} is aleft K-Cauchy sequence in (Bg, (z0,7), dq). Now, let ka(e) € N,
such that > ¥*(d,(z1,20)) < &. Let s,t € N with s >t > ka(c). Now, we have

k> ka(c)
t
dq(xsvxt) < Z ka(dq(xl,xo)), by (2.10)
k=s—1
dq(xsaxt) < Z wk(dq(xl"ro)) <e.
k>k2(e)

Thus, {XS(z,)} is a right K-Cauchy sequence in (Bg, (0,7),d,). As every closed
ball in a left (right) K-sequentially complete dislocated quasi metric space is left
(right) K-sequentially complete, so there exists 2* € By, (zo,r) such that { X S(x,,)} —

z*, and
lim dy(zn,2") = lim dq(az*,xn) = 0. (2.11)

n—oo

By assumption, we have a(z,,2*) > 1 for all n € NU{0}. Thus, a.(Sz,, Sz*) > 1
Now, we have

d,(a*, 52

*

4y Tnsn) + dg (s, S27)
dg(z*, xpy1) + Hy, (Szp, ST¥)
dg(z*, Tpy1) + u(Szp, S*)Hg, (Sxy, S2™)
Aol ns1) + (g (7).

Letting n — oo and by using inequality (2.11), we obtain dq(z*, Sz*) = 0. Similarly,
as a(z*,z,) > 1 for all n € NU {0}, then, a.(Sz*, Sx,) > 1. Now, we have

dg(Sx*, ") < p(dg(2™, 7)) + dg(Tny1,27).

We obtain d,(Sz*,2*) = 0. Hence, 2* € Sz*. So S has a fixed point in By, (zo,7).
Corollary 2.2 Let (X,d;) be a complete dislocated metric space, r > 0, 2y €
By, (zg,7), @ : X x X = [0,400), S : X = P(X) be a semi a,-admissible mul-
tifunction on By, (zo,7) and let for a sequence {XS(z,)} in X generated by zo,
a(xo,z1) > 1. Assume that for some ¢ € U, the following hold:

o (Sz, Sy)Hg, (Sz, Sy) < ¥(di(z,y)) for all x,y € By, (zg,r) N{XS(z,)} (2.12)

VAN VAN VAN VA

n

and Zwi(dl(xo,Sxo)) < r for all n € NU{0}.
i=0
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Then, {XS(z,)} is a sequence in By, (zo,7), a(Tpn,Tnt1) > 1 and {XS(z,)} —
x* € By, (xg,r). Also, if a(z,,z*) > 1 or a(z*,z,) > 1 for all n € NU {0} and the
inequality (2.12) holds for all z,y € (Bg,(zo,r) N {XS(xy,)}) U{z*}. Then, S has
a fixed point x* in By, (zo,7). Then, S has a fixed point z* in By, (zo,7).

Let X be a nonempty set. Then (X, <, d,) is called a preordered dislocated quasi

metric space if d; is a dislocated quasi metric on X and < is a preorder on X. Let
(X, =,dy) be a preordered dislocated quasi metric space and A,B C X. We say
that A < B whenever for each a € A there exists b € B such that a < b. Also,we
say that A <, B whenever for each a € A and b € B, we have a < b.
Corollary 2.3 Let (X, <,d,) be a preordered left (right) K-sequentially complete
dislocated quasi metric space, r > 0, 29 € Bg,(zg,7), S : X — P(X) and for a
sequence {X S(x,)} in X generated by x¢ with ¢ < 21 and z1 < . Assume that
for some ¥ € WU, the following hold:

Hg, (Sz,Sy) <9(dy(x,y)), for all z,y € Bq, (xo,r){XS(2,)} with z <y (2.13)

and max{zwi( (z1,%0)) Zw q(xo,21))} <, for all n € NU {0}.
=0

If z,y € Bg,(xo,7), such that x < y implies Sz =, Sy. Then, {XS(z,)} is a
sequence in By, (zo,7), Tn =X Zny1 and {XS(z,)} — 2* € By, (xo,r). Also, if
x* <z, and x, < z* for all n € NU {0} and the inequality (2.13) holds for all
x,y € (Ba,(xo,7) N{XS(x,)}) U{z*}. Then, S has a fixed point 2* in By, (xo, 7).
Corollary 2.4 Let (X, =<,d) be a preordered complete metric space, » > 0, S :
X — P(X) and for a sequence {XS(z,)} in X generated by xg with zg < ;.
Assume that there exists k € [0, 1) with

H(Sz,Sy) < kd(z,y), for all 2,y € B(xo,7) N{XS(x,)} with z <y  (2.14)
and Zk’ (xg,21)) < r for all n € NU{0}.

If 2,y € B(xo,r), such that < y implies Sz <, Sy. Then, {XS(z,)} is a se-
quence in B(zo,7), Tn = Tpt1 and {XS(z,)} — 2* € B(xo,7). Also, if z* <z,
or , = z* for all n € NU {0} and the inequality (2.14) holds for all z,y €
(B(xg,7) N{XS(x,)}) U{x*}. Then S has a fixed point z* in B(z,r).

Let f: X — X be a self-mapping of a set X and a : X x X — [0,00) be a
mapping, then the mapping f is called semi a-admissible if, A C X, z,y € A,
a(z,y) > 1= a(fz, fy) > 1. If A= X, then the mapping f is called a-admissible.
Corollary 2.5 Let (X, d) be a complete metric space, S: X — X, r > 0, {z,} be
a Picard sequence in X with initial guess xg. Let a: X x X — [0, +00) be a semi
a-admissible mapping on B(xg,r) with a(xg,z1) > 1. For some ¢ € ¥, assume
that:

oz, y)d(Sz, Sy) < ¥(d(z,y)), for all z,y € B(xg,r) N {x,} (2.15)

and
j .
> Wi (d(zo, x1)) < 7 for all j € NU{0}.
=0
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Then, {z,} is a sequence in B(xzq,r), a(Tp,Tnt1) > 1 and {z,} — z* € B(xg,r).
Also, if a(zp,x*) > 1 or a(z*,z,) > 1 for all n € NU{0} and the inequality (2.15)

holds for all z,y € (B(xo,r)N{zn})U{z*}. Then, S has a fixed point 2* in B(zg, ).

Recall that if (X, <) is a preordered set and T : X — X is such that for x,y € X
with x = y implies Tz < Ty, then the mapping T is said to be non-decreasing.
Corollary 2.6 Let (X, d) be a complete metric space, S : X — X be nondecreasing
mapping, r > 0, {z,} be a Picard sequence in X with initial guess x¢ with xg < ;.
For some k € [0, 1), assume that:

d(Sz, Sy) < kd(z,y), for all z,y € B(xg,r) N {x,} with z <y (2.16)

and
j .
Zkl(d(xo,xl)) < r for all j € NU {0}.
i=0

Then, {z,} is a sequence in B(xg,T), n =X Tpy1 and {z,} — «* € B(xzo, ). Also,
if #* < x, or x, < z* for all n € NU {0} and the inequality (2.16) holds for all
z,y € (B(zo,7) N{xn}) U{z*}. Then S has a fixed point =* in B(zg,r).
Example 2.7 Let X = Q" U {0} and let d, : X x X — X be the complete
dislocated quasi metric on X defined by

dy(z,y) =2 +y forall z,y € X.

Define the multivalued mapping, S : X — P(X) by

374

2
ool = it e 0,10 X
[z,z+1]if x € (1,00)NX

Considering, o = 1, r = 8, then By, (xo,7) = [0,7] N X. Now, d,(xo,Szo) =
2 2 4

dq(1,81) = dg(1, g) = g So We;btain a sequence {XS(z,)} = {1, 39 %, ..} in

X generated by xg. Let ¢(t) = — and

4

lifz,ye[0,1]NX
afz,y) =

— otherwise.
2

Now,

0, (52, 53)Hy, (52, 53) = (%)6 > (dy (2, y)) = %
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So the contractive condition does not hold on X and By, (o, r). Now, for all z,y €
Bq,(zo,7) N {XS(xy,)}, we have

a.(Sz,Sy)Hg,(Sx,Sy) = 1[max{ sug) dq(a,Sy),bsuSp dq(Sz,b)}
acSx €5y
2y 3y 2x 3x
- dy(a,[22, %Y do (122, 2500
max{aseuspl ala, [, 4])7bseuspy o5 1o}
3z 2y 3y 2z 3x., 3y
= maxfd, (22 0,220 2y
3z 2y 2z 3y
= maX{d (Za?)ad ( 34 )}
3. 2y 2z 3y
= max {* 33 7
3m

< 7 =Y(x +y) = P(dy(z,y)).

So the contractive condition holds on By, (xq,r) N {XS(z,)}. Also,

ZW (20, 21))

Hence, all the conditions of Theorem 2.1 are satisfied. Now, we have {X S(z,)} is
a sequence in By, (70,7), (T, Tny1) > 1, a(@pi1,7,) > 1 and {XS(z,)} — 0 €
Bg, (zo,7). Also, a(r,,0) > 1 or a(0,2,) > 1 for all n € NU {0}. Moreover, S has
a fixed point 0.

Theorem 2.8 Let (X,d;) be a complete dislocated metric space, r > 0, zg €
By, (x0,7), a : X x X — [0,4+0), S : X — P(X) be a semi a,-admissible mul-
tifunction on By, (zo,r) and {XS(x,)} in X generated by xo with a(zg,z1) > 1.
Assume that for ¢ € [0, 1), such that

3.
(Z)z<8=r.

OO\OT
[+

=0

o (Sz, Sy)Hg, (Sz, Sy) < t(di(z, Sz)+d(y, Sy)) for all z,y € By, (xo,r)N{XS(zn)}

(2.17)
and d;(zg,x1)) < (1 —0)r, (2.18)
where 6 = . Then, {X S(z,)} is a sequence in By, (zo,7), &(Tpn,Tnt1) > 1 and

{XS(xn)} — x* € By, (x0,r). Also, if a(z,,z*) > 1 or a(z*,z,) > 1 for all n €
NU{0} and the inequality (2.17) holds for all 2,y € (Bg, (zg, ) N{XS(z,)})U{z*}.
Then, S has a fixed point «* in Bg, (g, 7).

Proof. Let {XS(x,)} be a sequence in X generated by zp. Then, we have
Tny1 € Stp, and dy(x,, Szy) = dg(an, Tpy1), for all n € NU {0}. By Lemma
1.7, we have dj(zy, xn41) < Hg, (STp-1,Szy,) for all n € N. If x,, = 2,11 for any
n € NU {0}, then z, is a fixed point in Bg,(zo,7) of S. Let x, # ,41, for all
n € NU{0}. From (2.18), we get

di(xo,z1) < (1= 0)r <.

It follows that,
x1 € By, (xo,7).
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Let z2,--- ,x; € Bg,(zo,r), for some j € N. By using the similar technique given
in Theorem 2.1, we have a.(Sx;_1,Sz;) > 1. Now, we have

di(zj,zj41) < Hg(Szj_1,5t;) < au(Sxj_1,Szj)Hg (Sx;j_1, Szj)
< t(di(xj—1,Sxj-1) + di(z;, Sz;)) by (2.17)
< O(di(zj_1,2)) < ... <09(dy(w0,71))
Now, we have
di(zo,zj41) < di(zo,z1) +di(21,22) + ... + di(25, 2541)
< di(zo, 1) + 0dy (w0, 21) + ... + 07 (dy (20, 71))
1— @i+t

< (1 9)7"((1_9)) <r.

Thus, z;11 € Bg,(zo, 7). Hence, by induction, x,, € By, (zo,7). As o (Sxj_1, Sz;) >
1, 2; € Sxj_1, xj41 € Sx;, we have o(x;,x;41) > 1. Also S is semi a,-admissible
multifunction on By, (o, ), therefore a,.(Sx;, Sx;41) > 1. This further implies that
a(xji1,2j42) > 1. Continuing this process, we have a(zy, 2, 41) > 1 for all n € N.
Now, we have

dij(p, Tpy1) < 0™ (di(z0, 1)), for all n € N.

Now, have
dl(xnvxn—&-i) < dl(xvuxn—i-l) + ...+ dl(xn+i—la xn—&-i)
0" (1 —6°
< %dl(xo,xl) —0asn — oo.

Thus, {X S(z,)} is a Cauchy sequence in (Bg, (zo,7),d;). As every closed ball in a
complete dislocated metric space is complete, so there exists z* € By, (zo,7) such
that {XS(x,)} — z*, and

lim d;(x,,z*) = 0.

n— oo
By assumption, we have a(z,,2*) > 1 for all n € NU{0}. Thus, a.(Sz,, Sz*) > 1.
Now,

*

di(z*,8z") < di(x", xpne1) + di(zper, STF)
< di(z", xpy1) + He, (Szp, Sz™¥)
< di(x", xpt1) + au(Sxp, ST¥)Hy, (Sxy, ST™)
< di(x", xpt1) FU(d(xn, Tper) + di(z”, Sx™)).

Letting n — oo, we obtain d;(x*,Sz*) = 0. Similarly, if a(z*,z,) > 1 for all
n € NU {0}, we obtain d;(Sz*, z*) = 0. Hence, 2* € Sz*. So S has a fixed point in
By, (zg, 7).

Corollary 2.9 Let (X, <,d;) be an ordered complete dislocated metric space, r > 0,
xo € By, (zg,7), S : X — P(X) and let for a sequence {XS(z,)} in X generated
by xg, g < x1. Assume that there exists ¢ € [0, %) with

Hgy, (Sz,Sy) < t(di(x, Sz)+di(y, Sy)), for all z,y € By, (xo,r)N{XS(zy)} with z <y
and d;(zo, Szo) < (1 —0)r,
where 0 = ﬁ If z,y € By, (xo,7), such that x < y implies Sz =, Sy. Then,

{XS(x,)} is a sequence in By, (zg,r), Tn = Tny1 and {XS(x,)} — * € By, (20, 7).
Also, if z* < x,, or z, < z* for all n € NU {0}, then S has a fixed point z* in
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By, (zg, 7).

3. FIXED POINT RESULTS FOR GRAPHIC CONTRACTIONS

Consistent with Jachymski [14], let (X, d) be a metric space and A denotes the
diagonal of the cartesian product X x X. Consider a directed graph G such that
the set V(G) of its vertices coincides with X, and the set E(G) of its edges contains
all loops, i.e., E(G) 2 A. We assume G has no parallel edges, so we can identify
G with the pair (V(G), E(G)). Moreover, we may treat G as a weighted graph
(see [I4]) by assigning to each edge the distance between its vertices. If z and y
are vertices in a graph G, then a path in G from z to y of length N (N € N) is a
sequence {x; }¥ ; of N+1 vertices such that o = z, zy = y and (z,—1,2,) € E(G)
fori=1,...,N. A graph G is connected if there is a path between any two vertices
(see for details [9, 12, [14] 25]).

Definition 3.1 [25] Let X be a nonempty set and G = (V(G), E(G)) be a graph
such that V(G) = X, and let T : X — CB(X). T is said to be graph preserving if
it satisfies the following;:

if (z,y) € E(G), then (u,v) € E(G) for all uw € Tz and v € Ty.

Theorem 3.2 Let (X, d,) be aleft (right) K-sequentially complete dislocated quasi
metric space endowed with a graph G, r > 0, xg € Bg,(z0,7), S: X — P(X) and
let for a sequence {XS(x,)} in X generated by xo, with (z9,21), (z1,20) € E(G).
Suppose the following assertions hold:
(i) S is graph preserving for all 7 ,y € By, (z0,7) N {XS(zn)};
(ii) there exists 1 € U, such that

qu (S.’E, Sy) S 1/1(dq(x7 y))v
for all 2,y € By, (xo,7) N {XS(zn)};
(iil) max{> """, ¥ (dg(z1,70)), Doig ¥ (dg(z0,21))} < 1, for all n € NU{0}.

Then, {XS(z,)} is a sequence in Bg, (20,7), (Zn, Tni1), (Tni1,Tn) € E(G) and
{XS(zn)} — z*. Also, if (zp,z*),(z*,2,) € E(G) for all n € NU {0} and the
inequality (ii) holds for all z,y € (Bq,(xo,r) N {XS(x,)}) U {z*}. Then, S has a
fixed point 2* in By, (xo, 7).

Proof. Define, o : X x X — [0, +00) by

| 1, if (z,y) € E(G)
oz, y) = { 0, otherwise
As ($0,$1),($1,$0) € E(G)a then Oé(.To,Qj'l) = a(xlaxO) =1L Leta Oé(’l,’,y) > 17
then (x,y) € E(G). From (i), we have (u,v) € E(G) for all u € Sz and v € Sy.
This implies that a(u,v) =1 for all w € Sx and v € Sy. This further implies that
inf{a(u,v) : uw € Sz, v € Sy} = 1. Thus S is a semi a,-admissible multifunction on
Ba,(xo,7). Also, if (z,y) € E(G), we have a(z,y) = 1 and hence, a.(Sz, Sy) = 1.
Now, condition (ii) can be written as
a.(Sz,Sy)Ha, (S, Sy) = Ha,(Sz, Sy) < ¢(dg(z,y)),

for all z,y € By, (xo,7) N {XS(xy,)}. By including condition (iii), we obtain all the
conditions of Theorem 2.1. Now, by Theorem 2.1, we have {X S(x,,)} is a sequence
in Bg,(v0,7), &(Tn,ZTng1) > 1, a(Tpy1,2,) > 1 that is (zn, Tni1), (Tny1,T0) €
E(G) and {XS(z,)} — o* € Bg,(xo,7). Also, if (x,,2%), (z*,2,) € E(G) for all
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n € NU{0}. Then, we have a(z,,z*) > 1 and a(z*,z,) > 1 for all n € NU {0}.
Again, by Theorem 2.1, S has a fixed point z* in By, (zo,7).

Theorem 3.3 Let (X,d;) be a complete dislocated metric space endowed with a
graph G, r > 0, xg € By, (zg,r), S: X — P(X) and let for a sequence {XS(z,)}

in

(i)

X generated by xg with (z¢,z1) € E(G). Suppose the following assertions hold:
S is graph preserving for all z ,y € By, (zo,r);

1
(ii) there exists ¢ € [O, 2), such that

Hy, (Sxz,Sy) < tdi(x,Sz) + di(y, Sy)],

for all z,y € By, (zo,r) N{XS(zy)} and (x,y) € E(G);

(iil) d;(zg, Sxo) < (1 — A) 7, where A =

ZL'*

1—t
Then, {X S(z,)} is asequence in By, (zo,7), (n, Tnt1) € E(G) and {XS(z,)} —
. Also, if (x,2*) € E(G) or (z*,z,) € E(G) for all n € NU{0} and the inequal-

ity (ii) holds for all 2,y € (Bg,(xo,7) N {XS(x,)}) U {z*}. Then, S has a fixed

po.

int «* in By, (zo,T).
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