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FIXED POINT RESULTS FOR α∗ ψ-MULTIVALUED MAPPINGS

ABDULLAH SHOAIB

Abstract. The aim of this paper is to establish fixed point results for semi α∗-

admissible multivalued mappings satisfying generalized locally α∗-ψ-contractive

conditions in left (right)K-sequentially complete dislocated quasi metric space.
Applications have been given. An example has been constructed to demon-

strate the novelty of our results.

1. Introduction

Let H : M −→ M be a mapping. A point x ∈ M is said to be a fixed point of
M, if x = Hx. Fixed point results are a tool to approximate the unique solution
of non linear functional equations. Many results appeared in literature related to
the fixed point of mappings which are contractive on the whole domain. It may
happens that H : M −→ M is not a contraction but is a contraction on a subset
of M. Recently, Beg et al. [8] proved a result concerning the existence of fixed
points of a mapping satisfying locally contractive conditions on a closed ball (see
also [3, 4, 5, 13, 22, 23, 24]). It is also possible that mapping satisfying locally
contractive conditions on a sequence contained in a closed ball in M. One can
obtain fixed point results for such mapping by using the suitable conditions.

The notion of dislocated topologies have useful applications in the context of logic
programming semantics (see [10]). Dislocated metric space (metric-like space) (see
[15, 19]) is a generalization of partial metric space (see [17]). Furthermore, dislo-
cated quasi metric space (quasi-metric-like space) (see [8, 21, 26, 27]) generalized
the idea of dislocated metric space and quasi-partial metric space (see [16, 22]).

Nadler [18], introduced a study of fixed point theorems involving multivalued
mappings (see also [7]). Asl et al. [6] introduced the concepts of α∗-ψ contractive
multifunctions, α∗-admissible mapping and obtained some fixed point results for
these multifunctions (see also [1, 11]). In this paper, we discuss some new fixed
point results for α∗-ψ-contractive type multivalued mappings in a closed ball in left
(right) K-sequentially complete dislocated quasi metric space. Our results unify,
extend and generalize several comparable results in the existing literature. We give
the following definitions and results which will be needed in the sequel.
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Definition 1.1 [26] Let X be a nonempty set and let dq : X × X → [0,∞) be
a function, called a dislocated quasi metric (or simply dq-metric) if the following
conditions hold for any x, y, z ∈ X :

(i) If dq(x, y) = dq(y, x) = 0, then x = y;
(ii) dq(x, y) ≤ dq(x, z) + dq(z, y).

The pair (X, dq) is called a dislocated quasi metric space.
It is clear that if dq(x, y) = dq(y, x) = 0, then from (i), x = y. But if x = y,

dq(x, y) may not be 0. It is observed that if dq(x, y) = dq(y, x) for all x, y ∈ X, then
(X, dq) becomes a dislocated metric space (metric-like space) (X, dl). For x ∈ X
and ε > 0, Bdq (x, ε) = {y ∈ X : dq(x, y) < ε and dq(y, x) < ε} and Bdq (x, ε) =
{y ∈ X : dq(x, y) ≤ ε and dq(y, x) ≤ ε} are open ball and closed ball in (X, dq)
respectively. Also Bdl(x, ε) = {y ∈ X : dq(x, y) ≤ ε} is a closed ball in (X, dl).
Example 1.2 [8] Let X = R+∪{0} and dq(x, y) = x+max{x, y} for any x, y ∈ X.
Now,

(i) If dq(x, y) = dq(y, x) = 0, then x + max{x, y} = y + max{y, x} = 0, which
implies that x = y = 0.

(ii) Case 1: If x ≥ y, then dq(x, y) = x + max{x, y} = 2x. Let z ∈ X. If z ≤ x,
then,

dq(x, z) + dq(z, y) = x+ max{x, z}+ z + max{z, y}
= x+ x+ z + max{z, y} ≥ 2x = dq(x, y)

If z > x, then, dq(x, z) + dq(z, y) = x+ z + z + z ≥ 2x = dq(x, y).
Case 2: If x < y, then dq(x, y) = x + y. If z ≥ y, then, dq(x, z) + dq(z, y) =

x+z+z+z ≥ x+y = dq(x, y). If z < y, then, dq(x, z)+dq(z, y) = x+max{x, z}+
z + y ≥ x+ y = dq(x, y).
Hence both the conditions of Definition 1.1 hold, so dq(x, y) = x+max{x, y} defines
a dislocated quasi metric on X.

Definition 1.3 [8] Let (X, dq) be a dislocated quasi metric space.
(a) A sequence {xn} in (X, dq) is called left (right) K-Cauchy if ∀ ε > 0, ∃ n0 ∈ N
such that ∀ n > m ≥ n0 (respectively ∀ m > n ≥ n0), dq(xm, xn) < ε.
(b) A sequence {xn} dislocated quasi-converges (for short dq -converges) to x if
lim
n→∞

dq(xn, x) = lim
n→∞

dq(x, xn) = 0 or for any ε > 0, there exists n0 ∈ N, such that

for all n > n0, dq(x, xn) < ε and dq(xn, x) < ε. In this case x is called a dq-limit of
{xn}.
(c) (X, dq) is called left (right) K-sequentially complete if every left (right) K-
Cauchy sequence in X converges to a point x ∈ X such that dq(x, x) = 0.
Definition 1.4 Let (X, dq) be a dislocated quasi metric space. Let K be a
nonempty subset of X and let x ∈ X. An element y0 ∈ K is called a best ap-
proximation in K if

dq(x,K) = dq(x, y0), where dq(x,K) = inf
y∈K

dq(x, y)

and dq(K,x) = dq(y0, x), where dq(K,x) = inf
y∈K

dq(y, x).

If each x ∈ X has at least one best approximation in K, then K is called a prox-
iminal set.

We denote P (X) be the set of all proximinal subsets of X.
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Definition 1.5 Let (X, dq) be a dislocated quasi metric space, S : X → P (X) be
a multivalued mapping and α : X × X → [0,+∞). Let A ⊆ X, we say that S is
semi α∗-admissible on A, whenever α(x, y) ≥ 1 implies that α∗(Sx, Sy) ≥ 1, for all
x, y ∈ A, where α∗(Sx, Sy) = inf{α(a, b) : a ∈ Sx, b ∈ Sy}. If A = X, then we say
that S is α∗-admissible on X.
Definition 1.6 The function Hdq : P (X)× P (X)→ X, defined by

Hdq (A,B) = max{sup
a∈A

dq(a,B), sup
b∈B

dq(A, b)}

is called dislocated quasi Hausdorff metric on P (X). Also (P (X), Hdq ) is known as
dislocated quasi Hausdorff metric space.
Lemma 1.7 Let (X, dq) be a dislocated quasi metric space. Let (P (X), Hdq ) be
a dislocated quasi Hausdorff metric space on P (X). Then, for all A,B ∈ P (X)
and for each a ∈ A, there exists ba ∈ B, such that Hdq (A,B) ≥ dq(a, ba) and
Hdq (B,A) ≥ dq(ba, a).
Proof. We know thatHdq (A,B) = max{sup

a∈A
dq(a,B), sup

b∈B
dq(A, b)}. IfHdq (A,B) =

sup
a∈A

dq(a,B), then Hdq (A,B) ≥ dq(a,B) for each a ∈ A. As B is a proximinal set,

so for each a ∈ X, there exist at least one best approximation ba ∈ B satisfies
dq(a,B) = dq(a, ba) and dq(B, a) = dq(ba, a). Now, we have Hdq (A,B) ≥ dq(a, ba).
Also, if Hdq (A,B) = sup

b∈B
dq(A, b) ≥ sup

a∈A
dq(a,B). Hence, for each a ∈ A there

exists ba ∈ B, such that Hdq (A,B) ≥ dq(a, ba). Similarly, we can prove that
Hdq (B,A) ≥ dq(ba, a).

Definition 1.8 Let (X, dq) be a dislocated quasi metric space. Let U ⊆ X, then
(a) U is called an open set, if for each x ∈ U, there exist an open ball Bdq (x, ε),

such that Bdq (x, ε) ⊆ U.
(b) a point x ∈ X is called a limit point of U, if for each open ball Bdq (x, ε),

Bdq (x, ε) ∩ U − {x} 6= φ.
(c) the set of all limit points of U is denoted by D(U).
(d) U is said to be a closed set if D(U) ⊆ U.
(e) the set U is the intersection of all closed super sets of U.
(f) the set U c is the compliment of U .

Lemma 1.9 If U c is an open set, then U is a closed set.
Proof. Let x ∈ D(U). Suppose x /∈ U, then x ∈ U c. So, there exist an open ball
Bdq (x, ε) such that Bdq (x, ε) ⊆ U c. As U c ∩ U = φ, then Bdq (x, ε) ∩ U = φ, which
implies that Bdq (x, ε) ∩ U − {x} = φ. Therefore, x /∈ D(U). A contradiction, so
x ∈ U. Hence U is closed.

Lemma 1.10 Every closed ball in a dislocated quasi metric space is a closed set.
Proof. Let Bdq (x0, r) be a closed ball in a dislocated quasi metric space X. Let

x ∈ Bdq (x0, r)
c
. It implies that dq(x0, x) > r. Let ε = dq(x0, x)−r and y ∈ Bdq (x, ε).

Then dq(x0, x) ≤ dq(x0, y) + dq(y, x) < dq(x0, y) + ε ⇒ dq(x0, y) > r. It follows

that y ∈ Bdq (x0, r)
c
. It implies that Bdq (x, ε) ⊆ Bdq (x0, r)

c
. Now by Lemma 1.9,

Bdq (x0, r) is a closed set.

Lemma 1.11 Every closed ball Y in a left (right) K-sequentially complete dislo-
cated quasi metric space X is left (right) K-sequentially complete.
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Proof. Let {xn} be a left (right) K-Cauchy sequence in Y. As Y ⊆ X, then {xn}
be a left (right) K-Cauchy sequence in X. As X is left (right) K-sequentially com-
plete, so xn → x ∈ X. Therefore, for any ε > 0, there exists n0 ∈ N, such that
for all n > n0, dq(x, xn) < ε and dq(xn, x) < ε. It implies that each open ball
Bdq (x, ε) contains all the points of {xn}, except a finite number of points. As {xn}
is a sequence in Y , so Bdq (x, ε) contains at least one point of Y , different from x. It

implies that x ∈ D(Y ) and therefore x ∈ Y . As Y is closed, so Y = Y. This shows
that x ∈ Y . Hence Y is left (right) K-sequentially complete.

2. Main Result

Let (X, dq) be a dislocated quasi metric space, x0 ∈ X and S : X → P (X) be a
multivalued mapping on X. As Sx0 is a proximinal set, then there exists x1 ∈ Sx0
such that dq(x0, Sx0) = dq(x0, x1) and dq(Sx0, x0) = dq(x1, x0). Now, for x1 ∈ X,
there exist x2 ∈ Sx1 be such that dq(x1, Sx1) = dq(x1, x2) and dq(Sx1, x1) =
dq(x2, x1). Continuing this process, we construct a sequence xn of points in X such
that xn+1 ∈ Sxn, dq(xn, Sxn) = dq(xn, xn+1) and dq(Sxn, xn) = dq(xn+1, xn). We
denote this iterative sequence {XS(xn)} and say that {XS(xn)} is a sequence in
X generated by x0.

Theorem 2.1 Let (X, dq) be a left (right) K-sequentially complete dislocated

quasi metric space, r > 0, x0 ∈ Bdq (x0, r), α : X ×X → [0,+∞), S : X → P (X)

be a semi α∗-admissible multifunction on Bdq (x0, r) and {XS(xn)} be a sequence
in X generated by x0 with α(x0, x1) ≥ 1 and α(x1, x0) ≥ 1. Assume that for some
ψ ∈ Ψ, the following hold:

α∗(Sx, Sy)Hdq (Sx, Sy) ≤ ψ(dq(x, y)), for all x, y ∈ Bdq (x0, r) ∩ {XS(xn)} (2.1)

and max{
n∑
i=0

ψi(dq(x1, x0)),

n∑
i=0

ψi(dq(x0, x1))} ≤ r, for all n ∈ N ∪ {0}. (2.2)

Then, {XS(xn)} is a sequence in Bdq (x0, r), α(xn, xn+1) ≥ 1, α(xn+1, xn) ≥ 1,

for all n ∈ N ∪ {0} and {XS(xn)} → x∗ ∈ Bdq (x0, r). Also, if α(xn, x
∗) ≥ 1,

α(x∗, xn) ≥ 1, for all n ∈ N ∪ {0} and the inequality (2.1) holds for all x, y ∈
(Bdq (x0, r) ∩ {XS(xn)}) ∪ {x∗}. Then, S has a fixed point x∗ in Bdq (x0, r).
Proof. Let {XS(xn)} be a sequence in X generated by x0. Then, we have xn+1 ∈
Sxn, and dq(xn, Sxn) = dq(xn, xn+1), for all n ∈ N ∪ {0}. By Lemma 1.7, we have

dq(xn, xn+1) ≤ Hdq (Sxn−1, Sxn), (2.3)

dq(xn+1, xn) ≤ Hdq (Sxn, Sxn−1), (2.4)

for all n ∈ N. If xn = xn+1 for any n ∈ N∪{0}, then xn is a fixed point in Bdq (x0, r)
of S. Let xn 6= xn+1, for all n ∈ N ∪ {0}. From (2.2), we have

max{dq(x1, x0), dq(x0, x1))} ≤ max{
n∑
i=0

ψi(dq(x1, x0)),

n∑
i=0

ψi(dq(x0, x1))} ≤ r.

It follows that, dq(x1, x0) ≤ r and dq(x0, x1) ≤ r. Hence, we have

x1 ∈ Bdq (x0, r).
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As α(x0, x1) ≥ 1 and S is semi α∗-admissible multifunction on Bdq (x0, r), so
α∗(Sx0, Sx1) ≥ 1. As α∗(Sx0, Sx1) ≥ 1, x1 ∈ Sx0 and x2 ∈ Sx1, so α(x1, x2) ≥ 1.

Let x2, · · · , xj ∈ Bdq (x0, r) for some j ∈ N. As S is semi α∗-admissible multifunc-

tion on Bdq (x0, r), thus, we have α∗(Sx1, Sx2) ≥ 1. As α∗(Sx1, Sx2) ≥ 1, we have
α(x2, x3) ≥ 1, which further implies α∗(Sx2, Sx3) ≥ 1. Continuing this process, we
have α∗(Sxj−1, Sxj) ≥ 1. Now, by using (2.3), we have

dq(xj , xj+1) ≤ Hdq (Sxj−1, Sxj)

≤ α∗(Sxj−1, Sxj)Hdq (Sxj−1, Sxj)

≤ ψ(dq(xj−1, xj)) ≤ ... ≤ ψj(dq(x0, x1)).

(2.5)

Also, we have

dq(x0, xj+1) ≤ dq(x0, x1) + ...+ dq(xj , xj+1)

≤ dq(x0, x1) + ...+ ψj(dq(x0, x1)), by (2.5)

dq(x0, xj+1) ≤
j∑
i=0

ψi(dq(x0, x1))

≤ max{
n∑
i=0

ψi(dq(x1, x0)),

n∑
i=0

ψi(dq(x0, x1))} ≤ r.

(2.6)

Also, by using α(x1, x0) ≥ 1, we have α∗(Sxj , Sxj−1) ≥ 1. Now, by using (2.4), we
have

dq(xj+1, xj) ≤ Hdq (Sxj , Sxj−1) ≤ α∗(Sxj , Sxj−1)Hdq (Sxj , Sxj−1)

≤ ψ(dq(xj , xj−1)) ≤ ... ≤ ψj(dq(x1, x0)).
(2.7)

Now,

dq(xj+1, x0) ≤ dq(xj+1, xj) + ...+ dq(x1, x0)

≤ ψj(dq(x1, x0)) + ...+ dq(x1, x0), by (2.7)

dq(xj+1, x0) ≤ max{
n∑
i=0

ψi(dq(x1, x0)),

n∑
i=0

ψi(dq(x0, x1))} ≤ r.
(2.8)

By (2.6) and (2.8), we have xj+1 ∈ Bdq (x0, r). Hence, by mathematical induction,

xn ∈ Bdq (x0, r). As α∗(Sxj−1, Sxj) ≥ 1 and α∗(Sxj , Sxj−1) ≥ 1, then we have
α(xj , xj+1) ≥ 1 and α(xj+1, xj) ≥ 1. Also S is semi α∗-admissible multifunction

on Bdq (x0, r), therefore α∗(Sxj , Sxj+1) ≥ 1 and α∗(Sxj+1, Sxj) ≥ 1. This further
implies that α(xj+1, xj+2) ≥ 1 and α(xj+2, xj+1) ≥ 1. Continuing this process, we
have α(xn, xn+1) ≥ 1 and α(xn+1, xn) ≥ 1 for all n ∈ N. Now, inequalities (2.5)
and(2.7) can be written as

dq(xn, xn+1) ≤ ψn(dq(x0, x1)), for all n ∈ N. (2.9)

dq(xn+1, xn) ≤ ψn(dq(x1, x0)), for all n ∈ N. (2.10)
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Fix ε > 0 and let k1(ε) ∈ N, such that
∑

k≥k1(ε)
ψk(dq(x0, x1)) < ε. Let n,m ∈ N

with m > n > k1(ε). Now, we have

dq(xn, xm) ≤
m−1∑
k=n

dq(xk, xk+1)

≤
m−1∑
k=n

ψk(dq(x0, x1)), by (2.9)

dq(xn, xm) ≤
∑

k≥k1(ε)

ψk(dq(x0, x1)) < ε.

Thus, {XS(xn)} is a leftK-Cauchy sequence in (Bdq (x0, r), dq). Now, let k2(ε) ∈ N,
such that

∑
k≥k2(ε)

ψk(dq(x1, x0)) < ε. Let s, t ∈ N with s > t > k2(ε). Now, we have

dq(xs, xt) ≤
t∑

k=s−1

ψk(dq(x1, x0)), by (2.10)

dq(xs, xt) ≤
∑

k≥k2(ε)

ψk(dq(x1, x0)) < ε.

Thus, {XS(xn)} is a right K-Cauchy sequence in (Bdq (x0, r), dq). As every closed
ball in a left (right) K-sequentially complete dislocated quasi metric space is left

(right)K-sequentially complete, so there exists x∗ ∈ Bdq (x0, r) such that {XS(xn)} →
x∗, and

lim
n→∞

dq(xn, x
∗) = lim

n→∞
dq(x

∗, xn) = 0. (2.11)

By assumption, we have α(xn, x
∗) ≥ 1 for all n ∈ N∪{0}. Thus, α∗(Sxn, Sx

∗) ≥ 1.
Now, we have

dq(x
∗, Sx∗) ≤ dq(x

∗, xn+1) + dq(xn+1, Sx
∗)

≤ dq(x
∗, xn+1) +Hdq (Sxn, Sx

∗)

≤ dq(x
∗, xn+1) + α∗(Sxn, Sx

∗)Hdq (Sxn, Sx
∗)

≤ dq(x
∗, xn+1) + ψ(dq(xn, x

∗)).

Letting n→∞ and by using inequality (2.11), we obtain dq(x
∗, Sx∗) = 0. Similarly,

as α(x∗, xn) ≥ 1 for all n ∈ N ∪ {0}, then, α∗(Sx
∗, Sxn) ≥ 1. Now, we have

dq(Sx
∗, x∗) ≤ ψ(dq(x

∗, xn)) + dq(xn+1, x
∗).

We obtain dq(Sx
∗, x∗) = 0. Hence, x∗ ∈ Sx∗. So S has a fixed point in Bdq (x0, r).

Corollary 2.2 Let (X, dl) be a complete dislocated metric space, r > 0, x0 ∈
Bdl(x0, r), α : X × X → [0,+∞), S : X → P (X) be a semi α∗-admissible mul-

tifunction on Bdl(x0, r) and let for a sequence {XS(xn)} in X generated by x0,
α(x0, x1) ≥ 1. Assume that for some ψ ∈ Ψ, the following hold:

α∗(Sx, Sy)Hdl(Sx, Sy) ≤ ψ(dl(x, y)) for all x, y ∈ Bdl(x0, r) ∩ {XS(xn)} (2.12)

and

n∑
i=0

ψi(dl(x0, Sx0)) ≤ r for all n ∈ N ∪ {0}.
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Then, {XS(xn)} is a sequence in Bdl(x0, r), α(xn, xn+1) ≥ 1 and {XS(xn)} →
x∗ ∈ Bdl(x0, r). Also, if α(xn, x

∗) ≥ 1 or α(x∗, xn) ≥ 1 for all n ∈ N ∪ {0} and the

inequality (2.12) holds for all x, y ∈ (Bdl(x0, r) ∩ {XS(xn)}) ∪ {x∗}. Then, S has

a fixed point x∗ in Bdq (x0, r). Then, S has a fixed point x∗ in Bdl(x0, r).
Let X be a nonempty set. Then (X,�, dq) is called a preordered dislocated quasi

metric space if dq is a dislocated quasi metric on X and � is a preorder on X. Let
(X,�, dq) be a preordered dislocated quasi metric space and A,B ⊆ X. We say
that A � B whenever for each a ∈ A there exists b ∈ B such that a � b. Also,we
say that A �r B whenever for each a ∈ A and b ∈ B, we have a � b.
Corollary 2.3 Let (X,�, dq) be a preordered left (right) K-sequentially complete

dislocated quasi metric space, r > 0, x0 ∈ Bdq (x0, r), S : X → P (X) and for a
sequence {XS(xn)} in X generated by x0 with x0 � x1 and x1 � x0. Assume that
for some ψ ∈ Ψ, the following hold:

Hdq (Sx, Sy) ≤ ψ(dq(x, y)), for all x, y ∈ Bdq (x0, r)∩{XS(xn)} with x � y (2.13)

and max{
n∑
i=0

ψi(dq(x1, x0)),

n∑
i=0

ψi(dq(x0, x1))} ≤ r, for all n ∈ N ∪ {0}.

If x, y ∈ Bdq (x0, r), such that x � y implies Sx �r Sy. Then, {XS(xn)} is a

sequence in Bdq (x0, r), xn � xn+1 and {XS(xn)} → x∗ ∈ Bdq (x0, r). Also, if
x∗ � xn and xn � x∗ for all n ∈ N ∪ {0} and the inequality (2.13) holds for all

x, y ∈ (Bdq (x0, r) ∩ {XS(xn)}) ∪ {x∗}. Then, S has a fixed point x∗ in Bdq (x0, r).
Corollary 2.4 Let (X,�, d) be a preordered complete metric space, r > 0, S :
X → P (X) and for a sequence {XS(xn)} in X generated by x0 with x0 � x1.
Assume that there exists k ∈ [0, 1) with

H(Sx, Sy) ≤ kd(x, y), for all x, y ∈ B(x0, r) ∩ {XS(xn)} with x � y (2.14)

and

n∑
i=0

ki(d(x0, x1)) ≤ r for all n ∈ N ∪ {0}.

If x, y ∈ B(x0, r), such that x � y implies Sx �r Sy. Then, {XS(xn)} is a se-

quence in B(x0, r), xn � xn+1 and {XS(xn)} → x∗ ∈ B(x0, r). Also, if x∗ � xn
or xn � x∗ for all n ∈ N ∪ {0} and the inequality (2.14) holds for all x, y ∈
(B(x0, r) ∩ {XS(xn)}) ∪ {x∗}. Then S has a fixed point x∗ in B(x0, r).

Let f : X → X be a self-mapping of a set X and α : X × X → [0,∞) be a
mapping, then the mapping f is called semi α-admissible if, A ⊆ X, x, y ∈ A,
α(x, y) ≥ 1⇒ α(fx, fy) ≥ 1. If A = X, then the mapping f is called α-admissible.
Corollary 2.5 Let (X, d) be a complete metric space, S : X → X, r > 0, {xn} be
a Picard sequence in X with initial guess x0. Let α : X ×X → [0,+∞) be a semi

α-admissible mapping on B(x0, r) with α(x0, x1) ≥ 1. For some ψ ∈ Ψ, assume
that:

α(x, y)d(Sx, Sy) ≤ ψ(d(x, y)), for all x, y ∈ B(x0, r) ∩ {xn} (2.15)

and
j∑
i=0

ψi(d(x0, x1)) ≤ r for all j ∈ N ∪ {0}.



50 ABDULLAH SHOAIB

Then, {xn} is a sequence in B(x0, r), α(xn, xn+1) ≥ 1 and {xn} → x∗ ∈ B(x0, r).
Also, if α(xn, x

∗) ≥ 1 or α(x∗, xn) ≥ 1 for all n ∈ N∪ {0} and the inequality (2.15)

holds for all x, y ∈ (B(x0, r)∩{xn})∪{x∗}. Then, S has a fixed point x∗ in B(x0, r).

Recall that if (X,�) is a preordered set and T : X → X is such that for x, y ∈ X,
with x � y implies Tx � Ty, then the mapping T is said to be non-decreasing.
Corollary 2.6 Let (X, d) be a complete metric space, S : X → X be nondecreasing
mapping, r > 0, {xn} be a Picard sequence in X with initial guess x0 with x0 � x1.
For some k ∈ [0, 1), assume that:

d(Sx, Sy) ≤ kd(x, y), for all x, y ∈ B(x0, r) ∩ {xn} with x � y (2.16)

and

j∑
i=0

ki(d(x0, x1)) ≤ r for all j ∈ N ∪ {0}.

Then, {xn} is a sequence in B(x0, r), xn � xn+1 and {xn} → x∗ ∈ B(x0, r). Also,
if x∗ � xn or xn � x∗ for all n ∈ N ∪ {0} and the inequality (2.16) holds for all

x, y ∈ (B(x0, r) ∩ {xn}) ∪ {x∗}. Then S has a fixed point x∗ in B(x0, r).
Example 2.7 Let X = Q+ ∪ {0} and let dq : X × X → X be the complete
dislocated quasi metric on X defined by

dq(x, y) = x+ y for all x, y ∈ X.

Define the multivalued mapping, S : X → P (X) by

Sx =

{
[
2x

3
,

3x

4
] if x ∈ [0, 1] ∩X

[x, x+ 1] if x ∈ (1,∞) ∩X
.

Considering, x0 = 1, r = 8, then Bdq (x0, r) = [0, 7] ∩ X. Now, dq(x0, Sx0) =

dq(1, S1) = dq(1,
2

3
) =

5

3
. So we obtain a sequence {XS(xn)} = {1, 2

3
,

4

9
,

8

27
, ...} in

X generated by x0. Let ψ(t) =
3t

4
and

α(x, y) =

{
1 if x, y ∈ [0, 1] ∩X

3

2
otherwise.

Now,

α∗(S2, S3)Hdq (S2, S3) = (
3

2
)6 > ψ(dq(x, y)) =

15

4
.
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So the contractive condition does not hold on X and Bdq (x0, r). Now, for all x, y ∈
Bdq (x0, r) ∩ {XS(xn)}, we have

α∗(Sx, Sy)Hdq (Sx, Sy) = 1[max{ sup
a∈Sx

dq(a, Sy), sup
b∈Sy

dq(Sx, b)}]

= max{ sup
a∈Sx

dq(a, [
2y

3
,

3y

4
]), sup

b∈Sy
dq([

2x

3
,

3x

4
], b)}

= max{dq(
3x

4
, [

2y

3
,

3y

4
]), dq([

2x

3
,

3x

4
],

3y

4
)}

= max{dq(
3x

4
,

2y

3
), dq(

2x

3
,

3y

4
)}

= max{3x

4
+

2y

3
,

2x

3
+

3y

4
}

≤ 3x

4
+

3y

4
= ψ(x+ y) = ψ(dq(x, y)).

So the contractive condition holds on Bdq (x0, r) ∩ {XS(xn)}. Also,

n∑
i=0

ψi(dq(x0, x1)) =
5

3

n∑
i=0

(
3

4
)i < 8 = r.

Hence, all the conditions of Theorem 2.1 are satisfied. Now, we have {XS(xn)} is

a sequence in Bdq (x0, r), α(xn, xn+1) ≥ 1, α(xn+1, xn) ≥ 1 and {XS(xn)} → 0 ∈
Bdq (x0, r). Also, α(xn, 0) ≥ 1 or α(0, xn) ≥ 1 for all n ∈ N ∪ {0}. Moreover, S has
a fixed point 0.
Theorem 2.8 Let (X, dl) be a complete dislocated metric space, r > 0, x0 ∈
Bdl(x0, r), α : X × X → [0,+∞), S : X → P (X) be a semi α∗-admissible mul-

tifunction on Bdl(x0, r) and {XS(xn)} in X generated by x0 with α(x0, x1) ≥ 1.
Assume that for t ∈ [0, 12 ), such that

α∗(Sx, Sy)Hdl(Sx, Sy) ≤ t(dl(x, Sx)+dl(y, Sy)) for all x, y ∈ Bdl(x0, r)∩{XS(xn)}
(2.17)

and dl(x0, x1)) ≤ (1− θ)r, (2.18)

where θ = t
1−t . Then, {XS(xn)} is a sequence in Bdl(x0, r), α(xn, xn+1) ≥ 1 and

{XS(xn)} → x∗ ∈ Bdl(x0, r). Also, if α(xn, x
∗) ≥ 1 or α(x∗, xn) ≥ 1 for all n ∈

N∪{0} and the inequality (2.17) holds for all x, y ∈ (Bdl(x0, r)∩{XS(xn)})∪{x∗}.
Then, S has a fixed point x∗ in Bdl(x0, r).

Proof. Let {XS(xn)} be a sequence in X generated by x0. Then, we have
xn+1 ∈ Sxn, and dq(xn, Sxn) = dq(xn, xn+1), for all n ∈ N ∪ {0}. By Lemma
1.7, we have dl(xn, xn+1) ≤ Hdl(Sxn−1, Sxn) for all n ∈ N. If xn = xn+1 for any

n ∈ N ∪ {0}, then xn is a fixed point in Bdq (x0, r) of S. Let xn 6= xn+1, for all
n ∈ N ∪ {0}. From (2.18), we get

dl(x0, x1) ≤ (1− θ)r < r.

It follows that,

x1 ∈ Bdl(x0, r).
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Let x2, · · · , xj ∈ Bdl(x0, r), for some j ∈ N. By using the similar technique given
in Theorem 2.1, we have α∗(Sxj−1, Sxj) ≥ 1. Now, we have

dl(xj , xj+1) ≤ Hdl(Sxj−1, Sxj) ≤ α∗(Sxj−1, Sxj)Hdl(Sxj−1, Sxj)

≤ t(dl(xj−1, Sxj−1) + dl(xj , Sxj)) by (2.17)

≤ θ(dl(xj−1, xj)) ≤ ... ≤ θj(dl(x0, x1))

Now, we have

dl(x0, xj+1) ≤ dl(x0, x1) + dl(x1, x2) + ...+ dl(xj , xj+1)

≤ dl(x0, x1) + θdl(x0, x1) + ...+ θj(dl(x0, x1))

≤ (1− θ)r (1− θj+1)

(1− θ)
≤ r.

Thus, xj+1 ∈ Bdl(x0, r). Hence, by induction, xn ∈ Bdl(x0, r). As α∗(Sxj−1, Sxj) ≥
1, xj ∈ Sxj−1, xj+1 ∈ Sxj , we have α(xj , xj+1) ≥ 1. Also S is semi α∗-admissible

multifunction on Bdl(x0, r), therefore α∗(Sxj , Sxj+1) ≥ 1. This further implies that
α(xj+1, xj+2) ≥ 1. Continuing this process, we have α(xn, xn+1) ≥ 1 for all n ∈ N.
Now, we have

dl(xn, xn+1) ≤ θn(dl(x0, x1)), for all n ∈ N.
Now, have

dl(xn, xn+i) ≤ dl(xn, xn+1) + ...+ dl(xn+i−1, xn+i)

≤ θn(1− θi)
1− θ

dl(x0, x1) −→ 0 as n→∞.

Thus, {XS(xn)} is a Cauchy sequence in (Bdl(x0, r), dl). As every closed ball in a

complete dislocated metric space is complete, so there exists x∗ ∈ Bdl(x0, r) such
that {XS(xn)} → x∗, and

lim
n→∞

dl(xn, x
∗) = 0.

By assumption, we have α(xn, x
∗) ≥ 1 for all n ∈ N∪{0}. Thus, α∗(Sxn, Sx

∗) ≥ 1.
Now,

dl(x
∗, Sx∗) ≤ dl(x

∗, xn+1) + dl(xn+1, Sx
∗)

≤ dl(x
∗, xn+1) +Hdl(Sxn, Sx

∗)

≤ dl(x
∗, xn+1) + α∗(Sxn, Sx

∗)Hdl(Sxn, Sx
∗)

≤ dl(x
∗, xn+1) + t(dl(xn, xn+1) + dl(x

∗, Sx∗)).

Letting n → ∞, we obtain dl(x
∗, Sx∗) = 0. Similarly, if α(x∗, xn) ≥ 1 for all

n ∈ N∪ {0}, we obtain dl(Sx
∗, x∗) = 0. Hence, x∗ ∈ Sx∗. So S has a fixed point in

Bdl(x0, r).
Corollary 2.9 Let (X,�, dl) be an ordered complete dislocated metric space, r > 0,

x0 ∈ Bdl(x0, r), S : X → P (X) and let for a sequence {XS(xn)} in X generated
by x0, x0 � x1. Assume that there exists t ∈ [0, 12 ) with

Hdl(Sx, Sy) ≤ t(dl(x, Sx)+dl(y, Sy)), for all x, y ∈ Bdl(x0, r)∩{XS(xn)} with x � y
and dl(x0, Sx0) ≤ (1− θ)r,

where θ = t
1−t . If x, y ∈ Bdl(x0, r), such that x � y implies Sx �r Sy. Then,

{XS(xn)} is a sequence in Bdl(x0, r), xn � xn+1 and {XS(xn)} → x∗ ∈ Bdl(x0, r).
Also, if x∗ � xn or xn � x∗ for all n ∈ N ∪ {0}, then S has a fixed point x∗ in
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Bdl(x0, r).

3. Fixed point results for graphic contractions

Consistent with Jachymski [14], let (X, d) be a metric space and ∆ denotes the
diagonal of the cartesian product X ×X. Consider a directed graph G such that
the set V (G) of its vertices coincides with X, and the set E(G) of its edges contains
all loops, i.e., E(G) ⊇ ∆. We assume G has no parallel edges, so we can identify
G with the pair (V (G), E(G)). Moreover, we may treat G as a weighted graph
(see [14]) by assigning to each edge the distance between its vertices. If x and y
are vertices in a graph G, then a path in G from x to y of length N (N ∈ N) is a
sequence {xi}Ni=0 of N+1 vertices such that x0 = x, xN = y and (xn−1, xn) ∈ E(G)
for i = 1, ..., N. A graph G is connected if there is a path between any two vertices
(see for details [9, 12, 14, 25]).
Definition 3.1 [25] Let X be a nonempty set and G = (V (G), E(G)) be a graph
such that V (G) = X, and let T : X → CB(X). T is said to be graph preserving if
it satisfies the following:

if (x, y) ∈ E(G), then (u, v) ∈ E(G) for all u ∈ Tx and v ∈ Ty.
Theorem 3.2 Let (X, dq) be a left (right) K-sequentially complete dislocated quasi

metric space endowed with a graph G, r > 0, x0 ∈ Bdq (x0, r), S : X −→ P (X) and
let for a sequence {XS(xn)} in X generated by x0, with (x0, x1), (x1, x0) ∈ E(G).
Suppose the following assertions hold:
(i) S is graph preserving for all x , y ∈ Bdq (x0, r) ∩ {XS(xn)};
(ii) there exists ψ ∈ Ψ, such that

Hdq (Sx, Sy) ≤ ψ(dq(x, y)),

for all x, y ∈ Bdq (x0, r) ∩ {XS(xn)};
(iii) max{

∑n
i=0 ψ

i(dq(x1, x0)),
∑n
i=0 ψ

i(dq(x0, x1))} ≤ r, for all n ∈ N ∪ {0}.
Then, {XS(xn)} is a sequence in Bdq (x0, r), (xn, xn+1), (xn+1, xn) ∈ E(G) and

{XS(xn)} → x∗. Also, if (xn, x
∗), (x∗, xn) ∈ E(G) for all n ∈ N ∪ {0} and the

inequality (ii) holds for all x, y ∈ (Bdq (x0, r) ∩ {XS(xn)}) ∪ {x∗}. Then, S has a

fixed point x∗ in Bdq (x0, r).
Proof. Define, α : X ×X → [0,+∞) by

α(x, y) =

{
1, if (x, y) ∈ E(G)
0, otherwise

.

As (x0, x1), (x1, x0) ∈ E(G), then α(x0, x1) = α(x1, x0) = 1. Let, α(x, y) ≥ 1,
then (x, y) ∈ E(G). From (i), we have (u, v) ∈ E(G) for all u ∈ Sx and v ∈ Sy.
This implies that α(u, v) = 1 for all u ∈ Sx and v ∈ Sy. This further implies that
inf{α(u, v) : u ∈ Sx, v ∈ Sy} = 1. Thus S is a semi α∗-admissible multifunction on

Bdq (x0, r). Also, if (x, y) ∈ E(G), we have α(x, y) = 1 and hence, α∗(Sx, Sy) = 1.
Now, condition (ii) can be written as

α∗(Sx, Sy)Hdq (Sx, Sy) = Hdq (Sx, Sy) ≤ ψ(dq(x, y)),

for all x, y ∈ Bdq (x0, r)∩ {XS(xn)}. By including condition (iii), we obtain all the
conditions of Theorem 2.1. Now, by Theorem 2.1, we have {XS(xn)} is a sequence

in Bdq (x0, r), α(xn, xn+1) ≥ 1, α(xn+1, xn) ≥ 1 that is (xn, xn+1), (xn+1, xn) ∈
E(G) and {XS(xn)} → x∗ ∈ Bdq (x0, r). Also, if (xn, x

∗), (x∗, xn) ∈ E(G) for all
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n ∈ N ∪ {0}. Then, we have α(xn, x
∗) ≥ 1 and α(x∗, xn) ≥ 1 for all n ∈ N ∪ {0}.

Again, by Theorem 2.1, S has a fixed point x∗ in Bdq (x0, r).
Theorem 3.3 Let (X, dl) be a complete dislocated metric space endowed with a

graph G, r > 0, x0 ∈ Bdl(x0, r), S : X −→ P (X) and let for a sequence {XS(xn)}
in X generated by x0 with (x0, x1) ∈ E(G). Suppose the following assertions hold:

(i) S is graph preserving for all x , y ∈ Bdl(x0, r);

(ii) there exists t ∈
[
0,

1

2

)
, such that

Hdl(Sx, Sy) ≤ t [dl(x, Sx) + dl(y, Sy)] ,

for all x, y ∈ Bdl(x0, r) ∩ {XS(xn)} and (x, y) ∈ E(G);

(iii) dl(x0, Sx0) ≤ (1− λ) r, where λ =
t

1− t
.

Then, {XS(xn)} is a sequence inBdl(x0, r), (xn, xn+1) ∈ E(G) and {XS(xn)} →
x∗. Also, if (xn, x

∗) ∈ E(G) or (x∗, xn) ∈ E(G) for all n ∈ N∪{0} and the inequal-

ity (ii) holds for all x, y ∈ (Bdq (x0, r) ∩ {XS(xn)}) ∪ {x∗}. Then, S has a fixed

point x∗ in Bdl(x0, r).
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