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EXISTENCE OF SOLUTION TO A COUPLED SYSTEM OF
HYBRID FRACTIONAL DIFFERENTIAL EQUATIONS

AMJAD ALI, KAMAL SHAH, RAHMAT ALI KHAN

ABSTRACT. This article is concerned with the study of coupled systems of frac-
tional order hybrid differential equations. We use hybrid fixed point theorem
due to Dhage and develop sufficient conditions for existence of solutions to the
system. We provide an example to demonstrate our main results.

1. INTRODUCTION

Fractional order differential equations are available in various disciplines of sci-
ence and technology, we refer to [4l 6], (15, 19 22] 25] for some of the applications.
These equations have solutions under certain conditions. The area devoted to in-
vestigate sufficient conditions for existence of positive solutions to these equations
is well studied and plenty of research papers are available in literature, we refer to
some of them [5] [16] 18] 20} 23] [7, 21] and the references therein. Recently, existence
of solutions to boundary value problems for coupled systems of fractional order dif-
ferential equations have also attracted some attentions, we refer to [1} [3, 24 26} 27].

The area of differential equations devoted to quadratic perturbations of nonlinear
problems, also known as hybrid differential equations, is one of the most important
area and have attracted considerable attention from researchers. It is because, the
class of hybrid differential equations that includes the perturbations of original dif-
ferential equations in different ways, have fundamental importance as they include
several dynamical systems as special cases. The study of hybrid differential equa-
tions is implicit in the works of Krasnosel,skii, Dhage and Lakshmikantham and
extensively studied by many researchers, we refer [9] 13| 4] 17, 28]. Dhage and
Lakshmikanathm [9] studied existence and uniqueness results for the following first
order hybrid differential equation

d u(t
dt(f(t,(uzt))) =g(t,u(t)), aetel=10,T],
)

u(to =ug € R,

2000 Mathematics Subject Classification. 26A33; 34A37; 34B05.

Key words and phrases. Coupled systems, Boundary value problems, Fractional differential
equations, Existence results, Hybrid fixed point theorems .

(©2017 Universiteti i Prishtinés, Prishtiné, Kosové.

Submitted July 15, 2016. Published December 17, 2016.

Communicated by Tongxing Li.



10 A. ALI, K. SHAH, R.A. KHAN

where f € C(I xR,R\{0}) and g € C (I x R,R). Further they also developed some
fundamentals inequalities for hybrid differential equations. Y.Zhao et al [2§], stud-
ied existence and uniqueness results for the following hybrid differential equations
involving Riemann-Liouville differential operators

Dg+(f(?:,(i)(t)) = g(t,u(t), a.e.t € [0, 7],
u(0) =0,

where 0 < a <1, f e C(I xR,R\{0}) and g € C (I x R,R). K. Hilal et al [13]
extended the results to the following boundary value problem for fractional hybrid
differential equations involving Caputo’s derivative

o (_ult) o\
0+(m) = g(t, u(t)),a.e.t €0, T,

L) (D)
FO.u©) "R u(T))

where 0 < a < 1, a,b, ¢ are real constants with a +b # 0 and f € C(I x R,R\
{0}), g € C(I x R,R). To the best of our knowledge, the area devoted to the
study of coupled systems of hybrid fractional order differential equations is not well
studied and very few articles are available in literature. For example, in [2], the
authors studied existence and uniqueness results for the following coupled systems
of boundary value problems for hybrid fractional differential equations

:C,

et
P (fl(t,Ut),’U(>)7h1(t’ (t),v(t)), 0 <t <1,

(t),v(t
O R
b (f2(t7u(t),v(t)) ha(t, u(t),v(t)), 0 <t <1,

where o, 8 € (1, 2], D is the Caputo’s fractional derivative, f; € C (I x R x R,R\ {0})
and and h; € C (I x Rx R,R),i = 1,2. The system was extended by Baleanu et

al [I2] to multi-point hybrid system and studied sufficient conditions for existence
and uniqueness of solutions to the following coupled system

w x(t) B
D tam.amy) — be.E0) we s3],
e A e, )
DGz = Relta0), e @3]
oz )
Hezo = = %P Gy e =0 20 =0,
Z(t) = 0, DV( Z(t) )))|t=52 :07 2(2)(0) 207

GGt 2(0).2(0) ! Glt,2(1). 200

where t € [0,1], &1, d2, p, v € (0,1), and D¥, D¢, D" and D" are Caputo’s
fractional derivatives of order w, €, 1 and v respectively, K1, K2 € C([0, 1] xRxR,R)
and G,’H € C(]0,1] x R x R,R — {0}).

Motivated by the aforementioned work, in this article, we study existence of solu-
tions to the following more general coupled systems of nonlinear hybrid differential
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equations subject to nonhomogeneous boundary conditions

u(t) — fi(t u(t),v(t))
fQ(t7u(t)’U(t))
cnB ’U(t) _gl(tau(t)’v(t))

P gt (), )
u(0) = a, u(l) = b, v(0) =¢,v(1) =d,

°D( ) = o(t,u(t),v(t), aetel=][0,1],

) =¥t ut),v(t)), aet € I =10,1], (1.1)

where «, 8 € (1,2],¢ D is the Caputo’s fractional derivative, a,b, ¢, d are real con-
stants and the nonlinear functions fa,g2 : I x R x R — R™ \ {0}, f1,91,0,% :
I xR xR — R are continuous functions. We use standard local fixed point theory
developed in [8, [10, 11} involving three operators in Banach algebras to establish
necessary and sufficient conditions for existence of positive solutions to coupled
system. We also provide an example to demonstrate our main results.

2. PRELIMINARIES

The space U = C([0, 1], R) of all continuous functions from [0, 1] — R is a Banach
space under the norm ||u|| = sup{|u(t)| : t € [0,1]}. The product space X =U x V'
is a Banach space under the norm ||(u,v)|| = ||u|| + ||v||. The following results play
important rule in our main result.

Theorem 2.1. (Dhage [§]). Let W be a closed convex and bounded subset of the
Banach space X and let T,Q : X — X and S : W — X be three operators such
that

(1) T and Q are Lipschitz with the Lipschitz constants v and § respectively;
(7) S is compact and continuous;
(#it) © =TxSy+ Qx forally e W=z €W , and
(iv) YM + 6 < 1, where M = ||[S(W)|| = sup{||Sz| : x € W},

then the operator equations Tx.Sx + Qx = x has a solution in W .

Now, we list the following conditions:
C1) There exist constants K; € R™T such that

(

|fi(t,u,v) — fi(t,4,0)| < Ki(lu—a|+ |v—20]), forall tel, u,a,v,9€R,i=1,2;
(C3) There exist constants L; € RT such that

lgi (t, u,v) — g;(t,u,0)| < L;(Ju—a| + |v—10]), for all tel, u,a,v,9€R,i=1,2;

(CB) f27 92 SatiSfy f2(07a7c) 7é 07f2(]-7b7 d) 7& 0» 92(070’70) 7é 07 92(]—7b7 d) 7& 0.

Definition. An operator A : X — X is p-Lipschitz if there exists continuous
nondecreasing functions p4 : Rt — R* such that

[A(u) = A()]| < pa(llu = vl),

for all u, v € X with 4(0) = 0. In particularly, if pqg = p > 0, then A is called pu—
Lipschitz with constant p. Further if y < 1, then A is a strict contraction.

Lemma 2.2. The following result holds for fractional differential equations
I®[CDRh(t)] = h(t) 4+ co + c1t + cat® + ... + e 1t L,
for arbitrary ¢; e R, i=0,1,2,...,n—1.
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3. MAIN RESULTS
In this section, we discuss existence of solutions to the coupled system (1.1).

Theorem 3.1. Ifh : I — R is « times integrable function, then the hybrid boundary
value problem (HBVP)

eper (! u(t) — fi(t,u(t), U(t)))

= ¢(t,u(t),v(t)), a.e.t € I =10,1],

fa(t, u(t), v(t) (3.1)
u(0) = a, u(l) = b,
is equivalent to the following integral equation,
ult) = fltsu(®) o)+ foltute). o) | [ ot uts), s + L)
b— fi(1,b,v(1)) a— f1(0,a,v(0)) a—s)et
+| FLbo(1) f2(0,a,0(0) ‘/0 o) 0 u(s) os))ds|
= fi(t,u(t), v(t)) + fa(t, u(t), v(t))x
L
(3.2)

Proof. Applying I* on “D“(%) = ¢(t,u(t),v(t)) and using Lemma
we obtain

u(®) = [t u®),v(t) _ /t (t—s)*!
fa(t, u(t), v(t) o (o)
which implies that

ult) = it (0, 0(0) + folt. ) o0) | |

d(s,u(s),v(s))ds + ¢1 + cat (3.3)

(t—s)ot
I'a)

d(s,u(s),v(s))ds+ c1 + cat|.

(3.4)
Using the boundary conditions «(0) = a, u(1) = b, we obtain

a — f1(0,a,v(0))

AT TR0,a,00)
(& :b—fl(l,b,v(l)) _a_fl(o av(O)) 1(1_5)a_1 s,u(s),v(s))as
? fz(l,b,’u(l)) f2(0 a ”U( )) +/0 I‘(a) <[/)( ) ( )7 ( ))d .

Hence,([3.4) takes the form

t _Sa—l
ult) = fltsu(®)o(0) + foltute). o) | [ T ot ulo), oo +

b— f1(1,b,v(1)) a— f1(0,a,v(0)) 1 (1- 5)0‘71
TR @) Ha00) ‘A
= futu(t), v(t)) + falt,u(t), v(t)) %

/Glts s u(s), v(s))ds + (1 — )2

a— f1(0,a,v(0))
f2(0,a,v(0))

o5, u(s), v(s))ds)|

b= AL b))

+t !
F2(1,,0(1)

— £1(0,a,v(0))
)

f2(0,a,v(0)
(3.5)

O
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Similarly form the second part of (|1.1)), we obtain
_ 5)B-1

0l0) = gn{t. ), 60 + 0000 | [ (s u(s) (o)) +

c—g1(Liu(l),d)  c—g1(0,u0),c) L1 —s)ft
+t|: gZ(LU(l)ad) 92(0 U(O 7C) /O F(ﬁ)
= g1(t,u(t), v(t)) + ga(t, u(t), v(t))x

/ths P(s,u(s), ())ds+(1—t)

cC— G0 (Ov u(O)’ C)]
92(0,u(0), )

P(s,u(s), v(s))ds}

—91(0,u(0),¢) | c—a(l, U(l)»d)}

20.00).0) ' ga(Lu(), )
(3.6)

‘We use the notations

a_fl(()?aﬁc) b_fl(Lbad) 6_91(07(1’8) d_gl(labad) .

A= + ,B = and for i=1,2,
| f2(0,a,c) |+ f2(1,b,d) | | 92(0,a,c) |+ 92(1,b,d) |

F, = sup |fi(t,0,0)|, G; = sup |¢:(¢,0,0)|, Gi = max{|G;(t,s)| : (¢,s) € [0,1] x [0,1]}.
t€[0,1] te[0,1]

Assume that ¢, ¢ satisfy the the following condition on X

(Cy) A =K1 (A+G5 [} |¢(s,u(s), v(s))|ds) +L1 (B+G3 [ [1(s,u(s), v(s))|ds)+
Ko+ Ly < 1.

Theorem 3.2. Assume that (Cy) — (C4) hold, then the coupled system (1.1)) has a
solution on I x I.

Proof. Choose p > F24&2d8-Ka-La 4 define a closed ball W = {(u,v) € Ux V :

[|(u,v)|| < p} C X. Define the operators T = (11,72),Q = (Q1,Q2) : X — X and

S = (Sl,Sg) W =X by

Tl(uav) = fl(t7uvv)a T2(U7U) = gl(t7u7v)7 Ql(uav) = f?(t7u7 U)a QZ(U”U) = 92<t7uav)7

! a— f1(0,a,¢)  b— fi(1,b,d)

S1(u,v) = Gi(t,8)p(s,u,v)ds + (1 — ¢ L t e
1( ) 0 1( )¢( ) ( ) f2(07a,c) f2(17b, d)

c¢c—¢1(0,a,c) n td —q1(1,b,d)
92(07%0) 92(17b7 d) .

Sa(u,v) = /0 Ga(t, 8)Y(s,u,v)ds + (1 —t)
(3.7)

The coupled systems of hybrid integral equations (3.5)) and (3.6) can be written as
the system of operator equations

(Tl(u,v)(t)Sl (u,v)(t) + Q1 (u,v)(t), To(u, v)(t)Sa(u, v)(t) + Qg(u,v)(t)) = (u,v)(t), t €[0,1]

which implies that
Ty (u, v)(8)S1(u, v)(t) + Q1(u, v)(t) = u(t), t €0,1]
T (u, v)(t)S2(u, v)(t) + Q2(u,v)(t) = v(¢), t € [0,1].
Now we prove that the operators T, .5, Q) satisfy the conditions of Theorem (2.1).
To do this, we show that T = (T1,T3) and Q = (Q1,Q2) are Lipschitz operators
on X with Lipschitz constants K7 + L; and Ky 4+ Lo respectively. For (u,v) € X,
using (Cy), we have
Ty (u, 0)(t) = Ta(u, 0) ()] = [f1(t,u(t), v(t) = fi(t, u(t),v(t))]
< Kuflu(t) —a(t)] + |v(t) —o(t)]] < Kxf[lu —ull + |lv —9[], vt € [0,1].
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Taking supremum over t, we get
1T (u, ) = Ta (@, 0)|| < K[l — @l + [lv = 0[]}, Y (u, v), (4,0) € X.
Similarly, we can show that T5 is Lipschitz with Lipschitz constant L;, that is,
1Ta(u, v) = To(a, 0)|| < Lnflju = all + [lv =2}, Y(u, v), (8, 0) € X.
Hence, it follows that
1T (u,v) = T(a, 0)[| < (K1 + La)[l[u —all + [l — o]}, V(u, v), (3, 7) € X,

that is, T is Lipschitz with Lipschitz constant K7 + L. Similarly, it is easy to show
that @ is Lipschitz on X with Lipschitz constant K5 + Ls.

Now we show that S = (S7,52) is compact and continuous operator from W to
X. For continuity of S, let (u,,v,) be a sequence in W converging to a point
(u,v) € W. By Lebesgue Dominated convergence theorem, we have

lim S (up,vn)(t) = lim Gl(t,s)qb(&un(s),vn(s))ds+(l—t)a_fl(o’a’c) (P Al b.d)

n—00 n—00 0 fg((),a,c) fg(l,b,d)

! ~a—f(0.a,c) b= fi(Lb,d)
_/0 Gt )6 (s, u(s).v(s))ds + (1 - ) B 2o o

= 51 (u,v)(t),Vt € [0,1],

Similarly, we obtain

lim S3(un,vn)(t) = Sa(u, v)(t),Vt € [0, 1].

n—oo

Hence S(un,vn) = (S1(tn,vn), S2(un,vy,)) is converges to S(u,v) point wise on
[0,1]. Next we show that {S(un,v,)} is equi-continuous sequence of functions in
X. Choose t1,ts € [0,1] such that ¢ < 7, then

|51 (tny ) (t) = S1 (U, v0)(T)| < ‘/0 (G1(t,s) — Gi(r, s))(b(s,un(s),vn(s))ds‘

+(t—7)(b7f1(1’b’d) - a*fl(o’a’c))

f2(1,b,d) f2(0,a,c)
1 B . b—fi(1,b.d)  a— f1(0,a,c)
< [ (Gt:9) = Grlm ) 6., o). v () s + ¢ = ) () - C AT

— 0 uniformly for alln € N as t — T,

which implies that Sy (un,v,)(t) — S1(u,v)(t) uniformly and hence is uniformly
continuous on X. Similarly we can prove that So is uniformly continuous. Thus S
is uniformly continuous on X. Further we show that S is compact operator on W.
For (u,v) € W, using (Cy), we have

|Sl(u,v)(t)|:|t(b7f1(17b’d) a— f1(0,a,c)

1
)+/ G (t, 5)6(s, uls), v(s))ds|

f2(1 b d) B f2(0 a C) 0
b— fllbd) f10ac "
<|( Y fZOaC y+G/|¢su v(s))|ds,

which implies that

b— b, d —
151 (u, 0)[| < |( f;(tll(z’d’) ) an{SZGCC |+G*/ 16(s, u(s), v(s))|ds, ¥(u, v) € W.
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Hence, S; is uniformly bounded on W. Similarly we can show that Ss is uniformly
bounded on W. Hence S is uniformly bounded on W. Fort < 7 € I and (u,v) € W,
we have

1
|51 (u, 0)(t) = S1(u, 0)(7)] < |/0 [G1(t, 5) = Gi(7, 5)] (s, u(s), v(s))ds|

b— 1,b,d a— 0,a,c
+]t=n( fzﬁfb,d))_ fQ{(lJ,(a,@ )

e b—fil,b,d)  a— fi(0,a,c)
<a / s, u(s) o) ds + (¢ = 1) P s — At

— 0 uniformly for all (u,v) € W, ast — 7.

Similarly,

192 (u, ) (t) — S2(u,v)(7)|| = 0 uniformly for all (u,v) € W, as t — .
Hence, it follows that

S (u,v)(t) — S(u,v)(7)|| = 0 uniformly for all (u,v) € W, ast — 7.

By Arzela-Ascoli theorem, S is compact and continuous operator on W which
implies that S(W) is compact subset of X.

Now we show that the last condition of Theore also hold. For (u,v) € X
and (z,y) € W such that (u,v) = (T1(u,v)S1(z,y) + Q1(u,v), Ta(u, v)Sa(x,y) +
Q2(u,v)). Then, we have

u(t)] = |T1(u, v) ()1 (2, y)(t) + Q1 (u, v)(1)] < [T1(u, v)S1(2,y)| + Q1 (u, v)]
< Uf2(t7uvv) - f2(t70’0)| + |f2(t5070)|] + [|f1(t,u,v) - fl(t7070)‘ + |f1(ta0’0)|]

([ 16100t a(o)oplas + |2 00D LZACAD)

which implies that

lull < F[llull + [vll] + F2 + [Ki[lull + [[oll] + F1] (G’{/O |6(s, u(s), v(s))lds + A).

(3.9)
Similarly, we obtain

1
[l < Lafllull + [[vll] + G2 + [La[lull + [[vll] + G1] (G3 /0 9 (s, u(s), v(s))lds + B).

(3.10)
From and , we obtain

Fo+Go+A—Ky— Lo
oy < 2ECrA ol

(3.11)
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which implies that (u,v) € W. From(3.11)), it is obvious that last condition is also
satisfied. Finally, we have

R = |SOW)] = sup{]|(S(u,0)]
<A+ G / 16(s, u(s), o(s)l|ds + B + G / (s, u(s), o(s)) | ds.

Moreover

H(u,0) € W} = sup{[|S1(w, 0)[| + [S2(u, )| : (u,v) € W}

Ki(A+C /O 16(s, u(s), v(s))|ds) + L1 (B + G /O (s, u(s), v(s))|ds) + Ko + Ly < 1.

Thus all the conditions of Theorem ({2.1) are satisfied, so the operator equation
T(u,v)S(u,v)+Q(u,v) = (u,v) has a solution in W, which implies that the coupled
system (|1.1)) has a solution. O

4. EXAMPLE

Example 5.1. Consider the following hybrid coupled system of FDEs

|
ep? (u(t) e +smu(4tg+|cosv(t)) ‘ot W -

i+ cos (u(D) [+ ] sin(v())] 042
20

, e 4 [sin(2u(t))|+] cos® (v(t))| 2 41
cD§<U(t) 2) > £+ V/u(t) —v(t) , t€[0,1], oy

t+| Sin(u(t))l\OJr| cos(v(t))] 32+t
u(0) =0, u(l) =1, v(0) =0, v(1) = 1.
From (4.1)) we have

fu(t (), o(t)) = et + \sin(u(ti)0| + \cos(v(t))|7 Foltsult), o(t)) = t+ |cos(u(t);|0+ |sin(v(t))]

e~ 2t sin(2u cos?(v sin(u cos(v
(b ut), o(t)) = + [sin(2 (;)O)IJrI ()] oot ut), o(t)) = t + | sin( (t))1|0+\ ()l

” v 2 u(t) — v
ottt 1) = ST it u), i) = GO0

Now it is easy to calculate K1 = 410, Kg = 20, L = %7 Ly = 20, and G} = —ﬁ

fori=1,2and A =B = 20, fo |p(s,u(s),v(s))|ds = i, fo [th(s, u(s),v(s))|ds =

L
32°

K (A+G’{ / 1 ¢<s,u<s>,v<s>>|ds) L <B+G; / 1 w<s7u<s>7v<s>>|ds) Kyt Ly

1 /11 8 1 1 /11 8 1 1 1 1

10 < TN 40) ( TN 32) T30 <
Moreover all other conditions of Theorem [3.2] are easy to verify. Hence by Theorem
the coupled system has a solution.
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