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ON ALTERNATING WEIGHTED BINOMIAL SUMS WITH
FALLING FACTORIALS

EMRAH KILIC, NESE OMUR, SIBEL KOPARAL

ABSTRACT. In this paper, by inspiring from earlier recent works on weighted
binomial sums, we introduce and compute new kinds of binomial sums includ-
ing rising factorial of the summation indices.

1. INTRODUCTION

For n > 0, define second order linear sequences {U, } and {V,} by
U, = pUnfl +Up—2and V, = an,1 + Vo2,

with Uy = 0, Uy = 1, and, Vo = 2, Vi = p, respectively (for more details, see
[10] and references therein). When p = 1, U,, = F,, (nth Fibonacci number) and
Vi, = Ly, (nth Lucas number).

The Binet formulae are

Unzﬂandvn:a"—i—ﬁ",
a—pf

where «, § = (p:l:ﬂ) /2 and A = p? + 4.

If A(xz) and B(x) are the exponential generating functions of sequences {a,, } and
{b,}, then the convolutions of them is defined as

n n
Alz)-B(x) =Y (Z (’;) akbn_k> %
n>0 \k=0
In the literature, certain weighted binomial sums have been computed by several
methods (we could refer to [II [3] [6] [7, [8 11l 12] and the references therein). For
example, Haukkanen [3] and Prodinger [I1] computed certain binomial sums by
using the convolution of exponential generating functions and its applications.
Meanwhile there are some kinds of binomial sums that couldn’t be derived via the
convolution of exponential generating functions. For example, Kilig [5l[9] considered
and computed the generalized alternating binomial sums of the form

zn: <’Z) (—1) f(n,i, k, 1) and Z::) (T;)g(n,i,k,t),

=0
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where f(n,z,k,t) is Uktivkn—(t-i-?)ki and Ukti‘/(k:-‘rl)tn—(k-‘r?)tiv a’nda g(n,z,k,t) is
UkiUk(tn+i)> UkiVi@nti)s VeiVingi) and ViiUgngs) for positive integers ¢ and
m. For example, from [5], we recall that for odd m,

" (n ‘ N Vimt1)kn, if n is even,

ZO (i>Vk1Vk(mn+z) =AlL=1Ug { U(m—i—l)k}n if n is odd,
and for even m,

n

n
> (Z) VieiVimn i) = Vit Vint 1kn + 2" Vimn,
=0

where A is defined as before.
Moreover the authors of [4] computed the weighted binomial sums including the
powers of the summation index:

n n
ny. ny.
S (7)o Y (D)imvane,

=0 1=0

S n n+i .myr2m-te = n n+i my 2m+e
Z i (1)U, Z i (1) i"mV; )
i=0 =0

where positive integer ¢ and € € {0,1}.

In this paper, by inspiring from the works [4}, B, 9], we will take rising factorial of
the summation index instead of its powers. Clearly we will consider and compute
the generalized alternating weighted binomial sums:

; (1) -0 stk

where f(n,i,k,t) as before and m is a nonnegative integer. These kind binomial
sums (except some special cases of k and t) have not been considered according to
our best literature acknowledgement. To compute the claimed sums, our approach
is to use the Binet formula, the binomial theorem and a useful auxiliary sum formula
will be given.

2. THE MAIN RESULTS
For later use, we start with recalling the result [2]:
Lemma 2.1. For nonnegative integers n and m,
" /n
Z (k) kmak = amn™(1 4 a)""™ [a # —1 and m # n).
k=0
Now we present one of our main result.

Theorem 2.2. For any integer t and nonnegative integer m,
(i) For odd k,

@4
o

ny\ ., i m n n—m n—m
(1')2(_1) UktiVi(n—i(t+2)) = 1™ (_1)t Uk(tn+m(t+1))vk(t+1) = Ukm Vi } ’
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(i) For even k,

" (n e i m m n—m—
Z (i)z(l) UktiVitn—ie42)) = ™ (1) Al R
i=0

o [Uk(tn+m(t+1))Uk(t+1) Ul "Upm | AY2if n=m (mod2),
Ul Viem — Vi (tn+m(t+1))U:(;ﬁ) fn=m+1 (mod2).
Proof. For odd k, consider

1
-8

(”) im(—l)i [ak(nfﬂ) _ gh(n—2i) _ (—1)“ (ak(n—z(tﬂ)i) _ 6k(n72(t+1)i)>}
@

n\ .. i
Z_>z(1) Ukti Vie(n—(t+2)i) = o X

1=0
kn n
_ Z n im<—1) —2ki __ Z 6 2ki
afﬂizo i afﬂ
L N (M i) [ k(n2(t1))  ak(n—2(t41)0)
a_,@;(i)z (1) (a 5 ).

which, by Lemma [2.1] equals
1 —km n—m —km n—m
a—ﬁnm(_l)m<a k (ak+6k) _ gk (ak+/8k)
1
a—p
+6—k(tn+mt+m) (ak(t—i-l) + 5k(t+1)>”—m) ,

nm(_l)m(t+1) (_a—k(tn+mt+m) (ak(t-',-l) + Bk(t—ﬂ))nfm

which, by the Binet formula, gives us the claimed result
n

nY\ . ;
Z (2)1 (—=1)" Unti Vie(n—(2+2)9)

=0
= _pm ((_1)m(k+1) Ukmvknfm + ( ) Uk(tn+tm+m)v (t+1)>
= ((71)1577, U]g(tn-‘,-m(t-i-l))vkyzt_—:rll) - Ukmvkn_m) ,

for odd k.
Now for the case k is even, consider

" . ;
Z <Z)Z (1) Ukti Vistn— 421y = ﬂ

=0
Zn: (:Il) jm (_l)i |:O[k(n 24) ,Bk n—21) + (Oék n—2(t+1)i) _ Bk(n72(t+1)i)):|
=0

akn n n\ ., P n n
ZQB;<Z)ZL(_1) a 2k1_a ﬂ;( ) B 2ki

o n n\ ., i ; n n\ .. . i
+a_6z<i)z(—1) o~ 2k(@+1) _M;<i>z(_1) 3 2k (t+1)i
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By Lemma [2.1] we write

- n =1 ’L
Z (z) "™ (=1)" Upti Vie(n—(t+2)5)

i=0

_ ) (a )"*m _ pkm (51@ _ ak)n*m

+a—k(tn+mt+m) (ak t+1) Bk(t—i-l)) _ g kntmtm) (ﬁk(t+1) B ak(t+1)>nm)
nt )" k k k_ pkyn—m k(t+1 e+

= - ( b (k- 4" (@R ) )

)

> ((_1)n m (_a)k(tn-i-mt-‘rm) - (_B)k(tn—kmt-ﬁ-m))
which equals

— g (_1)m A(nfm)/2UkmUl?7m + nmA(nfm)/2 (_1)m Uk(tn+m(t+1))Uk(;+1

= nm(_l)m Aln—m)/2 [Uk(erm(tJrl))U:(;fl) — Ul?imUkm:|

if n and m have the same parity. Similarly, if n and m have the different parity,
the claim is obtained. O

Similar to Theorem we give the following result without proof.

Theorem 2.3. For any integers k and t,

n

> <7Z)Z( 1) UrtiVis(n—11)

=0

A("’m)/QUk(tn_Hm_n), if n =m (mod2),
kn(t+1)+ myrn—m
_ (_1) n( ) mniUkt

—A("_m_l)/2Vk(m+tm_n), ifn=m+1 (mod2),
where m is nonnegative integer.

Theorem 2.4. For any integers k and t,
(i) for odd t,

& n\ .m % m myrn—m
Z (Z.)Z(—l) UskiVikt1ytn—k+2)ti = 2 | (1) Vi7" Uen—m) + Vi(ei ) Usmet1) | 5
1=0

(i) for even t,

ny\ .. i o
(i)l(—l) UtkiVin(k+1)—t(k42)i = (—1) nmA( 1)/2

N_
[=)

VA (Ut"—MUt(,mfm) + Utrék+1)Utm(k+1)) if n =m (mod2),

Ui " Vitkn—m) = Uiy Vemg+1y — if n=m+1 (mod2),

where m is nonnegative integer.
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Proof. Consider

n
n .m i
Z <2.>Z(—1)Z Ukti Vik41)tn—(k+2)ti

1 > y z”: (n> im (1) (a(k+1)tn—2ti _ gUr+Dn—2ti
— 1
1=0

B (71)1'1«& <a(k+1)tn72(k+1)ti _ B(k+1)tnf2(k+1)ti>)

)

which, by Lemma 2] equals

nn (a(k+1)tn(_a—2t)m(1 _ a—Qt)n—m _ ﬁ(k+1)tn(_ﬁ—2t)m(1 _ ﬁ—2t)n—m

a—p
+5(k+1)tn(_ )(tk+1 g2tm(k+1) (1+(_1)m+1 —2t(k+1)

n—m

Ut Dtn (_q)(ktm  —2em (k1) (1 4 (—1)tt —zt(k+1))” m)

_ an_mﬁ (71)777, <aktnt'm (Olt _ (71)t 5t)n—m Bk:tn tm 515 )n—m>
+ an_ﬂﬂ (_l)m(l—t) <atm(k+1) ((_1)t+1 atk+D) +5t(k+1))n—m

_ gtm(k+1) (at(k-H) 4 (=1t 6t(k’+1))nm) .

Thus for even t, we write

Z (Z> (m> (1) Unti Viks1)tn—(k+2)ti

=0

= anjﬂ (_1)”” (at - ﬁt)n—m (at(kn—m) _ (_1)n—m ﬁt(kn_m))
n _ym ((_qyn—m _tm(k+1) _ ptm(k+1) t(k+1) _ at(k41) n—m
e LoVl (G A gm0 (o i)

For n = m (mod2), we obtain
- N i
Z (Z.)Z(—l) Ukti Vik+1)tn—(k42)ti
i=0
= (71)m nA (n—m)/2 (Utn_mUt(kn—m) + Uﬁ;ﬂ)Utm(k-i-l)) .
The rest of the claims could be similarly proven. O

Theorem 2.5. For cven t,

Z ( > ‘/2“
1=
(—1)™ ACIRYP Y ifn = m (mod2),
= -1 ’I’Lm
_A(n_m+1)/2U?7mUt(n+m)7 fn=m+4+1 (mod2)7

where m is nonnegative integer.
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Proof. Consider

n

n\ ., i =~ ("\.m
> (1) =3 ()
i=0 =0
which, by Lemma [2.1] and even ¢, equals

n™ (—aQt)m (1 —a*

(™) + (=5")').

)n—m Lpm (—,82t)m (1 _ th)n_m
_ nm(_l)m (at(m—i-n) (ﬁt _ at)n—m + ,Bt(m+n) (at _ 5t)n—m)

_ nm(_l)m A(nfm)/2Utnfm ((_1)n7m at(ern) + ﬁt(m+n))
Here if m and n are the same parity, then we obtain

n

2 (7) i (—1) Vag; =

(_1)m A(n_m)/zUtnivat(ern) ]
=0

If m and n are the different parity, the claim is easily seen.

O
Similar to the proof method of Theorem just above, we have the following iden-
tities without proof.

n

Y\ .m i n_m -
1=0

n

3 (’;) i (—1)1 Uy

=0

Theorem 2.6. For any integer t and nonnegative integer m,

(_1)75” nm‘/tn_mUt(ner)

n

N oy i myrm
E <’L)l‘/t U = niv;f Ut(2nfm)a
=0

n

ZCZ)Z"LV;W = 12V Vien-m),
=0

<Z-)Z(_1) V;S Ut(n—i) = (_1) i niv;& Ut(n—m)7
=0

> (30 ViV = U Vi
1=0

Proof. Consider the first claim

Z <T;) ViU, = 5 i 3 Z <T;> iV (an‘ _ Bti) ,
=0 X

=0
which, by Lemma [2.1] equals

Theorem 2.7. For any integer t and nonnegative integer m,

o . 8 (n2vmat™ (14 Viat)" ™" = nmvm g (14 V80"
nm

— 6 (V'tmatmOLQt(nfm) _ nmv;mﬂthQt(nfm)) _ nm‘/;mUt(Qn_m),

as claimed. The other claims are similarly obtained.
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