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AN EXAMINATION ON HELIX AS INVOLUTE, BERTRAND
MATE AND MANNHEIM PARTNER OF ANY CURVE o IN E?

SULEYMAN SENYURT, SEYDA KILICOGLU

ABSTRACT. In this study we consider three offset curves of a curve a such as
the involute curve a* , Bertrand mate a; and Mannheim partner as . We
examined and find the conditions of Frenet apparatus of any curve a which
has the involute curve a* , Bertrand mate a; and Mannheim partner as are
the general helix.

1. INTRODUCTION AND PRELIMINARIES

In science and nature helix is very famous and fascinating curve. A curve «
with 7(s) # 0 is called a cylindrical helix if the tangent lines of make a constant
angle with a fixed direction. Also cylindrical helix or general helix is a helix which
lies on the cylinder. If the curve is a general helix, the ratio of the first curvature
of the curve to the torsion of the curve must be constant. Further if both 7 and
K are non-zero constant, we call a curve a circular helix. In [I] general Helices
in the Sol Space Sol® are examined.The quantities {7, N, B, k, 7} are collectively
Frenet-Serret apparatus of a curve a. The Frenet formulae are also well known as

T 0 x O T
N =] - 0 7 N |. (1.1)
B’ 0 -7 0 B

1.1. Involute curve and Frenet apparatus. The involute of a given curve is a
well-known concept in Euclidean 3—space. Let o and o™ are the arclengthed curves
with the arcparametres s and s*, respectively. The quantities {T, N, B, k,7} and
{T*, N*, B*,k*,7*} are collectively Frenet-Serret apparatus of the curve « and o*,
respectively. If the curve o™ which lies on the tangent surface intersect the tangent
lines orthogonally is called an involute of «. If a curve o* is an involute of «.

a* (s)=a(s)+ (c—s)T (s) (1.2)

is the equation of involute of the curve a.. For more detail see in [2] [7].

2000 Mathematics Subject Classification. 53A04, 53A05.

Key words and phrases. Involute curves; Bertrand curves; Mannheim curves.
(©2017 Universiteti i Prishtinés, Prishtiné, Kosové.

Submitted December 20, 2016. April 17, 2017.

Communicated by Krishan Lal Duggal.

24



ON THE HELIX CURVE 25

Theorem 1.1. The Frenet vectors of the involute o, based on the its evolute curve
a 2] are

T = N,
N* — —K T—|— T B

VK2 + 72 VK2 + 72 (1.3)
B* T K

= T + B
VK2 + 72 VK2 + 72
The first and second curvature of involute o™, respectively, are
/12 2 _r2 (k& '
= YT ) (1.4)

(c—s)k’ (c—s)k (kK2 +72)

Also J )
s
_— = 1.5
ds*  (c—s)k (15)
1.2. Bertrand curve and Frenet apparatus. The curves {a,a;} defined
Bertrand pairs curve if they have common principal normal lines. If the «; is

called Bertrand mate of «, then we have
a1 (8) =a(s)+ AN (s). (1.6)

If a is a Bertrand curve if and only if there exist non-zero real numbers A and

such that constant
1-— A&

A+ pBr=1, = (1.7)
for any s € I. It follows from this fact that a circular helix is a Bertrand curve,

2, 5, 6].

Theorem 1.2. Let oy be the Bertrand mate of the curve a. The quantities
{T,N,B,k,7} and {T1, N1, B1,k1, 71} are collectively Frenet-Serret apparatus of
the curves a and the Bertrand mate oy , respectively, then [0]

h= \/)\26+62T+ \/A;\+B2B

Ny =N (1.8)
By = \/A;:\rBZT + \/xiﬁzB’

and the first and second curvatures of the offset curve ay are given by
Bk — AT 1

(1.9)

R1 =

Also

s 1 (1.10)

dsi /R i P
1.3. Mannheim curve and Frenet apparatus. Let 75 (s2), N2 (s2), B2 (s2) be
the Frenet frames of the as, respectively. If the principal normal vector N of the
curve « is linearly dependent on the binormal vector B* of the curve a*, then the
pair {a, as} is said to be Mannheim pair, then « is called a Mannheim curve and
o is called Mannheim partner curve of a where (T,T2) = cosf and besides the
equality W’“””TQ = constant is known the offset property, for some non-zero constant

[B]. Mannheim partner curve of « can be represented

as (s) =a(s) — X\*N (s) (1.11)



26 SULEYMAN SENYURT &SEYDA KILICOGLU

where
K

CR24 72
Frenet-Serret apparatus of Mannheim partner curve a*, based in Frenet-Serret
vectors of Mannheim curve a are

T5 =cosf T —sinf B

A = (1.12)

Ny =sinf T + cos B (1.13)
By = N.
The curvature and the torsion have the following equalyties,
_do o
"7 T s T cosf
(1.14)
KR K2 472
2= T —1

we use dot to denote the derivative with respect to the arc length parameter of the

curve a. Also
ds 1 1

dsa  cosf VIFNT

(1.15)
For more detail see in [4].

2. HELICES AS INVOLUTE, BERTRAND AND MANNHEIM PAIRS OF ANY CURVE

Let {a, a*} be evolute-involute curves. If involute a* is an general helix, lets say

*

o™ is involute helix.

Theorem 2.1. Let {a,a*} be evolute-involute curves. Involute o* is a general
heliz under the condition

™ (k* 4+ 71%) (E) + (2/@27'7'/ — 3727 42737 — 37'2,%’) (E) =0 (2.1)
T T

Proof. Involute a* is a general helix if and only if ;— is constant. From the equation
(1.4), we can write

’

2 (2) ,

r_ e—sR ) _ T (5)
VR (2428
(c—s)k
Then N
(7).~
E* ) o
Hence
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Corollary 2.2. If the curve « is a general helix, then the involute o of the curve
a is a planar curve. Hence involute o cant be a general helix.

Proof. It has been known that the curve a(s) is a general helix if and only if = =d
is constant, then (f) = 0. It is trivial since
e ()

T

K* (k24 72)3

O

Let {a, a1} be Bertrand curve and Bertrand mate If Bertrand mate a4 is a general
helix, lets say «; is Bertrand mate helix.

Theorem 2.3. Let {a, a1} be Bertrand curve and Bertrand mate. Bertrand mate
ay is a general helix under the condition

-

Proof. Bertrand mate «; is a general helix if and only if “L is constant. From the
K1

equation (1.9)), we can write

1
i_()\2+52)7'_ 1
ki BE—A Bk =T

7 )

Then differentiating, we find

/
&), =
K/l S1

T1 ! ds -
- (m)swl—O
( 1 )’ 1 1
= =0, 70
B = AT ) 7/ N2+ 32 /A2 + B2
1 /
= (ﬁff—/\T)s:O
~ f(ﬁﬁfmz)’i
(Bk — AT)
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N (H—)\(I{2+T2))/T—T/(I{—)\(H2+T2)) _ 0

and

O

Let {a,as} be Mannheim curve and Mannheim partner. Mannheim partner «y is
a general helix, lets say as is Mannheim partner helix.

Theorem 2.4. Let {a, as} be Mannheim curve and Mannheim partner. Mannheim
partner as is a general helix under the condition

_ (7_/9/ + 'r@”) (HQ + 72) + 70 (52 + 72)’
270" (k2 + 72)

! 2 2
29’m9—9”:< T >(“ )

tanf =

or

K2 + 72 T

Proof. Mannheim partner as is a general helix if and only if

T —70’ rant
— = ————— = constan
ko (kK% +72)cosd

If the derivative is taken, we can say

/
<T2> _ 0
K9 s2
Hence,

Y\ ds A 1
<K2>Sd32_0 - ((H2+T2)COSQ>SCOSG_O

—76’ !
> (s es), "
(—10") (K% +72) cos? 0 + 70" (k2 + 72) cos? 6)’ _
(k2 4 72) cos2 §)*
= — (70 +70") (K* +7%) cos® 0+ 70" ( (K* + 7'2)/ cos® 0
-2 (,%2 + 72) cos@sinG) =0
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= — (70 +70") (K*+7%) cos® 0 + 70’ (K* + 7—2)/ cos®
=270 (k* + 7%) cos@sinf = 0
= [~ (0 0 (2 4 72) 70 (524 7) | cos? 0
—270" (k* + 72) cosfsinf = 0
= 210 (k2 +72) % = (70 +70") (x* +77)
w70 (5% +72)

sin 6

= 270" (,%Q + 72) — (70" +70") (/12 + 72) + 70 (nQ + 7'2)/

cos
(T +T0") (/{24—72) + 70’ (Ii2 —I—TQ)/

= tanf = 2707 (2 + 79)
Lo 9_—T(HQ—FTQ)G”—F[T(/@Q—FTQ)/—T’(KJQ—&-TZ)]G’

anv= T (K2 +72) 62

" 1,2 2\ _ 2 2\ (.2 2
= 6—,—2tan9:T (v* +77) T('; +72) (s J/FT)

0 (k2 +72) o't

T "(k?472)

= 20'tanf — 0" = </€2+7'2> - )

O
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