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Abstract The Trilinear Hilbert transform H : LP x LY x A — L"
is extended to Dyp X Dpa X Dg — Dyrr as a continuous mapping.
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1. Introduction

In several papers Lacey and Thiele ([3]-[5]) had studied the continuity
of the bilinear Hilbert transform

Holf,9)(@) = 0. [ 1o = oo+ e R\ (0.1},

where f € L?(R) and g € L>(R), respectively f € LP1(R) and g € LP?(R),

p1p2

2/3<p=
/ Dp1+ P2

, 1<pi,p2<o0, q=p/(p—1), 1 =p1/(p1 —1). (1)

Their main result is the affirmative answer on the Calderon conjecture, first
for p1 = 2,pa = o0 ([3]), then for p; and py with the assumptions given
above ([5]). Their main result is

[ Ho(fsa)llr < Cllfllzeillal[Les f € L7, a € L2, (2)



70 Aneta Buckovska

where C' > 0 depends on «, p1,ps (for p1 = 2,ps = 00, p equals 2).

In [1] the bilinear Hilbert transform H, : L? x L> — L? respectively,
H, : LP* x LP* — LP, was extended to D}, x Dp~ — D' ,, respectively,
Dy X Dppa — Dél, (with suitable parameters) as a hypocontinuous, re-
spectively, continuous mapping and in [2] the Bilinear Hilbert transform of
ultradistributions was defined.

In this paper we extend the trilinear Hilbert transform on LP x LY x A to
L" whenever 1 < p,q < 00, %—i—% = %, and % <1r <00toDrpXDraxDy —
Dyrr as a continuous mapping.

2. Preliminaries

Denote by A the Wiener algebra: the space of functions whose Fourier
transform is in L'. Denote by D4 a space of smooth functions ¢ on R such
that for every o € Ng hold

Fl)=¢*pe Ll
Define ||p||x = sup||§“@||r1, k € No. In [7] it is proved that the mapping

T:LPY 5 oo X LPr=s=t 5 A X - X A — LPn—s

is continuous, where p% 4+ 4 pnl_l, 1<p <oo,fori=1,2,...n—s—1
and
i_|_..._|_i - (n—s)—2(k—-s)+r
Diy Pi, 2
forall 1<i1 < <, <n—s,1<r<n-s.
Thus, for instance Trilinear Hilbert Transform

T(f,g,h):/f(x—t)g(m+t)h(x+2t)cit

maps LP x LY x A to L™ whenever 1 < p,q < oo, %4—%:%,

That is the case when n =4,k =2 and s = 1.

and§<r<oo.

3. Mappings T4, Ty pn and Ty,

Theorem 3.1Let f € Dip, g € Dra and h € Dy. Then for1 < p,q < oo
mappings T g4, Tip and Ty from Dy to Dpr, from Dre to Dpr and from
Drr to Dpr respectively are linear and continuous.



An extension on Trilinear Hilbert transform

Proof Let f €Drp, g€ Dre and h € Dy.

d
T(f.9, ) = lim [ 5= to(e +0h(+20)F
:/ f(x—t)g(x+t)h(:1:+2t)§
|t|>N t
. dt
+ lim, Nz‘tle(iﬂ —t)g(e + t)h(z +2t)—
-/ f(@— t)g(e + (e + 2%
|t|>N t
+ lim flo— 2@ ED 9@, o
=0t J N>t|>e t
. dt
+ lim, Nzlt\>sf(x —t)g()h(z +2t)—
:/ f(x—t)g(x+t)h(:z+2t)@
|t|>N t
+ lim flz— t)—g(:E +t) —g(@)
=0t J N>|t|>e 13
. y dy
-h(z + 2t)dt + gli,%l+ 2N2|y|>2€f(ac — i)g(x)h(x + y);
:/ (@ — gl + )h(z + 268
|t)>N t
+ lim flo—p2@ED 9@, 0 ona
e—=0%J) N>|t|>e
. y h(z +y) — h(z)
+ali>%1+ 2N2|y\>25f(x N 5)9(:6) Y dy
. _Y dy
+ lim, 2N2|y|>2€f(90 5)9(@)h(z) y
:/ @ — gz + h(z + 268
|t|>N t
+ lim flo— 2@ ED 9@, o
e—0t J N>|t|>e 13
+ lim flx— g)g(:v)h(x +y) - h($)dy

e—0%J) 2N>|y|>2¢ 2 Yy
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72
. fla+ 2)g@h(e)Z
e—=0tJ) N>|z|>e g <
dt
_ / flo—t)g(a + t)h(z + 26) =
[t|>N ¢
R Y C I
e=0"J N>|t|>e t
. y h(z +y) — h(z)
+1 -5 d
0t 2N2|y|>2€f(x 2)9(96) Yy ’
~ lm TEXD =D g ayniea:
e—0t N>|z|>e Z
dz
-1 h(x)—
6—1>%1+ N2|z|>af(x)g(x) ($) z
dt
:/ fla—t)g(a+ t)h(z +20) =
[t|>N t
+ lim flz— t)wh(x + 2t)dt
e=0%J N>|t|>e t
. y h(z +y) — h(z)
+1 -3 d
0t 2N2|y|>2€f(ac 2)9(90) Yy ’
. flz+2) = f(z)
] h(z)d
a—1>%1+ N>|z|>e z gla)h(z)dz
dt
. / Fla—t)g(a+t)h(z +2t) =
[t|>N t
+ lim flz —t)G(z,t)h(x + 2t)dt
e—=0T J N>|t|>e
+ lim f@ = D)g(a)H(z,y)dy
e—0t 2N >|y|>2e 2
— lim F(z,z)g(x)h(z)dz
e—=0TJ N>|z|>e
where
g(z+t)—g(x)
Gan=1 'y t 70
%g(ﬂ?), t:O, ‘TGR’

Y

hzty)=h(z) £
L p(z), y=0,zeR
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flz+2)—f(zx)
F(sz — { d z Y z # 0
= f(x), z2=0, z € R.

It is obvious that F(z,z), G(z,t) and H(z,y), along with all of their
partial derivatives are continuous functions of x,y, z, t, respectively.

Let kn be characteristic function of (—oo, —N]U[N, 00). Then, according
to Muscalu’s proof in [7] we have
f(@—=)lpllgllqln]] 4,

() - — g(a + Oh(a+ 201 | < Cllm o

ox ox

0 0
o (60 — 1) 5 _g( + )Rz +20) g1} < Cllin f (- ->Hpua—gu aps

0
()7 (@ — gl + 1) o (e +20) 711 < Ol f o Y plglll bl
So we get
d 0 dt
T(fg. @) = [ e Dgte DRG0 T

0 dt
+/|t>Nf(ac - t)%g(a: +t)h(x + 2t)7

+ /|t>Nf(x gl + 1) 5 b2 D
+ limy N>It|>€§x[ o — )G, Oh(x + 20))dt
v [ e )y
’gli%ﬁ - Ixi[p(x 2)g(@)h(x)]dz
_ /t| el —t)g(x—i—t)h(x—i—?t)%
/Mf(x _ t)%g(x + #)h(z + 2t)%

0 dt
+ /|t>Nf(x —t)g(z + t)%h(a: + 2t)?

+ L, N>|t|>€8x[f(x*t) (2, t)h(x + 2t)]dt
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0
li — f(z — t)G(x, )h(x + 2t)dt
+ lim N2|t\>58$f(x )G(z, )h(z +21)
9 1) — 9
+ lim flz—1t) 29(z +1) arg<m)h($+2t)dt
=0T J N>|t|>e
0
+ i — )G (z, t)=—h(z + 2t)dt
lim N2|t|>€f($ )G (2, t) 5 h(z +2t)
+ lim 9w — Vyg(a) H(z, y)d
e—0F) 2aN>|y|>2: O 2 g Yy
. y, 0
+ 1 — 2)—g(z)H(z,y)d
lim, 2N2\y|>2ef(x 5) 5, 9@ H (@, y)dy
o) o]
) Y (T +y) — goh(z)
+1 -2 d
lim, 2N2|y‘>26f(ﬂf 5)9() " y
0 _ 9
— lim o/ (@ +2) mf(x)g(x)h(:c)dz
e—=0+) N>|z|>e z
d
B B (2, 2) 5 —9(x)h(z)d=
. 0
_E]i%lJr N2|Z|>EF(I‘, z)g(a:)a—‘xh(x)dz
0 dt
— P — 2 _
/lt>Naxf(3: (e + )iz +20)%
0 dt
—t)— t)h(z + 2t)—
+f e D+ 0+ 2
d dt
+/ —t)g(x + t)=—h(z + 2t)—
|thf(ﬂc )9(a + )5 h(x +2t)~
. d g +1t) —g(x)
1 = flx— )R 2
+5_1>I(§l+ N 8xf(x t) ; h(x + 2t)dt
0 dt
li —t)— th(z + 2t)—
+ lim Nthle($ )59+ t)h(z +2t)~
o dt
_— li — o) —
5,9(%) lim, N2M>6f(x t)h(z +2t)~

: gz +1t)—g(x) 0
+££Iél+ N2|t‘>€f(:r — t)f . %h(:v + 2t)dt
+ lim 0 - y)g(x)h(w +y) = I )dy

e—=0tJ 2N>|y|>2¢ Ox 2 Yy
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: y, h(z+y) — hz)
“ 1 _Z
Ox (l‘) esi>r(r)1+ 2N2|y\>2€f(x 2)

Yy

0
+ li — Z)—h(z +
9(x) ei%l* 2N2|y\>2sf(x 2 ) oz (= y)

dy

dy

0 y\dy
— —h i _Z
( )81' (x) 8—1>Igl+ 2N2‘y|>2€f(x 2) Yy

0 dz
~sthte) Jim [ Speea)T

0 . dz
Ox e=0tJ) N>|z|>e 2

9 . flatz)— @),

—5.9
81’ e—0t NZ|Z‘>€ z

) fl@+2) - fx)

()%h(x)al—lgh N>|z|>e z d
:/ ;f(a;—t)g(x+t)h(x+2t)c?
[t|>N 0%

z

0 dt
+ /t|>Nf(;1: — t)%g(x +t)h(x + 275)?

9 dt
4 /t|>Nf(a: ~ 1)l + 1) b +20) %

X

dt
li — —t t)h 2t)—
el [ S o O 20

d dt
li —t t)h 2t)—
Flim [ ] @ D0+ D@+ 2) 5
+ lim €t flz—1t)g( +t)2h( —I—Zt)ﬂ

et N>[t|>eJ X glx B x v

dt
= li — —t t)h 2t) —
lim ‘t|>€axf(x )g(x -+ D)h(z +20)

+ lim flx—t)— 0 (x+t)h(x—|—2t)?

e—0+) |t|>e oz

+ lim flx—1t)g (a:+t);h(x+2t)it

e—=0tJ |t|>e

=T(f',9,h)(x) +T(f,g',h)(x) + T(f, g, 1')(x)
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Using a similar technique, we can show by induction that

n k
T @) =3 3 ( )( ) (70, glmm) pomd) ()
k=0 m=0

for allm € N.
Now we have

TG o O@] < 3 Y ( ) ( * )IIT(f("k),g(km),h(m))(x)l\r

k=0 m=0

k
Yy ( ) <m> 179 -l lg - 1A

k=0 m=0

Theorem 3.2 Bilinear mappings

(f)g) = Th(f,g)f’f'omDLp X DL‘I - DL"a
(f’ h) = Tg(fa h)fT‘OmDLp X DA - DL“
(ga h) = Tf(ga h)fT‘OmDLq X DA - DL“

are continuous.

P roof According to Theorem 1 we have that these mappings are
separately continuous. Then Corollary of Theorem 34.1 from [11] implies
that these mappings are continuous. O

Corollary 3.3 Mapping
T : DLp X DLq X DA — DLT,

1S continuous.
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