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1. Introduction

Equation
4 2 62

appears in mathematical models for many different phenomena subject to
different boundary or initial conditions (cf. for example [1],[3],[4],[5],[6],[8]).
It is well-known that a solution to (1.1) is u(t,§) = Y (§)T(t), where Y and
T have the analytical from:

Y (&) = C1coshri€ + Casin hri§ + Cs cosra€ + Cysinraf (1.2)



42 B. Stankovié

T(t) = Cscos Ut + CgsinQt, Q? € Ry, (1.3)

where

) \/\/)\2+4(22—)\ ) \/\/)\2+4Q2+)\
1=\ "=\ ——F""—"
2 2

(cf.[1],]2]). For € any compex number cf. [10]. Our aim is to analyse
solutions, classical and generalized to equation (1.1).

(1.4)

2. The corresponding equation to (1.1) in D'(R?) and its solutions
2.1 coresponding equation to (1.1) in D' (R?)

Suppose that there exists u(t, &) € Ct(2) (R4, R) such that:
1. u(t,§) is a solution to (1.1),
2. there exist

lim u(t,€) = wi(€) € C(R) (2.1)
lim ) (1,€) = ua(€) € C(R). (2.2)

Let [Hu] denote the regular distribution defined by the function H (¢)u(t,§),
where H is the Heaviside function (H(t) = 0,t < 0; H(t) = 1,t > 0).

We show by a simple manner the relation between the second partial
derivative in the sense of distributions, D?[Hu], and the regular distribution,

82
[ t:0)]
D[Hu] = [uf (t,)o] — [u2()] @ 6(t) — [w ()] @6V (®),  (23)
where u{? (t, &) = g;u(t,g), (t,€) € Ry x Ry ulP(t,6)0 =0, (t,£) €R_ x R

and u? (¢, €) is not defined for (t,¢) € {0} x R.

This is only a special case of a general theorem which gives the relation
between partial derivatives in the sense of distributions and the classical
ones.

Proof of (2.3). By definition of the derivative in D'(R?), for ¢ € D(R?)

< Dy[Hul, o(t,€) >=< [Hul, (~1)p{" (t,€) >
--/. H(tyu(t, €)@t (¢, €)dedt

o0

= lim [ de ] u(t,©)pV (¢, €)dt

e—0t _o
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= lm [ de Jul (10t + [ u(0,€)p(0.€)de

=< [uf")(t,€)0, p(t,€) > + < [u(0,£)] ® (1), p(t,€) > .
It follows that

Dy[Hu) = [u{" (£, €)o] + [u1(€)] @ 8(1), (2.4)

where
Wit €)= gtu(t,g),t >0; ut,6) =0, t<0and wV(t )0

is not defined in t = 0, £ € R. If we repeat the mode of proceeding to (2.4),
then it follows (2.3). Now, to (1.1) it correspouds in D’(R?)

Dg +AD + D) = [u1(§)] 61 (1) + [u2(€)] @ 8(2),

or

(D? + P(Dg))i = f, (2.5)
where
P(Dg) = D¢+ ADZ, f = [u1(€)] @ 6D (t) + [uz(€)] @ 6(t) and a € D'(R).

We seek for solutions to (2.5) with the property supp @ C R4 x R.

2.2. Solutions to (2.5)

By the lemma in [7, p. 30] the operator D? 4+ P(D;) is quasihyperbolic
with respect to ¢ if and only if the following condition is satisfied:

Je > 0,d € R,VE € R: ReP(i€) — c(ImP(i€))* > d.

In our case P(i€) = &* — A2, For every £ € R, &4 — \¢2 > —’\%. Consequently
the operator D} + P(Dy) is quasihyperbolic.

By Proposition 5 in [7., p. 32] the unique fundamental solution E of
D? + P(Dg) with support in Ry X R and E € €S’ for an a € R is given by

sin(t/P(2miz))
P(2mix)

B(t,6) = H(t)F, (

x

)(#,€), (2.6)

where F~1 is the inverse Fourier transform.
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Using Bochner’s formula (cf. [9,(VIL,7,22)] or [7,p 19])

2mx

B el) = Heppele? [ SNVPETE) 172y onlefayaz, (2.7
0

where J, is the Bessel function.

Since . 2]
cos 2m|&|x
J—1/2(27T|f|1’) = *W»
we have
T sin (t (2mizx)) cos(2m|&|x
B(t,€) = 2H(1) ﬁvm ﬁ' =) (28)
0

Suppose now that u1(€) and uz(€) in (2.5) have the properties that:

(Tu2()] @ 6(1)) * [E(t, €)1, ([ur(6)] ® 8W(1)) * [E(t,€)] (2.9)

exist, then there is a solution % to (2.5) in D'(R?) with support in Ry x R
= (([w(©)] @5V ®) + ([u2()] @ 6(t))) * [E(t,€)]
= [u2(&)] * [E(t, )] + [ur(§)] * D E(, €)]-

This solution is unique in the vector space A C D'(R?). A consists of
all ¢ € D'(R?) for which there exists E * ¢ (cf. [12 chapter III, §11.3]). We
proved the following

Theorem 1. Let E be given by (2.8) and let A be the vector space
belonging to D'(R?) such that for every g € A there is [E] * g.

Suppose that uy (§) and uz(&) are in C(R) such that the convolutions (2.9)
exist. Then

= [uz(§)] * [E(t, )] + [ur(§)] * D[E(E, €)] (2.10)
s a solution to

(D¢ +ADZ + D) =0 inD'(Ry xR).

But it is also the unique solution in the space A C D'(R?) satisfying the
wnatial condition in t in the sense that

DY+ AD? + D?)i = [1:(6)] @ 3(1) + [un (€)] © 6V (1)
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Remarks: 1. If u1(¢) and u(€) also belong to C*(R), then by the
property of convolution

Dii = [ul(©)]  [B(t, )] + [ul” (&)  Dy[E(t, €)], i =1..... 4.

2. If we have two solutions w1 (t,§) and ua(t,&) to (1.1) with some initial

d d
condition uq(0,&) = u2(0,&) and %ul(t,§)|t:0 = @UQ(t7£)|t:0,£ € R, then

[ua(t,€)] = [ur (t, )] + A, (2.11)

where h =0 or h € A.

Let us prove it. The function U(t,&) = ua(t,§) — ui(t, ) satisfies (1.1)
with unitial condition Ut(z)(t,§)|t:0 =0,i = 0,1,£ € R, consequently the
regular distribution [U(t,€)] € D'(R?) satisfies (2.5) with f = 0. Then
[U(t,&)] = h, where h =0 or h & A. Hence [U(t,&)] = [ua(t,&)] — [u1(t,£)] =
h.

3. The well-known solution to (1.1) u(¢,&) = Y (&)T'(t), where Y and T
have been given by (1.3) and (1.4), has not the convolution with E(¢,£) in
the sense of distributions, i.e., [u(t,&)]*[E(t,£)] does not exist. If were true
that [u(t,&)] * [E(t,§)] exists, then by 1. and the property of convolution:

[u(t, €)] = [u(t, )] * 6(t,€) = [u(t, &)] * (D} + P(Dg))[E(t,€)]

= (D} + P(Dg))[u(t, ) * [E(t,€)]

0* ot 92
Thus u(t,€) =0, t >0, £ € R.
4. TIf equation (2.5) with f = 0 has a solution belonging to D'(R?), it
does not belong to A.

P roof A solution to (1.1) in D'(R?) is u(t,£) =0, (¢,€) € R%. By 2.
if there is a solution to (1.1) belonging to D’(R?) which is not identical zero,
then it does not belong to A.

The solution u(t,§) = Y (§)T(t), where Y and T have been given by (1.2)
and (1.3), respectively, is in fact a solution to

YWE) +AYP(E) +w?Y())T(t)

LT (1) — 2TV (E) =0, t>0, £ R, (2.12)
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for w? € R\ {0}. This equation can be written in the form

2
(P(jg) + % - w2>Y(§)T(t) =0, (2.13)

where
2

d d* d
Pl—)=—+)— 2,
( d §> el + e +w
In the sequel we suppose that w? > 0. Since

)\2
P(i&) =& = X2 +w? >0, £€R, w2—1>0,

by Proposition 6 in [7] there is the unique fundamental solution E,(t,£) of

d d? _
P(d—g) + 2 w? with support in R x R and belonging to e®*S’ for an
a € R. It has the following representation

t
Eu(t,€) = E(t,€) — wH(t) 0/ ﬁh(wx/ﬂ “2)E(r,)dr,  (2.14)
where E(t,§) is given by (2.8).

Theorem 2. If in Theorem 1 instead of E(t,§) we take E,(t,€), given
by (2.14), then we obtain another form of solutions to

(p(jg) + j; - w2> [u(t,€)] = 0

with
2

d d* d
Pl—) = — + = +u?
(d§> d§4+ d§2+w’
2
wherewg—z>0, w? > 0.

2.3. A convolutor to E(t,§)

At the end of Part 2 we give a sufficient condition for a regular distri-
bution to have convolution with E(¢,&), such that this convolution is also a
regular distribution

Lemma 1. If f(§,t) has the property that
[F(&,0)] < H(H)a(t)B(E), (§,1) € R X Ry, (2.15)
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where a(t) € Li,.([0,00)) and B(€) € LY(R), then f(&,t) defines a reqular
distribution [f(&,t)] such that [f(&,t)] x [E(&,t)] exists and is also a regular
distribution defined by the function (f(§,t) * E(&,t))(&,t) which is bounded
mn & €R, for every t > 0.

P r oo f. It is enough to prove that there exists the convolution of two
functions f(§,t) x E(&,t) and that this convolution is a locally integrable
function on (R x Ry)

(o clNe o}

‘f(&t)*E(&t)‘ :‘ / / f(f—x,t—7‘)E<l‘,T)dxdT‘
< /d:c/a(t—r)ﬁ(g—an(m,r)ydT (2.16)
—00 0

< H(t) 7ﬂ(x)dx/toz(t — 7)B(7)drT,
—0o0 0

where

’/ omize SIN( 27r7'\:n|\/47721:2 )

27|z |VAm2e? — x‘ (2:17)

B(7) = sup |E(&, t)| = sup
EER £ER

oo —VA/2m o
. ’ / ’ / / / 2mx§sm(27r7‘|x]\/47r 2 — )dx’
b 27|z |VAm22? — '

£ER

- VA2 =V 2m

In the first and the second integral we can use the inequality

2mx§sm(27r7'\x|\/47r x? — ) 1 £50, 2] > VA
, |z > —.
27|z | VA2 — X 27r]a:|\/4772x2 - 27

(2.18)
The third integral is:

v

27

2mizé 2
e 27r‘m|\/wsm h(r2mx\/ N — (27x)?)dx
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= 2T f (1 7)d.

v

T om

The function f(x,7) is not defined for z = 0. But since there exists

e

lim f(x,7) =7, 72>0,
x—0

VA VE

this function can be extended to ( — 20 2—) as a continuous function.
T 27
Thus
VX v
27 27
‘ 7 (o, < [ IS, de

v _VA
2w 2w

Consequently, B(7) € Li,:([0,00)) and the Lemma is proved.

Remark. If u1(€) = 0 and us(¢) € L}(R) then by Lemma we proved,
it follows that the solution (2.10) is a regular distribution defined by the
function ug(§) * E(t, &), with support in Ry x R and bounded in £ € R, for
every t > 0.

3. Special case of equation (1.1)

3.1. Fourier’s method

In Part 2 the solutions to equation (2.5) have been limited by the space
A. Now we consider equation (1.1) in case A = 0 without this limitation. A
detailed discussion of the mentioned case by Fourier’s method separation of
variables one can find in [3]. Transverse vibrations of a homogeneous rod
has been given by , ,
u + Ou =0. (3.1)
oxt  Ot?
Five various types of boundary conditions have been considered for a
solution supposed in the form u(z,t) = v(x) g(t)

1. v"(z) =v"(z) =0, for z =0 and = = 7;
v(z) =v"(x) =0, for x =0 and = = 7;
v(z) =v'(x) =0, for x =0 and = = 7;
V'(z) = 0" (x) for x =0 and = = m;

v (0) =v@(x), i=0,1,2,3.

U N
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We would like to analyse the existence of other solutions (generalized or
classical) to equation (3.1). Therefore we use a method explained in [11]
and the Laplace Transform. We hope that not only our solution (3.28) but
also the Comments at the end can be interesting for applications.

3.2 Distributions and the Laplace transform

We repeat some definitions and facts related to the space S’ of tempered
distributions and to the Laplace transform (in short LT) of them (cf. [12]
and [13]).

Let T be a closed convex acute cone in R", I'* = {t € R",tx = t1z1 +
we +tpzy >0, Vo € T'} and C = intl™. Let K be a compact set in R”.

By S§'(T' + K) is denoted the space of tempered distributions defined on
the close set I' + K C R™. Then §'(I'+) is defined by way of

Sr+)= |J §T+K). (3.2)
KCR®

The set 8'(I'+) forms an algebra that is associative and commutative if
for the operation of multiplication one takes the convolution, denoted by .

If T + K is convex, as it will be in our case, then the LT of f € S'(T'+)
is defined by

F(2) = L(F)(z) = (ft),e™*), z € C + iR™ (3.3)
Ifc >0, feS'(T'+), then
L f)(2) = (f(t),e” ), Rez > o, (3.4)

where t = (t1,...,tn), 2 = (21, ..., 2n) and 2zt = z1t] + ... + 2,t,. It is one to
one operation.
For the properties of so defined LT one can consult [13]. We shall cite
only some of them, we use in the sequel:
m
o
i

2) If f € §'(T'1+) and g € 8’ (Ta+), then L(f x g)(z,8) = L(f)(2)L(g)(s),
z € Cq +iR"™, s € Cy +iR™.

1) L(5m1) () = @)L ().

3) If f,g € S'(I'+), then f x g € S'(I'+) and
L(f xg)(z) = L(f)(2)L(g)(2), 2 € C +iR".
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4) L(6(t — t0))(2) = e~*".
5) L(f)(z+a) = L(e"f)(z), Rea > 0.

6) If f € Lioc(R) and |f(x)| < Ce™, x> x9 > 0, then
f(z)e7® € §'(R}) and

/ =+ £ (1)t — / e e f(1)dt = L(e T f)(2).

R7 RT
Let 'H((la’ﬁ)(C’), a >0, >0, a>0, denote the sets of holomorphic

functions on C' + ¢{R™ which satisfy the following growth condition

1£(2)] < Me®l(1 + |22)*2(1 + AP (2,00)), z =z + iy € C +iR", (3.5)

where 9C' is the boundary of C and A(z, dC) is the distance between = and
0C. We set

Ha(C)= (J HD(C) and Hi(C) = | Ha(O).

a>0,5>0 a>0

Proposition A. ([13] p.191). The algebras Hy(C) and S'(C*+) and
also their subalgebras Ho(C') and 8'(C*) are isomorphic. This isomorphism
s accomplished via the LT.

A property of the defined LT which can be used in a practical way is the
following:

Let f € 8'(R. +P). The LT of f, £(f), can be obtained by one after the
other applications of the LT-s £1(f),..., Ln(f), L(f) = Li(f)o...0oL,(f).

If o >0, f € S(C*+) and g = €?'f then by definition L(g)(s) =
(f(),e==9) Res > o..

Let F(s) be a function holomorphic for Res > o. The function F({+0) is
holomorphic for Re€ > 0. If F(£+0) € H(R4), then there exists f € S'(Ry)
such that L(e?f)(s) = F(s), Res > o.

We shall quote some auxiliary formulas for the classical Laplace Trans-
form we need. Let H denotes the Heaviside function, H(t) = 0, t <
0; H(t) = 1, t20

~1

1. £ (z+a NG

1 _ H (t) —(ax)?/(4 0
9 :_1 az/s\ _ e (ax)?/(4t) :
. S (\/»96 ) Tt ) 33>0,,R6(L>

) = H(z)e ®V5.
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- \/5 x2 \/5 x2 f x?
1T - | = YT _ _ = .
4 iei%x(e 1x,t) = m{ 5 COS 4 — —5osins z( 5 €08 ot
\/§ . x2
; + 2 o 7)] 2 2 2 2
5. ie_li% x(e iz, t) = %72 {cosﬁ—t +sin 7 — z'(cos 4 —sin ﬁ—t)]

3.3. Solution to (3.1) in D’(@i)

We consider the equation (3.1) with initial conditions

0
= —_— = >
u(0,0) = 20,0 =0, 120
k
wu(o,t) = Ak(t), k=2,3, t>0, (3.6)
0
u(z,0) = Bo(x), &u(a:,O) = Bi(z), >0,

where [H (t)Ax(t)] € e“tS'(Ry), k=2,3, p > 0and [H(z)B;(z)] € e7*S'(Ry),
1=0,1,¢>0, 0 >0.

To find an equation in D’ (Ei) which corresponds to (3.1) forz >0, ¢ >0
we need the following relations between derivatives in the sense of distribu-
tions and the classical ones.

Let H?(z1,20) = H(x1)H (z2), where H is the Heaviside function. For
a function f with continuous partial derivatives on R?, [H?f] is the distri-
bution, defined by H2f, belonging to D'(R?) and to D’ (@i), as well. Let
(;; f)o denote the function equal to (,;9;, f on the Ri and equal zero on
R \Ri, but is not defined for (z1,z2) € {(0,22) U (21,0); 1 > 0, 2 > 0}.

With the notation as above we have (cf. [11])

Dy ) = [H2(55) ] + Ro(), pen,

where

or—1
OxP~!

)

Ry(f) = [H2 g F(@)lam0] X 0(@i) + 4 [H2F () ],=0] x 0¥ (z).
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To equation (3.1) with initial condition (3.6) it corresponds in D’ (@i)
0]+ (e, 0] = HO A0 x 0 0@)  @7)

+H (8)A3(1)] x 8(2) + [H(x)Bi(2)] x 6(t) + [H () Bo(2)] x 6(1).

Applying the LT we have

(z4 + sz)ﬁ(u)(z, s) = L(A2)(s)z + L(A3)(s) + L(B1)(z) + L(Bo)(z)s,

£lu)(e.s) = T2, 33)
with
Q(z,8) = L(A2)(s)z + L(A3)(s) + L(B1)(z) + L(Bo)(2)s. (3.9)
Since ) ) ) )
Ars? %( 2 s 22—}—1'5)’
gf—i— s2 223 —is 22+ zs) (3.10)

( )
52
C% Rez > wy > 0, Res > wo > 0} Since 24 + 52 = (2 — z1)(2 + 21) (2 —
s 371 e
z2)(z + z2), where z1 = €'1/s, zg = e'1 /s, it is necessary to have

By Proposition A in [11] has to be holomorphic in {(z,s) €

Q(e'T/5,5) =0 and Q(—¢’ F $,8) =0
or equivalently
Q(e'T+/5,5) =0 and Q(e*i4/s,s) = 0. (3.11)

First step
In the first step we consider the first addend in (3.10). Now we need
(3.11) to be satisfied which gives:

L(A) ()65 V5 + £(A3)(s) + L(B1)(ET5) + sL(Bo)(¢T v5) = 0. (3.12)
Now we can express L(A3)(s),

L(A3)(5) = —L(A2)(s)e"T /s — L(B1)(€"TV/s) — sL(Bo) ("5 V/5).
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With such expressed L£(A3)(s) the first addend in (3.10) is:
Qz,8) _ L(A)(s)(z—e 4\[)

2is(22 —is) 2is(22 —is)
LLBY(2) — L(B1)(€'5v/5) + 5(L(Bo)(2) — L(Bo('/5))
2is(22 — is)
__ L(A9)(s) L(B1)(2) — L(B1)(€'5 V/5)
 2is(z + €' \/5) " ( 4iselT /s " (3.13)
LEBo)() — 4(30)(€i2¢§)> ( 1 _ 1 >
dise'i /s z—€'5\/s) z+e€i/s)

By using the auxiliary formulas 1., 2. and 5. we quoted we find the LT
of (3.13).
Let us consider the first addend in (3.13)

£1< L(A2)(s) >:£10<£1< 1 )E(Az)(5)>
2is(z + €'1/3) ° P \z4eiys)  2is

1. 1 —et sx 1
= 5L ! (\/g em¢ Ve >\/§£(A2)(s) (3.14)
- I;(I‘”f()ﬁ;t)) x(e'a, 1) & O/ (t — 7)Y Ao (7)dr.

The second addend in (3.13) is
dise’i /s z—ei/s z+ei/s
We shall start with

£ <c<Bl><z> £(By ><e“w§>>
dise'T \/s(z + €'7 /)

— £l £;1< _LBIE) (3.16)
dise'1\/s(z + €'14/s)

_g—log—1< LB V) )
* © \dise's\/s(z + e'1./5)




54 B. Stankovié

The first addend in (3.16) is

-1 2)L71 i 1'Tr >>
L] (Bl() s <4(ez4\/§)3(6z4\/§+z)

1
=Y Bi(2) st 13 ‘oot - (3.17)
4e"T s (z 4 €"14/s)\/s

;37
4e'a 0
For the second addend in (3.16) we have

_ﬁlo/;1< L(B1)(e'T V5) )

4ise’T \/5(z + €7 /5)

7 1 1 1
— —Eil ES B Oy - - . 7‘621 _
s ( ( 1)(6 4\/5) 46i37ﬁ8 \/g <Z—|—614 5))

(3.18)

t o]

/du/ x (' (x4 7),u) By (7)dr.

0

1

- T
Ly

The first addend in (3.15) gives
1 <£(31)(2) ~ 5(31)(fi2\/§)>
dise'T s\/5(z — €'7\/3)
1 L(B1)(z) -1 L(B1)(e's /5)

4ie'T s/5(z — €7 \/3) 4i€'T 5\/5(z — €'7\/5)
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0o
— " 1 <£ 1 \1/>€e7‘4x\/§ i Bl(l‘) - ,C_lleel4sm/6_el4\/§u31(u)du)
Ze 4 S/ S

. S
4ie*s sv/'s

0

]_ ]_ 7 - T 1 7 i T (u—x)\/5

= (L'_l /eli(x_“)‘/gBl(u)du— ,C_l—/e_e i >fBl(u)du
0 0

(3.19)

426 T // (u—x),7)Bi(u)dudr.

If we collect all the results obtained in (3.16)—(3.19), then the inverse LT
of (3.15) is a function denoted by F(B1,x,t,7%),

t oo
1 7
F(By,z,t, I) =—— //X(ezz(u —x),7)B1(u)dudr
4 die's
0z
L
- /x(ei%xﬁ)dTiBl(m) (3.20)
die's J

0
To find the inverse LT of (3.13), it is yet to be find the inverse LT of

4ei%3\/§ z—€'i\/s z+ei/s
If we compare (3.21) with (3.15), we can observe that in the structure

of (3.21) we have additionally only a product by s. Since F'(By, x,0, %) =0,
the inverse LT of (3.21) is

0 s 1 7 i
aF(BO;J; t 4) _416%\. m/)((6 4(U—$)7t)BO(u)d’LL
1 ™ x
———=x(e'Tz,t) x By(x) (3.22)
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e}

E /x(ei% (z +7), t)Bo(r)dT.

+—
4ie*s

To finish the first step we collect the all obtained results which give
1 Q(z8)
c! : t) =
<2i3(22 —is) ()

NGO / (t — 1) V2 Ag(7)dr (3.23)
0

0 T
+F(Bl,x,t, )+ atF(Bo,x £ 4)
where F' is given by (3.20).
Second step

In the second step we consider the second addend in (3.10). Now we
need (3.11)3 to be satisfied:

L(A)(s)e 5 /s + L(A3)(s) + L(B1)(e7'5V/5) + sL(Boy) (e "5 y/s) = 0.

(3.24)
The procedure to find the inverse LT of
Q(z,s) _ Q(z,s) 1 B 1 (3.25)
2is(22 + is) 41'6*1%5\/5 z— 671%\/5 z+ 677’%\/5

is just the same as for the first addend in (3.10), which we applied in the
first step. Consequently because the Ree *7 > 0, we have

i Qz,8) 1 o—iT t / ~1/2
£ <2is(z2 —|—i5)>(x7t) s X et / Az(r)dr+
+F (B, z,t —f) + QF(BO .t —E). (3.26)
) ) ) 4 at 9 )y 4
Third step

It remains to find the solution u(z,t) to equation (3.1). This can be
done, now, by taking the inverse LT of (3.8) or in fact of (3.10).
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By (3.23) and (3.26) we have

t
2 1 2 2
+\4[0/<cosi_+sini_>dTiB1(x)

r 7 T +7)2 T +7)2
—\/51//<cos( Iu) —i—sin(l_u))Bl(T)deu
00
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Comments

1. Functions Ay and As we can express by By and By using (3.12) and
(3.24).

2. If we have also some boundary conditions, then we try to settle By
and Bj in such a way that they are satisfied, if it is possible.

3. If in the initial conditions (3.6)

Ag(t) = —202Crg(t), As(t) = —20°Cag(t) (3.29)
By(z) = Kiv(z) and Bj(z) = uKov(x),

then it follows by (3.8) that u(x,t) = v(z)g(t) is a solution to (3.1), as well,
with initial condition (3.6), where

v(z) = Cicosve + Cysinve + Cs cos hve + Cysin hve (3.30)
g(t) = K cos ut + Ko sin ut;
v=vVw? p=vVuw? w?>0; Ki,Ks C;, i=1,...,4, are constants.

P r oo f To prove that u(z,t) = v(x)g(t) is a solution to (3.1) with (3.6)
and (3.29) which satisfies (3.8) we use the known properties of f and g (cf.

[1]):

8(2) = oy (P Chz 4 1C)
) = sy oz (s + k)
Then
Llu)(z5) = _2<”201;++v;6*2>§<s>
s+ nBa o) t“’j 5(2)3(s)
iii 3(2)3s) = 251“2?9 ) _ 5(2)30s)
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4. There exists one and only one solution wu(z,t) to (3.1) for z >
0, ¢t > 0 which satisfies (3.6); and (3.6)3 with fixed By, Bi, such that
[Hy(z, tyu(z, t)] € @S (RY).

P roof. Suppose to have two solutions to (3.1), u; and uy. Let U = uj —ug
and a; = Al — A% i = 2,3; Al A? are given in (3.6)2 for u; and wua,
respectively. Then U satisfies
ot 0?
@[U (z,1)]

Because of (3.11) a;(t) =0, i = 2, 3. Therefore by (3.8), U(z,t) =0,
z>0,t>0.

+5alU )] = [H(t)az(t)] x 0 () + [H(t)as(t)] x 6(=).
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