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1. Notation and notions

We repeat some definitions and facts, we need in our exposition but for
special case.

Let @ be an open set belonging to R"™. By D(Q) we denote the space
{p € C>*(Q);suppy C K,}, K, is a compact set in ) which depends on
. D'(Q) is the space of continuous linear functionals on D(Q) - the space
of distributions. Every f € Lj,.(Q) defines a distribution, called regular
distribution, denoted by [f],

(11)0) = [ FOedt, © D).
Q
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Important subspaces of D'(R™) we use, are: D'(R}) = {f € D'(R™), suppf C
R’ }, the space of tempered distributions &'(R") and §'(R}) = {f € S'(R™), suppf €
R }. For the space &'(R™) and its topology cf. [8].

Definition 1. The Laplace transform (in short LT) of f € S'(RY}) is
defined by

fz) = L()(2) = (f(t),n(t)e™™), =€ R} +iR",

where 1 € C®(R™), [ (t)] < Cu, « € N and n(t) = 1, t € (—¢,00)";
t € R"\ (—o0,—2¢)", € > 0; For the properties of so defined LT one can
consult [8] and [9].

Let H™P (R%), o >0, B > 0, denote the sets of holomorphic functions
on R’ + iR"™ which satisfy the following growth condition:

1F(2)] < M1+ 221 + |2|78), 2=z +iy € R? +R™

For the applications of the LT the following is very important:
Proposition A. (/8] .p. 191). The algebras S'(RY) and H(RY) =
U U 'Ho"ﬁ(Ri) are isomorphic. This isomorphism is accomplished via the

a>0 >0
LT.
We consider the space e*!S'(R}y) C D'(R}) C D'(R"), w > 0.
Definition 2. If f € e“'S'(R'}), then the LT of it is
F(2) = L)) = (FB),n()e” ), 2 € w+RY +iR"™
Let b > 0. We denote by A, the space
= {f € e”'D'(R}), suppf C [b,00)"}.

Now we can define an equivalent relation in e“!S’ (@1) f~ge=f—-gc€
Ap. Then the space By by definition is:

Bb = €Wt8,(ﬁi)/./4b.
Definition 3. The space D/,([0,b)"™) is by definition:
D, ([0,6)") ={T € D'([0,6)"); 3T € ¢*'S'(RY), Tl(—epyn =T},

where T)|(_.pyn is the restriction of T on (—&,b)", € > 0.
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Proposition B. (6], [7]) D.,([0,b)") is algebraically isomorphic to By.

2. Distribution-valued function and its Laplace transform

Our definition of the distribution-valued functions (in short d-v-f) (cf.
[5]) is appropriate to the mathematical models in mechanics.
In this section {2 denotes an open set belonging to R™.

Definition 4. Letw be a positive real number. The function [u(zx,.)], = €
Q, with values in e*'S'(R’,) C D'(R}) :

Q32— [u(z,.)] € 'SR, wt=wti+...+wt,
will be refered to as distribution-valued function (d-v-f).

The space of d-v-f defined on 2 we denote by (e“'S'(R}))%. A d-v-f
[u(z,.)] = [uo(z,.)]e*!, where [ug(z,.)] € S'(R}) for every z € €, hence
[u(xv ')]e_Wt = [UO(.T, )] S S,(Eﬁr)

It is easily seen that [u(z,.)] € (e“1'S'(R]}))® for every w; > w.

If [u1(z,.)] and [uz(z, .)] belong to (e*'S'(R'})), then [u1(z,.)] = [ua(z,.)]
if and only if ([uj(z,t) — [ua(z,t)], p(t)) =0 for every p € D(R"™), x € Q.

Definition 5. A d-v-f (1) is called continuous if for every ¢ € S(R™)

the function x — ([u(z,t)]e ™, (t)) is continuous.
Let o € 02 (092 is the boundary of ). By definition:

lim  [u(x,.)] = [up(t)]e*’ € e”'S'(R})

T—T0,rE
if [u(z,.)]e" converges to [ug(t)] in S’ (R™).

Remarks: a) The definition of the continuity and the limit do not
depend on w > w.

b) The defined continuity of a d-v-f is equivalent to the statement that
the mapping z — [u(z, .)] of Q into e“!S’(R™) is continuous (S'(R™) provided
with the usual topology).

Definition 6. A distribution u € D'(Q x R™) is called the distribution
induced by the d-v-f (1) if

(w ) = [(lu@, )], (e, do, ¥ € DO xR,

Q
provided the integral exists for every i € D(£2 x R™).
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The next Proposition gives conditions that a distribution, induced by a
d-v-f, has been induced by a unique d-v-f.

Proposition 1. Let u € D'(Q x R}) C D'(Q x R") be the distribution
induced by a continuous d-v-f [u(x,.)], = € Q. Then [u(z,.)], € Q, is
uniquely determined by u in the class of continuous d-v-fs: Q@ — e*!S'(R).

P r oo f. Assume that there are two d-v-fs [u1(z,.)] and [ug(z,.)] which
induce the distribution u. Put [w(z,.)] = [ui(z,.)] — [uz2(z,.)] and let

b(x,t) € D(Q xR, ¥(z,t) = alz)B(t), ac D) and § € D(R™).

By Definition 6 we have for every a and j3 :

[, ), Benatadz =o.

Q

It follows that
([w(z, )]e ™, e B(t)) =0 for a.a. x €. (1)
Since D(R™) is dense in S(R™), (1) is also true for every ¢ € S(R"), i.e.,
([w(z, )]e ™, p(t)) =0 for a.a. €.

From the Definition on continuity it follows that the distribution [w(z,.)] = 0
for x € Q. Consequently, [ui(x,.)] = [ua(z,.)], x € Q.

Definition 7. Let n = (n1,...,0m), ns = 0 for s # j and n; = 1. Let
go > 0 be such that for xg € Q, xo+ne € Q, |e| < eo. If for [u(z,.)] €
(e“tS'(RY))S the limit

tim = ([u(ro + en, )] — [u(zo, W)e™" = [o(zo, )]

exists in S'(R™) for every xo € 0, we put by definition
0

ij[u(x, ) = o, e € (e S' ()™
If the function Q > x — ([u(z,t)]e™, ©(t)) is of class CK(Q) for every
© € S(R"), then the d-v-f [u(x,.)] is by definition of class C*(Q).
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Remark. Let U(z,t) denote U(xz,t) = {([u(x,t)]e”", (t)). Then

g[u(x, .)] exists if and only if there exists v(z,t) € S'(R’}), x € Q, such
x
that 9 9

—_— = — —wt —

D4ty = 2 {futar e, (1) = (vl 1), (1)

for every ¢ € S(R") and = € .
The next two propositions refer to the connection between some opera-

tions on a distribution induced by a d-v-f [u(z,.)] and this d-v-f [u(z,.)].

Proposition 2. Let u € D'(Q x R"™) be the distribution induced by a
d-v-f [u(z,.)] € (e“!S(RY))? of class Ct. Then the distribution derivative
Dyju, j € (1,...,m), is indiced by the d-v-f:

O>zr— %[u(:ﬂ, )] = lgj(=, N]e*t € eth’(Rj_),
J

i.e., for every ¢ € D(Q x R™) we have

(Dayust) = [ (ot ), 9w, )}
Q

P r o o f. By Definition 6 for every ¢» € D(Q2 x R") :
0
<ijuﬂ/1> = —<Ua 875331/}>
0
= [ (ul. ) a7jw<x,.>>dx.

It is well-knowm (cf. [4, Chapter IV, Theorem III]) that the subspace of
functions of the form 3- v;(x)w;(t) is dense in D(2 x R™), where v; € D(Q)
and w; € D(R™). For every ¥ € D(Q2 x R"™) there exists a sequence ¥, (t) =
> vi(x)w;(t) which converges in D(§2 x R") to ¥(z,1).

Hence, there exist compact sets K, C €2 and K,, C R" such that suppy C
K, x Ky, v; € C§°(K,) and w; € C§°(Ky) fori € N; {1, (x,t)},en converges
uniformly on K, x K. Thus
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— )
V—00 i

J(la(, .
Q

= lim 3 [lata, J)e, wi())vila)da
et v(x, ) da

9
:§f2<£j[u(:p, N (x, ) )da.

Proposition 3. Let Q be an open interval (a,b) C R. Suppose that
u € e“'S'((a,b) x R™) satisfies the equation Dyu = 0. The distribution u is
induced by the constant d-v-f defined on (a,b). This is the unique continuous
d-v-f on € which induces u.

Proof If Dyu =0, then u does not depend on = € (a,b). Let ¢ be
any function belonging to D((a,b) x R™). As in the previous proof we use

the sequence 9, (x,t) = zl;:v,(x)wz(t) and we have
(u, ) = lim 3> ((u(.), wi(.)), vi(x))

= lim 3 [{u(.), wi(.))vi(2)da

— 7
VOOT,Q

= [(u(.),¥(z,.))dx.
Q

By Definition 6 u is defined by the d-v-f: (a,b) > z — [u(.)]. By Propo-
sition 1 this is the unique continuous d-v-f which induces w.

We are going now to prove some properties of the regular d-v-f.

Let CQ»M denote the class of functions f(z,t), z € Q, t € R™ such that:

1. suppf(z,t) CR}, z €

2. |f(z,t)e™t/(1 + [t})™/?] < g(t) € LY(R]) for an m € Ny and for
x €.

Proposition 4. Let Q be an open set in R™.

a) If f € CQ’ﬁi’ then f defines a d-v-f [f(x,.)] which is called regular
d-v-f.

b) If f € CQEK and f is continuous in x € § for almost all t € Ri,
then [f(x,.)] is a continuous d-v-f on Q. It defines a regular distribution on
Q X R™, as well.
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%

c) If f is a function defined on Q@ X R™ such that aa flx,t), i=0,..,k,

7
_ J
are continuous in x € Q for a.a. t € Ri' and belong to CQ?®1’ then

ai

f(z,t) defines a regular continuous d-v-f on Q :

8x;
[68;2 f@t)], i=0,..k je,.,m) and
P B T

P roo f. a) By Proposition 3, p. 158 in [5], [f(z,.)] € (e“!S'(R"}))®.
b) By definition of a regular d-v-f defined by f(z,t) depending on the
parameter x, we have for z € Q and ¢ € S(R") :

(e o) = [ Fte (b,

The proof of b) follows now by the properties of the integral (cf. [4], Propo-
sition 45).
¢) We prove only if i = 1. For ¢ > 1 we have only to repeat the procedure.
By a) f defines a regular d-v-f

[f(z, )] = e [e™" f(,1)].

Following Definition 7 of the derivative in z; of [f(z,.)] and the Remark
after it we analyse the limit:

tim (fet f(z + en,6)] - [~ f (. 0)]. (1)
=lim 2 [ e (f(z+ent) = flx,1)p(t)dt

= (L (1), 0(0), @ € SEY)
J

(cf. Proposition 46, p. 62 in [4]).
0
We apply a) once more to e f(x,t). Then this partial derivative defines
o

J
a d-v-f, as well, and
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et 8‘; (z,.)] € S'(R").

Hence

0 0

Proposition 5. Let 2 CR™ be an open set and 21 any open subset of
Q, Q. Let f e Cogn- If for any xo € 00 we have:
a) There exist

lim  f(z,t) =v1(t) and lim  f(x,t) = va(t)
T—w0,T€0 r—w0,2€Q\Q
for a.a. t € RY;
b) there exist p; € Ny, such that e “'v;(t)/(|t|Pi +1) € LY(RY), i = 1,2;
c) [f(x,.)] is a continuous d-v-f on Q.
Then f(z,t) is continuous on §) for a.a. t € R}.

P r o o f. By Definition 5

li )] = i (e wlo(t)dt
podim o (f(z,.)] x%ggeﬂlﬁfi fz, t)e™ (1)
= [ vi(t)e " op(t)dt
%
and
lim _ [f(z,.)] = lim flz, t)e to(t)dt
x—x0,2€Q\1 z—20,2€Q\N ﬁi
= [ va(t)e ¥ p(t)dt
7

for every ¢ € S(R™). Since [f(z,.)] is continuous, we have:

[ et w® = va(®) ety

R
for every ¢ € S(R™). Consequently, v1(t) = va(t) for a.a. t € R}.

Proposition 6. Let 0N denote the boundary of Q. If f € CQ’M and for
an xg € 0N there exists
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lim Qf(a;,t) = fo(t) for a.a. t€R],

T—T0,TE

then we have

lim _[f(x,.)] = [fo(t)e™"]e" = [f()].

r—x0,LEN
P r o o f. By Definition 5 we have first to find

Tim ([f(a, )], o(t)) = lim [ fa, e p(t)dt
o T

= [ fot)e™p(t)dt

because f € C, B This proves the assertion of Proposition 6.

The product of a numerical function c¢(x), = € €, and a d-v-f [u(z,.)] €
p ) )
(e“tS'(R})%, e(w)[u(z,.)], we define in every point z¢ € Q :

zo — c(xo)[u(zo, .)]. (2)

It is easily seen that if ¢(x) is continuous on 2, then c(z) [u(z,.)] is a
continuous d-v-f on ).

We cite the next Proposition which gives the relation between the dis-
tributional and classical derivatives of a function.

Proposition C. (cf. [3]) Let f € CP)((—o0,b)), p € Ng = NU {0}, and
H, be a function such that Ho(z) =0, —co <z < a < b < o0; Hy(z) =
1, 0 < a <z <b. Denote by [Hyf] the reqular distribution defined by Hy,f.
Hence, [H,f] € D'((—o0,b)), supp[H,f] C [a,b) or [Hy,f] € D'([a,b)), as
well. By [ ép)], p € N, we denote the distribution defined by the function
fcsp) equals fP)(z), = € (a,b) and equals zero for x € (—oo,a) and is not
defined for x = a.

Since the function (Haf)(k) has in general a discontinuity of the first
kind in x = a, k= 0,1,...,p, by the well known formula (cf. [51])

DF[H.f] = (£ + f7 V(@)@ — a) + ... + f(a)§" Dz ~ a)

= [/ + Rya(f) = [Hof @] + Rpa(f),

where DP[H, f] is the derivative of order p in the sense of distributions, and

Rap(f) = f* V(a)d(z —a) + ... + f(a)6?""V(z — a).
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We define now the Laplace transform (in short LT) of a d-v-f.

Definition 8. Let [u(z,.)] € (e“!S'(R")). The LT of [u(x,.)] is defined
by
Llu(x, )](z) = u(x,2) =

= ([u(z,t)]e™t, n(t)e G~ 2 € w + R + iR,

For the function n(t) cf. Definition 1. In this way the LT of a d-v-f has
been deduced to the LT of tempered distributions.

Definition 9. The LT of elements belonging to D., is defined by
L(D,,([0,5)") = L(e*'S(RY))/L(Ap).

Proposition 7. If f(x,t) belongs to Cﬁﬁi and for every x € ) has the
classical LT in t denoted by F(x, z), Rez > w, then the regular d-v-f [f(x,.)]

-~ ~

has the LT f(z,z), Rez > w, and f(z,z) = F(x,z), Rez > w.

P r oo f. By Proposition 1. a) f(z,t) defines the regular d-v-f [f(z,.)].
Then

fla,z) = ([f(a,t)]e ", n(t)e =)

= [ flx,t)e ?'dt = F(x,2), x €, Rez > w.

T
Ry

Proposition 8. Let xy C 0Q. If f(x,t) belongs to Cﬂyﬁi and converges
for almost all t € R} to fo(t) when x — x, x € Q, then

lim  L[f(z,)](2) = L(fo])(2), 2 € w+R? +iR™.

r—x0,LES
Since n(t)e~*=“)* € S(R™), Rez > w, the proof of Proposition 8 follows
from Proposition 6 and Proposition 7.
3. Application to mathematical models appeared in mechanics

In this Section 3 our aim is only to illustrate the method elaborated in
Section 2 analysing the generalized solutions to a partial differential equa-
tion.
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The mathematical model of the vibrating rod is
ot 0?
@u(x,t)jL@u(ﬂv,t) =0, 0<zx<1, t>0. (3)
We shall examine first the uniqueness of generalized solutions to (3) with
boundary conditions (4) of clamped ends:

0
li £ = li t) = lim —u(zx,t
Jim, u(z, 1) lim u(z, 1) Jlim, am”(x’ )

(4)
= lim gu(x t)=0, teR
Ca—1-0x *

First we have to find the equation in (e “S’(R4)(®!) which corresponds
to equation (3) in such a way that if there exists a solution [u(z,.)] €
(e“!S"(R4))OD of this equation and is given by a function wu(z,t) which

4 2
has the continuous classical partial derivatives ——wu(z,t) and wu(x,t),
then u(z,t) has to be a solution to (3). Let us do it.

The function u(z,t), a solution to (3), has its support in (0,1) x [0, c0).
To use the Laplace transform we have to extend it on (0,1) x (—o00,00) in
such a way that u(x,t) = 0 on (0,1) X (—00,0). Then by Proposition C

[z 0)] = DY e, 0] — ule, 060(1) = Zule,0)]_ 5(0).

Now to equation (3) it corresponds in the space (e!S'(R))(1 the

equation (cf. Proposition 4 c) and Proposition C):

4
lue, )+ Diu(e, ) = Bu@)s(t) + Bo@po (0, ()

where

Bo(z) = u(z,0) and Bi(z) = %u(x,t)’ (6)

The functions By and Bj are continuous in x € (0, 1) which can be continu-
ously extended to [0,1]. D? is the second partial derivative in the sense of
distributions.

Because of the equality in the space (e#!S'(R))(®1) equation (5) can be
written in the form:

t=0"

64

(gprlu(@ 0]+ Difu(x,t)] = Bi(2)8(t) — Bo(@)sV(8), () =0



72 B. Stankovié
for every ¢ € S(R). Since n(t)e *' € S(R), z € w + R + iR, by Definition
8 and the Remark after Definition 7 the last equation gives
64
ot

z € w~+ Ry 4 4R, and finally

(u(z, t)e ™t e~ =9 4 (D2u(x,t), e ") = Bo(z)z + Bi(x),

ot N

@u(az, 2) + 2%0(z, 2) = By(x) 4+ Bo(z)z. (7)
Let us remark that (7) is a classical differential equation in x with a param-
eter z. Hence we can apply the well known methods to solve it.

3.1 Uniqueness of a solution to (3)

Suppose that we have two solutions u;(z,t) and us(z,t) to (3), (4) with
the same initial condition (6). Then W (z,t) = ui(x,t) — ua(z,t) satisfies
the initial condition with By(z) = 0 and B;(x) = 0, the boundary condition
(4) and the homogenuous part of equation (3). Then the corresponding
equation (5) is also homogeneous and the LT of it is

4 —~ —~
;xélW(m,z) + 22W(z,2) =0, 0<z<1, Rez>uw. (8)

The general solution to (8) is

4
W(z,z) = ZCj(z)erj”, 0<z<l1, Rez>uw, 9)
j=1

where Cj(z), j =1,...,4, are functions in z, Rez >w and r;, j=1,...,4
are solutions to equation r* 4+ 22 =0 :

1= )2 (14), 1o = 4| 2(=141), 73 =/ =(=1—1), 14 =1]=(1—i). (10)
2 2 2 2

In order to apply Proposition 8 we give an other form to I//[\/(m, z) given
in (9):

o~

W($, Z) = Dl(z)e*ﬁ(lJrafx) + Dz(z)erz(era)

+D3(2)em ) 4 Dy (z)erallramn)

where a > 0 and D;(z), i = 1, ...,4 are holomorphic functions for Re z > w >
0. Now we can apply Proposition 8 when we use boundary conditions (4).
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In this way the functions D;, j = 1,...,4 have to satisfy the homogeneous
system:

Dy (2)e ™ (49) 4 Dy(2)e2® + D3(2)e"® + Dy(z)e ™0+ =0
Di(2)e™"% + Dy(2)em2040) 4 Dy(2)e3(1+%) 4 Dy(2)e "¢ =0
Dy (z)ne*”(Ha) + Dy(z)rae™® + D3(z)rse”® 4+ D4(z)7"467"4(1+“) =0

D1 (2)r1e7"1% 4 Dy(2)ree™(1H9) 4 Dy (2)r3e73049) 4 Dy(2)rye "¢ = 0.
(11)
We will prove that there is no number w > 0 such that D;(z), i = 1,...,4,
are solutions to the system (11) and are not identically zero for Re z > w.
The determinant of the system (11) has the form

1 1 1 1
et e’ e " e "2
_ —r1(142a)+r2(14+2a)
A(z) = e~ m1(142a) (12)
1 T2 - —T2
rie’  rge™  —rieT" —rge™ "

_ A/(z)efr1(1+2a)+r2(1+2a).

In this calculations we used the relations between r; : r3 = —r; and r4 =
—T9.
Let ko € N be such that 8k37% > w for a given w > 0. Then if z = 8k?72,

then \/% = 2km. It is easily seen that A/(8k%72) #0, k > ko, k € N. Since
A'(€) is continuous function for £ > 0, then A’(£) # 0 in a sequence of open
neighbourhoods €, of the points ¢ = 8k%*72. Consequently, every function
Dj(z), i = 1,...,4, equals zero in each open set in which it is holomorphic,
if this open set contains an 2. Hence, there is no w > 0 such that A(z) # 0
for Rez > w. This prove that the system (11) has the unique solution

Dij(z)=0, j=1,..,.4, Rez> w.

Theorem 1. A generalized solution [u(z,.)] to (3), (4), (6), such that
the d-v-f %[u(m,)] e (e“tS' ROV, i = 0,1,....,4, and ug)(x,t) €

C(O,l)xﬁ_p 1= 0,1, if it exists, it is unique.
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Remark. It is well known that (3), (4) has a family of solutions of
the form ug(z,t) = Vi(z)Tk(t), k € N, (cf. [1]). Then By(z) = V(z)T'(0)
and Bi(z) = V(2)T™M(0) for a fixed k € N. With such initial condition
the corresponding solution is unique. Hence the boundary conditions of the
form (4) is not sufficient for unicity.

3.2. Euxistence of the solution to (3), (13), (6)

We have seen that the existence of a solution to (3) depends not only on
the boundary conditions but it also depends on the initial condition. We are
interested in finding the form of the initial condition (6) such that equation
(3) has a solution in case of supported ends of the vibrating rod. Then the
boundary condition is

. : . 0?
i atet) = lim utot) = i (o) =
32

(13)

For this purpose we have first to find a particular solution #y(z, z) to
differential equation (7) which satisfies condition (13) (cf. Proposition 8).
This is very easy if By(xz) and Bj(z) are of some special form. Then by
Proposition A we have to show that u,(z, z) is the LT of a solution to (3).

To reduce the routine work, let us suppose that By = 0 in (6). The
solution of the homogeneous part of equation (7) is

ﬂo(x,z):ZC’j(z)e”z, 0<z<, Rez>w, (14)
7=1
where Cj(z), j = 1,...,4, have the same properties as in (9) and r;, j =
1,...,4 have been given in (10).

In order to find a particular solution u(z, z) to (7) with By = 0, we use
the method named ” Variation of Constants”.

Suppose that Cj(z,2), j = 1,...,4 are functions with the continuous
first partial derivative in x for every z, Re z > w. Then we have to solve the
system

4 8 ;T
ng %C] (x,2)e"* =0
4.9
> —Ci(z,z)r;e™® =0

j=10x ' - (15)
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The determinant of the system (15) is

ez era
remT L orget® | = —2(3/22)8 £0
Alz) Rez>w > 0. (16)
T3€T1x ....... 7, i)em g
Hence we can find
9 1 e
70.7'(‘%’2) = 714]31(1')6 =104

ox

where Ay = (-1)(14+14), Aa = —-1+14, A3 =1+¢and Ay =1—1i. The
looked - for functions Cj(z, 2), j =1,...,4 are

1 f . |
@mw:%ﬁm¢41&@e5&+@@) ()

where Ej(z) are undefined functions.
A general solution to (7) with By(z) = 0 is:
R i
iz, 2) = —— S A, /B “rifde 4 B i, 18
i, 2) 2W§Pz.& 1(§)e ™I dg + Bj(2) )e (18)

Jj=1 0

We have two limitations on u(x, z). One of them comes from the boundary
condition (13) and the other requires that there exists [u(z,.)] €
(e“tS"(R4))OY such that L£([u(z,.)]) = @(z,z). This limitations give the
conditions for Bj(x) to have a solution to (5), (13). For practical use we
shall prove

Theorem 2. A sufficient condition that the differential problem (3),
(13) has a solution [u(z,.)] such that the d-v-f

81’
ozt

[u(e, )] € (¢'S' (R )@Y, i =0,1,...4,

and u® (z,t) € Co
that:

7, 0 =1,2, is that we can find functions Ei(z) such
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1. [ Bi(&)e "8d¢ + Ei(z) = Fi(z,2)e "%, i =1,..,4, for 0 < & < 1,

where
Eq(z) = E3(2), Ei(z) = E4(z), Rez > w.
2. Fy(x,2) — F3(x,2) = Fy(x,2) — Fy(x,2) =0 for 2 =0, and x = 1.
3. Fi(z,2)/(V/Z)? is holomorphic for Re z > w, for anw > 0 and tends to
zero when z tends to infinity belonging to the half plane { Re z > w+4, 6 > 0}
uniformly in x € [0, 1]. Also

/\sz 2)%ld(Imz) < o0, 0 <z <1, Rez > w.

P r oo f. Let us suppose that conditions 1., 2. and 3. are satisfied.
Then u(z, z), given by (8) can have the form

SO SR s
u(x,z) = ST ;AJF(:E,Z). (19)

By Theorem 3 in [2, I, p. 263] there exist functions F;(x,t) such that
LY (Fy(x, 2) /(2v22)2)(t) = Fy(x,t), i = 1,...,4, and the function u(z,t) =
La(, 2)(1),

4
azt:z i(x,t), 0<z <1, t>0. (20)

Now we can use Proposition 8 to satisfy boundary condition (13). We
start with (19) and

2 4 N
ppz ) = z(lma APy, 2) 01 Bue) + BYY (@),
=1

In order to satisfy boundary condition (13) we obtain the following system:

fAj“j(o,z) =0
7=1
4 ~
EA]' j(l,Z) :0
. A (21)
% Ai(r 2 F(0,2) + BY(0) =0
‘7:
S A2 (1, 2) + BO(1) =0

<.
Il
-
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Since

4 4
ZAj =0 and ZAjrj_Q = (1)1 4,
j=1 j=1

system (21) becomes:

4 ~

ZlAj j(O,z) =0

J:

4 ~

‘zlAj j(l,z) :0
A {— ~ (22)
> (=1)H1A;F;(0,2) =0
Jj=1

(~1)7T1A;F(1,2) =0.

R

<
Il
—

From (22) it follows that E1(z) = E3(z), E2(z) = E4(z) and

~ ~ o~

Fi(z,2) — F3(z,2) = Fo(z,2) — Fy(z,2) =0

for x = 0 and « = 1 which is our supposition 2. This completes the proof of
Theorem 2.

As an example we consider the case By(z) = sinknz, for a k € N. Then
equation (7) becomes

4
Wﬁ(w, 2) 4 220(x,2) =sinknz, 0 <z <1, Rez > w (23)
x

In order to find a solution to (23), we suppose that u(x, z) = A(z) sin k7.
In that case (23) gives

(km)*A(z) sin krx + 22 A(2) sin krx = sin krz.
Hence,
A(z) = 1/((kr)* 4+ 2%), Rez >0, and (zx,z) = sinkrz/((km)* + 22).

It is easily seen that u(x, z) satisfies the boundary condition (13). A solu-
tion to (3), (13) with initial condition (6), expressed by By(z) = 0, Bi(z) =
sin kma is u(x,t) = (km) =2 sin kra sin(k7)?t. That is a well known result. It
is also easy to verify that Bj(z) = sin kmx satisfies the cited conditions in
Theorem 2.
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