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Abstract The purpose of this article is to describe the struc-
ture of derivations over general rings of upper or lower triangular matrices.
Some examples are developed, together with a simple formula that gives the
dimension of the module of derivations on the center of the underlying ring.
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1. Introduction

The determination of the structure of derivations is relevant to develop
their behaviour as operators. In general it is difficult if not possible to deter-
mine such structure. Some advances can be obtained in algebras of infinite
matrices corresponding to Hilbert-Schmidt operators acting on a separable
Hilbert space (cf. [2]). For non existence theorems of bounded derivations
in Banach algebras of weighted sequences see [3]. For examples of general
derivations in non C* algebras nor non von Neumann algebras see [4]. In
some sense the lack of knowledge of such results is overtaken by appealing
to alternative construccions. For instance, in the theory of C* - algebras
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J. Glimm (cf. [8]) introduced the notion of uniformly hyperfinite algebras
(UHF - algebras), i.e., C* - unitary algebras { endowed with an increas-
ing sequence {,} of finite dimensional full matrix algebras containing the
identity whose union is dense in . The study of * - derivations defined on
UL, includes the study of general quantum lattice systems. Among other
successful contributions on UHF algebras and normal * - derivations we
mention that of S. Sakai and H. Araki (cf. [10], [1]). The corresponding
notion of UHF - algebras for VN algebras goes back to F. J. Murray and
J. Von Neumann (cf. [9]). J. Dixmier considered inductive limits of matrix
algebras without the demand that the embeddings preserve units (cf. [7]).
Latter, O. Bratteli introduced the approximately finite dimensional C* -
algebras (or AF algebras), i.e., C* - algebras 9 that have an increasing se-
quence of finite dimensional * - subalgebras {Q,,} whose union is dense in Q
(cf. [5]). The resource to consider the structure and properties of operators
acting on finite matrix algebras is plainly relevant. Throughout this article
R will be a ring and xR and Ry will denote the left and right module struc-
tures of ! over itself. If n is a positive integer, we shall be concerned with
the ring UT,, (R) of upper triangular n x n matrices over R. Of course, our
conclusions hold under suitable modifications to the ring LT, (R) of lower
triangular n x n on R. UT,, (R) inherits left and right module structures on
xR and Ri so that

r- ($i,j)1gi§jgn = (r- mi,j)1§z‘§j§n or 7- ($i7j)1§i§j§n = (@i, 'T)1§i§j§n

whenever r € % and (xivj)1<i<j<n € UT,, (R). Let us denote these structures
by UT,, (x®) and UT,, (Rx) respectively. Since UT, (xR) ~ [UT, (Rx)]”
we "1l restrict our research to UT,, (»R) . So let D (UT,, (»R)) be the set of left
derivations on UT, (xR), i.e., A € D(UT, (xR)) iff A € Hom (xUT,, (»xR))
and A (n-X)=Am)-A+n-A(N)ifn, A € UT, (R) (Leibnitz rule, henceforth

abbreviated by Lr). If 1 < k < h < n we’ll write eg), = (5f’jh)1<‘< s
> AR )

where 62 ’jh are the usual Kronecker” symbols. In general UT,, (R) is not an
R - algebra, but the relations r - (e;; - exn) = (r-€;ij) - exn =€ij- (- exn)
hold for if 7 € R and all e; 5, e, 5, 's in UT), (R) . In Section 2 weshall exhibit
the structure of all derivations on UTs (x%R), and the particular cases of Zs,
the quaternionic ring on R and of a general semigroup ring of a group on a
ring are considered. In Section 3, if n is a fixed positive integer in Th. 5 we
develop a general structure theorem of derivations on UT,, (x%R) . Besides, in
Prop. 7 it is evaluated the dimension of D (UT,, (xR)) as a Z(R) module.



On derivations over rings of triangular matrices 79

2. Derivations on UTs (»R)

Proposition 1. IfR is an integral domain and A € D (UTy (xR)) there
are unique a,b € Z (R) so that

A(x-ei1+y-ei2+z-e92)=[(r—2)-at+y-b-e2 zyzeR (1)

Proof Let Alers) = (of) 1 <r<s<2 Since e?; =

1<i<j<2’
e1,1 by Lr we obtain QH = Q%% = 0. So there is a unique a € R so that
A(e11) =a-ej. Since ej g =e11-€12 = e12-e22 by Lr we get Qég =0 and
Q%% = Qgg = 0 respectively. Hence there is a unique b € R so that A (e12) =
b e1,2. Indeed, 6%72 = ez and by Lr Q%% =0, ie., A(ezp) =c-e fora
unique ¢ € R. Now (1) follows because A € Hom (»UT,, (»R)) . Moreover,
if n, A € UT,, (R) by (1) we can write

Am-AN)=[ma-Mi-a+M1-Aa2+nm2-A2) - b+m2-Aa-c]-er.
(2)
On the other hand, by (1) is

Am)-A+n-AN) =[m1-a+ma-b+mz-c) A2t (3)
011 (Agp-a+X2-b+ X)) -ero.
From (2) and (3) the equation
Mma-(a Ao+ A2 ) =ma-(A22-b—b-Aa2)+ne2- (A2 -c—c-A22) (4)

holds for all 711,712, 12,2, Ad22 in R. In particular, by (4) if 11 =122 = 0,
m,2 =1 and Ay 9 is arbitrary then b€ Z (R). If 11 =m2 =0, 122 =1 and
A2, is arbitrary then ¢ € Z (R). If n12 =122 =0 and 11,1 = A22 =1 then
a+c=0,1iea€ Z(R). Now, (1) follows by (2) since ¢ = —a. O

Example 2. D (UT;y (Z2)) = {0, A1, Ag, Az}, where
Aj(z-e1n+y-ea+z-e2) =y-erg,
Ag(z-e1p+y-era+z-e2) =(r+2)- e,
Asg(x-e11+y-e12+z-e2) =(@+y+2) eo.

Example 3. IfH (R) denotes the ring of real quaternions D (U']I‘g (H(R)H (R)))
consists of those elements A = A(a,b) with a,b € R and

Aa,b)(z-e11+y-e12+z-e2)=[(x—2)-a+y-bepq zyzcHR).
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Example 4. If & is a group and R is a ring let R[S] be the semigroup
ring of ® over R. Elements of R [B] are functions & — R of finite support
and

(a+b)(z) =a(@) +bx), (a-b)(@)= D, alu) d(v)

U,VES: U V=T

ifa,b € R[B|, z € &. R[B] becomes a non abelian ring and D (UTQ (m[@]m [Qﬁ]))
contains elements of the form (1) so that a,b € Z(R) [8] that preserve con-
jugacy classes, i.e., a(z)=a(u-z-u™b),b(x)=b(u-z-u™?t) ifu,x € 8.

3. A structure theorem and dimensionality

Theorem 5. A left homomorphism A on UT,, (R) is a derivation if and

only if there is a unique set of scalars {Qﬁﬁ} L<hen<n SO that
’ lgugvgn
k,h kk hh
(Qk7h>1§k,h§n ’ (ijk)lgj,kgn ’ (ghvl >1§h,l§n € UTn (Z(%)), (5)
if 1 <k<h<n then
kh _ 0 i
0y =0 if k<u or v<h, (6)

Qﬁl,z if 1<u<k<n, 1<v=h<n,

1<u<k<h<n, 1<u<v<n, v#h,
oh=1a0 if { or (7)
1<k<h<v<n, 1<u<v<n, u#k,
QZZ if 1<h<v<n, 1<u=k<n,
ottt =0 if 1<u<k<nl<k<h<n,
ol 4 gt —0 if 1<h<v<ml<k<h<n.
and
ovr=of o if 1<k<I<h<n. (9)

Thus, if u € UTy, (R) then

k,h k,k h,h
A(p) = Z (Mk,h‘@k,h— Z Hih = Qpy — Z Mk,l'@hh) €k h-

1<k<h<n k<I<h k<I<h
(10)
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Proof Forl1<i<j<mnisA(e;)=i<ucocn 0ld, - ey, for some
unique guﬂv s. Since 62 =e;; by Lr is of; ’] =0if u # ¢ and v # 4. Indeed, it

is easily seeing that ,(_) ¢ are necessarily zero in this case and so

n
ezz Z Q “Cuyi T Z QZ:Z ey, 1<i<n. (11>
v=1+1

In particular, sums in (11) are assumed to be zero in case that ¢ = 1 or
i=n.Let1<k<i<n,1<k<h<n By(11)is A(e;;)-ern=0and as
eii-exn =0 by Lr we get e;; - A(erp) = 0. Analogously, if 1 <i < h < n,
1<k<h<nby(11)is erp - A(ej;) = 0. Since ey, - €;; = 0 by Lr we get
A(egp) - €ii = 0. Thus we can conclude (6). If 1 <k < h <n by (11) we
write

(ek,n) ZQM euh+zgkv kv ZQuh Cu,h+ Z Q koo (12)
v=h+1

By (6) and (12) it follows (7). If 1 <u <k <n,1 <k <h<nby (11)is
A(eun) - erp = QZZ ceuh = —€uu- Alern). (13)
Fl<h<ov<n, 1<k<h<nby(11)is
erh - Alevy) = 0y o = —A(ekn) v (14)

By (13) and (14) we deduce (8). Since QZIZ = 0, besides (8) and (11) it
follows (10) for g1 = epp if 1 < k < n. If 1 < k < h < n then (10) holds
for o = epp by (6), (7) and (8). Now, the general case in (10) holds since
oPF = 0if < k < n, (6), (7) and (8). Moreover, if n, A\ € UT, (R) and
1 S k < h < n by Lr the following identities hold

h h h h—1 b
k,h k.k h,h
DM Ak Okl = D D Mab Ao Oy = 2D Mot Aab 0y
c=k a= k+1b a b=k a=k
h
k,b
= | | ooy - Z Nab Qka ana Qab " Abpt (15)
b=k a=k+1

h
b,h b,b h,h
+ Miep - (Ab,h : Qb:h - Z )\a,h : Qb:a - Z )\b,a : Qa:h>j| .
a=b

a=b+1
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If1<k<h<nandn=egyin (15) then A, - QZZ = Q’;Z - Ap,p- Since

A is arbitrary then (QQZ) <nenen © UT, (Z(R)). If 1 <k < a, r € R, on
’ n
o k.

choosing h > a we write ) = e, o and A = 1€, 5. So, by (15) is rgi’; = 01T

and since r is arbitrary and ggg = 0 is (QZZ) € UT,, (Z(R)). Finally,

by (8) is (%)

we have

1<k<a<n

\<h<an € UT,, (Z(R)) and we are ready to prove (9). Indeed,

hoh h b
ST Nap Ao - Ql;zs = > ( > %,b'@ﬁji) “ Ab,ho (16)

a=k+1b=a b=k+1 \a=k+1

h—1 b

Z Z nk,a : Aa,b : QZ:}IZ

b=k a=k

|
—

h—1
h,h
kb Z Aba * 0g'h»
k a=b
. bb
Nk, * Qgp* AbhT

M-
> >

i
>
7~
i™MT

Il
M=
M}R‘

bl be
Mhya = Ab,h - (QZ,Z + Qa,b> = 0.

h
bb
+ > le7b')\a,h'ija)

a=b+1

)
Il
ol
Q
I
o
I
LN

Thus by (15) and (16)
h k,h h k h
<Z Nk,c Ac,h) : Qk:h = Z Nk,c - )\c,h : (Qk:z + Qg:h)
c=k c=k

and (9) follows if we put n = ey and A = e, for each c € {k,k+1,...,h}.
By the same reasoning, if {gﬁ’fj}likihin is a subset of R so that (5), (6),

1<u<v<n

(7), (8) and (9) hold then (10) defines an element u € D (UT,, (R)) . O

Remark 6. By (8) in Th. 5 is Q:’ﬁ—i—QZ’Z =0if1<k<h<n.By(9)

the matriz (Q;?Z) 1s determinated by Qi’iﬂ

L<hen< iiv1s 1 <1 < n. Indeed, we
—_— _n ’

get the following
Proposition 7. dimyg) D (2UT, (R)) = (n* +n —2) /2.

Proof If1 < ] <n,ue UTn (%) let A] (,LL) = Zlékﬁn—j<h§n Mk h €k h-
Clearly each A; € Hom (xUT,, (xR)) . Indeed, if 1 <k <n—j <h <nand
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n, A € UT,, (R) then

h n—j
(A5 ) - A4+0-85 Ny = D Mhi-Aa+ D ki A
I=n—j+1 I=k

=(n- )‘)k,h =Aj(n- A)k,h'

Since Aj (- Ay, = (A5 )Ny = M-8;A), =0ifn—j <k or
h < n —j each A; becomes a derivation. Now, if 1 < k < h < n and
p € UT,, (R) we'll write App (1) = [, €xn] = 10+ €kpn — €k - [, 1€, Agp is
the inner derivation defined by ey ; and the Lie bracket [-,-]. We’ll prove
that the set B = {A;}, ., U{Akn}ti<pepey, is a base of D (xUTy (R)) over
Z (R) . For, let

n—1
Z a; - Aj + Z bk,h . Ak,h =0 (17)
j=1 1<k<h<n
for some constants a; ‘s and by ‘s in Z (R). By (17) we obtain that
n—k h—1 h
fip s Y. @i+ bippkg— Y. bim i =0 (18)
j=n—h+1 =k m=k+1

for all 4 € UT, (R) and 1 < k < h < n. If we put p = ey by (18) is
an—1=0.If p=ey; with 2 <1 <nby (18) is an—1 + ... + ap_14+1 = 0. If we
already proved that a,—; =0if 1 < j <! —1 then a,_;11 =0, i.e., we get
a1 =..=apn—1 =0.Now, if 1 <k <l<h<mnand pu=e; by (18)is by =
0,ie,bp=0if2<I<h<nIfl<m<h<nandp=e,y by (18) is
bi.m = 0, and so B is linearly independent. Finally, given A € D (xUT,, (R))
and 1 <i < j < n we write as before A (e;;) = Y1 <ycoen 04 - €u for some

unique g}, s. By Th. 5 we already know that all g}/, s belong to Z (R).
Further, by (6), (7), (8) and (9) it is readily seeing that

n—1
—jmn—j+1 k,k
A=Y o m i Aj+ D> o M (19)
j=1 1<k<h<n
and our claim follows. O

Remark 8. As a consequence of the Skolem-Noether theorem (cf. [6],
pags. 93 and 105) every k linear derivation on a finite dimensional central
simple k - algebra Q is inner. This result is no longer applicable because
UT,, (»%R) is not central as a Z (R) - algebra. For instance, the set of matrices
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€ UT,, (xR) whose nth row is null is a non zero bilateral ideal. However,
observe that Aj (o) = [Z?:_f elyl,o} if 1 < 7 < n. Since each Ay, is inner
by (19) it follows that every derivation on UT,, (xR) is inner.
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