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Abstract. The Bethe tree By, is the rooted tree of k levels whose root
vertex has degree d , the vertices from level 2 to level k—1 have degree d+1,
and the vertices at level k have degree 1. This paper gives a decomposition of
the characteristic polynomial of the adjacency matrix of the tree T'(d, k,r),
obtained by attaching copies of B(d, k) to the vertices of the r-vertex path.
Moreover, lower and upper bounds for the energy of T'(d, k,r) are obtained.
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1. Introduction

Let G be a simple graph on n vertices. If we label its vertices by 1,...,n,
then its adjacency matrix is given by A(G) = (a;;), where a;; = 1 if the
vertex i is connected, by an edge of G, to the vertex j, and a; ; = 0 other-
wise. The characteristic polynomial of A(G) is known as the characteristic
polynomial of the graph G . The eigenvalues of A(G), same as the zeros of
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the characteristic polynomial, form the spectrum of G [1]. The eigenvalues
of G are denoted by \; = X\;(G) , j =1,...,n, and labelled so that

M S S A

The concept of the energy of G, defined as

n

E(G) =) Al

=1

was introduced by one of the present authors (see [5, 6] and the references
cited therein). Nikiforov [10] defines the energy of a matrix M (square or
not) as the sum of its singular values. Recall that if M is a symmetric
matrix, then its singular values and the moduli of its eigenvalues coincide.

Let kK > 1. A generalized Bethe tree By, of k levels [13] is a rooted tree
in which vertices at same level have the same degree. For j = 1,...k, we
denote by di_ ;41 and by ng_; 1 the degree of the vertices at the level j and
their number, respectively. Thus, d; = 1 is the degree of the vertices at the
level k (pendent vertices) and dy is the degree of the root vertex. On the
other hand, it is ny = 1, pertaining to the single vertex at the first level,
the root vertex. The ordinary Bethe tree By, is the rooted trees of k levels
whose root vertex has degree d, the vertices from levels 2 to £ — 1 have
degree d + 1, and the vertices at level k have degree 1.

Spectral properties of Bethe trees (both ordinary and generalized) were
much studied in the past. Heilmann and Lieb [7] have determined the de-
composition of the matching polynomial of By . Recall that the matching
and characteristic polynomials of trees coincide [2].

Other spectral properties of Bethe and similar trees were considered in
[4, 12, 14, 15]. Eventually, Rojo and one of the present authors found explicit
formulas for the eigenvalues of the Bethe trees [16]. With these results the
authors in [11] obtained an explicit formula for the energy of the Bethe tree
Bd,k .

Let P, and C; be, respectively, the r-vertex path and the r-vertex cycle.
In the paper [13] the spectrum of the graph obtained by attaching copies of
B, to the vertices of C, was determined. In this paper we obtain an anal-
ogous decomposition of the characteristic polynomial of the tree T'(d, k,r),
obtained by attaching copies of By to the vertices of P,.. Using this result,
lower and upper bounds for the energy of T'(d, k,r) are established.

The tree T'(2,4,3) is depicted in Fig. 1.
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PAVAY

Fig. 1. The tree T'(2

In connection with the graphs considered in [13] and in this article, one
needs to recall the following result of Godsil and McKay [3].

Denote by ¢(H,x) the characteristic polynomial of a graph H. Let G
be a graph on n vertices. Let R be a rooted graph and v its root. Construct
the graph product G[R] by attaching a copy of R, via its root, to each vertex
of G.

Then ¢(G[R], x), the characteristic polynomial of G[R], is equal to

n ¢(R, x)
SR~ v.2)"6 (G, ¢(R_W)) . (1)
Evidently, the above formula is applicable to the trees T'(d,k,r). Some
of the results of the present paper could have been obtained by using the
Godsil-McKay formula. Yet, our reasoning follows a somewhat different
path.

The present paper has five sections. In this section we recall some results

from Matrix Theory. The main result in the second section is

Theorem 1. The characteristic polynomial of the tree T = T(d, k,r)
has the following decomposition:

det(A T — A(T (H QY )) <ﬁQe,k(A)> (2)
(=1

JEQ

where Qpr(N) , £ =1,...,7, is the characteristic polynomial of the matrix
Ty in Eq. (12), whereas Q;(X) , j = 1,...,k — 1, is the characteristic
polynomial of the j x j leading principal submatriz of Ty, .

In the third section, as an application of Theorem 1, we show that the
energy of the tree T'(d,2,r) is equal to

/2] Ir
4 ez:l d + cos? - if 7 is even (3)
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/2]
2\/g+4zwld+cos2 fm if r is odd . (4)
—_ r+1

We denote by E(N) the energy of any matrix N .
Let M = M (a, h) be the k x k tridiagonal symmetric matrix, specified
in Eq. (17). In an earlier work [11] we proved the following

Theorem 2. The energy of M(«,0) is equal to
sin([k/2] +1/2) 775 B 1)

sin

E(M(a,0)) = 2a ( _
2(k+1)

In the fourth section we obtain lower and upper bounds for the energy
ofa M =M(a,h), fora>0, h>0.
Let a,h > 0. Let k > 3. Let b := b(k) be defined by

. Sin(lk/2) + UDE -
Slnﬁ

We denote by B(u) an upper bound for the greatest eigenvalue p of the
matrix M («, h).

Theorem 3. The energy E(M(a,h)) of the matriz M(«,h), defined
via BEq. (17), is bounded by

s s
—2ac0sE < E(M(a,h)) -2« (b—i— Cos 1 1) < B(p)

whenever k is even and

k2]
k

_2ozcos% < E(M(a,h)) —2«a <b+cos ’ T 1) < B(p) — 2acos

whenever k is odd, where b is given by Eq. (5).
Finally, in the last section we search for an upper bound B(u). We prove

Theorem 4. Let a,h > 0. The greatest eigenvalue p of the matrix
M(a, h), defined via Eq. (17), is bounded by B(p) = min{Bq(u), B2(n)},
where

2h cos W} and Ba(p) = max{2«, a+h} .

T
Bi(u) —max{Qacos%H, ST



Spectra of copies of Bethe trees 63

In the fifth section we also obtain lower and upper bounds for the energy
of the tree T'(d, k,r).

* ok ok ok

We recall that the Kronecker product A ® B of a pair of matrices A =
(a;;) and B = (b; ;) of orders r x s and p x ¢, respectively, is the rp x sq
matrix, defined by [9]

anB oo alsB
AeB=| : .
amB ... a,sB
This binary operation has the following properties:

1. (Ao B)T = AT @ BT .

2. (A® B)™! = A7!' ® B! provided that the matrices A~! and B~!

exist.

3. (A® B)(C ® D) = (AC ® BD) provided that the products AC' and
BD exist.

4. (I, ® I;) = I, , where for a positive integer ¢, I, denotes the identity
matrix of order ¢.

5. (I, ® B) = diag(B, ..., B).

We denote by A,(N) the p—th eigenvalue of any matrix N and we recall
the following Lemmas.

Lemma 5 (Monotonicity Theorem) [8]. Let A,B be k x k real and
symmetric matrices. Let
C=A+B

< M(A), M(B) € Xa(B) € -+ < M(B), and

and let A\1(A) < X2(A) < -
- < X (C) be the ordered eigenvalues of A, B, and C',

M(C) < X(C) < -
respectively. Then
Aj(A) + Aimjt1(B) < Ai(0O)

whenever ¢ > j and

Ai(C) < Aj(A) + Aimjk(B)
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whenever 1 < j.
Lemma 6. (Interlacing Cauchy Theorem) [8]. Let

B C
A=
cT D

be a k x k symmetric matriz, where B is a j X j principal submatrixz of A .
Let M(A) < X(A) < - < X(A), M(B) < -+ < Xj(B) be the ordered
eigenvalues of A and B respectively. Then for £ =1,...7,

Ae(A) < Me(B) < Appi—j(A) -

Lemma 7. Let A be an m X m symmetric tridiagonal matriz with
nonzero codiagonal entries. Then the eigenvalues of any (m — 1) x (m — 1)
principal submatrix strictly interlace the eigenvalues of A .

The following result is known as the three—term recursion formula for
tridiagonal symmetric matrices. The characteristic polynomials, @;()), of
the j x j leading principal submatrices of the symmetric tridiagonal matrix

ar b

br—1
bp—1  ag

satisfy the following three—term recursion formula
@](A) = ()‘ - aj)@j*l()‘) - b?—l@j*?(A) ’ ] = 2’ SRR) k (6)
where B _
Let L > 0. In [11] it was shown that

f:<2coskzr):wl/2)z—l. (7)

s m
1 Sin 5L
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2. Characteristic polynomial of T'(d, k,r)

We observe that on the level j, j =1,...,k of the tree T':= T'(d, k, ),

there are rnj_;41 vertices. Hence and if n denotes the order of adjacency
k
matrix, we see that n =7 > n;.
j=1
From our notation for the tree By, it is clear that

Ng—j = (dk7j+1 — 1)nk,]’+1 s j = 1, - .,/{: —1 and Nkg—1 = dk .

Here and in what follows 0 denotes the all-zero matrix; its order is clear
from the context. For a positive integer ¢ let ey = (1,...,1)T, the all-one
vector of order £. Let

mi= 9 =1, k-1
Tj+1
Hence,
m; = j+1—1,j:1,...,k‘—2
and

mr_1 = dk .
Let B; be the block diagonal matrix defined by
Bj = In;;, © em;

with n;y1 diagonal blocks equal to em;. We observe that B; has order
n; x njy1 and that By = ey, ,. For j = 1,...,k =1, let C; be the
(rn;) x (rnj41) block diagonal matrix,

Cj:IT®Bj

with r diagonal blocks equal to B;j. Hence Cj_q is the r7ngi_; x 7 block
diagonal matrix C_1 = I, ® ey, , , with r diagonal blocks equal to ey, , .
Consider the tridiagonal symmetric r x r matrices
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and
M, =aPF, . 9)

Observe that F,. is the adjacency matrix of the path P,.. It is well known
that [1]

(r+1-0~
r+1
Therefore, A\¢(M,) = —Ary1-¢(M,) , £ =1,...,r. Moreover if r is odd, then

Ari1y2(M;) =0.
In view of our labelling, the adjacency matrix of T'(d, k, r) becomes equal
to the following block tridiagonal matrix:

Ae(M,) = 2accos s l=1,...,r.

0 C
ct
A(T(d, k,r)) =
0 Cik
I Ciai B
Lemma 8. For j =1,...,k, let oj := () be a polynomial with real
coefficients, and
[ (673 Irnl _Cl 1
—C1T
My =
af—1 IT'TL}C,1 _Ck‘—].
I —-CF, oI, —F, |
Moreover let
p1=a1
and Bj—1(A) # 0,
n;_1 1
Bi=ay—
J J nj 5],71

forj=2,3,...,k. Then for all real X , such that B;(\) #0,j=1,2,...,k—
1

7

det My = (ﬂ{” 32‘.'6&11)7« ﬁ (ﬁk — 2cos Tl) . (10)

=1 r
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P r o of. For the matrix M; we proceed as in Gaussian elimination, but
this time we use the blocks. Thus for j = 1,...,k—1and 3; # 0, the matrix
CjT is eliminated with 3; I, , in consequence i1 lyp, , is replaced by
Qi1 Lpng g — 5]71 C'jT Cj Iy, . Via definition of matrices B; and C; and the
above properties of Kronecker product, we prove directly that C’jT Cjlrn, =

n;
m; I =] Then

TNj41 nj+1 TNnj+1 -
-1 ~T _
aj+1 Irnj+1 - ﬂj Cj Cj Irnj = Bj+1 Irnj+1 .
Finally this process yields the matrix
ap by — Fr —np 1 I = B I, — F- .

By a similar reasoning as in the Gaussian elimination, it is possible to show
that the determinants of the obtained block upper triangular matrix and of
M, coincide. Eq. (10) follows. O

Let Q={j=1,...,k—1: n; >nj_|_1}.
Consider the polynomials Qp(A\) =1, Q1(\) = A and

QN =AQ1(N) = 1 Q) L j =2, k-1
J

Finally let

V40
r+1

Qur(\) = </\ — 2cos ) Qr1(N) = 2L 0r o), =1,

N

Theorem 1 can now be derived from Lemma 8.

P r o o f of Theorem 1. We apply Lemma 8 to the matrix M; = A1 —
A(T) . For this matrix,

aj=A,j=1,...,k.

Suppose that A € R is such that Q;(\) #0 forall j =1,...,k—1. We have
Bo= A=t

- _i@_)\Ql_%QO_@
e e
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1 ng2  Qr

o= A - 0
P Br—2nk—1  Qr—2 7
ml g4 ng—1 1
9 = A-2 -
& o8 r+1 o8 r+1 ng Br_1
_ ml -1 Qr—2  Quk
= A — 2cos — = .
r+1 ng Qr—1  Qr-1

From Eq. (10) we obtain

k—1 n L i
det(A\[—A(T) = (JHI g; ) g <ﬂk — 2008 ——

- () o
(=1

JEQ
(11)
Thus, (2) is proved for all A € R, such that Q;(A\) #0, j=1,...,k—1.
Suppose now that Q;(Ag) = 0 for some j and for some \g € R. Since the
zeros of any nonzero polynomial are isolated, there exists a neighborhood
N(Xo) of Ao such that Qy(A) # 0 for all A € N(XAo) \ {Xo} and for all
¢ =1,....,k — 1. Hence (11) is proved for all A € N(XAg) \ {Mo}. By

continuity, taking the limit as A — Ag, we have

det(M\o I — A(T)) = (H Q;”_”j“()\o)) H Qex(Mo) -
/=1

JEQ
Therefore (2) holds for all A € R. O

For ¢ =1,...,r, let Ty}, be the following k x k symmetric tridiagonal
matrix

0 Vds — 1 i
Vdy —1 0

drp_1—1
Vg1 —1 0 Vi

b
i Vdi 2 cos T

For j=1,...,k—1,let T} be the j x j leading principal submatrix of 17 j, .
The following result is a direct consequence of relation (6).
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Lemma 9. Forj=1,2,...,k—1,
det(A — Ty) = Q;() (13)
and for £ =1,2,...,r,
det(M — Ty p) = Qex(N) - (14)

In particular, when we attach r copies of the tree By to the vertices
of P, then the matrices in (12) (pertaining to A(T'(d,k,r))) become the
following irreducible matrices, [8]:

0 Va ;
N
S, k,r)= S A=1,...,r. (15)
0 Vd
¢
i Vd 2cos 1
Moreover for j = 1,...,k—1, the submatrices T} , are equal to the matrices

S; = V/d F; where the matrix Fj is as in (8). The energy of these matrices
is given by [11]

sin(|j/2] +1/2)-2%
E(Sj)=2\/&< (U/_J W/)]Hl) Li=1,....k—1.
S0 9G+T)
Moreover [7], A
nj — TLj.;,.l = dk_l_] (d — 1) . (16)

We denote by S, the matrix v/d Fj, , where Fj, is as in (8). For matrices
in (15) we observe,

Mp(SU k1)) = =Mpp1—p(S(r+1 =L k7)), p=1,...,k, £=1,...,1.
For r > 2 this property and the definition of energy imply
E(SWUk,r)=ESr+1—-L4kr), =1,...,|r/2].

For odd r and ¢ = 1+ |r/2], it is 2(:08% = 0, which implies S(1 +

|7/2|,k,r) = Sk . Therefore we obtain [11],
sin([k/2] +1/2) 75 B 1)

3 ™
SIN 5y

E(S(1+ |r/2],k, 7)) = 2\/&<
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The following Lemma is a consequence of Theorem 1 and Lemmas 5,6 and
7.

Lemma 10. Let 1 < {3 < /{9 < |r/2|. Then,
CL) )\p<S(€27k7r)) S )\p<S(€17k7T)) y D= 17' . '7k7

b) AP(S(&kvr)) < Ap(sj) < )‘p+k*j(5(£7kﬂr)) sy p=1,...,7, l =
1. 1r/2] .

c) The greatest |r/2| eigenvalues of the tree T(d, k,r) are the greatest
eigenvalues of the matrices S(¢,k,r) , ¢ = 1,...,|r/2], whenever r is an
even number, and the greatest |r/2| + 1 eigenvalues of the tree T'(d, k,r)
are the greatest |r/2] + 1 eigenvalues of S(C,k,r) , ¢ =1,...,|r/2| +1,
whenever r is an odd number.

d) The greatest eigenvalue of T'(d, k,r) is \p(S(1,k,7)) .

Proof. Notethat S(¢1,k,r) = S(l2,k,r)+ B, where B = [ O(gr 2 ] )

g > 0. By Lemma 5 we have
Aq(S(la, k7)) + Apqi1(B) < Ap(S(l1,k,7)) , p 2 g

We obtain the first result by taking ¢ = p. The second result is obtained
by observing that S; is a j x j submatrix of the matrix S(¢,k,r) and by
applying Lemma 6. The facts ¢) and d) are obtained as consequence of the
Theorem 1 and of a) and b). O

3. Example: The energy of T(d,2,r)

In this section, in order to exemplify the general theory from the previous
section, we compute the spectrum and energy of 7'(d, 2, r) . The same results
could have been obtained also by using the Godsil-McKay formula (1). The
figure below corresponds to T'(2,2,8).

Fig. 2. The tree T'(2,2,8).
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For the tree T'(d, 2, r) the matrices in (15) reduce to the following 2 x 2
matrices:

0 Vd

14
Vd 2(:osr+—”1

5(5,2,7«):{ ] L l=1,...,|r/2)

with eigenvalues

cosrgj_r1 :l:q/d+coszrlf1 , b=1,...,|r/2].

All other eigenvalues of T'(d, 2,7) are equal to zero. Thus

2 I
cos + 1/d + cos?
r+1 r+1
/ ¢
= 24/d~+ cos? T
r+1

Then the decomposition in (2) and the matrices in (15) imply

E(S(,2,1) =

+

COS

Theorem 11. The energy E(T(d,2,r)) is given by Eqs. (3) and (4).

4. Bounds for the energy of certain matrices

Let @ > 0 and h > 0. Consider the tridiagonal symmetric k£ x k& matrix

M1 (0,0,...,0,a)T
M := M(a,h) = (17)
(0,0,...,0,«) h

where My_1 = a Fj,_1 is given by Eq. (9). Then,

(k—Jj)m

Aj(Mg—1) =2 cos ?

,i=1...k—1. (18)

Lemma 12a. Let k =2p. Then fori=2,....k—1,

(i—1)m
k

2a cos — < |Xi(M)| < 2acos

5 L i=2,...,p (19)

14 ¢
T _ d + cos? il
r+1 r+1
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and

< |M(M)| < 20(008(].6_;)7r

(k—i+1)m

20 coS ,i=p+1,...,k—1. (20)

P r o o f. We consider the ordered eigenvalues

By Lemmas 5 and 6, and by using the eigenvalues in (18), we derive,

k—i+1 k—i
20z(:os(lk+)7r < Ni(M) <20zcos(k;2)7T ,1=2,...,k—1. (21)
Hence, if i < p then 2a cos *=27 < 0 implying A;(M) < 0. By multiplying

n (21) by (—1) the inequalities in (19) are obtained. In a same way, if
i > p+1, then by 2« cos W > 0 we have \;(M) > 0, and (20) follows
from (21). O

Lemma 12b. Let k=2p+ 1. Then

, 1
204005%7T < |Ni(M)| < 2 cos (@ . ) L 1=2,...,p (22)
0 < |Apt1(M)] <2acos% (23)
and
k—i+1 k—1
204008@ < MM < 20((:05(1;)7r ,i=p+2,...,k—1. (24)

P r oo f. As before, the inequalities (21) imply (22). For i = p+ 1 in
(21) we obtain

pT
2p+1°

(p+1)m
2p+1

2accos < Ap+1(M) < 2accos

Hence, by using the identity

(p+ D) p
COS ~—— = — COS ———
2p+1 2p+1
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we arrive at (23). If ¢ > p + 2, then 2« cos W > 0. Therefore, (24)
follows directly from (21). O

Let b := b(k) be defined as

k/2] . . -
b Z < 271') _ sin(|k/2] +1/2)%

2cos o —1 25
cos sin 22 (25)

i=1 k

where the last identity is implied by (7).

Lemma 13. Let k be an even number. Let b be as in (25). Consider the
tridiagonal symmetric k x k matric M = M(a,h), Eq. (17), and suppose
that a1 < | M (M)]| < by and a, < |A\p(M)| < by . Then

a1+ak—4acos%<E(M)—2ab<b1+bk.

Proof Let k=2p. Thus |[k/2| =p. Clearly

P

E(M) = [M(M)]+ [Me(M)] + D IN(M)] + Z (A(M)] - (26)

=2 i=p+1

By summation from i = 2 to ¢ = p in the inequalities in (19) we obtain

P : P p 1
04232(3081;<z:]/\i(]\4)]<052:2(:os(Z k)w'
=2 =2 =2

For this case

P 1 P ~
;2005(Z k)ﬂ—:;QCOSZ]’:—:b.
Thus from the above inequalities and (25) we have

(b 2(:os> Z|)\ )| < ab. (27)

In (20) we take the sum from i =p+ 1, to i = k — 1, thus obtaining

az2cos Z+1 Z |Xi (M \<az2cos( )ﬂ. (28)

i=p+1 i=p+1 i=p+1
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By a change of variable,

k—1
. a(b-2007)
aAZ 20057—0522008— b— 2COSE
i=p+1
and
k—1 . p—1 .
(k—i)m Jm
oz‘_z: 2 cos k :az2cos?:ab.
i=p+1 7=1

Thus, inequalities in (28) and (25) imply

(b — 2cos ) Z IAi(M)| < ab . (29)

i=p+1

Now the result is obtained directly from (26), bounds in (27) and (29) and
the bounds given for |\ (M)| and |Ax(M)]. O

Lemma 14. Let k be an odd integer. Let b be as in (25) and M =
M (o, h) asin (17). Suppose that ay < |\ (M)| < by and a, < |A\x(M)| < by .
Then

k/2
a1+ak—4acos% < E(M) —2ab < by + by, — 2accos L /kJW .
Proof Let k=2p+1. Thus |k/2| = p. Evidently,
P
E(M) = [M(M)|+ M (M)]+) 7 [Na(M)]+ Z (A(M)|+[Ap41(M)] . (30)
=2 i=p+2

By summation from i = 2 to i = p in (22) we obtain

P - P P 1
aZ2cosZIj<Z])\Z-(M)\<az2cos(l k)w'
=2 =2 =2

Hence by (25) we directly obtain,

(b 2008) Z\)\ |<a(b—2(:osp]:>. (31)
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By summing from i = p+2 toi =k — 1 in (24) we have

ZZCOS Z+1 Z |Ai(M |<az2cos )

i=p+2 1=p+2 i=p+2
By a change of variable,
k-1
(k—1i + I8k T
2c08 —— = 2cos — b—2cos —
@ Z cos =« Z cos ? c08 -
i=p+2

and

p—1 .
il :QZ:QCOS'Z:a(b—Qcosp]:) .

Thus from the inequalities in (32) and by (25) we get

p
b—2cos — Ai( b—2 — .
< cos > E [IAi(M)| < « acos =

i=p+2

The result is directly obtained from (30), bounds in (31), (33), and (23

well as the bounds given for |A1(M)| and |Ag(M)]|.

75

(32)

(33)

) as
]

We recall that for the extreme eigenvalues of the matrix M («,0) in (17),

(M (e, 0))] = [Ae(M(@,0))] = 2acos - I x

Lemma 15. Let h > 0. Then

77 ™
2acosE < M (M (e, h))| < 2acos P

and

2accos < |Ap(M(a, b)) -

T
E+1
P r o o f. Consider the ordered eigenvalues of M («,h),

Al(M(aah)) S )\QM(avh)) § e S )\k(M(aah))
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and observe that

0 0
M(a,h) =aF, +B where B = .
0r h
By Lemma 5 we have
Aj(0Fy) + Aiji1(B) < Ai(M(a, b)), 025 (36)

In (36), i =j =1 imply

km

E+1
In this case A\;(B) = 0. Therefore

2accos + M (B) < M (M(a,h)) .

k
2 cos 771 < M (M(a,h)) .

On the other hand, by using Lemma 7 we have

E—1
A (M (i, h)) < M(My_1) = 20 cos(k)ﬂ
Therefore L (k1)
s — )
< -~ 7
20 cos 1S M (M(a, h)) < 2accos ?

and (34) is obtained by multiplying the above inequalities by (—1). In (36)
we consider ¢ = j = k and obtain

Ae(M(a,h)) > Mi(aFy) + A1(B) = 2accos

™

k+1

which leads to (35). O
Theorem 3 is now obtained as an immediate corollary of Lemmas 13, 14,

and 15.

5. Estimating the energy of T'(d, k,r)

Proofof Theorem 4. Let
Fk—l (0707"'7071)T
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with Fj_; given in Eq. (8). Let v = max{a,h}. Then M(a,h) < vP.
Both M(«,h) and vP are irreducible matrices. Then by comparing their
spectral radii [9] we have

M (M (e, b)) < Ap(vP) = 2v cos

T
2k+1

Thus Bj(p) is an upper bound of p. By the Gershgorin theorem [9], Ba(u)
is an other upper bound of . Theorem 4 follows. O

Example. For the 20 x 20 matrix M (1/2,2) defined by taking k = 20
n (17) we have E(M(1/2,2)) = 35.9051. Our lower and upper bounds are
31.4536 and 37.6614 , respectively.

By applying Theorem 1 to the tree T'(d, k,r), the matrices in (15) are
obtained. By means of the decomposition (2), and the relations (13), (14),
(16), we obtain

k—1 [7/2]
BT k) =r 3 ¢ (d=DE(S;) +2 3 B(S( kv)
j=1
for r even, and
E(T(d,k,r)) =
k—1 ‘ [7/2]
P> a1 (- ) + Z 2E(S(L,k,7)) + E(S(1L+ [r/2],k, 1))

for odd r. We recall that E(Bg) denotes the energy of the Bethe tree By, .
In [11] it was proven that

k—1
> d* 1 (d - 1)E(S;) = E(Bgy) — E(Sk) -
j=1
Therefore
Lr/2]
E(T(d,k,r)) =7 E(Bax) + 7 E(Sk) =2 > E(S((,k,7)) (37)
=1
for even r and
lr/2]

E(T(d,k,r)) —r E(Bgg) + (r — 1)E(Sy) = 2 Z E(S(4,k,r))  (38)
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whenever 7 is odd. For the matrices M (c, h) in (17) and S(¢, k,r) we obtain

S(6,k,7) :M(ﬁacosr‘irl) =1, |r/2]

and by the results from Section 4, their energies are bounded as follows, for
C=1,...,|r/2],

—2v/dcos ~ < E(S(L,k, 7)) —2Vd (b + cos

? ) < B(l,k,r)

7r
k+1
for ¢ =1,...,|r/2], and even k, and

—2\/&COS% < E(S(t,k,r)—2Vd (b + cos k‘

s |k/2]m
l{:—l—l) < B(l,k,r)—2Vd cos
for ¢ =1,...,|r/2], and odd k, By Theorem 4 we have

Bl k,r) =min{By({,k,r) , Ba(l,k,r)}, £=1,...,|r/2]

where

Bi(4,k,r) :max{2\/80052k7:_1 , 4cos rlj—rl Cos 2]4:7:—1} A=1,...,|r/2]

and

BQ(K,k;,r):maX{Q\/g, Vd + 2 cos Zﬂl} ,U=1,...,|r/2] .
T

From this we obtain

Lr/2]
2 Z E(S(, k,r) <4\/gBJ (b—i—cos

Lr/2]
) +2 > B(lkr) (39)
/=1

E+1
and
" a T 0 /2]
4 {QJ d(b—i—cos P —cosk> <2 Z:l E(S(4, k,r)) (40)
for even k, and
[r/2] |r/2]
r T |k/2]
22 S k,r)) <4\/g{2J (b+cosk+1cos )JrZZ (L k,r)

(41)
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and
" a T T /2]
4 LQJ d(COSk—l—lerCOS]{:) <2£:Z1 E(S(t,k,r)) . (42)
for odd k.

Then for the energy E(T'(d, k, 7)), from (37), (39), and (40) we obtain

valr - r/2]
E(T(d,k,7))—rE(Bgg)+rE(Sg) < 4Vd M (cos P b) +2 ; Bl k,7)

and

4d BJ (cos : _T_ Tt b — cos ;r) < E(T(d,k,r)) —rE(Bqy) +rE(Sk)

whenever k and r are even numbers. Moreover from (37), (41), and (42) we
obtain

E(T(d,k,r)) — rE(Baj) + rE(Sk)

/2]
r T Lk/QJTr)
4 - — 2 B
< 4Vd {2J (cosk_i_1 +b— cos k: + ;:1 (0, k,r)

and

4d BJ (cos kL—H +b— cos Z) < E(T(d,k,r)) —rE(Baj)+ rE(Sk)

whenever r is an even number and k is an odd number.

From (38), (39), and (40) we obtain,

. _ 17/2)
E(T(d, k1)) = E(Bag)+(r—1)E(Sy) < 4v/d M <cos 1 +b>+2 S B(LE,7)
/=1

k+

and

4d BJ <Cos ki - +bcos7;) < BE(T(d, k7)) —rE(Bag) + (r—1)E(Sk)

whenever r is odd and k is even.
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From (38), (41), and (42) we obtain,

E(T(d,k,r)) —rE(Bgx) + (r — 1) E(S)

lr/2]
r |k/2|m
< 4\/&{2J <cosk+1+b cosk>+2£z::lB(€,k:,r)
and
r ™ 7r
4 H Nz <cos +b— cos > < BE(T(d, k, 7)) —rE(Bag)+ (r—1)E(Sk)
2 E+1 k ’
whenever r is odd and k is odd.
Example.
d|k|r|E(T(dk,r)) |lower bound | upper bound
2154 105.00 97.59 114.74
21413 29.78 24.90 34.21
41412 130.25 124.18 137.36
41513 861.58 856.63 868.31
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