Bulletin T.CXXXIX de I’Académie serbe des sciences et des arts — 2009
Classe des Sciences mathématiques et naturelles
Sciences mathématiques, NO 34

WEAK SOLUTIONS TO DIFFERENTIAL EQUATIONS WITH LEFT AND
RIGHT FRACTIONAL DERIVATIVES DEFINED ON R

T. M. ATANACKOVIC, S. PILIPOVIC, B. STANKOVIC

(Presented at the 3rd Meeting, held on April 24, 2009)

Abstract Wetreat linear differential equations containing both left
and right Riemann-Liouville fractional derivatives arising from fractional
variational problems. We use the Fourier transform method to obtain weak
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1. Introduction

There is a large number of results related to solutions of differential
equations with non integer derivatives, see monographs [18], [16], [11], [19],
[23] and [12] and the references therein. However the number of papers in
which equations with both left and right fractional derivatives are treated
is much smaller. We mention papers [9], [10] [4], [5], [7], [26], [27] and [3].

Our intention in this work is to treat two special cases of a fractional
differential equations of the form
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ao (1D o Dy'y)+a1 (¢1Dyy)+az (o« Df'y)+asy (t)+f (t) =0, t € (a,b), (1.1)

where o € R",a;,7 = 1,2,3 are given constants and —oco < a < b < 0.
We assume that solution y and prescribed function f belong to L? (a,b),
1<p< ﬁ; D¢y and ¢ Dj'y denote the left and right Riemann-Liouville
derivative defined as

oDiy(1)

tDl?y(t)

d” ! oy
dtim [F (m — a) /0 (t _ 7_)oz—i-l—de‘| it € (aa b)
1

d\m by
(-3 lr(nl 31 __wa+1_md71,

te(a,b), m—1<a<m,
(1.2)

where y satisfies necessary assumptions, I' is Euler’s gamma function and m
is a non-negative integer.
2. Modeling leading to (1.1)

The minimization of the action integral in physics often leads to the
differential equation of the form (1.1). In the simplest setting (without of
Hamilton’s principle is used) one is faced with the problem of finding a
minima of the following functional ([1], [2])

= [ ey, o

y(a) = yo, y(b) =uy.

(2.1)

The function y in (2.1) has properties which imply that when ,D{'y, is
inserted in ® (t,y (t) ,o Df'y) the integral in (2.1) is well defined and that
the function ® (¢,y (t) ,o Df'y) is a function with continuous first and second
partial derivatives with respect to all its arguments. It is shown in [1] that
a necessary condition that y (¢) is an extremum to (2.1) is that it satisfies
the Euler-Lagrange equation
a[ 0P ] 0%

Dy | ——— — =0. 2.2
b aaD?y Jy ( )
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In the special case (motion of a particle in a fractal medium) function ®
has the form m
¢ = E [aD?yF -U (yat) ) (23)

where m is the mass (usually assumed that it is a constant) and U is a
potential energy of the particle. With (2.3) equation (2.2) becomes

o _

m(Df Dfw) - 5

0. (2.4)

If we take m = 1,U = /\% then (2.4) becomes differential equation of a
fractional oscillator, recently treated in [7].

Another special case is obtained if we assume that the Lagrangean has
the form

@ = % LDF + ary (1) (Df) + aay (1) (D§) + 597 (1) + 9 (1) £ (1),

where ag,a1,a9 and A are constants and f is a function with appropriate
properties. Then, (2.2) reads

ao 1Dy o Di'y) (t) + a1 (:Dyy) (¢) + a2 (aDi'y) (1) + Ay () + f (¢) = 0. (2.5)

Equation (2.5) is of the form (1.1). Two cases of (2.5) will be treated.
Case I: ap = 0,a = —00,b = .
Then (2.5) becomes

(«Dfy) (1) + a1 (:Dyy) (1) a2y () + f(t) =0, —oco<t<oo, 0<a<l.
(2.6)
Casell: ap=1,a1 =as =0,a = —00,b = .
Then we have

Dy oDfy) (t) + Ay (t) + f(t) =0, —co<t<oo, O0<a<l. (2.7)

This case is treated in [7]. It may be interpreted as a model of fractional
forced oscillator.

In this paper we will treat Case 1. Two special cases of Case I are im-
portant:

(—ooDFY) (8) + (D) (1) = (), —o0 <t <oo, and  (2.8)

(—ooDi'y) () = (:D5ey) (1) = g (1), —o0 <t < oo (2.9)
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Equation (2.9) has an important mechanical interpretation in the case g(t) =
0,t € (—00,00). Namely, in non-local elasticity (see [14], [6]) one introduces
a strain measure of the type £%y = % [cocD%Yy —» DLyl ,0 < a < 1. With
such a strain measure it is important to characterize deformations y for
which €%y = 0. This leads to (2.9) with ¢g(¢) = 0. The ”symmetrized”
fractional derivative £¢ = %[any —¢ Dj'y] is also called Riesz fractional
derivative (see [3] and [8]). Equation of the Class 2, i.e., (2.7) has been
recently treated in [7]. Equation (2.7) may be viewed as a model of fractional
forced oscillator.

Equation (2.6) with ag = 0 may be connected with the generalized Abel
integral equation treated and solved in different way in [23], p. 625-626 (cf.
[20], [21] and [22] ). The explicit solution is obtained under assumption

fer), 1<p<-. (NI ={f, f=wlfv ¢cD®E))

3. Preliminaries

Since in this paper we consider equation (2.6) on R and its weak solution
we recall some notions and definitions. We shall first restrict our analysis
to the case 0 < a < 1. Then

t

o d o
~cDi'y = Ti—a) / t_T @(—ooftl y)(1);

a G d o
(s / T_t dr =~ SIS0, (2.10)

t

where (_ooI}™%y) and (;,J1-%y) denote the left and right fractional integral
of order 1—a, respectively. By [23], p.93-102, _o I and (IS are well defined
on the space LP(R), 1 < p < 1 and these operators are bounded from L (R)
to LY(R) if and only if 0 < a < 1,1<p<éandq:(1_’%ap). The
existence of _Dff and DS f, f € LP(R) depends on the existence of
the derivative of fractional integrals . [f* f and (IS f. In this paper we use
notation C‘ft for the classical derivative and D for the distributional derivative.
If for f € L}, (a,b), —oo <a<b< oo its derivative %f is again a locally
integrable function on (a, b), then f defines a regular distribution f € D’(a,b)
and % f(t) = Df on (a,b). If f is piecewise continuously differentiable on
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(a,b) and {t1,...,tx} are points in (a,b) at which f has discontinuities of
the first kind, then

Df= SHO+ Y sl 1)
k=1

where & f1(¢) is the classical derivative of the function fi(t) = f(t), t €
(a,b),t # tp and in ¢t = t;, f1(t) is not defined; f;, is the jump of the function
f(t) at tg, fr, = f(tx +0) — f(tx — 0), k=1,...m. (cf. [28], p. 36). Thus
in this case f has distributional derivative often called weak derivative. We
emphasize that mathematical models in mechanics need to have solutions
which are continuously or piecewise continuously differentiable solutions on
(a,b).

In order to find weak solutions to (2.6) we consider equation (2.6) in the
space of tempered distributions denoted by S'(R). (cf. for example [28] and
[24]). It is the dual space for the space S(R) which elements are functions ¢
with the property sup,cp \xk¢(l)| < oo for every non-negative integers k and
l. Every function f € LP(R), p > 1 defines a regular tempered distribution,
denoted by f.

Fourier transformation

FO)©) =€) = [ e o(a)dr ¢ e R g€ S®)

— 00

is an isomorphism on S(R) so that the Fourier transform of T' € S'(R) is
defined as an adjoint operation

F(T)(¢) =T($.)

In short, we put 7" for FT, T € &’ (R). The Fourier transform is an isomor-
phism of &'(R) onto S’'(R). Recall, for T € L'(R), (FT)(w) is a uniformly
continuous function on R and (FT')(w) — 0, |w| — oo (cf. [25], p.194) and
the Fourier transform is an isometry of L?(R) onto L%(R). (cf. [24], p.216).

Definition 1. Let Y € LP(R), 1 < p < ﬁ, 0 < a < 1, then for the

regular tempered distribution Y,
DY = D(_ooI} YY), D2Y = —D(, I °Y),

where D is the derivative in the sense of distributions.

If Y € LP(R), then _o,D{Y is equal to _ o DY
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It is easy to extend Definition 1 to all @« > 0, « = k + v; k € N,
€(0,1):

(= DPG)(t) = DM (Lol ) (1), (:D5@)(t) = (1M DF (I3 (2).

4. Weak solutions of equations in Case I

Suppose that Y, f € LP(R), 1 <p < ﬁ We associate to equation (2.6)
the following one:

—oD?Y +a, DYY +asY + f =0 in S'(R) (4.1)

Every function f € LP(R), p > 1 defines a regular tempered distribution,
denoted by f.
We shall use the Fourier transform to find solutions to (4.1).

Let X € LP(R), 1 < p < 1=7. Then

1 7 X(7)dr
'l —a) |t — 7|%sgn(t — 7)

(Cood X)) = (Lo X)(t) =
= (X xu)(t), (4.2)

where u(7) = ﬁhrasgnr and x is the sign of convolution.
Put X % u = F(t). Consequently,

(Foooli X)(w) = (Filis *X)(w) = (FF)(w) (4.3)

= 2X(w)|w|*” 1zsgnwcosa?7r

(cf. [15], p.163).
Next,

ol X)0) + (LX) 0 = / T

This implies

T

(Foooll X)) (W) 4 (Filoo X)(w) = 2X (w)|w|* L sin R
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so that
(Foool " X)(w) = X(w)|w|* !(sin % +icos %Sgnw),
(FIS*X)(w) = X(w)|w|/* (sin % — icos %sgnw). (4.6)
Further on,

F(D-ool{i “X)(w) = (—iw)F(Looli " X)(w)
= |wl(—isgnw)(Foocli*X) (w),

F(= DAL X)w) = (i) F(IX)(w)
= |wl(isgnw) (Filsg “X) (@),
and this implies
am

F(_ DIX)(w) = X(w)]w|°‘(cos%—isgnwsin7),

F(:DLX)(w) = X(w)|w|*(cos % + isgnw sin %) (4.7)

Applying the Fourier transform to (4.1) and using (4.7) we have

f/(w)(wa((l +a1) cos % — isgnwsin (%)(al —1))+as) = —Ff]. (48)

We have two characteristic cases as # 0 and a2 = 0 that we consider
next:

1) the case as #0

By (4.8) it follows

?(w) _(Ff)(w)

~ Jwl*((a1 + 1) cos & +isgnwsin (4 )(ag — 1)) +az’

Let us consider the denominator in (4.9). It is zero if

—ay
(a1 + 1) cos &F + isgnwsin (%) (a1 — 1)

Wl =

—az((ay + 1) cos & —isgnwsin () (a1 — 1))
(a1 + 1)2 cos? 9 + sin? (%) (a1 — 1)?
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Hence, the denominator in (4.9) can be equal zero if and only if a; = 1 and
as < 0. Consequently if a1 # 1 or a1 = 1 and as > 0 the denominator in
(4.9) is different from zero for any w € R.

2) the case ag =0

In this case Y (w) is determined from (4.9) and reads
—(FH(w)((a1 + 1) cos & —isgnwsin (%) (ar — 1))
[wl* (a1 + 1) cos? & + sin? () (a1 — 1)?)

~
—~

w) =

— _(]:f)(w)mlwa((al +1) COS% — sgnw sin(%)(m — 1)>7 (4.10)

where
aT
— +

A = (a +1)* cos? 5 2 21

(ay — 1)%sin -5

Our aim is to find weak solutions to (4.1) which have a meaning in
mechanics and facilitates the construction of classical solution to (4.1).

Proposition 1. Let % <a<l,aa#0andleta; #1 ora; =1 and
az > 0. If f € LY(R), then equation (4.1) has a weak solution y € L*(R).
This solution can be computed from (4.9).

Proof (Ff)(w)isa bounded function on R, because f € L'(R). By
Theorem 2 in [25], p. 194, (Ff)(w) is a uniformly continuous function and
(Ff)(w) tend to zero as |w| — oo. In addition,

1

V) = e ((ar ¥ D cos & + isgrwosin () (ar — 1) +ag MV
belongs to L?(R). Consequently by (4.9) we have
V(@) = ~p()(Ff)w) € LX(R), (4.12)
Let o(t) € L*(R) be such that (Fy)(w) = —1(w)(Ff)(w). Then
Y (t) = o(t) € L*(R). (4.13)

Proposition 2. Let 0 < a < 1, ag # 0 and let a1 # 0 or a; = 1 and
as > 0. If f € L%(R), then equation (4.1) has a weak solution Y € L*(R)of
the form (4.9).

P r oo f. The function ¢ (w), given by (4.11) is bounded on R. Then by
(4.9) Y(w) € L2(R).
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Remark
a) if f =0, then (4.8) implies }:/( )~ (w) = 0. Since Y~ (w) 75 0,w #0,
it follows that ¥ (w) =0, w € R. Consequently Y (¢) =0 a.e
b) To compute Y (t), we can use Y (t) = ( FU(FHlw)yHw )))(t), te

R.

c¢) We supposed in Proposition 1 that f € L'(R) and proved the existence
of solution to (4.1) only if 3 < @ < 1. In Proposition 2 we could
extended the supposition on a because f belongs to L2(R).

Proposition 3. Let 0 < a < 2, az =0 and letay #1 oray =1 and
ag > 0. 1) If f € LP(R), po = 1+2a, then equatwn (4.1) has a solution
Y € L*R). 2) If f € LP(R) and 1 < pa < %, then equation (4.1) has a
solution Y € LI(R), ¢ = 12— > 1

AP
Proof By Theorem 5.3 in [23], p 103 _ooIf* is bounded from LP(R)
to LI(R), where ¢ = ap , 1 <p < <. Wesupposed that p, = 1+22a and
0<ax< % Then q =2and 1 < pa é Consequently, from (4.10) it
follows that

Y (w) = Gw)(F-wlf f)(w) € L*(R),
where G(w) is a bounded function on R and

Gw) = _I[(al + 1) cos (%) — isgnw sin (O;l)(al —1)]e T o e R.

Next we consider the case 0 < o« < 1. In order to find solution Y we use the
following relations:

1 1 1
e ar@es @ = 1
(F( sgnt 1

|t|1= 2T (o) sin &F

Now (4.10) gives

P0) = ~(F 1) (s (P ) = e (B w)

and for ¢ € R we have

V() = gri (@ + DU =)0 = = D« ) 0),

|7
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By the result cited in [23] the solution to (4.1), given by (4.13) belongs to
LA(R), g = 122

5. Weak solutions in Case I

In this Section we consider equations of the type (2.7). First we prove
the following proposition.

Proposition 4. 1) Let 0 < o < 1. If 1DSy =0, then y (t) =0 a.e. on
R. Also, if 1Dy = F, where F' € LP (R) ,p > 1 then

y(t) = (ISF) (1), ace.

Proof. 1) Let

1 > _y(7)
I t) = =C,teR 5.1

(t ooy)() F(l—a)/t (T—t)a , LER, ( )
where C' is a constant. Since (I$y) (¢) satisfies DLy = 0, it defines a
regular tempered distribution (cf. [25], p. 158). We apply the Fourier
transform (cf. [23], p.137 and [28], p.110) and obtain

(iw)* g (w) = 27C6

or

7 (W) = (iw)' "> 27 0. (5.2)

The main branch of 2* = (iw)'™® is a continuous function. Therefore
(iw)' ™ *2rC6 = 0 (cf. [25], p. 68). Consequently, it follows from (5.2)
that y (¢) =0 a.e. on R.

2) We apply the Fourier transform and obtain

~

(iw)® §(w) = F (w),
which gives
y(t) = ((I2F) (1), ae.

Proposition 5. 1) Let A < 0. If f € L?(R), then equation (2.7) has
a solution which belongs to L>(R). If f € L' (R), and 1/4 < a < 1, then
equation (2.7) has also a solution which belongs to L? (R) .
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2) Let A > 0,1/4 < a < 1 and f(t) = h(t) — VA (uam® 5+ h(1))(t),t € R,

where
1

_ 2
U = o1 —a)smary2 LR
Then .
y(t) = ¢ *x h(t), where ¢(t) = fﬁl(m(t),t €R.

Proof. 1) First we transform equation (2.7) by using Proposition 4 in
the following form:

D% (—o Dy = A (1509) (1) — (S f) (£)) = 0.

Hence,
—oo DYy — Ad5y) = (I f) - (5.3)

Applying the Fourier transform to (5.3) we obtain

(i) (@) = A(iw) ™ § (@) = (iw) ™ fw),

Flw). (5.4)

The main branches of (—iw)® and (iw)® are (—iw)® = |w|* exp (—%”sgnw)

ami

and (iw)* = |w|” exp (ngnw) , respectively. Thus the function 1) is

N 1 1
1/] (w) = (_iw)a (iw)a Y - ’w|2a . )\' (55)

If A < 0, then v (w) is a bounded continuous function on R. Suppose that
f€L?(R), then Ff € L? (R), and also ¥ (w) (Ff) € L? (R) . Consequently
by (5.4) y € L? (R).

Suppose that 1/4 < a < 1, then ¢ (w) € L? (R). If f € L' (R) then again
Y (w) (Ff) € L? (R) . Therefore y € L* (R).

2) If A > 0, then the function ¢ (w), given by (5.5) can be written as

1 1 1
V= (W—ﬁ_ W+ﬁ>'
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Consider first the function ?(w) / <|w|a - ﬁ) By our assumptions the

convolution (771« h (7)) (t) exists and

(FH @) = F(h®) - (Viwar® " h(r) ®) )

_ ﬁ(w)—ﬁ@ﬁ(w):WE@).
Hence, R
F@)/(lw* = VA) = h(w) /||
Also,
. . W= VA - h(w) 2V A (w)
f@)/ (lo]*+VA) = h(w) =T — :
( )= (i +v3) I el (ol + V)

By (5.4) and (5.5) we have
w - L[ J@ T
VA |w|* = VA |w|*+ VA
o (mw) B (w) 2/ (w) )

<)

WA\l Tl T o (ol £ V)
1 ~
= h(w).
wl* (Jol* + V) “

. S 2 -1____1
Since the function ol (%) € L*(R), then (-7: lea(w|a+ﬁ)> (t) =

@ (t) € L? (R), as well. Finally

y() =@ (t)xh(t),

where y (t) is bounded on t € R, (cf. [29], p.108-111).

6. Example
Consider the equation (2.9) with a = —o0,b = o0, f (t) = 0, that is

—ooDfy =t Doy =0, —oco<t<oo, 0<a<l. (6.1)
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This is an equation of the type (4.1) with a; = —1,a9 =0, f = 0. Therefore
from (4.9) we conclude that y (¢) = 0, is the only solution to (6.1). Thus, if
u(z,t),r € (—o0,00),t > 0 is a displacement vector at a point = and time
y of an infinite rod, then

E% (x,t) = = [—ocDou(x,t) —p Dou(x,t)], 0<a<l1

N

may be used as a measure of deformation since
(6%
E% (x,t) =0,

implies that u (z,t) = g () with g (¢) an arbitrary function of time ¢.
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