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Abstract. Weintroduce the concept of common—neighborhood energy
Econ of a graph G and obtain an upper bound for Ecn when G is strongly
reqular. We also show that Ecn of several classes of graphs is less than the
common—neighborhood energy of the complete graph K, .
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1. Introduction

Let G be a simple graph with n vertices, and let A = ||ay|| be its
adjacency matrix. The eigenvalues A, Aa,..., A, of A are the (ordinary)
eigenvalues of the graph G [3]. Since A is a symmetric matrix with zero
trace, these eigenvalues are real with sum equal to zero.

The energy of the graph G is defined [5] as the sum of the absolute values
of its eigenvalues:

EG) =)\l
i=1
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Details on the theory of graph energy can be found in the reviews [7, 10, 9],
whereas details on its chemical applications in the book [11] and in the
review [8].

The energy of the complete graph K, is equal to 2(n — 1). An n-vertex
graph G is said to be hyperenergetic [6, 15] if E(G) > E(K,). Details on
hyperenergetic graphs can be found in the review [9]. The most important
achievement in this area is Nikiforov’s:

Theorem 1.1 [16] For almost all n-vertex graphs

4

E(G) = (?m + 0(1)) n®? .

Theorem 1.1 immediately implies that almost all graphs are hyperener-
getic, making any further search for them pointless.
In what follows we shall need a few auxiliary results.

Lemma 1.2 [3] Let G be a connected k-regular graph with n vertices and
k>3. Let k,\a,..., A\, be its eigenvalues. Then the eigenvalues of the line
graph of G are 2k — 2, A0+ k —2,..., A + k — 2, and —2 with multiplicity
n(k —2)/2.

We also mention here some results pertaining to graphs with greatest
energy (see [12]). For this we need some preparations.

Definition 1.3 A strongly regular graph with parameters (n,k,\, ) is
a k-regular graph with n vertices, such that any two adjacent vertices have
A common neighbors, and any two non-adjacent vertices have u common
neighbors.

Theorem 1.4 [13] If G is a graph on n wvertices, then E(G) < n(1l +
V1) /2. Equality holds if and only if G is strongly regqular with parameters

( n+vn n+2yn n—|—2\/ﬁ>
n .
2 T 4 4
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In this paper we introduce a new kind of graph energy, called common-—
neighborhood energy and denoted by Ecn (G). We first determine a few basic
properties of E¢p, and then focus our interest on finding “CN-hyperenergetic”
graphs, namely those satisfying the condition Ecn(G) > Econ(Ky). As ex-
plained above, there exist countless graphs for which the inequality F(G) >
E(K,) holds. In contrast to this, “CN-hyperenergetic” graphs appear to be
less numerous or, maybe, do not exist at all. In what follows we point out
a few negative results along these lines.

Definition 1.5 Let G be simple graph with vertex set V(G) = {v1,va,. ..,
vn}. Fori # j, the common neighborhood of the the vertices v; and vj, de-
noted by I'(v;,v;), is the set of vertices, different from v; and vj, which are

adjacent to both v; and v;. The common-neighborhood matriz of G is then
CN = CN(G) = ||jl|, where

[T{vis v}l if i#7
Vij =
0 otherwise.

According to the above definition, the common—neighborhood matrix is
a real symmetric n X n matrix. Therefore its eigenvalues 1,79, ...,V, are
real numbers. Since the trace of CN(QG) is zero, the sum of its eigenvalues
is also equal to zero.

Definition 1.6 The common-neighborhood energy (or, shorter, CN-energy)
of the graph G is

Ecn = Ecn(G) =Y il -
=1

Definition 1.7 If G is a graph with n vertices, and if Ecn(G) > Eon(Ky),
then G is said to be CN-hyperenergetic.

2. Elementary results
Denote by I, the unit matrix of order n, and by J, the square matrix

of order n whose all elements are equal to unity. Let further 0 stand for a
matrix (or pertinent dimension) whose all elements are equal to zero.
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Example 2.1 Ecn(K,) = 2(n — 1)(n — 2), where K,, is the complete
graph of order n.

Proof. Observing that CN(K,) = (n—2) A(Ky), we get Eon(Ky) =
(n—2)E(K,). O

Example 2.2 Ecn(K,p) = 2(2ab — a — b), where K, is the complete
bipartite graph of order a + b.

P r o o f. First observe that if the vertices of K, are labeled so that all
vertices vy, ..., v, are adjacent to all vertices vg41, ..., Usts, then

0 b(Ja —1Ia)
CN(Kap) = .
CL(Jb — Ib) 0
Observing that Jo — In = A(Ky) and Jp — Ip = A(Kyp), we have
0 bA(Ka)
CN(Kap) =
aA(Kp) 0
which implies Eon(Kqp) = 0 E(Ky) +a E(Kp) =b[2(a—1)]+a[2(b—1)]. O

Example 2.3 Ecn(Kqq) = n(n—2), where Ko, is the complete bipar-
tite graph of order a + a = n.

Directly from Definition 1.6 follows:

Proposition 2.4 If the graph G consists of (disconnected) components
G1,Ga,...,G)p, then

ECN(G) = ECN(Gl) + ECN(GQ) + -+ ECN(Gp) .

Proposition 2.5 Ecn(G) = 0 if and only if no component of G pos-
sesses more than two vertices.

P r oo f Evidentlyy, CN(K;) = 0 and CN(K3) = 0. Therefore,
Ecn(K1) = Ecn(K2) = 0. If all components of G are K7 and/or Ks, then
by Proposition 2.4, E(G) = 0. In this case, CN(G) = 0. If at least one
component of G has at least three vertices, then there exists a pair of vertices
v;, vj possessing a non-empty common neighborhood. Then CN(G) # 0 and
therefore not all of its eigenvalues are equal to zero. O
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Proposition 2.6 Ifa=b=1, then K, = K,y and therefore Ecn(Kqp) =
Ecn(Kaqp). For all other (positive, integer) values of a and b, Ecn(Kqp) <
Ecn(Katp), i. €., Kqp is not CN-hyperenergetic.

P r o o f. Bearing in mind the formulas given in Examples 2.1 and 2.2,
we have

Eon(Katb) — Eon(Kap) = 2a(a —2) +2b(b — 2) +4

This difference is evidently positive-valued for a,b > 2. If a = 1, then the
difference is equal to 2b(b— 2) 4+ 2, which, again, is positive-valued for b > 2.
g

Proposition 2.7 Let G be a graph on n vertices, and deg(v;) be the de-
gree (= number of first neighbors) of its vertex v;. Let D(G) = diag [deg(v1),
deg(va),...,deg(v,)]. Then,

CN(G)=A(G)2-D(G) .

Proof. (A(G)¥); is equal to the number of walks of length k between
the vertices v; and v; of the graph G. Therefore, for i # j, (A(G)?)i; = Vij,
whereas (A(G)2); = deg(vj). O

Corollary 2.8 If the graph G is k-reqular, then
CN(G) =A(G)? — kI, .

Theorem 2.9 Let G be a k-reqular graph with eigenvalues k, Ao, ..., Ap.
Then the common-neighborhood eigenvalues of G are k* — k, (\2)? — k,. ..,
(An)? — k.

P r oo f Theorem 2.9 follows from Lemma 1.2 and Corollary 2.8. O

Corollary 2.10 Let G be a connected k-reqular graph and let k, \o, ..., A\p
be its eigenvalues.
(i) The common—neighborhood eigenvalues of the complement of G are

n—k—-1n—-k—2), 3+2x—n+k+2, ..., 2 +2\, —n+k+2.
(ii) The common—neighborhood eigenvalues of the line graph L(G) of G are
4k*—10k-+6 , \3+(2k—4)Ag+k?—6k+6 , ... , N2+ (2k—4) N\, +k*—6k+6 , 62k
where the CN-eigenvalue 6 — 2k has multiplicity n(k — 2)/2.
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Proof (i) Let G be a k-regular graph with ordinary eigenvalues
k,Xo,..., Ap. Then the eigenvalues of the complement of G are n — k —
1,—1—=MXg,...,—1—\,, see [3]. The complement of G is (n — 1 — k)-regular.
Then by Theorem 2.9, the respective CN-eigenvalues are: (n —k — 1)(n —
E—2), 03 +2 0 —n+k+2,...,02+2\, —n+k+2.

(ii) Apply Lemma 1.2 and recall that L(G) is regular of degree 2k —2. O

Definition 2.11 [1, 2| If G is a graph with vertex set V(G), then the
derived graph of G, denoted by G, is the graph with vertex set V(G), such
that two vertices of GT are adjacent if and only if their distance in G is equal
to two.

It should be noted that if G is a (connected) bipartite graph, then its
derived graph is disconnected, consisting of two components.

Proposition 2.12 If G is a triangle— and quadrangle-free graph, then
Ecn(G) = E(GY).

Proof. If G is triangle-free, then the common neighborhood of the ver-
tices v; and v; is non-empty if and only if these vertices are at distance two.
If, in addition, the graph is quadrangle-free, then these common neighbor-
hoods contain a single vertex. Consequently, for triangle- and quadrangle-
free graphs, v;; = 1 if the distance between the vertices v; and v; is two,
and 7;; = 0 otherwise. Then, CN(G) = A(GT). O

Corollary 2.13 If T is a tree, then Ecn(T) = E(TT).

Corollary 2.14 Let P, be the n-vertex path. Then Ecn(P,) = E(P;/2))+
E(Pr/21)-

Proof. (Pn)TgPLn/%UP(n/Z] U

Corollary 2.15 Let C, be the n-vertex cycle. If n is odd and n > 3,
then Ecn(Cp) = E(Cy). If n =4, then Ecn(Cy) = 4E(K2) = 8. Ifn is
even and n > 6, then Ecn(Cy) = 2 E(Cy,j2).

Proof CN(C3) = A(Cs) and therefore Ecn(Cs) = E(Cs). If
n is odd and n > 3, then C), is triangle- and quadrangle-free and thus
Econ(Crn) = E((Cy)!). In this case, (C,)t = C,,. If nis even and n > 4, then,
again, C), is triangle- and quadrangle-free and thus Ecn(Cr) = E((Cn)).
In this case, (Cp)! = C, /5 U Cy /0. Finally, from CN(Cy) = 2A((Cy)'),
(C4)T = Ky UKs, and E(KQ) = 2 follows ECN(C4) = 8. O



One-two descriptor of graphs 99

3. More results

Lemma 3.1 If G is a strongly reqular graph with parameters (n, k, \, i),
then

S = a6 4+ 0~k — 1)2] 1)
=1

Proof If v; and v; are adjacent vertices of G, then v;; = A. If v; and
v;j are non-adjacent vertices of G, then 7;; = p. Since G has nk/2 pairs of
adjacent vertices, and () — nk/2 pairs of non-adjacent vertices,

i \%"2 Zn: z“: ik Vki = z“: zn:(’Yik)z
i=1

k=1 i=1 k=1

[

i)

from which Eq. (1) follows straightforwardly. O

= { A2+2

Theorem 3.2 IfG is a strongly reqular graph with parameters (n, k, A, p),
then

Eon(G) < k(k—1)+/n(n — kA2 + (n — k — 1)) — (n — D)k (k — 1)2 .
(2)

P roof. Proof follows an idea first used by Koolen and Moulton [13, 14].
Let 71,72, - - ., Vn be the common—neighborhood eigenvalues of G, and let v;
be the greatest eigenvalue. Because the greatest ordinary eigevalue of G is
equal to k, by Theorem 2.9, v; = k? — k.

The Cauchy—Schwarz inequality states that if (a1, as, ..., ay) and (b1, b,

.., by) are n-vectors, then

(Se) < () (54)

Now, by setting a; = 1 and b; = ||, ¢ = 2,3, ..., n, in the above inequality,

we obtain (g \%-1)2 < @ 12) @ '%‘2> |



56 K. CH. Das, I. Gutman, D. Vukicevié

Therefore
> il < J(n — 1> |vl?
1=2 =2
S il — bk — 1) < J (1) [z ul? — (s — m?]
=1 =1

Ecn(G) <k(k—1)+ \J (n—1) [Zn: vil? = [k(k — 1)]2]-
=1

By using Lemma 3.1,

Een(G) < k(k — 1) +/(n — 1) [n[kA2 + (n— k — 1)p?] — [k(k — D)
which immediately leads to inequality (2). O

Theorem 3.3 Let n be an even integer, n > 4. If the graph G is the
complement of (n/2) Ko, also known as the cocktail party graph, then G is
not CN-hyperenergetic.

Proof. Gisaregular graph of degree n — 2 with n vertices. Suppose
first that n > 8. By a lengthy but elementary calculation it can be shown
that the characteristic polynomial of CN(QG) is of the form [z — (n —2)(n —
3)](z +n —2)"2 (x +n — 6)*/2~1. Therefore,

n—2
2

Eon(G) = |(n—2)(n—3)\+g\—(n—2)\+ | = (n—6)]

= 2(n—2)(n—6).

Hence Eon(G) = 2(n — 2)(n — 6) whereas by Example 2.1, Ecny(K,) =
2(n —2)(n —1). Evidently, Ecn(G) < Eon(Ky,).

The fact that G is not CN-hyperenergetic also in the case n = 4 and
n = 6 is verified by direct calculation. O

The line graph of the complete graph K, is referred to as the triangular
graph T'(n). Its parameters are (n(n — 1)/2,2(n — 2),(n — 2),4), and T'(n)
is unique for n # 8.

Theorem 3.4 If G is the triangular T'(n) , n > 4, then Ecn(G) =
2n(n —3)(n —4).
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P r o o f. The ordinary eigenvalues of K,, are n — 1 and —1 with mul-
tiplicities 1 and n — 1, respectively. Then by Corollary 2.10, the common—
neighborhood eigenvalues of T'(n) are 4n? — 18n + 20, n?> — 10n + 20, and
—(2n — 8) with multiplicities 1, n — 1, and n(n — 3)/2, respectively. Then

(n—3)
2

Ecn(T(n)) = |4n? —18n-+20]+ (n—1)[n2 — 10n+20|+ |~ (2n—8)| .

O

Corollary 3.5 Ecn(L(Kn)) < Ecn(Knn—1)/2); i- €., the line graph of
the complete graph is not CN-hyperenergetic.

At this point we note that the L(K,) , n > 5, was the first discovered
class of hyperenergetic graphs [17].

The line graph of the complete bipartite graph K, , is strongly regular
with parameters (a?,2a — 2,a — 2,2). Also this graph, for a > 4 was found
to be hyperenergetic [17].

Theorem 3.6 Fora >4, Ecy(L(Kguq)) =4(a—1)%(a - 3).
P r o o f. Proof is analogous to the proof of Theorem 3.4. O

Corollary 3.7 Ecn(L(K,)) < Ecn(K,2), 4. e., the line graph of the
complete bipartite graph Ko, , a > 2, is not CN-hyperenergetic.

Proof Fora >4, Corollary 3.7 follows from 4(a — 1)? (a — 3) <
2(a®? — 1)(a? — 2) = Ecn(K,2). For a = 2,3, the validity of the corollary is
checked by direct calculation. O

Theorem 3.8 Let G be the strongly reqular graph specified in Theorem
1.4. Its common-neighborhood energy is equal to (n — 1)(n + 2y/n)/2.

P r oo f. It is easy to show that the eigenvalues of GG are ntyn Vn —yn

2 0202
"72‘/5 -1, "g‘/ﬁ, respectively. By Lemma 2.10, the
CN-eigenvalues of G are (”+‘/ﬁ)(z+\/ﬁ_2) and —(%ﬁ)

1 and n — 1, respectively. Then the CN-energy of G is

(n++v/n)(n++/n—2) _<n+2\/ﬁ>|
4

4
% [(n+ V) (n + v — 2) + (n — 1)(n + 2v/n)]

(n - 1)(n +2vn)
2

with multiplicities 1,

, with multiplicities

Ecn(G) =

+(n-1)

. O
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Corollary 3.9 Let G be same as in Theorem 3.8. Then Ecn(G) <
Ecn(Ky).

4. Concluding remarks

In this paper we established a few fundamental properties of a new mem-
ber of the graph—energy family. The results obtained might be viewed as
routine, with a single noteworthy exception. Namely, in all studied cases, we
found that the considered graphs are not CN-hyperenergetic. The studied
cases embrace classes of graphs known to have great (and greatest) energy,
all known to be hyperenergetic. In spite of these findings, it may be too early
to conjecture that CN-hyperenergetic graphs do not exist at all. Instead,
we state the following:

Open problem 1. Find an n-vertex graph G, such that Ecn(G) >
Ecn(Ky) i e, Ecn(G) > 2(n—1)(n—2).

More subtle, and certainly more difficult, would be the:

Open problem 2. Let G be a graph and e its edge. Under which
conditions Ecn(G —e) < Ecn(G)?

Acknowledgment. This work was supported in part by the Serbian Ministry
of Science and Technological Development through Grant No. 174033.

REFERENCES

[1] S.K. Ayyaswamy, S. Balachandran, I. Gutman, On second—stage spectrum and energy
of a graph, Kragujevac J. Math. 34 (2010) 139-146.

[2] S. K. Ayyaswamy, S. Balachandran, K. Kannan, Bounds on the second stage spectral
radius of graphs, Int. J. Math. Sci. 1 (2009) 223-226.

[3] D. Cvetkovié¢, M. Doob, H. Sachs, Spectra of Graphs — Theory and Application, Barth,
Heidelberg, 1995.

[4] C. D. Godsil, G. F. Royle, Algebraic Graph Theory, Springer, New York, 2001.

[5] I. Gutman, The energy of a graph, Ber. Math. Stat. Sekt. Forschungsz. Graz 103
(1978) 1-22.

[6] I. Gutman, Hyperenergetic molecular graphs, J. Serb. Chem. Soc. 64 (1999) 199-205.

[7] 1. Gutman, The energy of a graph: Old and new results, in: A. Betten, A. Kohnert, R.

Laue, A. Wassermann (Eds.), Algebraic Combinatorics and Applications, Springer—
Verlag, Berlin, 2001, pp. 196-211.



One-two descriptor of graphs 99

(8]
[9]

[10]

[11]
[12]

[13]
[14]

[15]
[16]

[17]

Department of Studies in Mathematics
University of Mysore

1. Gutman, Topology and stability of conjugated hydrocarbons. The dependence of total
m-electron energy on molecular topology, J. Serb. Chem. Soc. 70 (2005) 441-456.

1. Gutman, Hyperenergetic and hypoenergetic graphs, in: D. Cvetkovié¢, I. Gutman
(Eds.), Selected Topics on Applications of Graph Spectra, Math. Inst., Belgrade, 2011,
pp. 113-135.

I. Gutman, X. Li, J. Zhang, Graph energy, in: M. Dehmer, F. Emmert—Streib (Eds.),
Analysis of Complex Networks. From Biology to Linguistics, Wiley—VCH, Weinheim,
2009, pp. 145-174.

I. Gutman, O. E. Polansky, Mathematical Concepts in Organic Chemistry, Springer—
Verlag, Berlin, 1986.

W. H. Haemers, Strongly reqular graphs with mazimal energy, Lin. Algebra Appl.
429 (2008) 2719-2723.

J. Koolen, V. Moulton, Mazimal energy graphs, Adv. Appl. Math. 26 (2001) 47-52.

J. H. Koolen, V. Moulton, I. Gutman, Improving the McClelland inequality for total
m-electron energy, Chem. Phys. Lett. 320 (2000) 213-216.

J. H. Koolen, V. Moulton, I. Gutman, D. Vidovié¢, More hyperenergetic molecular
graphs, J. Serb. Chem. Soc. 65 (2000) 571-575.

V. Nikiforov, The energy of graphs and matrices, J. Math. Anal. Appl. 326 (2007)
1472-1475.

H. B. Walikar, H. S. Ramane, P. R. Hampiholi, On the energy of a graph, in: R.
Balakrishnan, H. M. Mulder, A. Vijayakumar (Eds.), Graph Connections, Allied
Publishers, New Delhi, 1999, pp. 120-123.

Faculty of Science
University of Kragujevac

P. O. Box 60
My.SOI“e 570006 34000 Kragujevac
India i

Serbia

e-mail: a_wardi®@hotmail.com, ndsoner@yahoo.co.in

e-mail: gutman@kg.ac.rs



