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1. Introduction

In this paper we consider an equation of the form

D AiDfiy(t) = f(t), 0 <t <b< oo, (1.1)
=0

where a; =[] +7i, 1 =0,...,m, [;] ENp, 1, €[0,1); 0<ap<ag <...<
Qm, A; #0, i =0,...,m. We find suitable conditions on a function f such
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that ¢Df'f, « =n—1+~, n € Nand v € (0,1), exists and the relation
between Cauchy’s initial conditions given by f*)(0%), k=0,...,n — 1, and
initial conditions given by (OItl_V f) : (0"). Here oI} 7 f is the fractional
integral of f of the order 1 — . With this we consider solvability of (1.1)
with various assumptions described below.

Usually for the existence of oD f the assumption that f € AC™([0,b])
is used in a slightly changed version. Here AC™(]0,b]) denotes the space
of n—th order absolutely continuous functions (cf. [2], [6], [13] and [5], for
example). Further, we shall determine the precise form of relations between

(013_7f>(k) (0F), k =0,1,....,n — 1 and f®(0%) (c¢f. Lemma 2.4). This
permit us to use the these conditions.

The following notation for the left Riemann-Liouville fractional integral
and derivative are used:

Let o =n—1+v,n €N,y €0,1). Then,

Iy = i (= 1)ty (1) dr,

v € (0,1), t >0,

D80 = o () [ s = (%) o,
€ [0,1), t>0,

¥
oDi'y(t) = D"y(t), a=n, t>0,

respectively. Here I'(«) is the Gamma function.

Equation (1.1) has been treated in the mathematical literature using dif-
ferent methods: Integral transforms, Laplace or Mellin [7], numerical meth-
ods [3], or other methods suitable for some special forms of (1.1). For ex-
ample, sequential linear equations of fractional order are treated by special
methods in [6] 7.1 (see also [11]). In [3], Section 3, authors analyzed equa-
tion (1.1) with Caputo fractional derivatives. They show that the solutions
to (1.1) can be approximated by a system of linear fractional differential
equations of rational orders. This allows good approximation for unknown
solution to (1.1). All results in [3] on (1.1) are given with the limitations:
a—o; 1 <1, i=1,...,m.

Papers [8] and [4] are of particular interest because their authors con-
sidered explicit forms of solutions to (1.1) with «; real numbers. In [4] a
modification of Mikusiniski’s operational calculus (cf. [9]) was used in or-
der to obtain explicit form of solutions. The fractional derivatives are of



A theory of linear differential equations with fractional derivatives 73

Riemann-Liouville’s or Caputo’s form. The basic spaces used in [4] is de-
fined as follows:

A function f(t), ¢ > 0 is said to belong to the space C,, a € R if
there exists a real number p, p > «, such that f(t) = tPfi(t), where f; €
C([0,)).

A function f(t), t > 0 is said to belong to the space Q#, > 0 if for any
v, 0 <v <y, oDyf eC,.

Moreover, the operational calculus is defined by the field M extending
the ring (C_1,0,+), where ”0” is the sign of convolution.

In Section of [4], using a version of the operational calculus, authors
considered ”general solution” of equation (1.1) of real orders. As they said:
"for the sake of simplicity we restrict ourselves to the case when the high-
est order of the fractional derivatives is not grater than one”. The initial
conditions are:

(Io: "™ y)(0) = d, (I,7"y)(0) =0, 1 <i<m—1. (1.2)

However the topology is not defined, neither in the field M nor in the ring
(C_1,0,+) so the convergence and operations with them used in [4] should
be explained.

In this paper we give another approach to (1.1). The known results imply
that the solutions to equation (1.1) in (0, b] can not be always extended so
that they are also solutions in [0, b] (cf. [10] Section V, 4.). However such
solutions could be of general interest. Consequently we supplement the
well-known solving methods by a fine analysis at the point 0. Instead of
the Laplace transform defined on [0,00), we use the Laplace transform for
functions defined on [0,b], b < oo, (cf. Part 4.1 and [15]), in order to avoid
the limitation on the growth of f in (1.1). Formal application of the Laplace
transform to (1.1) gives

§s) = (f<s> 1 90 SULR (T <0+>) Sy
> Ajsi i=0 j=0
=0

) (0+) i =
0,....m; 7 =0,...,ny — 1 and show how this initial conditions are related
to the Cauchy initial conditions 4 (0F), j =0,...,ny — 1 (cf. Lemma 3.1).
Note that these initial conditions have a meaning even though Cauchy initial
conditions (3@ (01)) do not exist. Let np, > 2,0l "™y € AC™(]0,b]) and

Because of that we consider initial condition given by (OItl _%y)
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y@W(0t) =0, j =0,...,nm—2. Then Proposition 4.2 gives that one can have
m—1
a solution with an additional condition on (oltl _ﬂ’my) . ), although the

analytical form of the solution is the same. The added condition implies only
some properties of the solution not changing its form. The solutions obtained
by Proposition 4.2 or by their derivatives enable us to construct solutions
of non homogeneous equations (1.1) with non-zero initial conditions.

On the basis of ideas presented above, we give a ful description of
solutions to (1.1) in cases wwhen the leading derivative is non-integer,
Theorem 4.1, and when it isan integer, Theorem 4.2. Moreover we discuss
non-homogeneous conditions in Theorems 4.3 and 4.4.

2. On the domain of the operator ¢ Df*

2.1 Preliminaries

We introduce the space J,([0,b0]) C AC™([0,b]) with the simple addi-
tional condition that f™ € L'([0,8]) is locally bounded on (0,b]. Jo([0,b])
is just the space of L' ([0,5]) locally bounded on (0, b].

If F,G € J5([0,0]), then F'x G € Jy([0,b]), where x denotes convolution
(cf. [1], p.113).

Lemma 2.1 Let h € Jy([0,b]), and B < 1. If

h(t)

Jim 2 = Ag, e, h(t) ~ Agt™P t — 0t (2.1)
then A
(01! 77h) (1) ~ mtl—v—ﬁ, t—0%. (2.2)
Proof. We start with
t 1
1— B 1 h(t)dr 1 h(tu)t du
(ETm) O = Fr—y) 0/ (t—rp T(I—7) 0/ (t — tu)
fr-8 h(tu) g N
= i) / (y-r )
Apl'(1 - B)



A theory of linear differential equations with fractional derivatives 75

(cf. [14], p. 60). This proves Lemma 2.1. O

Remark 2.1. Lemma 2.1 shows that a function h can have the property
that h(0") does not exist, but (OItl_Wh)) (0™) is defined. That is the reason

why we use oI} 7h instead of h.

Lemma 2.2 Let n > 2. A necessary and sufficient condition that h €
TIn([0,0]) is that h is of the form:

n—1 tj
h(t) = H,(t) + Jz:(:) hjm, t € (0,b], (2.3)

where every hU)(t) j = 0,...,n—1, can be extended on [0,b] to be continuous
on [0,b], h; = A9 (0%),

¢
1
Ho(t) = —— / (t — )" B (7)dr, ¢ € [0,b]. (2.4)
I'(n)
0
Proof.
Suppose that h € J,([0,b]). Then there exist lim hU)(t) = hj, j =

t—0+t
0,...,n — 1, and that hU)(t) are continuous on [0,b] (cf. [1], p.100).

Let the collection {H;}, j =0,...,n, be defined by
t
Hi(t) = /(t R (P)dr, =1, .n
0

This implies

n—1 j
Hpo(t) =h(t) =) hjr(jtm, t € (0,0].
7=0

This gives (2.6) and the necessity of the condition is proved.

Conversely, suppose that h is of form (2.6) with h; constants. Then
applying the n-th derivative to (2.6) we obtain that h(™ € Jy([0,b]), this
follows from H,(L”)(t) € Jo([0,0]), 0 <t < b, (cf. [1] Satz 5, p.92) and the
fact that H}lk) (t) are continuous functions on [0,b], k¥ = 0,....,n — 1 and
7P =0, k=0,..,n—1.

O
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Remark 2.2 If in Definition 2.1 part 2) we suppose additionally on
F € J,([0,b)) that F(®(t),i = 0,...,n — 1 are continuous on [0,b], then in
Lemma 2.2 we can omit the assumption n > 2.

2.2 Fractional derivatives within Jy([0, b])
Let o =n—1++, n€Nand v € (0,1). Since

d\" _
OD’?ﬂt)_(dt) oftl TF), 0<t<b, b<oo,

the existence of ¢ Dy f is equivalent to the existence of (oftl £ ™ on (0,b);
so we have the following lemma.

Lemma 2.3 A necessary and sufficient condition that oDy f = ¢ € Jo([0, b))
. - : — 2\ (™)
is that oI} 7 f € Ju([0,8]), ie., (o, F) = € o([0,8)).

The next proposition gives a sufficient condition on f so that oDy f €

Jo([0, b))
Proposition 2.1 Suppose that the function f has the following properties:
tf() = w(v, ) € Tu([0,0]) (2.5)

where w™ (y,t) = Yy, t)~APT = 08, 8-y > —1, and ¥(v,") €
Jo([0,8]). Then oDg f belongs to Jo([0,b]), a« =n—1+~, n € N, v € (0,1).
The analytical form of f is given by

n—1 j
e Wn i ! ) .
10 =07 W+ 3wt (2.6
where Wy,(t) = ﬁ j(t — )" Yy, 7)dr,t € (0,b] and w;i(y) = w(?) (7,01),
0
j=0,.,m—1.

Proof By Lemma 2.2

n—1 tj
B n—1 tj
) =0 W0+ 3 w0 2.7
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We substitute this in the next integral,

Lt f) I S A i G5
F(17)/0 G- T Ta- )/0 i 7

t

7-J+'71
ij
— 7)Y
7]0 OF tT)

= 11(t) Ix(t), t € (0,0]. (2.8)

Since I1(t) = i [ ' Wy (ut)(1 — u)' =77 du, it follows

W (ut)u 71— w) T

T [ ¥

8=

Y(y,ut) - e
) w1 — ) . (2.9)

(ut)P—

Il
—_
S“o—‘& O\,.H O\H O\»—n

As in Lemma 2.1, we prove that (
d\" I'(n+pB) _
—) L) ~A 777t — ot
(dt) 1) "Tn+B—v+1) —0

As regards I, we have:

) I exists and

t
L(t) = F(ll_’_y)ij(fy)r(jl_'_l)O/tj+7—1(t_7_)1_~,_1d7_

= ij TG +1> ?E‘;iz;tﬂ t e (0,b]. (2.10)

Consequently, (%) I>(t) = 0. By (2.12) it follows (cf. Lemma 2.1)

1
d\" 1 P Vv, ut) g1 —
(&) on7s = R @y el
L+ B s 4 0. (2.11)

"Tn+B—v+1)
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;From (2.14) it follows that oI} 7 f € J,([0,b]). Lemma 2.3 gives the exis-
tence of ¢ Df*f and its properties. This proves Proposition 2.1.
g

Remark 2.3

With the results of Proposition 2.1 we can use the Laplace transform to solve
equations with fractional derivatives although all derivatives of the solutions
are not bounded at zero (cf. (1.3)).

3. Two lemmas on oltlfvf

Lemma 3.4 Suppose that « =n—1+~, n € N, v € [0,1). Let g(v,) =
ol 77 f € Jn([0,b]). Then:

1) g(v,0M)W) =0, j =
that f®)(0F) = 0,k
F=b e 75([0,0)).

2) A necessary condition that f(j)(0+) exists, j = 0,...,n — 1, is that
g®(y,0t) =0, k=0,...,n—1.

Proof.

Case n = 2.

1) By assumptions: g(v,-) € J2([0,0]) and ¢g¥)(v,-), k = 0,1 are contin-
uous on [0,b]. With these properties of g(,t), one has the solution of the
Abel equation oI} 7 f = g(v,-) (cf. [12], pp.16-18 and [13], p.31):

79(77 O+) + (T

0,....,k, is the necessary and sufficient condition
= O — 2, and is a sufficient condition that

v—1
T(y)

Since g(M(v,t) is continuous on [0,b], the second addend in (2.15) is zero
for t = 0. Hence a necessary and sufficient condition that f(0%) = 0, is
g9(7,0%) =0.

By (2.15) and by derivation of the convolution (cf. [1], p.120) we have:

" g(l)(’y,T)> (t), 0 <t <b. (3.1)

t
f(l)(t) _ 1d/g(1)(%7)dr
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Now we can use the property: If g (v,-) € Jo([0,0]), then oI} ¢ (v,-) €
Jo([0,0]), as well (cf. [1], Satz 4, p.112). It follows that f0) € Jy([0,b])
because g?(v,-) € J([0,b]) and t'=7 € Jo([0,d)).

2) By (2.16) ¢ (v,0) = 0,4 = 0,1 is a necessary condition that f(1(0%)
exists. This proves the assertion of Lemma 2.4 for n = 2.

Case n > 2.

We can also start with (2.15) and by total induction we can prove the
first part of the Lemma 3.1. For the second part we start with

t
O = e / " de
dt T'(~) / (t—r1) 1 -
1 (n— 1) + (n
_ g v,07)f /g (v, 7 fd7’0<t§b_
I'(v) 1=y t—1)
(3.3)
and the procedure of the proof is just the same as in case n = 2.
O

Remark 3.1 Lemma 2.4 gives the mutual dependence between the ini-
tial condition of (()Itl_7 f) and of y for the solution to equation (1.1). It
is particularly interesting that if f()(0%) exists for k = 0,...,n — 1, then
(OI}*’YMf)U) 0t)=0, j=0,...,n— 1.

The next lemma gives the mutual dependence between OItl "7 f and
oI} "7 f for different values of v, and ~s.

Lemma 3.5 Let f € Jy([0,b]), n2 > 2 and
Doaj=n;—147,i=1,2,1>79% >y >0,n =nyg =mn;
or

2)ai=n;—1+7,i=1,2 ng >ny+1.

_ _ () .
17 (o8, 7 f) € Tu((0,8]) and (o1} 72f) 7 (0%) = 0, j = 0,...,m0 — 2,
then:
a) of; " f € T, (10,8]);
b) oDy f, i = 1, 2, exist and oD} f, i = 1,2, belong to Jp([0,0]);

c) ( - “f) 0F) =0, k=0,....,n1 —2;
@ (ot 0) " o) =0,
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Proof. 1) Case ny = ng =n, 72 > 1. Since fractional integrals have the
semigroup property in L([0,b]) (cf. [6], p.73), we have:
oI = oI TR f ()
oI oI f (1), £ € (0,0]. (3.4)

Since OItl_Wf is continuous (ng > 2), it follows (01}1_% f) (0t) =0.

The derivative of convolution (cf. [1], p.119) gives (n = ny = na):

(o)™ ) ((OIQWf) () ) 0

I'(v2 —m)
ES RN =1\ 7R
+ kz:% (ol 72f) " (0%) (me-%)) (®),
t € (0,b. (3.5)

To prove that oI} " f € Jy, ([0,b]) it remains to show that (oltl*ﬂ” f) ) €

k
Jo([0,b]). With the assumption that (OItl_wf)( : (0F)=0, k=0,...,n2—2,

. . 1—72 (n271) + .
and with the existence of (0It f ) (07) equation (2.19) has the form:

(OItl—m f) (n1) 1) = ((Oltl'yzf) (n2) () + T’YQ’Yll)) 0+

F(%—’Yl

_ (n2—1) trz—m-1
1+ (oI 0") ——, t € (0,1].
(o 8) O g O

Since <OIt1_72f)(n2) , 1’?(27;?,7_11) € Jo([0,b]), it follows that (oItl_%f) ) €
Jo([0,b]), as well.

By Lemma 2.3, this proves the assertions a) and b). For c¢) and d) we
have only to start with (2.19) taking the j-th derivative, j = 1,...,n; — 2, of

OItl—Wl f:

()" = ((OIQWf) L ) 0

L(y2 —m)
j—1 =1\ U—1=k)
1—72 \ B oy [ T2
+ ;;)(Olt )7 )<F(72—71) L0<t<b.

(3.6)
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Now, with supposition that (olg_wﬁ v 0"y =0, j=1,...,n1 —2,¢) is
evident. For d) we have

—yy ) (m—1) oy ) (2 1) 772=m—1
(OIt1 ’Yf) (t) = ((Ojtl 7f) (T)*F(”)Q_’Yl)> (t), 0 <t <b.

. 1—72 (n271) . . .
Since (oft f) (t) is continuous on [0, b], it follows that

(ori2)"™ 7 (0) = 0.

This proves Lemma 2.4 with supposition 1).
2) Case ny > ny + 1. Asin 1) we have for ny =ny —p, p > 1, t € (0,0],

K

(o H)™ @ = :

1— TP
o0 = (5) o
_ d
oI T = (dt
Olf+’72*710[tl*“/2f(t)

1 F (o7 f) (7 dr
L(y2 =7 +p) 0/ (t — 7)n—retl-p

3
¥]

na
) o

Sl & 5=

3
N

N———— N— — 0
3
N

=

Il
/N 7 N 7N N

) e
- F(72 -M —|—p) 0/ (t — T)’Yl—’Yz+1—p

ng—1 . —y1—14+p (n2_1_j)
e A G) 2=
i ;) (OIt f> %) <F(72 — 71+ p)

(3.7)

JFrom (2.21) it follows the assertion in a) and b) with supposition in 2).
The assertions ¢) and d) can be obtained as in case 1). This proves
Lemma 2.5.
O

Remark 3.2 Lemma 2.5 implies: Let oD/ f, i =0,....,m, 0 < ap < a1 <
e < Qi < Ny 0DEM f € Jo([0,0]), Then there exist oD f and (D' f €
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Jo([0,8]), i = 0,...,m — 1. Also, if (d}‘”mf)(]) (0F) =0, j =0, ..., nyn — 2,

then (OIQ*Vif)(j) (0F)=0,7=0,....nm,, i=0,...,m—1.

These relations are useful in solving equations by the Laplace transform
method (cf. Part 4) and in finding the number of linearly independent
solutions.

4. Equation (1.1) with a,, — o > 1

We consider homogeneous and the nonhomogeneous forms of equation
(1.1) with suppositions on «;, as it is given in the Introduction.

4.1 Laplace transform on an bounded interval

Let L®P[0,00) denote the space of functions f such that f € ([0, b])
for every b < oo and |f(t)| < Ce¥?, tg < t for any tg, 0 < ty < oo, where C
depends on tg and w € Ry.

It is easily seen that every function f € Jy([0,b]) can be extended on
(0,00) so that the extension f belongs to L™P[0,00). Then the restriction
of fon [0,b) is f (flpp) = f)-

In L*P[0,00) we define the following equivalence relation: f ~ g <
f—g € L¥P[b,00) for some b > 0. Since L™P[b,00) is a vector space, the
quotient space

Ly = L0, 00) /L¥P[b, 00) (4.1)
is correctly defined. An element of L;” is the class defined by an f €
LP[0, 00): the function g € cl(f) & f—g € L%P[b,00) and we write f ~ g.
We quote without the proof:

Lemma 4.6 Jy([0,b]) is algebraically isomorphic to L.

The Laplace transform of f € Jy([0,b]), denoted also by Lf, is defined
by use of the quotient space (2.22). This leads to

LL;™® = LLP[0,00)/LLP[b, 00). (4.2)
Definition 4.1 If f € J([0,b]), then we write Lf for clL(f) where f is

extension of f, Lf = clL(f).

By Lemma 2.6, to find the Laplace transform of f € Jy([0,b]), we find
the Laplace transform of any element fy € cl(f), i.e., L(fo) and by (2.23) it
follows that cl(L(fo)) € LL,P. We quote the main properties of the Laplace
transform in J5([0,b]). If f,g € Jo([0,0]), one has
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1) L(Coof +Ce}) ~ CooL{+CeL},  L({*}) =~ L{L(
2) Let f™ e J5([0,b]). Then (for Re s > s¢),

(££0) () = (£G™)) (5) = s"(LF)(5) = F(O)s" " = .. = F" 7V (0).

—— ‘
~—

Using the properties 1) and 2) we have:
(LoDFf)(s) = s*LF(s) = (o, F) (0F). (4.3)

Application of the Laplace transform on [0, b] reduces to the application of
classical Laplace transform to the equation

S AoDMg() =F(t), t>0, (4.4)
=0

where 7 and f belong to the space L®P[0,00) and are extensions on [0, 00)
of y € Jo([0,b]) and f respectively.

If 7 is a solution to (1.1) and § € L™P[0, 00) then y = 7|y, ;) is a solution
to (1.1). Here we use gy, to denote the restriction of 7 on [0, b].

4.2 Properties of L71(Qu ("))
Formally, applying the Laplace transform to (2.25) we have (cf [6], p.84):

R m n;—1 ) j
@(S) — m; (f_i_ Z Z gni—i—1 <OIt1*’Yiy>( ) (0+)) ) (45)

> Ajsei i=0 j=0
i=0
We see that the functions

Qu(s)= = Res >z and n(t) =L (Qu(s)) (1), >0, (4.6)
> A;si
=0

have the basic role in finding the analytical form for the solution g, for
(2.25). The number x; will be fixed later in the text.

m—1
Note that there exists x1 > 0 such that the function > If—is*(am*ai) is
i=0 "
analytic for Re (s) > x; and that

m—1 A
7 S—(am—ai)
2 4,

<1, Re(s)> .
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By (2.27) we have

Qa(s) = —— (146()), Re (s) > 1, (4.7)

A, s0m

R 19 m—1 A r

where ¢(s) = Y (—1)" ( > A’s(o‘mai)) , Re (s) > z1. We need the
r=1 i=0 "

next proposition

Proposition 4.2 Let ¢, and g%r, r =1,... denote the functions

or(t) = mz_:l i ;to""—ai_l t>0
= Ap Do — i) ’ ’

m—1 T
ér(S) = < Ai _(“m_ai)> , Re(s)> s (4.8)

s
i=0 Am

*7

where (.)*" means r-times convolution, (.) * ...x () if 7 > 2 and (-)*! = ().

1) If ¢ = oy — um—1 > 1, then the series ¢(t) = § (=1)"¢,(t) absolutely

r—=
converges for t > 0 and there exists x1 > 0 such that

oo
~

(£6) (s) = S (1) do(s) = B(s), Re (s) Za1.  (49)

r=1

2) Let 0 < g < 1 and 19 = minr € N such that rog —1 > 0. Then the
oo
series Y. (—=1)"¢,(t) absolutely converges for t > 0 and for ¢(t) =

r=rg
iol (—1)"¢.(t), t > 0, we have
r=rg

L (Z(_nw)r) (5) = S (=1)"d,(s), Re (s) > a1. (4.10)

r=1 =1

Proof. For the proof we use the following Theorem (cf. [1], Satz 2. p.305)
which gives the inverse Laplace transform of a function given by a series.
We begin with the supposition 1), ¢ = @y, —am—1 > 1 and p = o, —ag > 1,

m—1 Az 1
bl = <3 |3 ey

$om—ao— 1 mz—:l Az
Am,

1=0

tam—oai—l

Mt—(ai—ao)

, t>1.
Do — ;)

F(am - Ct())
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_ A; | D(am—ao) tem =01
Let Ml = OS%%Z(—l‘Am ﬁ, then ’¢1(t>‘ S MlTﬂm, t Z 1.
Consequently,
rp—1
)| < (M T =1,2 t>1 4.11
|¢T( )‘ = ( 1m) F(Tp)’ r y Ly ey U2 ( )

But if 0 <t <1, then

-1

o) < T N A o) T g o<t
= Dam —am-1) & | An Dlam —a;) = -
where K is a positive constant. Hence,
=1
|y (1)] SK{W’ 0<t<1l, r=12,.. (4.12)
Finally if ¢ = oy, — ap—1 < 1, then
par—1
|- (8)] < (mMy)? Tlgr)’ 0<t<l, r=1,2,..., (4.13)
where
My = Ogr%%_l A; Do — am—1).

Let rg < minr € N such that r¢ — 1 < 1. Then

B = G1(0) ot I+ D pr(t), 0<t <1

r=ro+1

and

ro+i—1

 t
|6r ()] < K

- r= 1 =1,2,..., 0<t < 1. 4.14
F(To-f-’i),,r T0+l72 PR ) = ( )

Thus, with (2.32), (2.33), (2.34) and (2.35) we have:

1. Ifp=ay, —ap>1, ¢g=am — a1 > 1, then

r—1 trpfl

6:(8) < K s+ Q)" s

,reN; (4.15)
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2. If p=am, —ag> 1, ¢ = ay — a1 < 1, then

t’/‘—l i tT0+i—1
)| < K{ —— + K50 , r=r9+1i, i €N. 4.16
‘(Z)T( )’ — 1 (T‘) + 2 F(T+Z) 0+ ( )
By (2.36) and (2.37) we can prove that the suppositions a) in Doetsch’s
theorem are satisfied in both cases ¢ = @ — am—1 > 1 and ¢ =
am —am—1 < 1. Consequently, the assertions of the proposition follow.

d

We can apply Proposition 2.2 and (2.27), (2.28) to give the analytical
form of n(t) = (L71Qa(s)) (t), t > 0:

=L (L ) @ >0 (4.17)

T = A Tam)  \ A Do) )25 '

where ¢ is given by ¢ = i (=1)"¢,. In case 1), ¢ > 1, n can be extended
r=1

on [0,0].

4.3 Homogeneous Equation (1.1) with non-integer o,

Theorem 4.1 Suppose that in equation (1.1) we have:
a) npm—1<am <npm; b)) Ny > 2;

c) am—apg>1; d) Ap=1; ¢e) f(t)=0,0<t<b.
If aty — i1 > 1 then equation (1.1) has the unique solution y1, ¢Dy™ y1 €
C([a,b]) which has the property that ygz)(Oﬂ =0,%72=0,..,n, — 2, and
1— (nm—1)
(o) ™ (0 = 1.

If apy — ap—1 < 1 but 2(, — am—1) > 1 and oy — Qup—o > 1, then we
have also a unique solution y1 with the same initial condition but ¢Dy™y; €
Jo([0,8]), i.e., oI} "y € T, ([0,8]). The solution yy is given by yy (t) =
n(t),t >0, where n is given by (2.38).

Proof. We apply the Laplace transform, defined on (0, c0), to (2.25)
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which gives (cf. (2.26) with f = 0)

. 1 o (dY o,
Y(s) = > Y st <dt ol} %y> (07), Res >z
A;s% i=1 j=0
& :

_ _ () RN
If oI} "y € ‘7\3([/, 11); \¢ > €, then (01151 W/mgj) ’ (07) defines (Mtl 71@) !

1,...,m—1,for j =0,...,n;—1 (cf. Remark 3.2). In addition by Lemma 2.4 it

. 'm_l
follows that the initial condition ¥ (0%) = 0, i = 0, ..., n,,—2, (olgﬁymyj) (rm=1)
1 can be exchanged by

(O+)7i:

(07) =

(01t1*VMg)(i) 0F) = 0,i=0,....nm —2,
(o1, ) Ce oty = 1 (4.18)
With all these remarks, (2.26) becomes 4(s) = 1/Pp(s), Pn(s) = g: Ajs®i,
or §(s) = Qa(s), Re s > x1. Let yo(t) = (ﬁ_lﬁ(sﬁ (t), t>0 aundz_0
1
() = (ﬁ Pm(s)) (1), 0<t<b. (4.19)

The function y; given by (2.40) is the solution to (1.1) if ¢D/"y; €
Jo([0,b]), ¢ = 1,...,m. By Lemma 2.3 and Lemma 2.5 this is satisfied if
and only if oI} "™y, € T, ([0,b]). Since the function oI} " yo(t), t > 0
is an extension on [0, c0), of OItl_vm yo by a simple procedure we prove that
ol " yo € Tn,n (0,0)).

Using the properties of OItl_V"’yo given by (2.39) we have

Tvm

r ((OItl—%nyO)(”m)> (s) = Lo

sl=rm P (s)
s4m Pr_1(s)

(—1) §TAm-1P. 1
§am=am-1 g=am P (g

= &F(s), Re s > 7. (4.20)

S¥m —Qm—1

¥(s)
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Note that

k
s P(s) = ZAis_(O"“_O‘i), Res>z, k=0,...m
i=0

s”Om—=1P, _q(s)
s—am P (s)

is a bounded function Re s > zp > 0. The function F(s) =
has the properties

1) There exists x1 > 0 such that F'(s) is analytical for Re s > x;. Con-
sequently, 1(s) has the same property.

2) F(s) is bounded for Re s > x3 > x7.

Suppose that a,;, — a;y,—1 > 1. By Theorem 3 and Theorem 4, p.263 in

1] (oftl_%"yo)(nm is continuous function on [0, ] and

T+1i00
(OIE_me(])(nm) (t) = 2—; / e (s)ds, x > x1 >0, t > 0. (4.21)
r—100
Consequently (01377’“?;0) € JIn,.([0,0]).
If ayy — am—1 < 1, we change the analytical form of F as F(s) =
s om 1Pnoa(s) _ Am—1+ Am—1, Re s > 1, so that (for Re s > 1)

s~am P (s)

-F(s) -1 57 1P, 4(s)
§Am —OQm—1 - §Om—Qm—1 S*Oéum(S)
B -1 sTm=1P,_1(s)
T gam—am—1 ( s_aum(S) ~Am-1+ Amo

-1

S¥m —Qm—1

<Am_1 +57m=1P_9(s) — Ap_1(1 + s~ Pp_1(s))

sTam P (s)
+Am1>
-1 Om-1p, — A1 9P,
_ - s 2(53 18 1(s) A
§Am—Qm—1 s7am Py (s)

The last equation may be written as

-F(s) -1 ( 1 sYm=2P_o(s)

- §Om—1—"0m—2 S_Oéum(s)

QAm —Q&m—1 Am—0m—1
S S
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-1 s 1P, 4(s)

— A,_ A
m—1 S§Om—Om—1 s_ampm(s) + m 1>
B -1 Sam*2pm_2<8) A1 Siamflpm_l(s)
~ som—am—2  g—om P () s2am=—am-1)  g=am P, (s)
A
+ "L Res>u. (4.22)

S§Am —Om—1

If ay — app—2 > 1 and 2(ayy, — p—1) > 1, we can use once more Theorem
3 and Theorem 4 in [1], p. 263 for functions in right-hand side of (2.43).
Then it follows from (2.43) that

§Om —Om—1

r-1 (_F(S)) ‘(o,b] € Jo([0,0]),

e, (of790) "™ € J0(10.8]), or, (01" 50) € T, ([0.b]). This proves
Theorem 2.1.

O
Remark 4.1

1) Usually with equation (2.25) we have also the initial condition ex-

pressed by (0—,?,%%)(]) (01), as (2.39). In that case we can use (2.26). But
if the initial conditions are given by y and its derivatives, then by Lemma
2.4 we can find mutual dependence between initial condition given by y and
by oI} "™y, so that we can use (2.39).

2) In Theorem 2.1 we have mixed initial condition, because if

(Oltlf'ymyo)(nm—l) (0+) _,

then 3"~ (0") does not exist (cf. Lemma 2.4).

3) In Theorem 2.1 we supposed that n,, > 2. If n,, < 1, then equation
(1.1) reduces to the Volterra integral equation with the Kernel of the form
K (t — 7) or it reduces to Abel integral equation.

4.4 Homogeneous equation with a,, = [a,] € N

By Theorem 2.1 with n,, — 1 < ay,;, < ny,, we know that there exists a
solution, y; to (1.1) with f = 0, which has the properties:
1) (01277’"3/1)(]), j =0,...,ny, — 1 are continuous functions on [0,b] and
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(o1 730) ™ € (0. b):

2)@ﬁ”mw)®+ﬁzajzo,wmn—2mﬂ(Mf%wl (0+) = 1.

In this case, if a;, —ay,,—1 > 1, we can construct new linearly independent
solutions using only derivatives. But in case a,;, = ;] this possibility can
be better used. Recall that if a,, = [ay,] € N, then (D™ = Dlom] (cf.
Introduction).

)(nm—l)

Theorem 4.2 We suppose that assumptions b),...,e) from Theorem 2.1 are
satisfied. Let 0 < ap < ... < Q-1 < @y, = [ayy] € N. Then equation (1.1)
has the unique solution y1 in the space Jjq,,([0,0]) which satisfies the initial
condition ygj)(OJr) =0,j=0,..[am| —2 and yg[am]_l)(OJr) = 1. Let addi-
tionally o, — am—1 =k +¢, k€N, € € (0,1) and let yﬁ[amH’“) € Jo([0,0]).

Then yq, = y%q_l), q=1,...k+ 1, represents a linearly independent system

of k + 1 solutions to (1.1) ( f = 0) with the properties:
1) forq=1,... k:

Yq € ‘7'[06771]([071)]), y,g[am]) € C[O,b];
yloml=0 — 1,

yO%) = 0,i=0,..,[am], i # [om] — ¢

2) forq=k+1
YL O0F) = 0,6 = 0, fom] = 1, i # [m] — (K 4+ 1).

If the assumption that yi[amHk) € Jo([0,b]) is not satisfied, we can assert
that only k linearly independent solutions exist on [0,b]; yr+1 is a solution

on (0,b].

Proof. Let oy, = [o,]. Then (2.25) with initial condition y)(0%) = 0, j =
0,..., [am] — 2; yleml=D(0F) = 1 and with f = 0, becomes (cf. Lemma 2.4)

(i A) i =1
i=0

By the same method as in the proof of Theorem 2.1 we obtain

(Lyi ) (s) = ~ D g, Ressm (4.23)

S¥m —Qm—1
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where

m—1
Z Aisai_amfl
=0

F(s) =4 S P a(o)

s—am Py (s)

- , Res> . (4.24)
AiSO‘i_am
i=0

Now we recall some known results to prove the existence of other solu-
tions y, to (1.1) with f =0:
k a\k Ttk
a) LetRea > 0, k € Nand D" = (%) . If (o Dg*y) (z) and (ODg y) (z)
exist, then D* (oDf'y) () = (0D3**y) (). (cf. [6], p.74).

b) Let y; have k continuous derivatives on [0,b]. Let «; > 0. If either
D% [DFy] or D%y, exists on (0,b], then

oD yi(t) = oD DMy ()] +

(cf. [10], p.110). Hence, by (2.46) we have
DF[o DYy (t)] = o DY [DFy1(t)], t € (0,b], oy > 0. (4.26)

We apply these results to homogeneous (1.1). Then with (2.47), (2.46) and
initial condition yij)(()*) =0,7=0,..,[am] —2, we get

m m

> A oDyM (1) = D > Ai oDy =0,

i=0 i=0
because 1 < k < [ay] — 1. In such a way with y; we have also y, =
y%q_l), q=2,...k+1, K+ 1 solutions to homogeneous form of equation
(1.1), if we prove that a) and b) are satisfied.

Consider now (2.45), where o, —am—1 = k+¢, k €N, £ € (0,1). Thus

we can write (2.44) as:

_([atm 1 1
(£t} (5) = (- D = Fls). Res>an.

We have seen (cf. (2.33)) that (EflﬁF(s)) (t),t > 0 is continuous func-

tion on [0, b] which tends to zero when ¢t — 07. Consequently, if k = 1, gjg[a’"])



92 T. M. Atanackovié, S. Pilipovié, B. Stankovié

has the same property: gjg[am]) is continuous on [0,b] and ygam])(OJ“) = 0.
Also, by supposition, yg[am]ﬂ) exists on [0,b] \ {0}. By total induction we
can prove that for j =1, ...,k we have
_([am]+j—1 s/ F(s)

G IO (-1) 7 e Res>an. (4.27)
Hence the properties of the function y; are: yg[am]ﬂ_l), j=1,..k, are
continuous functions and ygam]ﬂ 71)(0+) = 0. (cf. Theorem on the Laplace
transform of derivation in [1], p.100). Also, by supposition, yg[amHk) exists
on [0,b] \ {0}.

Consider the functions:
v =y and y =Y =1,k 1 (4.28)

with their properties.

By (2.49), for a fixed ¢ = 2, ...,k + 1, the properties of the function y;
moves to the function y, and we have the system {y,}, ¢ =1, ...,k + 1 with
the properties. For ¢ = 1, ..., k we have

| y£i+q—1)(0+) =0, 0<i<[am—1-—¢q
v =1 g =1 = fan] g
y(i+q71)(0+) =0, [am] — g+ 1 <0 < [ag).

All y;, ¢ = 1,...,k, belong to ‘7[%}([/, |]) and yé[am]) € C([0,0]). For ygiq

it follows that g\ 1= 0F) = 1,y (0F) =0, 0 < i < [am] — 1, i #

[am] — (kK + 1) and y,(g[jf;"]) exist on [0,b] \ {0}, by the supposition.

With these properties every yq, ¢ = 2,...,k + 1, satisfies (2.38) and is a
solution to (1.1) with f = 0.

To prove that the solutions y1, ..., yx+1 are linearly independent, let us

consider
k+1 k+1

. i—1
Z cjyi(t) =0, ie, Z cjyy ) — 0, (4.29)
j=1 j=1

where ¢;, j = 1,...,k + 1 are constants. The solutions of (2.50) belong to
C*°(—00,00), but y; has not this property. Hence ¢; =0, j=1,....,k+1
and y;, j =1,...,k + 1 are linearly independent. This proves Theorem 2.2.

O

Remark 4.2 When we find the solution y; guaranteed by the first part
of Theorem 2.2, the condition that ygamHk) (t) exists can be checked using
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theorems which give the inverse Laplace transform. Also, our procedure to
find (2.41) and (2.43) can be useful.

4.5 Nonhomogeneous equation (1.1)

Theorem 4.3 Suppose that o, ¢ N, n > 2 and:

1) fis bounded function on [0, b];

2) the initial conditions y® (07),i =0,...,ny — 1 exist but are not spec-

ified;

3) oL} "y € T, ([0,0));

Then the solution to equation (1.1), is of the form

y(@) =)+ f(1) @), 0<t<b. (4.30)

The function n(t) is given by (2.58).

Proof. Assumption 2) implies that <0It177"y) v (0M)=0,i=0,..m, j =
0,...,nm — 1 (cf. Lemma 3.1 and Lemma 3.2). Consequently (2.26) becomes

Go(s) = Qa(s)f, Res >, and yo(t) = (n«F) (), 0<t<b That
9o has the supposed properties follows from the properties of the function 7

proved in Subsection 4.2. We have only to use derivative of the convolution
(cf. [1], p.119-120).

O
Remark 4.3 The constants y® (01),i = 0,...,n,, — 1, depend only on
(OItlfvmy (HM); the homogeneous part of equation (1.1) with 2) and 3) has

only trivial solution y (¢) =0, 0 <t <b.

Theorem 4.4 Suppose that,
1) conditions c¢) and d) of Theorem 4.1 are satisfied;
2) 0<ay<a; <..<am=|ap] EN;

3) ap —am—1=k+e¢e, keN, €€ (0,1);
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4) y:(l[Oém]"l‘k)
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exist on [0,b]\{0}, where y1 is the unique solution to (1.1)
with f =0 and yt) (0¥) = 0, j =0, ..., [am] — 2, y{* 7 (0F) =1

and ¢; are arbitrary constants. The solution Y and its derivatives Y ([oml=

Then the solution Y (t) to equation (1.1), with the initial conditions

y @ (O+) = ¢, i=lan—4,7=1,..,k+1,
YO (OF) = 0, =0, fam), i# lam] =, j=1,k+1,
s given by

m
Y =y f)+ Y cilfis1,
i=0

where yi, ..., yp+1 are linearly independent solutions to (1.1) with f =0
1)

are continuous functions, but Y 1om]) exist on [0,b]\{0}.

Proof. The proof is direct consequence of Theorem 4.2 and Theorem 4.3.
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