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Abstract

In this paper we are going to get the non tangential convergence, in
an appropriated parabolic “gaussian cone”, of the Ornstein-Uhlenbeck
semigroup in providing two proofs of this fact. One is a direct proof by
using the truncated non tangential maximal function associated. The
second one is obtained by using a general statement. This second proof
also allows us to get a similar result for the Poisson-Hermite semigroup.
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Resumen

En este articulo vamos a obtener la convergencia no tangencial, en
un “cono gaussiano ”parabdlico apropiado, del semigrupo de Ornstein-
Uhlenbeck dando dos pruebas diferentes de ello. La primera es una
prueba directa usando la funcién maximal no tangencial truncada aso-
ciada. La segunda prueba se obtiene usando principios generales. Esta
ultima prueba nos permite obtener un resultado andlogo para el semi-
grupo de Poisson-Hermite.
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1 Introduction

a2
Let us consider the Gaussian measure v4(z) = 2;7/‘2 with z € R? and the
Ornstein-Uhlenbeck differential operator
1
L= §Aw —(z, V). (1)

Let 8 = (B1,...,32) € N be a multi-index, let 8! = [[", 8!, 8] =
Zle Bi, 0; = %7 for each 1 <i < d and 9% = 81’81...85‘1.
Let us consider the normalized Hermite polynomial of order 3, in d vari-

ables
d

hota) = gt D7 (e, (2)

151 81 :
(215181 i1 Ox

then, since the one dimensional Hermite polynomials satisfies the Hermite
equation, see [7], then the the normalized Hermite polynomial hg is an eigen-
function of L, with eigenvalue —|g],

Lhg(x) = =Bl hp(z). 3)
Given a function f € L!(vy,) its 3-Fourier-Hermite coefficient is defined by

F9) =< o o= [ | F@hsfe)ratan)

Let C,, be the closed subspace of L?(4) generated by the linear combinations
of {hg :|8] =n}. By the orthogonality of the Hermite polynomials with
respect to 74 it is easy to see that {C,} is an orthogonal decomposition of

L2(7d)7 -
L? ('Yd) = @ Cn
n=0

which is called the Wiener chaos.
Let J,, be the orthogonal projection of L?(v4) onto C,,. If f is a polynomial,

Tnf =Y [(B)hs.
|B]=n
The Ornstein-Uhlenbeck semigroup {73}, is given by

T . 1 _e—2‘<\w\2+£y|i>2—tze—t<z~,y>
tf(x) = (1—6—2‘)‘1/2/1[@6 1= F(W)valdy)
1 7|?/—€7t:n\2
7d/2(1 = e~2t)i/2 /Rde = fy)dy. (4)
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Non Tangential Convergence for the Ornstein-Uhlenbeck Semigroup. 109

{T3},>0 is a strongly continuous Markov semigroup of contractions on LP(74),
with infinitesimal generator L. Also, by a change of variable we can write,

1) = [ ST Tk o) ®)

Definition 1.1. The maximal function for the Ornstein-Uhlenbeck semigroup
is defined as

T f(x)

sup |T;.f ()|
t>0
_ly=rz|®
= 1— 7'2 d . 6
T g r2 d/QI/ f(y)dyl (6)

n [4] C. Gutiérrez and W. Urbina obtained the following inequality for
the maximal function T f,

T* f(z) < CaMy, f(z) + 2V |2)) %) fl]14,, (7)

where M,, f is the Hardy-Littlewood maximal function of f with respect to
the gaussian measure g4,

1
M, f(x) = iglg va(B(z,7)) /B(x,r)

Unfortunately, this inequality only allows to get the weak (1,1) continuity
of T*f in the one dimensional case, d = 1, but allows to get a pointwise
convergence result. Several results of this paper, see Lemma 1.1 and Theorem
1.2, use techniques contained in that paper.

If f e LY(vq),u(z,t) = Tyf(x) is a solution of the initial value problem

ou
{ S, t) = Lu(z,)
u(z,0) = f(z)

where u(z,0) = f(z) means that

|f(y)|va(dy). (8)

lim u(z,t) = f(z), ae.x
t—0+

We want to prove that this convergence is also non-tangential in the following
sense. Let

1 1
Fg(x):{(y,t)e]RiH :|y—x|<t2/\|x|/\1} 9)
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110 Ebner Pineda, Wilfredo Urbina

be a parabolic “gaussian cone”. We want to prove that

lim Tif(y) = f(z), ae.x
(1) =, (.)ETE (2) W) = f(@)

Using the Bochner subordination formula (see [6]),

L
Vo Vu 7

we define the Poisson-Hermite semigroup {P;},-, as

Puf(a) = = / thz/z;uf( 2)du (10)

{P,},~, is also a strongly continuous semigroup on LP(74), with infinitesimal

generator —(—L)'/2. From (4) we obtain, after the change of variable r =
—t2/4u
€ i

ly—re|®

exp (t?/41ogr) exp( — ) dr
Ptf( (d+1)/2 /]Rd/ 710g7’ 3/2 (17 )d/2 7f(y)dy (]_].)

Definition 1.2. The maximal function for the Poisson-Hermite semigroup is
defined as

Prf(x) = sup | P f ()] (12)

If f € LY(va),u(z,t) = P, f(z) is solution of the initial value problem

where u(z,0) = f(z) means that

1 t e.
Jim u(z,t) = f(z), aex

We want to prove that this convergence, for the Poisson-Hermite semigroup,
is also non-tangential in the following sense. Let

1
Fy(x):{(y,t)eRiH: y—x<t/\|£|/\1}, (13)
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be a “gaussian cone”. Also we want to prove that

lim P, = f(x), a.e.x
wi—oer @ W) = J(@)

In order to study the non-tangential convergence for the Ornstein-Uhlenbeck
semigroup we are going to consider the following maximal function, that was
defined by L. Forzani and E. Fabes [3].

Definition 1.3. The non tangential maximal function associated to the Orns-
tein-Uhlenbeck semigroup is defined as

T f(x)= sup [Tif(y)|. (14)

(y,t)eTE (z)

Using an inequality for a generalized maximal function, obtained by L.
Forzani in [2] (for more details see [8] pag 65-73 and 88-92), it can be proved
that 7 f is weak (1,1) and strong (p, p) for 1 < p < oo, with respect to the
Gaussian measure.

Actually for the non-tangential convergence for the Ornstein-Uhlenbeck
semigroup it is enough to consider a “truncated” maximal function. Let

1 1
I‘p(m):{(y,t)eRiH: |y—x<t5,0<t<x|2/\4}, (15)

be a truncated parabolic “gaussian cone”.

Definition 1.4. The truncated non-tangencial maximal function associated
to the Ornstein-Uhlenbeck semigroup is defined as

T"f(x)= sup [Tif(y) |- (16)

(y,1)er>(z)

In the next lemma we are going to get a inequality better than (8) for the
truncated non tangential maximal function 7* f, which implies, immediately,
that 7*f is weak (1,1) and strong (p,p) for 1 < p < oo, with respect to the
gaussian measure.

Lemma 1.1.

for all x € R?
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Proof. Let us take u(y,t) = T:f(y) and without loss of generality let us
assume f > 0.

Let ap = 0 and a; = v/, j € N, then a; < a;y1 Vj € N, and let us
denote

Ay t) ={ue R ;1 (1—e™2)% <[ ety —u|< aj(1 — e )3},

the annulus with center e~fy. Now consider for each 5 € N the ball with
1

center e~ty, and radius a;(1 — e ?*)2 and let us denote it by Bj;(y,t) =
B(e 'y, a;(1— e~2t)2), then

4;(y,t) = B;(y,1) \ Bj-1(y,1)

ety —uf?
1 =
u(y,t) = ﬁ/ e 1—e  flu)du
7r§(1—e*2t)§ R
ety —uf?
1 P e

= =4 e l—e?  fu)du
T8 (1 —e2t)% ; /Aj(y,t) (

Now if (y,t) € T?(x) and | e 'y — u |< aj(1 — e72!) then,

le7te —u| = |etz—elytely—u|

IN

ez —y) |+ ]ey—ul
< elr 4aj(l—e )3
1 —2t\ L
< t2+aj(l—e?")>2
< (L4a)(1—e 2z,

since t <1—e 2" if t < 0.8
Considering C;(x,t) = B(e 'z, (1 + a;)(1 — e 2!)2), we have

1 SN a2
uy,t) < —————— 6_‘”*1/ f(u)du
5(1—e2t)% ]2 Cj(a,t)
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Now,

/ flu)du = / f(u)elu‘ze_lu‘zdu
Cj($,t) Cj(:c,t)

:/ f(u)e\ufe_ta:|2+2e_tx.(ufe_tz)+\e_tw\2ef\u|2du

Cj(a.t)

< e<1+a_7-)2<1fe*2‘>+2(1+a]‘><17e*2t>%|e*tx\+|e*tx\2/ Flw)e "’ du
Cj(x,t)

but, | e~z —u |< (14 a;)(1 — e )2 and therefore,
|z —ul=|lz—elz+ez—ul<(l—e") 2| +(1+a;)(1— e_Qt)%.
Taking
Dj(w,t) = Bla, (1= ™) |2 | +(1 +a;)(1 = e7*)?),

we get

/ f(u)e_‘”lzdu < / f(u)e_lulzdu
Cj(z,t) Dj(z,t)

ei‘ﬂlgd’u _ M'Ydf(x)/ 67|u*w‘2+2w($7u)7‘w|2du
D]'(Z,t)

<M f(@) [

Dj (x,t)

< Mvdf($)€7|m‘2 / e~ lu—z?+2lz||z—ul g,
Dj(x,t)

< Mwf(x)e—Ix\2+2m((1—e*t)\x|+<1+aj><1—e*2f)%)/ e~ lu=al gy
Dj(z,t)

= wdf(x)eflwmz\w\((lfe—f)\w|+(1+aj><1fe—2f>%>/ o=l quw
Ej(wtt)

where E;(z,t) = B(0,(1 —e ") |z | +(1 +a;)(1 — e2)3).

1
Since 74 is a d—dimensional measure, and using that ¢ < Ik A %, we get
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IN

/ fwye " du Cabd,, f(z)e~ FHH2I 0= Dlal+ (e a—e 20 2)
Cj(w,t)
— — 1
x(L—e™) o] +(1+a;)(1 —e*)2)"
_CuM,, f(x)e PP e Dlal (e (e 2
d

x(1—e 31— [a|+(1+a;)(1+e")3)

(1# (—e"2H)2 2t)

|2 42 ) 42(1+4a;)

CdM"rd f(x)e

x(1—e 8 (w +(1+a)(1 +e—i)é> .

IN

t2

Therefore
(1+a]-)2(175—2t)+2(1+aj)7(17671%)% e 2tz|? 2
flu)du<e t2 / fwe ™ du
Cj(z,t) Cj(z,t)
1 . oty
(14a;)2(1—e=2)£2(14a;) A= 02 L g2 a2 0=t a1 4q,) U= 2T
<e ¢2 CaMs, f(x)e o2
1
_d (1—eH)2 el
x(1—e t)z((T) +(1+a;)(1+e t)2)d
1 _
(l+aj)2(1—67%)+4(1+aj)<1_C ;t)z +2(1—: ty pd
<e t2 (1—e")2

x <(1_:1_2t)2 + (1 +a)(1+ e‘t)5> Caly, f(z)

_1
< e(1+a]‘)2(176 2)+4(1+a]‘)\/§+2.(1 - )g(1+ (1+a])\/§)dCdef(x)’

—t

1—
since0<t<%and <l,14+et<2/ift>0.
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Thus,
1 a2
0 T R O
1
= CdM”f(m)m(He—t) 5(1—et)3
x i e_aﬁfle(lﬂj)Q(l_E%)+4(1+aj)\/§+2(1 )%(1 +(1+a;)v2)?
j=1
< Cally, f(a) 3 e re 0 B 140V,
T2 5

since 1 +e~* > 1. Now it is easy to see that

—af 1+ (140’ (1= %) +4(1+a,)V2+2
1

A4 4V2—e T — [—(2(1— e )+ 4V2) + e 25T,

which is negative for j sufficiently big, then

> e-a?—1+<1+%>2<1—e*%>+4<1+aj>ﬂ+2.(1 + (14 aj)V2)* < cc.
j=1

Thus u(y,t) < CqM,, f(z) and since (y,t) € I'P(z) is arbitrary

T f(x)= sup u(y,t) < CaMy, f(2).

(y,t)€TP (x)

O
Now we are ready to establish the convergence result for the Ornstein-Uhlenbeck
semigroup.

Theorem 1.2. The Ornstein-Uhlenbeck semigroup {T;f} converges in L'(v4) a.e
if t — 07, for any function f € L'(va),

lim+ u(z,t) = f(z), a.e.x (18)

t—0

Moreover, if u(y,t) = Ty f(y) then u(y,t) tends to f(x) non tangentially ,i.e.
lim T f(y) = f(z), a.e . (19)

(y,t)—a,(y,t) €Ty (z)

Proof. We have,

—lety—ul?

_ 1 ST
W= [ 1= fwn
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considering
Qf(z) = lim sup | uly,s) — f() ||,
a—0+ (y,s)el‘g(ac),0<s<a
and let us set f(x) = f(x)x (0,6 + f(@) — Xx0,k)) = f1(x) + f2(2), for k € N fix.
Let us prove that
Qf(z) < CaM,, f2(x), ae,
for |z |<k -1
Let us consider = a Lebesgue’s point for f € L*(y4), i.e. = verifies
1
limi/ fu) — f(z) | va(du) =0
) fo, 700 = 5@ [t
Then given € > 0 there exists 0 < § < 1 such that

1
B fo 10~ ) () <

_ ; _rl<
for 0 < r < ¢. Let us define g as g(u) = { g)‘(u) fl@) af Ju-z|<o Thus g

if |u—z|>6
depends on = and M,,g(x) < e.
On the other hand, since

uly,t) = f(z) = u' (y,t) = fi(@) +u’(y, 1) = fa(z)
where
—lety—ul?
F / e l—e?  f(udu i=1,2,
2 Jrd

ot 2
NI S
y7) fl(x)_ﬂ—%(l_e*%)% Rde (fl(u) fl(x))du
) ety —ul?
:W%ufefzt)%/‘ L R OB
ety

1 61_76—% () — 1 ().
/|| (Fi(w) = fi())d

T2 (1—e2t)%
Now we have that if |  |[< k—1 and (y,t) € T'h(z) with t < ﬁ A L. then
(y,t) € TP(x). Thus | u — z |< ¢ implies

lul=lu—z4+z|<lu—z|+|z|<d+k—-1<1+k—-1=k
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and then, fi(u) = f(u) A fi(z) = f(x). Therefore

. . — ety —ul
Tt et T 0= A
™ — e r—u|<
— ety —ul?
S — e 1=e™  (f(u)— f(x))du
7T% (1 — 672t)% Jlz—u|<8
) — ety —ul?
- - - 1—e2t d
g /uwe glu)du

< Tg(z) < CaMy,g(x) < Cae.

Now observe that if (y,t) € T'%(z) and tz < $ then, | u —x |> § implies § <|
u—z|<|u—y|+]|y— x| and thus

1 )
S<lu—yl+ly—zl|<u—y|+t2 <Ju—y[+5,

thus | uw —y [> $. Therefore,

—lefy—ul?
1 — =
| e T () - )
7T§(1 — 672t)5 lu—z|>8
) — ety —ul?
< d 4/ e l-e™ | f1(w) | du
T2 (1 — 672t) 2 Ju—z|>48
. — ety —ul?
+— 7 | fi(z) | e l—e® du
7T§(1 —67275)5 lu—z|>8
) — ety —ul?
< [ e T
77%(1 — e*Qt)% lu—y|>$
—lefy—ul?
1 T =2t
+—— | fi(2)] e 1l—e du.
W%(l — 6_2t)% lu—z|>8
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Now, we have

d
w2 (1 —e2)

d
w2 (1 — e 2t)

— ety —ul?
[ e Tl
)2 Jju—yl>$ IR
le 'y —u]
i e l1—e | fi(u)]|du
7 |u— y\>2 |u|<k
—lety—ul?
i e l1=e | f(u)]du
2 Ju—y|>$ ul<k
—lety—ul?
. e 1—e ) e du
2 J|u— y\>2 |u|<k
—lety—ul?

1
S
T2

Then for 0 < t < log(

—t

— 6—275)

4k + 20
4k + 0

4 (&
2

kQ/ ‘ e
lu—y|>$,u|<k
) §| u—y |> gal

—t

L—e2 | f(u) | e ™ du.

u |< k implies that

le7ty—u| = |Jety—etuteu—ul=le(y—u)—(u—etu)]
> e 'y—ul—|u—etul=e fy—ul—(1—-e")|u]
> eftéfk(lfeft): 7t<g+k)fk:,
4k + 26 s 4k + 6
but0<t<log<4k+§) and therefore e™" > 4k+257then,
(9 4k +6 (6 +2k
t - — —
e (2+k) K 4k+26( . ) K
4k 49
= — (2 —
10k 5 o) 2ROk
_ 4k+0o 4k +0-4k _ ¢
N 4 n 4 4
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Therefore | u —y |> g, | u |< k implies | e 'y —u |> g and thus

—lefy—ul?
— T
S — e 1= | fi(u)| du
W%(l *6_2'5)% \u7y|>%
(52

< e / e W | f(u) | e du
m2(l—e2)2 lu—y|>5 |u|<k

52 2
=y

a2 e 16(1—e
[ e = S

72(1— e 2t)%

8% g2
e 16(1—e—2t) Tk

Y 1
F%(1_6—2t)% | sYd

On the other hand, taking the change of variable s = u — ey, we have

—le'y—ul?

% | fl(x) | f‘u,g;|>5e T—e? du

—1s]2

d|f1(50)‘ . / eT_e—7t g
T2 (1 — 672t)§ lz—s—e~ty|>8

. _ 2
< < e s,
T2 (1 — eiQt)E le—s—e~ty|>5

since, f1(z) = f(z) as |z |[<k—1<k.

Thus taking 0 < ¢t < log (%) , |z —s—e "ty |> d implies
|s] = |s—a+eyta—etyl=ls—ately—(cty—a)|
> Js—a+ely|—|ety—al.
But
lety—a| = |ety—etoreta—al<e [y—a|+1—e)|a]

< e Miq(l—e ) (k—1).

|s—z+ety|—|ety—z| > 6—e_tt%—(1—e_t)(k—1)
0 e

> d—e if(kfl)(lfe )

O —t

= 67(k71)+(k7175)e ,
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120
k—1-6/2 . k—1-36/4
andas0<t<log<k_1_36/4),thene >k_1_6/2.Hence,
[s] > 6—(k—1)+(k—-1-35/2)e"
30/4

> 6—(k—1)+(k—1—5/2)T6/2
= 06— (k—1)4+k—1-235/4=6—235/4=

9
4’
B 5 1-6/2
I R [
Then | x —s—e y\>51mphes\s|>41f0<t<10g(k71735/4>.

Therefore, taking w = #,
1—e 2
—lety—ul?
1 / R ra—
B D — L—e™ | fi(u)|d
e 1(u) | du
%(1—6 2t)% \u7y|>%
—ls|?
< M/ 1= e 2 g
w2 (l—e2t)2 Jis|>$
_ Lﬂdﬁ)\ oIl gy
T2 |w|> L)
1—e—2t

Now since, | z |< k — 1 < k, thenfa(z) = 0. Hence
| u?(y,t) = fa(@) [=] u*(y, 1) |< T f2(x) < CaMy, fo(x)
for (y,t) € T?(x). Therefore,
luly,t) — f(z) |<]u'(y,t) = fi(@) | + | w?(y, 1) = fa(2) |
= ul(y,t) = fi(2) [ + ] u®(y.0) |

+k2

=75 N ol
< Caet Tl + L e  du
(17 )5 T2 [w]> e

44/1—e—2t
+CdM’Ydf2(x)7

if (y,t) € T4 (x) and

. 4k +25 k—1-6/2\ 1 1\
0<t<m1n{10g(4k+6),10g<m>,w/\1}—.a
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Thus taking supremum on (y,t) € I'’(z), 0 < t < a < a and then taking o — 07
we obtain,
Qf(z) < Ca(e + My, f2(x))

for all € > 0 and almost every = with | 2 |< k — 1.
Given € > 0, let us take k sufficiently large such that

I f2ll1.7a < Cae?,
then by the estimation of Q2 and the weak continuity of M,, we get
yi{z e R |z |[<k—1,Qf(z) > €e}) < e
and that implies that Qf(z) =0 a.e. O

A similar proof for the Poisson-Hermite semigroup, using the non-tangential
maximal function defined as

Pif(@)= sup | Pf(y)l, (20)

(y,t) €T~ (2)

and its analogous truncated version, should be possible but it has some technical
difficulties that we have been unable to overcome so far.

Let us now prove a general statement for families of linear operators that will
allow us to get a simpler proof of the non-tangential convergence, both for the
Ornstein-Uhlenbeck semigroup and also for the Poisson-Hermite semigroup. It is a
generalization of Theorem 2.2 of J. Duoandikoetxea’s book [1].

Theorem 1.3. Let {T;}+0 be a family of linear operators on LP(R?, 1) and for any
z € R?, let T(x) be a subset of RYT" such that x is in (I'(z))’, that is to say z is an
accumulation point of T'(x). Let us define

T" f(z) = sup{|Tef(y)| : (y,t) € D(2)},

for f € LP(R%, 1) and x € R If T* is weak (p,q) then the set

S= {f € L' (R, p) :

lim
(y,t)—=,(y,t) €l (x)

1.5 = () ac. |
is closed in LP(R%, p).

Proof. Let us consider a sequence (f,,) in S such that f, — f in LP(R%, 1), then

Tef(y) = (@) = [Tefu(y) = fn(@)] < |Te(f = fn)(y) = (F(2) = ful2))],

this implies that for each n € N, for almost every x,
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lim sup IT:f(y) — f(z)]

(y,t)—x,(y,t) €T ()
< limsup  [Ti(f = fa)(y) — (f(z) = fu(2))]

(y,t) =, (y,t)el(z)

< lim sup T (f — fn) ()]

(y,t) =z, (y,t) €T (z)

+  limsup  [f(z) = fu(2)]
(v.t)—a,(y,t) €T ()

T°(f = fo) @) + | f (@) = fu(2)].

On the other hand, if we know that a < b+ c then a > X implies b > 3 V¢ > 3.
Then, given A > 0 and n € N, limsup, ;). (y.1yer(w) [Tt f(y) — f(z)| > X implies

A

IN

T (f = fa)(x) > % VIf(x) = fulz)] > %a.e.

and this implies that, given A > 0,

j ({w : (y,t)—lfarcl,l(gs/}ig)el“(w) ITif(y) — f(x)] > /\}>
<u({o:m(-s1@>3})
wu({z:10@ - 1> 3})

< (B2 - 2+ Gl = £l )

for all n € N. Therefore,

wlsx: lim sup T f(y) — f(z)| > A
(y,t) =z, (y,t) €T (z)

and since this is true for all A > 0, we get that

ulx: lim sup |T: f(y) — f(z)| >0
(y,t) ==z, (y,t) €T (z)

as

{x ¢ limsup T f(y) — f2)] > 0}

(y,t)—=,(y,t) el (z)

= U {x: lim sup |T: f(y) — f(x)] > i}

n=1 (y,t)—z,(y,t) €T ()
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Thus
Tif(y) = f(x)a.e.

lim
(y,t)—x,(y,t)ET(x)

and then f € S. Therefore S is a closed set in LP(R?, ). O

Finally, as a consequence of this result, we get the non-tangential convergence
for the Ornstein-Uhlenbeck semigroup {7} }+>0 and the Poisson-Hermite semigroup
{P:}+>0.

Corollary 1.4. The Ornstein-Uhlenbeck semigroup {Ti}i>0 and the Poisson-Her-
mite semigroup {P;}+>o0 verify

lim Tif(y) = f(x)a.e. x,
(y,t)—z,(y,t)eTY (@) ®) @)

lim P f(y) = f(z)a.e.x.

(y,t)—z,(y,t) €T ()

Proof. Let us discuss the proof for the the Ornstein-Uhlenbeck semigroup {7} }+>o.
The proof for the Poisson-Hermite semigroup {P;}+>o is totally similar.

It is immediate that for any given polynomial f(z) = Y, _, Jk f(x), since Ti f (y)
To(Sr_o Ief(®) = X o€ ™ Juf(y), we have the non-tangential convergence,

lim Tif(y) = f(=),

(y,t)—=,(y,t) el (z)

for all 2 € R?. Now considering the set

S:{fGLP(’yd): lim T,gf(y):f(ac)a.e.}7
(y,t)—=,(y,t) €T ()

corresponding to the Ornstein-Uhlenbeck semigroup, then the polynomials are in S.

From the previous result, since non-tangential maximal function for the Ornstein-

Uhlenbeck semigroup 77 f is weak (1,1) with respect to the Gaussian measure, we

get that the set S is closed in LP(74) and since the polynomials are dense in LP(74)

then S = LP(yq). O
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