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ON THE APPROXIMATION NUMBERS

OF LARGE TOEPLITZ MATRICES
A. BOTTCHER*

Received: January 14, 1997

Communicated by Alfred K. Louis

ABSTRACT. The kth approximation number s,(f ) (A,) of a complex n x n
matrix A,, is defined as the distance of A,, to the n X n matrices of rank at
most n — k. The distance is measured in the matrix norm associated with
the {? norm (1 < p < oo) on C". In the case p = 2, the approximation
numbers coincide with the singular values.

We establish several properties of s,(f )(An) provided A, is the n x n trunca-
tion of an infinite Toeplitz matrix A and n is large. As n — oo, the behavior
of s,(f )(An) depends heavily on the Fredholm properties (and, in particular,
on the index) of A on [P.

This paper is also an introduction to the topic. It contains a concise history
of the problem and alternative proofs of the theorem by G. Heinig and F.
Hellinger as well as of the scalar-valued version of some recent results by S.
Roch and B. Silbermann concerning block Toeplitz matrices on 2.

1991 Mathematics Subject Classification: Primary 47B35; Secondary 15A09,
15A18, 15A60, 47A75, 47A58, 47N50, 65F35

1. INTRODUCTION

Throughout this paper we tacitly identify a complex n X n matrix with the operator
it induces on C". For 1 < p < oo, we denote by C}) the space C™ with the {” norm,

1/p
lally == (Joal? +-. .+ Jzal?)

and given a complex n X n matrix A,, we put

| Anllp = sup (1| Anally/ 1]l )- (1)
z#0

*Research supported by the Alfried Krupp Foérderpreis fiir junge Hochschullehrer of the Krupp
Foundation
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2 A. BOTTCHER

We let B(Cy) stand for the Banach algebra of all complex n x n matrices with the

norm (1). Forj € {0,1,...,n},let .7-';") be the collection of all complex n X n matrices
of rank at most j, i.e., let

.7:;") = {F € B(Cy) : dimIm F' < j}
The kth approximation number (k € {0,1,...,n}) of A, € B(C}) is defined as
st (An) = dist (An, F17,) 1= min { |4, = Full,  F € £, ). 2)
(note that F. ;") is a closed subset of B(C})). Clearly,

0= s (A) < s (Ay) < ... < 5P (A,) = [ Aplp-

It is easy to show (see Proposition 9.2) that

(») [ 1/I1A ], if A, s invertible,
si (An) = { 0 if A, isnot invertible. (3)
Notice also that in the case p = 2 the approximation numbers s§2)(An), cees 3512)(14”)

are just the singular values of A,, i.e., the eigenvalues of (A% A,)/2.

Let T be the complex unit circle and let a € L> := L*°(T). The n x n Toeplitz
matrix 7T),(a) generated by a is the matrix

Tn(a) := (aj-1)j k=1 (4)
where a; (I € Z) is the Ith Fourier coefficient of a,

27
1 . .
ap = — /a(eze)e_”edﬁ.

21
0

This paper is devoted to the limiting behavior of the numbers s,(cp ) (Th(a)) as n goes
to infinity.

Of course, the study of properties of T,,(a) as n — oo leads to the consideration
of the infinite Toeplitz matrix

T(a) := (aj-k)Fx=1-

The latter matrix induces a bounded operator on [ := [?(N) if (and only if) a € L*.
Acting with T'(a) on [P := [P(N) is connected with a multiplier problem in case p # 2.
We let M, stand for the set of all @ € L* for which T'(a) generates a bounded operator
on {P. The norm of this operator is denoted by ||T(a)||,. The function a is usually
referred to as the symbol of T'(a) and T, (a).

In this paper, we prove the following results.

THEOREM 1.1. If a € M), then for each k,

s (Tu(@) = [T (@), as n— oo.
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APPROXIMATION NUMBERS OF TOEPLITZ MATRICES 3

THEOREM 1.2. Ifa € M, and T(a) is not normally solvable on IP then for each k,
s,(cp) (Tn(a)) —0 as n — o0

Let Mgy := L*°. For p # 2, we define M, as the set of all functions a € L
which belong to Mj for all  in some open neighborhood of p (which may depend on
a). A well known result by Stechkin says that a € M, for all p € (1, 00) whenever
a € L and the total variation Vi (a) of a is finite and that in this case

I7@Il < Cy (llallos + Va(a) (5)

with some constant C), < oo (see, e.g., [5, Section 2.5(f)] for a proof). We denote by
PC the closed subalgebra of L constituted by all piecewise continuous functions.
Thus, a € PC if and only if a € L* and the one-sided limits

a(t +£0) := lim a(e'?*9)

e—010

exist for every t = ¢/ € T. By virtue of (5), the intersection PC'N M, contains all
piecewise continuous functions of finite total variation.

Throughout what follows we define ¢ € (1,00) by 1/p+ 1/g =1 and we put

[p,q] := [min{p, q}, max{p, q}|.

One can show that if a € M, then a € M, for all » € [p,q| (see, e.g., [5, Section
2.5(c))).

Here is the main result of this paper.

THEOREM 1.3. Let a be a function in PC N My, and suppose T'(a) is Fredholm of
the same index —k (€ Z) on I for all r € [p,q]. Then

lim sl(lfl) (Tn(a)) =0 and linrr_1>infs(p) (Tn(a)) > 0.

For p = 2, Theorems 1.2 and 1.3 are special cases of results by Roch and Silber-
mann [20], [21]. Since a Toeplitz operator on [? with a piecewise continuous symbol
is either Fredholm (of some index) or not normally solvable, Theorems 1.2 and 1.3
completely identify the approximation numbers (= singular values) which go to zero
in the case p = 2.

Now suppose p # 2. If a € C'N My, then T'(a) is again either Fredholm or
not normally solvable, and hence Theorems 1.2 and 1.3 are all we need to see which
approximation numbers converge to zero. In the case where a € PC'N M,y we have
three mutually excluding possibilities (see Section 3):

(i) T'(a) is Fredholm of the same index —k on " for all € [p, ¢l;

(if) T'(a) is not normally solvable on [? or not normally solvable on {9;

DOCUMENTA MATHEMATICA 2 (1997) 1-29



4 A. BOTTCHER

(iii) T'(a) is normally solvable on [P and 1% but not normally solvable on {" for some

r € (p,q):=[p,d \{p,q}-

In the case (i) we can apply Theorem 1.3. Since

5P (Tn(a)) = 5 (Tn(a)) (6)

(see (35)), Theorem 1.2 disposes of the case (ii). I have not been able to settle the
case (iii). My conjecture is as follows.

CONJECTURE 1.4. In the case (iii) we have
s,(cp) (Tn(a)) —0 as n — o0
for every fixed k.

The paper is organized as follows. Section 2 is an attempt at presenting a short
history of the topic. In Section 3 we assemble some results on Toeplitz operators
on [P which are needed to prove the three theorems stated above. Their proofs are
given in Sections 4 to 6. The intention of Sections 7 and 8 is to illustrate how
some simple constructions show a very easy way to understand the nature of the
Heinig/Hellinger and Roch/Silbermann results. Notice, however, that the approach
of Sections 7 and 8 cannot replace the methods of these authors. They developed some
sort, of high technology which enabled them to tackle the block case and more general
approximation methods, while in these two sections it is merely demonstrated that in
the scalar case (almost) all problems can be solved with the help of a few crowbars
(Theorems 7.1, 7.2, 7.4). Nevertheless, beginners will perhaps appreciate reading
Sections 7 and 8 before turning to the papers [13] and [25], [20].

2. BRIEF HISTORY

The history of the lowest approximation number s§p ) (T}, (a)) is the history of the finite
section method for Toeplitz operators: by virtue of (3), we have

s (Tu(@) = 0 = 1T (@)}, — oo.

We denote by @ (IP) the collection of all Fredholm operators of index k on IP. The
equivalence
limsup ||}, (a)]|, < 0o <= T(a) € ®o(IP) (7)
n—oo

was proved by Gohberg and Feldman [7] in two cases: if a € C'N M, (where C stands
for the continuous functions on T) or if p = 2 and a € PC. For a € PC N My, the
equivalence

p)s

limsup ||, (a)]|, < 0o <= T(a) € ®o(I") for all r € [p, q] (8)

n—oo
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APPROXIMATION NUMBERS OF TOEPLITZ MATRICES 5

holds. This was shown by Verbitsky and Krupnik [30] in the case where a has a single
jump, by Silbermann and the author [3] for symbols with finitely many jumps, and
finally by Silbermann [23] for symbols with a countable number of jumps. In the work
of many authors, including Ambartsumyan, Devinatz, Shinbrot, Widom, Silbermann,
it was pointed out that (7) is also true if

p=2 and a € (C+H®)U(C+ H®)UPQC

(see [4], [5]). Also notice that the implication “=" of (8) is valid for every a € M,
Treil [26] proved that there exist symbols a € M, = L™ such that T'(a) € ®o(I?)
but ||}, (a)]|2 is not uniformly bounded; concrete symbols with this property can be
found in the recent article [2, Section 7.7].

The Toeplitz matrices

1 n
hier= (=) hen
n Y j— k + v k=1
are the elementary building blocks of general Toeplitz matrices with piecewise contin-
uous symbols and have therefore been studied for some decades. The symbol is given
by

i6 iy ,—iv0
oy (e) = Sinﬂve””e “vlg e 0,2m).

This is a function in PC with a single jump at e? = 1. Tyrtyshnikov [27] focussed
attention on the singular values of T),(y.). He showed that

s§2) (Tn(gov)) =O0(1/n"=Y2) if y e R and |y| > 1/2
and that there are constants ¢y, ca € (0,00) such that

c1/logn < s§2) (Tn(gol/g)) < ¢/ logn.

Curiously, the case |y| < 1/2 was left as an open problem in [27], although from the
standard theory of Toeplitz operators with piecewise continuous symbols it is well
known that

T(p,) € ®o(I?) <= |Reny| < 1/2

(see, e.g., [7, Theorem IV.2.1] or [5, Proposition 6.24]), which together with (7) (for
p =2 and a € PC) implies that

lim inf s{* (Tn(%)) =0 if [Rey| >1/2 (9)
and
lin_1>infs§2) (Tn(gov)) >0 if [Rey| <1/2

(see [20]). A simple and well known argument (see the end of Section 3) shows that
in (9) the liminf can actually be replaced by lim.

Also notice that it was already in the seventies when Verbitsky and Krupnik [30]
proved that

lim sgp) (Tn(gov)) =0 < |Rev| > min{l/p,1/q}

n—oo
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6 A. BOTTCHER

(full proofs are also in [4, Proposition 3.11] and [5, Theorem 7.37; in part (iii) of
that theorem there is a misprint: the —1/p < Ref < 1/¢ must be replaced by

—1/qg <Ref <1/p]).

As far as I know, collective phenomena of s§p ) (Tn(a)),. .., sP) (T.(a)) have been
studied only for p = 2, and throughout the rest of this section we abbreviate

s (T(a)) to sx(T(a)).
In 1920, Szeg6 showed that if a € L*° is real-valued and F' is continuous on R,

then
27

LS P(selTui@)) = 5 [ P(late)) a0 (10)
k=1 0

In the eighties, Parter [15] and Avram [1] extended this result to arbitrary (complex-
valued) symbols a € L*°. Formula (10) implies that

{se(@u@)}

k=1

n

and {|a(62”k/")|} (11)

k=1

are equally distributed (see [9] and [29]).

Research into the asymptotic distribution of the singular values of Toeplitz ma-
trices was strongly motivated by a phenomenon discovered by C. Moler in the middle
of the eighties. Moler observed that almost all singular values of T, (1 /2) are concen-
trated in [r — &, ] where ¢ is very small. Formula (10) provides a way to understand
this phenomenon: letting F' =1 on [0, 7 — 2¢] and F =0 on [r — ¢, 7] and taking into
account that |¢; /2| = 1, one gets

%iF(Sk(Tn(@I/Q))) — % /F(l) do = F(1) =0,
k=1 /

which shows that the percentage of the singular values of T}, (¢1/2) which are located
in [0, 7 — 2¢] goes to zero as m increases to infinity.

Widom [32] was the first to establish a second order result on the asymptotics of
singular values. Under the assumption that

a € L™ and Z In||an|* < oo
neZ

and that F' € C3(R), he showed that

27

> F(Tu@) = 5= [ F(lal)E) b+ Bea) + o)

k=1 3

with some constant Er(a), and he gave an expression for Er(a). He also introduced
two limiting sets of the sets

R(Ta(@) 1= {s1(Tn(@)). . 50 (Tu(@) |

DOCUMENTA MATHEMATICA 2 (1997) 1-29



APPROXIMATION NUMBERS OF TOEPLITZ MATRICES 7

which, following the terminology of [19], are defined by

Apart (Z(Tn (a))) := {A € R: ) is partial limit of some sequence
{A\n} with A, € X(T,(a))},
Aunit (Z(Tn (a))) := {A€R: ) is the limit of some sequence

D} with A, € 2(Th(a))}.

It turned out that for large classes of symbols a we have

Apart (Z(Tn(a))) — Auit (Z(Tn(a))) — sp (T(E)T(a))l/ ’ (12)

where spA := {A € C: A — A is not invertible} denotes the spectrum of A (on
12) and @ is defined by @(e?) := a(e?). Note that T(@) is nothing but the adjoint
T*(a) of T(a). Widom [32] proved (12) under the hypothesis that a € PC or that a
is locally self-adjoint, while Silbermann [24] derived (12) for locally normal symbols.

Notice that symbols in PC or even in PQC' are locally normal.

In the nineties, Tyrtyshnikov [28], [29] succeeded in proving that the sets (11) are
equally distributed under the sole assumption that a € L? := L?(T). His approach
is based on the observation that if |4, — Bn||[r = o(n), where || - ||r stands for
the Frobenius (or Hilbert-Schmidt) norm, then A, and B, have equally distributed
singular values. The result mentioned can be shown by taking A, = T,(a) and
choosing appropriate circulants for B,,.

The development received a new impetus from Heinig and Hellinger’s 1994 paper
[13]. They considered normally solvable Toeplitz operators on /% and studied the
problem whether the Moore-Penrose inverses of T, (a) of T, (a) converge strongly on
12 to the Moore-Penrose inverse T+ (a) of T'(a). Recall that the Moore-Penrose inverse
of a normally solvable Hilbert space operator A is the (uniquely determined) operator
AT satisfying

AATA=A, ATAAT = AT, (ATA)" = ATA, (AAT)* = AAT.

If a € C, then T'(a) is normally solvable on {2 if and only if a(t) # 0 for all ¢ € T.
When writing 7,7 (a) — T (a), we actually mean that 7.5 (a)P,, — T (a), where P,
is the projection defined by

P, : {x1,x0,23,...} — {x1,22,...,2,,0,0,...}. (13)

It is not difficult to verify that 7,7 (a) — T (a) strongly on [? if and only if T'(a) is
normally solvable and
lim sup || T, (a) |2 < occ. (14)
n—oo

Heinig and Hellinger investigated normally solvable Toeplitz operators T'(a) with
symbols in the Wiener algebra W,

aeW = |a|lw:= Z lan| < oo,
neZ

and they showed that then (14) is satisfied if and only if there is an ng > 1 such that

KerT(a) C Im P,, and KerT(a) C Im P,,, (15)
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8 A. BOTTCHER

where Ker A := {z € I? : Az =0} and Im A := {Az : = € [?}. (This formulation of
the Heinig-Hellinger result is due to Silbermann [25].) Conditions (15) are obviously
met if T'(a) is invertible, in which case even ||T,;!(a)|2 is uniformly bounded. The
really interesting case is the one in which T'(a) is not invertible, and in that case (15)
and thus (14) are highly instable. For example, if a is a rational function (without
poles on T) and A € spT(a), then

limsup || T (@ — A)[|2 < oo (16)
n—oo

can only hold if A belongs to spT;,(a) for all sufficiently large n. Consequently, (16)
implies that A lies in Aunir(sp Tn(a)), and the latter set is extremely “thin”: it is
contained in a finite union of analytic arcs (see [22] and [6]).

What has Moore-Penrose invertibility to do with singular values ? The answer
is as follows: if A,, € B(C%) and si(A,,) is the smallest nonzero singular value of A,,
then
A ll2 = 1/sk(An).
Thus, (14) holds exactly if there exists a d > 0 such that
%(Tn(a)) € {0} U[d; o0) (17)

for all sufficiently large n.

Now Silbermann enters the scene. He replaced the Heinig-Hellinger problem by
another one. Namely, given T'(a), is there a sequence {B,} of operators B,, € B(C})
with the following properties: there exists a bounded operator B on [? such that

B, — B and B} — B* strongly on I°
and

T (a)Bn T (a) — Th(a)|l2 = 0, ||BnTn(a)B, — Bnll2 — 0,
H(BnTn(a))* - BnTn(a)HQ — 0, H(Tn(a)Bn)* - Tn(a)BnHQ —07

Such a sequence {B,} is referred to as an asymptotic Moore-Penrose inverse of T'(a).
In view of the (instable) conditions (15), the following result by Silbermann [25] is
surprising: if a € PC and T'(a) is normally solvable, then T'(a) always has an asymp-
totic Moore-Penrose inverse. And what is the concern of this result with singular
values 7 One can easily show T'(a) has an asymptotic Moore-Penrose inverse if and
only if there is a sequence ¢, — 0 and a number d > 0 such that

Y(Tw(a)) C [0, ¢, U d, 00). (18)

One says that X(T},(a)) has the splitting property if (18) holds with ¢, — 0 and d > 0.
Thus, Silbermann’s result implies that if a € PC and T'(a) is normally solvable on I2,
then (T, (a)) has the splitting property.

Ounly recently, Roch and Silbermann [20], [21] were able to prove even much
more. The sets ¥(T,,(a)) are said to have the k-splitting property, where k > 0 is an
integer, if (18) is true for some sequence ¢, — 0 and some d > 0 and, in addition,
exactly k singular values lie in [0, ¢,] and n — k singular values are located in [d, o)
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APPROXIMATION NUMBERS OF TOEPLITZ MATRICES 9

(here multiplicities are taken into account). Equivalently, (T}, (a)) has the k-splitting
property if and only if

lim s;(T,(a)) =0 and liminfski1(7T(a)) > 0. (19)

A mnormally solvable Toeplitz operator T'(a) on [? with a symbol a € PC is

automatically Fredholm and therefore has some index k € Z. Roch and Silbermann

[20], [21] discovered that then (T}, (a)) has the |k|-splitting property. In other words,

if a € PC and T'(a) € ®1(1?) then (19) holds with k replaced by |k|. Notice that this
Theorem 1.3 for p = 2.

In fact, it was the Roch and Silbermann papers [20], [21] which stimulated me
to do some thinking about singular values. It was the feeling that the |k|-splitting
property must have its root in the possibility of “ignoring |k| dimensions” which led
me to the observation that none of the works cited in this section makes use of the fact
that s (A,) may alternatively be defined by (2), i.e. that singular values may also be
viewed as approximation numbers. I then realized that some basic phenomena of [20]
and [21] can be very easily understood by having recourse to (2) and that, moreover,
using (2) is a good way to pass from [? and C*-algebras to [P and Banach algebras.

3. TOEPLITZ OPERATORS ON [P

We henceforth always assume that 1 <p < co and 1/p+1/¢ = 1.

Let M, and My, be as in Section 1. The set M, can be shown to be a Banach
algebra with pointwise algebraic operations and the norm ||a||rs, = ||T(a)|p. It is
also well known that

M, = M, C My = L™
and
lallar, = llallaz, = llallas, = llalleo (20)
(see, e.g., [5, Section 2.5]). We remark that working with M, instead of M), is caused
by the need of somehow reversing the estimate in (20). Suppose, for instance, p > 2
and a € My,). Then a € M. for some € > 0, and the Riesz-Thorin interpolation
theorem gives
- 1—
lalla, <llalli, lallpie = llallZ lalla, . (21)
with some v € (0, 1) depending only on p and €. The ||al[as,,. on the right of (21) may
in turn be estimated by Cp(]|allco + Vi(a)) (recall Stechkin’s inequality (5)) provided
a has bounded total variation.
A bounded linear operator A on [P is said to be normally solvable if its range,

Im A, is a closed subset of [P. The operator A is called Fredholm if it is normally
solvable and the spaces

KerA:={z€l?: Az =0} and Coker A:=1["/ImA
have finite dimensions. In that case the index Ind A is defined as

Ind A := dim Ker A — dim Coker A.
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10 A. BOTTCHER

We denote by ®(I?) the collection of all Fredholm operators on [P and by ®(I?) the
operators in ®(I?) whose index is k. The following four theorems are well known.
Comments are at the end of this section.

THEOREM 3.1. Let a € M,.

(a) If a does not vanish identically, then the kernel of T'(a) on P or the kernel of T'(a)
on 19 is trivial.

(b) The operator T(a) is invertible on 1P if and only if T(a) € o(IP).
Of course, part (b) is a simple consequence of part (a).

THEOREM 3.2. Let a € C N My,y. Then T(a) is normally solvable on IP if and only
if a(t) # 0 for all t € T. In that case T(a) € ®(IP) and

IndT(a) = —wind a,

where wind a is the winding number of a about the origin.

Now let a € PC, t € T, and suppose a(t —0) # a(t + 0). We denote by
Ap(a(t = 0),a(t +0))

the circular arc at the points of which the line segment [a(t—0), a(t+0)] is seen at the
angle max{2w/p, 27 /q} and which lies on the right of the straight line passing first
a(t — 0) and then a(t +0) if 1 < p < 2 and on the left of this line if 2 < p < co. For
p =2, Ay, (a(t—0), a(t+0)) is nothing but the line segment [a(t—0), a(t+0)] itself. Let
af denote the closed, continuous, and naturally oriented curve which results from the
(essential) range R(a) of a by filling in the arcs Ay(a(t —0), a(t + 0)) for each jump.
In case this curve does not pass through the origin, we let wind a# be its winding
number.

THEOREM 3.3. Let a € PCN My,y. Then T(a) is normally solvable on IP if and only
if 0 & aff. In that case T(a) € ®(I7) and

IndT(a) = —wind af.

For a € PC and t € T, put

o, (a(t —0), alt + 0)) = A (a(t —0), alt + 0)). (22)

r€[p,q]

If a(t — 0) # a(t 4+ 0) and p # 2, then Op(a(t —0),a(t 4 0)) is a certain lentiform set.
Also for a € PC, let
# #
Up,g) *= U -

r€[p,q]
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Thus, ai g results from R(a) by filling in the sets (22) between the endpoints of the

jumps. If 0 € ai a’ then necessarily 0 ¢ a# and we define wind ai g 3 wind a# in
this case.

From Theorem 3.3 we deduce that the conditions (i) to (iii) of Section 1 are
equivalent to the following:

iy 0¢& o and winda? | = k;
[p,d] [p,q]
(ii") 0 € aff Ual;
(ii’) 0 € anq] \ (af Ua¥).

For a € M,, let T, (a) € B(C}) be the operator given by the matrix (4). One
says that the sequence {T},(a)} := {T,,(a)}>2, is stable if

limsup ||, *(a)]|, < oo.
n—oo

Here we follow the practice of putting
HTn_l(a)Hp = oo if Ty, (a) is not invertible.

In other words, {7, (a)} is stable if and only if T, (a) is invertible for all n > ny and
there exists a constant M < oo such that ||7);!(a)||, < M for all n > ng. From (3)
we infer that

{T,,(a)} is stable <= liminfs{” (T, (a)) > 0.

n—oo

THEOREM 3.4. (a) If a € C'N My, then
{T(a)} is stable < 0¢ a(T) and winda = 0.
(b) If a € PC' N My, then

{T,(a)} is stable < 0 ¢ aFZq] and windaiq] =0.

As already said, these theorems are well known. Theorem 3.1 is due to Coburn
(p = 2) and Duduchava (p # 2), Theorem 3.2 is Gohberg and Feldman’s, Theorem
3.3 is the result of many authors in the case p = 2 and was established by Duduchava
for p # 2, Theorem 3.4 goes back to Gohberg and Feldman for a € C'N M, (general
p) and a € PC (p = 2), and it was obtained in the work of Verbitsky, Krupnik,
Silbermann, and the author for a € PC'N M,y and p # 2. Precise historical remarks
and full proofs are in [5].

Part (a) of Theorem 3.4 is clearly a special case of part (b). In fact, Theo-
rem 3.4(b) may also be stated as follows: {T},(a)} contains a stable subsequence
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12 A. BOTTCHER

{T,(a)} (n; — oo) if and only if 0 ¢ aFZ
the conclusion that if a € PC'N M

and winda? , = 0. Hence, we arrive at
al [p.a]

), then

s (Tu(a)) — 0
<= {T,(a)} is stable

—0¢ a?ﬁ ] or (0 & anq] and Windaim =+ 0).

p,q

At this point the question of whether the lowest approximation number of T, (a) goes
to zero or not is completely disposed of for symbols a € PC' N M.

4. PROOF OF THEOREM 1.1.

Contrary to what we want, let us assume that there is a ¢ < [|T(a)||, such
that sfflk(Tn(a)) < ¢ for all n in some infinite set A. Since sfflk(Tn(a)) =

dist (Tn(a),]:,g")), we can find F,, € f,g") (n € N) so that || T,(a) — Fy||, < ¢. For
x=(x1,...,2n) and y = (y1,...,Yn), we define

By [16, Lemma B.4.11], there exist eg.") € Cp, f;") € Cp, 7J(.") € C such that
k
Fa= Yo" (2. £")ef” (z € Cp),
j=1

e 1, = 1, [1£]ly = 1, and

] <N Fallp < 1T (@)lp + |1 Fn — Tn(@)lp < [IT(@)]l, + ¢ (24)

for all j € {1,...,k}.
Fix z € C},y € C and suppose [|z|, =1, [lyll; = 1. We then have

(Tu(@a,y) - 5ol (2. £7) (") | < ITu(@) = Fallp <. (25)
j=1

Clearly, (Tn(a)z,y) = (T(a)z,y). From (24) and the Bolzano-Weierstrass theorem we

infer that the sequence {(7§"), cee, 'y,(cn))}ne A has a converging subsequence. Without

loss of generality suppose the sequence itself converges, i.e.
(%"),---,712")) = (71, ) € CF

as n € N goes to infinity. The vectors eg.") and f;") all belong to the unit sphere
of P and 19, respectively. Hence, by the Banach-Alaoglu theorem (see, e.g., [18,

Theorem IV.21]), {eg.")}ne ~ and { f;")}ne A~ have subsequences converging in the
weak *-topology. Again we may without loss of generality assume that

el = e;elr, M f e
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in the weak x-topology as n € N goes to infinity.

From (25) we now obtain that if z € [ and y € 19 have finite support and
[zl =1, [[yllg =1, then

(T@s) —ivjw,fj)(ej,y) <

This implies that
[T(a) = Fll, < c (26)
where F' is the finite-rank operator given by
k
Fz .= Z7j(a:,fj)ej (a?E lp) (27)
j=1

Let ||T(a)||***) denote the essential norm of T'(a) on I?, i.e. the distance of T'(a) to
the compact operators on [P. By (26) and (27),

IT(@)I5>) < |IT(a) = Fll, < ¢ < |T(a)]lp-
However, one always has HT(a)H;eSS) = |T(a)||p (see, e.g., [5, Proposition 4.4(d)]).

This contradiction completes the proof.

5. PROOF OF THEOREM 1.2.
We will employ the following two results.

THEOREM 5.1. Let A be a bounded linear operator on IP.

(a) The operator A is normally solvable on I? if and only if

ka:= sup  dist(z,KerA) < oo.

z€l?, ||lz||p=1

(b) If M is a closed subspace of IP and dim (I°P/M) < oo, then the normal solv-
ability of A|JM : M — [P is equivalent to the normal solvability of A : [P — [P,

A proof is in [8, pp. 159-160]. i

THEOREM 5.2. If M is a k-dimensional subspace of C, then there exists a projection
II: Cp — Cp such that ImIl = M and |||, < k.

This is a special case of [16, Lemma B.4.9]. i

Theorem 1.2 is trivial in case a vanishes identically. So suppose a € M, \ {0} and
T(a) is not normally solvable on . Then the adjoint operator T'(a@) is not normally
solvable on 9. By Theorem 3.1(a), KerT'(a) = {0} on {? or KerT'(a) = {0} on 9.
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14 A. BOTTCHER

Since s,(cp) (Th(a)) = s,(cq) (T.(@)), we may a priori assume that Ker T'(a) = {0} on IP.
Abbreviate T'(a) and Ty, (a) to A and A,,, respectively.

Define P, on [P by (13) and let
V=1 =P {x1,20,23,...} = {0,21,22,23,...}.

As Alm V™ : Im V"™ — [P has the same matrix as AV™ : [? — [P, we deduce from
Theorem 5.1(b) that there is no n > 0 such that AV™ is normally solvable. Note that
Ker (AV™) = {0} for all n > 0.

Let IP(n1,n2] denote the sequences {;}32, € [P which are supported in (n1, na],
i.e., for which x; = 0 whenever j <n; or j > no.

LEMMA 5.3. There are 0 = Ng < Ny < Na < ... and z; € IP(N,;_1,N;] (j > 1) such
that
Izillp =1 and ||Az|l, = 0 as j — oo.

Proof. By Theorem 5.1(a), there is a y; € [P such that ||y1], = 2 and [|[Ap| <
1/2. If Ny is large enough, then ||Pn,y1llp > 1 and ||APn,y1]lp < 1. Letting 21 :=
PNl’yl/HPleal we get

21 €P(0, N, |zl =1, [|Azlp < 1.

Applying Theorem 5.1(a) to the operator AV | we see that there is an yo € I[P
such that ||ys||, = 2 and ||AVNys||, < 1/4. For sufficiently large No > N; we have
|| Pn, V™o, > 1 and ||APN, VMys|, < 1/2. Setting

22 1= Pr, VN /|| P, Vs |,
we therefore obtain
23 €P(N1, Na, |22l =1, [|Azelp <1/2.
Continuing in this way we find z; satisfying
zj € P(Nj—1, Njl, lzllp =1, (A2l <1/j. O

Contrary to the assertion of Theorem 1.2, let us assume that there exist £ > 1
and d > 0 such that s,(cp )(An) > d for infinitely many n. We may without loss of
generality assume that

s,(cp)(An) > d for all n > ng. (28)

Let £ > 0 be any number such that
2ek? < d. (29)
Choose z; as in Lemma 5.3. Obviously, there are sufficiently large j and N such that

IPyall, >1/2, |APyall, < for 1€ {j+1,...,j+k}. (30)
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Since Pyz; € IP(Nj—1,1], it is clear that Pyzjt1,..., Pnzj+i are linearly indepen-
dent. Now let n > N. By Theorem 5.2, there is a projection II,, of C; onto
span{Pnzji1, ..., Pnzjyi} for which ||[IL, |, < k. Let I,, stand for the identity oper-
ator on Cj. The space Im (I, — II,,) = KerII,, has the dimension n — k and hence,

I, —1I, € ‘7:7(1"—)1@' Every z € C} can be uniquely written in the form
z=nPnzjt1 + ...+ Pnzjpr +w with w € KerIL,.
Thus,

|Anz — An (L — Hn)pr = HAanpr
= M1 An(Pnzj41) + .o+ An(Przjse)llp < Imle+. . 4 wle,  (31)

the estimate resulting from (30). Taking into account that the sequences Pyz; have
pairwise disjoint supports, we obtain from (30) that

I, = [y Pnzjs1 + -+ Przjenll?
p
= Pl Pvzjallh + -+ [P Przjkllb

> (1/27 (Il + .+ Pwl?) 2 (1/2)F max . (32)
Combining (31) and (32) we get
[Anz — An(In — In)z|, < ek [ hax, [ym | < 2ek||[ |, < 25k2|‘$”p>

whence 5 (A,,) = dist (A, F\,) < | An — An(I —1I1,) ||, < 2¢k2. By virtue of (29),
this contradicts (28) and completes the proof.

6. PROOF OF THEOREM 1.3.

The Hankel operator on [? induced by a function a € M, is given by the matrix
H(a) = (aj4k-1)k=1-
For a € M, define @ € M, by a(e?) := a(e~%). Clearly,
H(a) = (a—j—k+1)fk:1-
It is well known and easily seen that
T(ab) = T(a)T(b) + H(a)H(b) (33)
for every a,b € M,. A finite section analogue of formula (33) reads
T, (ab) = T}, ()T, (b) + Py H(a)H (b) P, + W, H(a)H (b)W,, (34)
where P, is as in (13) and W, is defined by

W {x1, 22, 23,...} = {&n, Tpn-1,...,21,0,0,.. .}.
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16 A. BOTTCHER

The identity (34) first appeared in Widom’s paper [31], a proof is also in [4, Proposi-
tion 3.6] and [5, Proposition 7.7].

We remark that T,(@) is the transposed matrix of T),(a) and that the identity
T,.(a) = W, T, (a)W,, holds. In particular, we have

0 (Tu(@) = min{[[Tu(a) = Failly: Paoi € F7 }
= min {|[7(@) ~ Gu-illp: Guos € F, |
= min {|[Wo(T0(@) = Got) Wallp : Gor € F }
— win {[|Ta(0) = Huily : Hoor € 700, )

= 5 (Tu() (33)
(note also that W, is an invertible isometry on C}).

To prove Theorem 1.3, we need the following two (well known) lemmas.

LemMA 6.1. If A, B,C € B(C}) then
sy (ABC) < || Ally s (B)IIC]l, for all k.

(p) )

This follows easily from the definition of s o

LEMMA 6.2. Ifb € M, and {T,,(b)} is stable on IP, then T(b) is invertible on IP and
T, 1(b) := T, 1(b) P,) converges strongly on IP to T—1(b).

n n

This is obvious from the estimates

1T 0) Py — T Byl

<N O)lp 1Py = T (0) P T~ (0)yllp + [P T (b)y — T~ (0)yllp,
Il < timinf |75 (5) |, [T @l [1€]s < imin [T Gl [ TG

O

We now establish two propositions which easily imply Theorem 1.3.

Define xx by xx(€?) = €*?. Using Theorem 3.1(b) and formula (33) one can

readily see that if a € M, then T'(a) € ®_,(I?) if and only if a = by, and T'(b) is
invertible on [P.

PROPOSTION 6.3. Ifb € M, and {T,(b)} is stable on I? then for every k € Z,

hmmfsl(kl)-l-l( n(ka)) > 0.

Proof. We can assume that k > 0, since otherwise we may pass to adjoints. Because
|7 (x=&)|lp = 1, we obtain from Lemma 6.1 that

st (Ta(bxa) ) = s (T (o) ) 1T (x-)

> s (Ta0x) TaOx-4)) = 52 (Ta(0) = PaH (i) HO )P ),
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the latter equality resulting from (34) and the identities H(Yx—r) = H(xx) and
H(x-r) =0. As dimIm H(xx) = k, we get that Fy := P,H (bxr)H (xr)Pn € .7:,2"),
whence

s (Ta ) — B

inf {[| 7 () = Fi — Gut1llp - G € F4 )
inf {7 (6) = Huollp : Huot € Fi = o7 (T(0)).

Since {T},(b)} is stable, we infer from (3) that

Y

hmlnfs,(c_i_l( n(bxr)) > 1m1nfs(p)( T,(b)) > 0.0

n— n—oo

PROPOSITION 6.4. If b€ M, and {T,(b)} is stable on IP then for every k € Z,

lim Sl(lfl) (T (bxx)) = 0.

n—oo

Proof. Again we may without loss of generality assume that k£ > 0. Using (34) and
Lemma 6.1 we get

s (Ta) = s (Tu () Ta(b) + PuH () H ()P

1705 (T 0ck) + PuH G0 ) HE) PAT, (1) ).

IN

Put A, := T (xx) + PoH (x%)H(b) P, T; ' (b). We have

* Cn\ [ * 0 0 Cyp \ .
= (e § )= (e 0) (0 § )= mrnn

the blocks being of size k X (n —k), k x k, (n—k) x (n—k), (n— k) X k, respectively.
Clearly, B,, has rank n — k and thus B,, € fén_)k. It follows that

s (A,) = sV (An — By) = s(Dn) < | Dally = [|Callps

and we are left with showing that ||Cy||, — 0.

Let b, (n € Z) be the Fourier coefficients of b, let e; € I? be the sequence whose

only nonzero entry is a unit at the jth position, and recall the notation (23). We have

Cn = ( ;’;))JZ 1, and it is easily seen that c(")

the (n — k + [)th column of T,;1(b):

equals (b_g4j_1,...,b_ktj_n) times

SV = (bopjo1- - borign) Ty (0) Pren ki1 = (P Fiks T H(0) Pren— k+l)
where
fik = {b—k+j—1, boktj—2, boktj-3 } = T(x-+j-1)T(b)er € 1.
Consequently,
05'7) = (T_I(B)Pnfjm en—k-i—l)

= (17" @ enrn) + (T O Pufi = T O) e enir). (36)
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18 A. BOTTCHER

The first term on the right of (36) obviously converges to zero as n — oo. The second
term of (36) is at most

1T (0) P = T~ (0) fiellq (37)
(note that ||le,_g41]l, = 1). Our assumptions imply that {T5,(b)} is stable on 9. We
so deduce from Lemma 6.2 that (37) tends to zero as n — oo.

Thus, each entry of the k x k matrix C,, approaches zero as n — oo. This implies
that ||Cyll, — 0. i

Now let a be as in Theorem 1.3. Since T'(a) € ®_,(I") for all r € [p, q], we have
a = by where T'(b) € ®o(I") for all r € [p,q]. From Theorems 3.3 and 3.4(b) we
conclude that {T},(b)} is stable on [P. The assertions of Theorem 1.3 therefore follows
from Propositions 6.3 and 6.4.

We remark that Propositions 6.3 and 6.4 actually yield more than Theorem 1.3.
Namely, let IT) denote the collection of all symbols b € M,, for which {T;,(b)} is stable
on [P and let II, be the set of all symbols a € M, such that ax_x € Hg for some
k € Z. Notice that

m,=1,c J I
r€[p,q]
and
G(C+ H®)UG(C+ H®)UG(PQC) CIly # L*,
where G(B) stands for the invertible elements of a unital Banach algebra B. The
following corollary is immediate from Propositions 6.3 and 6.4.

COROLLARY 6.5. Ifa € II, and T'(a) € ®x(IP) then

SO(Ty(0)) i= {50 (Tu(@)), ..., 5P (Tu(a)) }

has the |k|-splitting property. O

We also note that the proof of Proposition 6.4 gives estimates for the speed of

convergence of sP) T, (bxx)) to zero. For example, if n|*|b,| < oo (u>0),
|k] neZ

then the finite section method is applicable to T'(b) on the space [?# of all sequences
x = {x,}2; such that

|

oo 1/2
2,p = <Zn2u|$n|2> < 00
n=1

whenever T'(b) is invertible (see [17, pp. 106-107] or [5, Theorem 7.25]). Since

len—k-ill2,~p = (n =k +1)7* =0(n™"),

the proof of Proposition 6.4 implies the following result.

COROLLARY 6.6. If > 7 |n|t|an| < co for some u >0 and T'(a) € (IP) then

Sl(lfl) (Th(a)) =0(n™") as n — c0.O
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7. REMARKS ON THE HILBERT SPACE CASE

Some aspects of the asymptotic behavior of the approximation numbers (= singular
values) of matrices in B(C%) can be very easily understood by having recourse to the
following well known fact (the “singular value decomposition”).

THEOREM 7.1. If A,, € B(C}) then there exist unitary matrices Uy, Vy, € B(C%) such
that A,, = U, S, V,, where

S, = diag (sl(An), cee sn(An)) m

Here and throughout this section we abbreviate s,(f)(An) to sk(An).

To illustrate the usefulness of Theorem 7.1, we give another proof of Theorem
1.2 for p = 2. We still need the following result.

THEOREM 7.2. A bounded linear Hilbert space operator A is normally solvable if and
only if there is a d > 0 such that

sp (A*A) C {0} U [d, ).

For a proof see [10], [11], [20]. O

THEOREM 7.3. Let a € L™ and suppose T(a) is not normally solvable on 2. Then
sk(Th(a)) = 0 as n — oo for each k > 1.

Proof. Assume there is a k > 1 such that s(T,,(a)) does not converge to zero. Let
ko be the smallest k with this property. Then there are ny < ny < ...and d > 0 such
that

ko (Tn, (@) > d and si(T,,(a)) — 0 for k < k. (38)

To simplify notation, let us assume that n; = j for all j.

Write T, (a) = U, S, V,, as in Theorem 7.1. If A & {0} U [d? o0), then (38) implies
that S2 — A1, is invertible for all sufficiently large n, say for n > ng, and that

1S5 = ALn) M2 < M)
with some M () < oo independent of n. Because
T (a)Ty(a) — M, =V, (S% — AL, Vi,
it follows that T7*(a)T},(a) — AI, is invertible for n > ng and that

(T (a)Tu(a) = L) |2 < M(N).
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Consequently, for every x € 12 we have
I(T*(@)T (@) = AD)all> = (1/M () lle]|2,
which implies that T*(a)T(a) — M is invertible. Thus,

sp (T*(a)T(a)) c {0} U [d?, 00),
and Theorem 7.2 shows that T'(a) must be normally solvable. O

Things are more transparent by invoking a few (harmless) C*-algebras. Let S
denote the C*-algebra of all sequences {A,} := {4,}32, of operators A4,, € B(C%)
such that

{An}] = sup [|4nl> < oo,

and let S. be the C*-algebra of all {A4,,} € S for which there exists a bounded linear
operator A on [? such that A, — A and A — A* strongly. Finally, let C stand for
the sequences {A,} € S for which ||A,||2 — 0. Clearly, C is a closed two-sided ideal
in both § and S..

Obviously, a sequence {A,} € S is stable if and only if {A,} + C is invertible in
§/C. Following [25] and [20], we call a sequence {A,} € S a Moore-Penrose sequence
if there exists a sequence {B,} € S such that

{4, B, A, - A,} €C, {B,A,B,—B,}€C, (39)
{(BnAn)* - BnAn} ec, {(Aan)* - Aan} ec. (40)

An element a of a unital C*-algebra A is said to be Moore-Penrose invertible if there
is an element a* € A such that

aata=a, ataat =a™, (aTa)* =ava, (aa™)* =aa™.

Thus, {4,} € S is a Moore-Penrose sequence if and only if { 4,, } +C is Moore-Penrose
invertible in S/C.
The following result is again from [10], [11], [20].

THEOREM 7.4. Let A be a unital C*-algebra. An element a € A is Moore-Penrose
invertible in A if and only if there is a d > 0 such that sp (a*a) C {0} U[d,00). O

The next theorem is Roch and Silbermann’s [20]. The proof given here is different
from theirs.

THEOREM 7.5. A sequence {A,} € S is a Moore-Penrose sequence if and only if

(An) = {51(4n), -, 50 (An)}

has the splitting property.
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Proof. Write A,, = U, S, V,, as in Theorem 7.1. We have

|AnBnA, — Anll2 = 0
<= | UnSnVa BnUnSn Vi — UnSn Vi |2 = 0
<= |Sn(Veu BrUp ) S, — Snll2 — 0,

and since analogous equivalences hold for the remaining three sequences in (39) and
(40), we arrive at the conclusion that {A,} is a Moore-Penrose sequence if and only
if {S,} 4 C is Moore-Penrose invertible in §/C. By Theorem 7.4, this is equivalent to
the condition

sPs/c ({S’Z} +C) c {0} U [d? 00) for some d > 0. (41)

Let D C S denote the sequences {A,} constituted by diagonal matrices A,,. From
the elementary theory of C*-algebras we get

sps/c (152} +C) = b prey ({821 + DN C). (42)
Consider the infinite diagonal matrix
diag (S, 52,...) = diag (o1, 02, 03, - - -)

(here S,, € B(C%) and g, € C). Obviously, the spectrum on the right of (42)
coincides with the set P{ o, } of the partial limits of the sequence { gy, }. Consequently,
(41) holds if and only if

P{om} C {0} U [d? o0) for some d > 0,

which is easily seen to be equivalent to the splitting property of X(A4,,). O

Also as in [20], we call a sequence {A,} € S an exact Moore-Penrose sequence if
{A;'} belongs to S; here A} € B(CY) is the Moore-Penrose inverse of A,,.

PROPOSITION 7.6. Let {A,} be a sequence in S. and let A be the strong limit of A,.
Then the following are equivalent:

(i) A} is strongly convergent;
(i) A is normally solvable and A} — A™ strongly;

(iii) A is normally solvable and {A,} is an exact Moore-Penrose sequence.

The simple proof is omitted. ]
The following theorem was by means of different methods established in [20].

THEOREM 7.7. A sequence {A,} € S is an exact Moore-Penrose sequence if and only
if there is a d > 0 such that

Y(A,) Cc {0} U[d,00) for all n > 1. (43)

DOCUMENTA MATHEMATICA 2 (1997) 1-29



22 A. BOTTCHER

Proof. As in the proof of Theorem 7.5 we see that {A,} is an exact Moore-Penrose
sequence if and only if {S,,} enjoys this property. Write

diag (51, S2, . ..) = diag (u1, p2, 3, - - -)

(where again S, € B(C%") and p,, € C) and define f : [0, 00) — [0, 00) by

zbif >0
f(”“")'_{ 0 if z=0.

Since

diag (S, Sy, ...) = diag (f(ﬂl))f(ﬂ2)>f(ﬂ3)> . )

we conclude that {S;'} € S if and only if {f(um)} is a bounded sequence, which is
equivalent to (43). O

Now let A,, = Ty, (a) with a € L. If {T},(a)} is a Moore-Penrose sequence, then
T'(a) must obviously be normally solvable. Thus, from Theorem 3.3 (for p = 2) and
Theorem 1.3 (for p = 2) we deduce that if a € PC, then {T},(a)} is a Moore-Penrose
sequence if and only if T'(a) is Fredholm.

The following result, which is also taken from [20], characterizes the exact Moore-
Penrose sequences constituted by the truncations of an infinite Toeplitz matrix. Our
proof is again different from the one of [20].

THEOREM 7.8. Let a € PC. Then {T,(a)} is an exact Moore-Penrose sequence if
and only if T(a) is Fredholm and

dimKer T;,(a) = |Ind T'(a)| (44)

for all sufficiently large n.

Proof. If {T},(a)} is an exact Moore-Penrose sequence, then T'(a) is normally solvable
and thus Fredholm. Let T'(a) € ®;(I%). Then

81k (Tn(a)) = 0 and sg41(Tn(a)) > d >0
by virtue of Theorem 1.3 (for p = 2). Since
dist (Tu(a), F7 1) >0,

we see that
rank T, (a) > n — |k|. (45)

From Theorem 7.7 we deduce that {T},(a)} is an exact Moore-Penrose sequence if and
only if s (T (a)) = 0 for all n > ng. Because

318/ (Th (@) = dist (Ta(a), 7,)
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and ‘7:7(zn—)|k| is a closed subset of B(C%), we have s|;(T,,(a)) = 0 if and only if
rank T, (a) < n — |k|. (46)

Combining (45) and (46) we obtain that {T},(a)} is an exact Moore-Penrose sequence
if and only if T'(a) € ®x(I%) for some k € Z and

dimKer T},(a) = n — rank T, (a) = | k|

for all n > ng. O

8. THE HEING-HELLINGER THEOREM

Of course, condition (44) is difficult to check. In this section we give a new proof of
the Heinig-Hellinger theorem, which provides a criterion (in terms of only the symbol
a) for (44) to hold.

If @ € PC and T'(a) is Fredholm of index zero and thus invertible, then the
sequence {T;,(a)} is stable (Theorems 3.3 and 3.4 for p = 2). In this case (T}, (a)) C
[d, 00) and dimKer T},(a) = 0 for all sufficiently large n and hence each of Theorems
7.7 and 7.8 yields that {T},(a)} is an exact Moore-Penrose sequence; however, we

have T} (a) = T, *(a) for all sufficiently large n and therefore consideration of Moore-

Penrose inverses is not at all necessary in this situation.

The really interesting case is the one in which T'(a) is Fredholm of nonzero index.
The rest of this section is devoted to the proof of the following result.

THEOREM 8.1 (HEINIG AND HELLINGER). Let a € PC. Suppose T(a) is Fredholm
on 12 and IndT(a) # 0. If IndT'(a) < 0, then the following are equivalent:

(i) dimKer T, (a) = [IndT'(a)| for all sufficiently large n;

(ii) KerT'(a) C Im P, for some ng > 1;

(iii) the Fourier coefficients (a=1)_,, are zero for all sufficiently large m.
If Ind T'(a) > 0, then the following are equivalent:

(") dimKer T, (a) = IndT'(a) for all sufficiently large n;

(ii’) KerT'(a) C Im P, for some ng > 1;

(iii’) (a™1)m = 0 for all sufficiently large m.

For the sake of definiteness, let us assume that Ind T'(a) = —k < 0. The proofs
of the implications (iii) = (ii) = (i) are easy.

PROOF OF THE IMPLICATION (iii) = (ii). Let « € Ker T'(a). Then, by (33),

T(@a"HT(a)=1-H(a ")H(a),

DOCUMENTA MATHEMATICA 2 (1997) 1-29



24 A. BOTTCHER

which shows that z = H(a~')H(a)z, and since H(a~!) has only a finite number of
nonzero rows, it follows that z,, = 0 for all sufficiently large m. O

PROOF OF THE IMPLICATION (ii) = (i). If n is large enough then sy+1(T,,(a)) > d >0
by Theorem 1.3 (or Proposition 6.3), whence rank T;,(@) > n — k + 1 and thus,

dimKer T, (a) < k+ 1. (47)

If x € KerT(a) C Im P,,, and n > ng, then T,,(a)P,z = P,T(a)x = 0, which implies
that
dimKer Tp,(a) > dimKer T'(a) = k (48)

(recall Theorem 3.1(a) for the last equality). Clearly, equality (i) follows from (47)
and (48). O

The proof of the implication (i) = (iii) is less trivial and is based on the following
deep theorem. Recall that yx,, is defined by x,(¢t) = t™ for ¢t € T.

THEOREM 8.2 (HEINIG). Let a € L* and let k > 0 be an integer. Then
dimKer T,,(a) = k for all sufficiently large n

if and only if a or a is of the form xp1r(r + h) where h is a function in H>®, r is a
rational function in L™, r has exactly p poles in the open unit disk D (multiplicities
taken into account), r has no pole at the origin, and r(0) + h(0) # 0.

A proof is in [12, Satz 6.2 and formula (8.4)]. Also see [14, Theorem 8.6]. O

PROOF OF THE IMPLICATION (i) = (iii). Let xp+x(r + h) be the representation of a
or a ensured by Theorem 8.2 and put b := xp4+x(r + h). Denote by ai,...,q, and
Bi, ..., B, the poles of r inside and outside T, respectively. For ¢t € T,

_ u4 (1)
0= G e e (=B
Py (t)

(I —ar/t)...(L—ap/t)(L—=t/Br) ... (1 —t/5y)
with polynomials u,vy € H>®. Clearly,
sy(t):=(1—t/B) ...(1—t/8,)" " € H™.

Letting
ey (t) i=tFo (s, (8) + 2T (1 — ay/t) ... (1 — ap/t)h(t),
we get
b(t) = (1 —ay /)~ (1 —ap/t) ter(t).

The function c4 lies in H* and has a zero of order at least k at the origin. Obviously,
(1 —ai/t)71 ... (1 —a,/t)~! is a function which together with its inverse belongs to
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H>. If ¢; would have infinitely many zeros in D, then T'(c.) and thus 7'(b) were not
Fredholm (see, e.g., [5, Theorem 2.64]). Hence, c4 has only a finite number A > k of
zeros in D. It follows that IndT'(c4+) = —\ (again see, e.g., [5, Theorem 2.64]) and
therefore IndT'(b) = IndT'(c4+) = —A. If b = a, then X must equal k. Consequently,
ct(2) = 2P (2) with ¢ and ¢} ' in H*. This implies that

ol (t) =t* A —on/t)... (1= op/t)p (1)

has only finitely many nonzero Fourier coefficients with negative index. If b would be
equal to @, it would result that Ind T'(a) is negative, which is impossible due to the
equality Ind T'(a) = —Ind T'(a). o

COROLLARY 8.3. Ifa € PC\ C then {T,(a)} is an exact Moore-Penrose sequence
on 1% if and only if {T,(a)} is stable on I%.

Proof. The “if part” is trivial. To prove the “only if” portion, suppose {T},(a)}
is an exact Moore-Penrose sequence. Then T'(a) is Fredholm by Theorem 7.8. If
T'(a) has index zero, then {T,(a)} is stable. If IndT'(a) # 0, then Theorem 7.8 and
the implication (i) = (iii) of Theorem 8.1 tell us that a=! is a polynomial times a
function in H* or H>. As functions in H* or H> cannot have jumps, this case is
impossible. O

We remark that Heinig and Hellinger [13] proved the equivalence (i) < (iii) of
Theorem 8.2 for symbols in the Wiener algebra W. Corollary 8.3 was known to
Silbermann and led him to the introduction of condition (ii). In the case of block
Toeplitz matrices, (iii) and (ii) are no longer equivalent; Silbermann proved that then
the validity of (15) for some ng > 1 implies that

{T.(a)} is an exact Moore-Penrose sequence, (49)

and he conjectures that (49) is even equivalent to (15) for some ng > 1 (see [25]).
The proofs of [13] and [25] differ from the proof given above.

9. [P VERSUS [2

As shown in the previous section, many [? results can be derived with the help of
Theorem 7.1, which reduces problems for { A, } to questions about the infinite diagonal
operator

diag (s§2>(A1), s$9(Ay), s (Ay), s (A3), 582 (A43), 5P (As), )

It would therefore be very nice to have an analogous result for [?. For example, one
could ask the following: given A, € B(Cy}), are there invertible isometries U, V;, €
B(Cy) and a diagonal matrix S, € B(C}) such that A, = U,S,V, 7 If the answer
were “yes”, we had

Z(p)(An) - g(p)(gn)’
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and Theorem 11.11.3 of [16] would tell us that X()(S,,) is the collection of the moduli
of the diagonal elements of S,,.

However, the answer to the above question is “no”. The reason is the dramatic
loss of symmetry when passing from [? to [?. Looking at the (real) unit spheres

U i= {(z,y) e R : fo] + [yl = 1},

we see that S?) has the symmetry group O(2), while the symmetry group of Sgp )
(p # 2) is the dieder group Dy, which contains only 8 elements. Equivalently, the
invertible isometries in B(C3) are the 2 x 2 unitary matrices, whereas a matrix Us €
B(C2) (p # 2) is an invertible isometry if and only if

A0 0 A .
U2:<0 M)or UQ:(M 0>Wlth ()\,M)ETQ.

Thus, a matrix Ay € B(CZ) (p # 2) is of the form Ay = US>V with invertible
isometries Us, Vo and a diagonal matrix Sy if and only if

0 0 .
A2:<g b) or A2:<b g) with (a,b)ECQ.

I even suspect that relaxing the above question will not be successful.

CONJECTURE 9.1. Fiz p#2 and let 1/p+1/q = 1. There is no number M € (1, 00)
with the following property: given any sequence {A,} of matrices A, € B(Cy) such
that sup ||Anll, < oo and sup ||Anllq < oo, there are invertible matrices Uy, V, €
B(C}) and diagonal matrices Sy, € B(C}) such that A, = U, S, V,, and

1Unllp < M, U lp < M, ([Vallp < M, [Vl < M

for alln.

Finally, for the reader’s convenience, we add a proof of (3).

ProprosITION 9.2. If A € B(C}), then sgp)(A) = 1/||A7Y|, if A is invertible and
s (A) = 0 if A is not invertible.

Proof. Suppose A is not invertible. Then Ker A # {0}. Let Z be any direct comple-
ment of Ker A in C and let P : C — Z be the projection onto Z parallel to Ker A.

Clearly, P € .7:,(1"_)1 and thus F := AP € .7:,(1"_)1. If x € C", then =z = xy + z; with
zo € Ker A and 1 = Px € Z. Therefore

(A— F)x = Ax — APx = A(zo + Pz) — APz =0,
which implies that A — F = 0 and hence dist (4, .7:,(1"_)1) =0.

Now suppose A is invertible. We then have

A1 A -1
1A=, = sup | A= x|, ~ sup Izllp <inf I z|p> ,
z#0  ||Zllp 0 [|Azlp =0 ||z,
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whence

Az||
1/||A7 Y|, = inf I P = min ||Az||, =: || Aeo 50

with some eg € Cj of norm 1. Put span{eo} = {\eg : A € C} and let X be any
direct complement of span {ep} in C}. The functional

¢ :spanfeg} = C, Aeg— A

clearly has the norm 1. By the Hahn-Banach theorem, there is a functional ¢ : C} —
C such that ®(\eg) = A and [|®[| = 1. Define F' € B(C}) by Fz := Az — ®(x)Aeo.
Since
F()\e()) = )\Ae() — )\Ae() = 0,
we see that F' € .7-',(1"_)1. Because
[Az — Fzll, = [|®(x)Aeoll, = [®(2)| [| Aeollp < [l || Aeollp,

it results that ||A — F||, < ||Aegl|lp. From (50) we therefore deduce that s§p) (4) <
1/[|A7p-

To prove that s§p) (A) > 1/||A71|,, let G be any matrix in .7-',(1"_)1. If|[I-A7'G|,
were less than 1, then A~'G and thus G were invertible, which is impossible. Thus
|I — A71G||, > 1. We therefore have

1< I-AT'Gl, = [[ATH A= G)p < I A7 p 14 = Gllp,

which implies that 1/||A7Y|, < |[A—G]|,. AsG € .7-',(1"_)1 was arbitrary, it follows that
VIAHp < st7(A). o
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ABSTRACT. Let f be a modular form of even weight on I'g(IN) with asso-
ciated motive My. Let K be a quadratic imaginary field satisfying certain
standard conditions. We improve a result of Nekovai and prove that if a
rational prime p is outside a finite set of primes depending only on the form
f, and if the image of the Heegner cycle associated with K in the p-adic
intermediate Jacobian of M/ is not divisible by p, then the p-part of the
Tate-Safarevi¢ group of M ¢ over K is trivial. An important ingredient
of this work is an analysis of the behavior of “Kolyvagin test classes” at
primes dividing the level N. In addition, certain complications, due to the
possibility of f having a Galois conjugate self-twist, have to be dealt with.

1991 Mathematics Subject Classification: 11G18, 11F66, 11R34, 14C15.

1 INTRODUCTION

Let f be a new form of even weight 2r for the group I'¢(N), let M be the r-th Tate
twist of the motive associated to f by Jannsen [Jan88b] and Scholl [Sch90]. For all
but a finite number of primes p there is a canonical choice of free Z,-lattice T,(M )
with a continuous action of Gal(Q/Q) such that T},(M ;) ® Q is the p-adic realization
of M. In [Nek92], Nekovaf showed that under certain assumption one could apply
the Kolyvagin method of Euler systems to M¢ and obtained, among other things,
the following result:

THEOREM 1.1. Let K be a quadratic imaginary field of discriminant D in which all
primes dividing N split, and let p be a prime not dividing 2N. Let T,,(My) be the
p-adic realization of My and let P(1) be the image in H' (K, T,(My)) of the Heegner
cycle associated with K under the p-adic Abel-Jacobi map. If P(1) is not torsion,
then the p-part of the Tate-Safarevic group of My over K, T, (M;/K), is finite.

1Partially supported by an NSF grant
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We remark that in [Nek92] there is a stronger condition on p for the theorem to
hold which is removed in a remark on the last paragraph of [Nek95].
The purpose of this note is to give the following refinement of the above result:

THEOREM 1.2. There is a finite set of primes U(f), depending only on f, such that
for a prime p not in U(f) the following holds: for K as in theorem 1.1, if P(1) is
not torsion, then p*Zr111,(M;/K) = 0, where I, is the smallest non-negative integer
such that the reduction of P(1) to H*(K,T,(My)/p*»*) is not 0. In particular, if
Z, =0, then tl,(My/K) is trivial

Remark 1.3. 1. The Tate-Safarevic group discussed here is not exactly the same as
the one that appears in [Nek92]. The main difference is in the local conditions
at the primes of bad reduction. Nekovar makes no conditions at these primes,
which is why III comes out too big. The local condition that we use is the one
defined by Bloch and Kato. The analysis of this local condition is one of the
main ingredient of this work.

2. The finite set ¥(f) contains the primes dividing 2N and primes with an excep-
tional image of Gal(Q/Q) in Aut(T,(My)) (see definition 6.1).

It is our hope that the methods used here allow a complete analysis of the struc-
ture of 1II,(M;/K) in terms of various Kolyvagin classes following [Kol91, McC91].
Notice however that some difficulties are already visible in the fact that the power of
p annihilating II is 27, whereas in the elliptic curves case one gets annihilation by
p*r. This difficulty is caused by the more complicated structure of the image of the
Galois representation associated to M (see remark 6.5).

A natural problem raised by theorem 1.2 is to bound the numbers Z,,. In par-
ticular, one would hope that Z, = 0 for all but a finite number of p’s. This would
show the finiteness of II(Mf/K) except for possible infinite contribution at primes
dividing 2. It is useful to compare the situation to the case where the weight of f is
2, where the triviality of 1I1,(M;/K) for almost all p has been previously established
in [KL90]. In that case, the class P(1) correspond to a point on the Jacobian of a
modular curve, and Z, = 0 for almost all p whenever P(1) is of infinite order. This
last result uses essentially the injectivity of the Abel-Jacobi map (up to torsion) and
the Mordell-Weil theorem, neither of which is known for greater than 1 codimension
cycles. One possible way of getting some control over the indices Z,, could be to use the
results of Nekovar on the p-adic heights of Heegner cycles: According to [Nek95, corol-
lary to theorem A] one has the equality h(P(1), P(1)) = Qrex pL,(f ® K,r) where
h(, ) is the p-adic height pairing defined by Nekovar and Perrin-Riou, L,(f ® K) is a
p-adic L-function of f over K defined by Nekovaf and Q¢gx p is some p-adic period.
The p-adic height of elements of H}(K,T) has a bounded denominator (it is integral
for universal norms from a Z, extension) and so the estimation of Z, is reduced to
giving estimates on the p-divisibility of L,,(f ® K, 7).

Another problem is to handle primes dividing 2IN. The difficulty here is that
we do not understand yet the image of the Abel-Jacobi map with Q,, coeflicients for
varieties over an extension of Q, and with bad reduction. Recently there has been
some progress on that problem [Lan96] but the results do not yet cover the cases we
need.

Here is a short description of the contents. After a few preliminary remarks and
definitions in section 2 we will recall in section 3 some of the main points of [Nek92].
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For brevity this will be far from a full account. We merely attempt to indicate the main
changes that need to be made and explain where the local conditions at the bad primes
come into play. These conditions are then discussed in sections 4 and 5. We then
give the proof of the main theorem in section 6. It would have been nice to skip this
section or make it shorter and refer instead to the corresponding sections in [Nek92].
However, it turns out that to get the result we want under weaker conditions than
the ones stated there (see the remark in loc. cit. page 121), the proof has to be
modified somewhat. I have therefore chosen to give the full details of the proof. In
the appendix we give a proof of a Hochschild-Serre spectral sequence for continuous
group cohomology which is used in section 5.

As the reader will notice, this work is closely related to [Nek92]. Familiarity with
that paper is helpful for reading this one but not necessary, as one may choose to
trust the results quoted from there.

I would like to thank Wayne Raskind, Don Blasius, Haruzo Hida, Dinakar Ra-
makrishnan and Jan Nekovaf for helpful discussions and remarks. I would also like
to thank Farshid Hajir for encouraging me to write down my ideas on this subject.
Finally, I would like to thank the referee for some useful corrections and remarks.

2 PRELIMINARIES

For this work, a motive is effectively equivalent to its set of realizations. We only need
the p-adic realizations for the different p’s and a brief mention of the Betti realization.
Thus, a motive M has a Betti realization which is a Q-vector space Vg and p-adic
realizations which are continuous representations of Gal(Q/Q) on V,, = Vu®Q, for the
different p’s. By choosing a suitable Z-lattice 17 in Vg we have in each V}, an invariant
Zy-lattice T, = Tz ® Zp. The p-part of the Tate-Safarevi¢ group of M depends on
the choice of T}, but statements about the p-part for all but a finite number of p are
clearly independent of the choice of Ty. In the cases we will be considering there
is a standard choice (a Tate twist of a piece of the étale cohomology of a suitable
Kuga-Sato variety, see [Nek92, §3]) and the theorem will be proved for this choice.
To be more precise:

T, @ Qp = pr.p © Qp(r), (2.1)
where py ), is the standard p-adic representation associated to f.
To define the p-part of III, we start with the free Z,-module of finite rank,

T = T,(M), on which Gal(Q/Q) acts continuously. Let V =T ® Q, and A = V/T,
so that there is a short exact sequence:

0=T5V 240

Let ¢ be a prime, possibly co. Let F be a finite extension of Q,; and let F' be an
algebraic closure of F. In [BK90, (3.7.1)] Bloch and Kato define the finite part H} of
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the first Galois cohomology of F' with values in V', T or A as follows:

H}{(F,V):=Ker H'(F,V) == H'(F"", V) when { # p;
H{(F,V):=Ker H'(F,V) = H'(F,V ® Byis) when { = p;
H{(F,T) =i "H{(F,V);

Hi(F,A):=ImH{(F,V) < H'(F,V) 2 H'(F, A),

where F'“" is the maximal unramified extension of F. The ring B..;s is defined by
Fontaine. We will not need to use the definition directly in the case £ = p.

Let now K be a number field. When B is a Gal(Q/K )-module we have restriction
maps for each place v of K: H'(K,B) — H'(K,, B). When z € H'(K, B) we will
denote its restriction to H!(K,, B) by x,. The p-part of the Selmer group of M over
K is now defined as

Sel,(M/K) :=Ker H'(K, A) — [[ H (Ky, A)/H} (K., A),

where the product is over all places v of K. We also define

H{(K,V):=Ker H(K,V) — H HY(K,,V)/H}(K,,V).

The p-part of the Tate-Safarevi¢ group of M over K is the quotient of Sel,(M/K)
by the image of H}(K , V). Nekovér defines the same group as the quotient of the
Selmer group by the image of an appropriate Abel-Jacobi map. It follows easily from
his result that in the case of interest here his definition coincides with the one we are
using.

Let A« be the pP-torsion subgroup of A and let red,s : T — Ape be the reduction
mod p*. We will use the same notation for the reduction map Ay — Apr which is
given by multiplication by p"~* when n > k and we notice that all reduction maps
commute with each other. We will abuse the notation further to denote by red,» the
maps induced by the reduction on Galois cohomology groups.

To simplify the notation slightly, we assume the following;:

AsSUMPTION 2.1. There is a Galois invariant bilinear pairing 7' x T' — Z,(1) such
that the induced pairings on T'/p* = A,x are non-degenerate for all k.

This condition is satisfied in the case we are considering by [Nek92, proposition
3.1]. It is mostly made at this point so that we do not have to consider both 7" and
its Kummer dual. We have the following well known results:

PROPOSITION 2.2. The pairing above induces local Tate pairings, for each place v of
K:

HYK,,T) x HY(K,, A) = H'(K,,Q,/Z,(1)) = Q,/Zy;
HY(Ky, Apr) x HY(K,, Ap) — HY(K,,Z/p* (1)) = Z/p",

which are both perfect and will be denoted by ( , ), (for the torsion coefficients case
see [Mil86, Chap. I, Cor. 2.3]). The following properties hold:
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1. [BK90, Proposition 3.8] The pairing ( , ), makes H}(K,,T) and H}(K,, A)
exact annihilators of each other (this is true even in the case p|v).

2. If x and y belong to H* (K, A,) then

Z<xv> yv>v = 07

v
where the sum is over all places v of K but is in fact a finite sum.

We remark that it is possible to neglect the infinite places in all the discussions if
we assume that p # 2 or if K is totally imaginary. Both conditions will in fact hold.

DEFINITION 2.3. Let F' be a local field. We define H}(F, Apx) to be the preimage in
H(F, Apr) of H}(F, A). We define H}* (F, A,r) to be the annihilator of H}(F, Apr)
in H'(F, Ayr) under local Tate duality. We will call the classes in HJ. (F, Aye) the
dual finite classes. We define the singular part of the cohomology as

Hl

sin

(F,Ap) = H'(F, Ape)/H. (F, Ape)

(this definition is due to Mazur). If z € H*(F, A,r) we denote by z;, its projection
on the singular part. When K is a number field we let

Sel(K, Aye) :=Ker H'(K, Apr) — [[ H (Ko, Aps)/H} (Ko, Apr).

LEMMA 2.4. The group H}.(F, Ayx) is the image of Hi(F,T) under the canonical
map H'(F,T) — H'(F, Ayx). There is a perfect pairing, induced by ( , )y:
(, )o: Hp(F,Ap) x Hj

sin(

F, Apr) — Z/p*

Proof. This is a formal consequence of the preceding definition and proposition 2.2.
O

For a Gal(F/F)-module B and F > K D F we denote BS(F/K) by B(K). If
B’ is a subset of B we denote by F(B) the fixed field of the subgroup of Gal(F/F)
fixing B’'.

3 METHOD OF PROOF

The Kolyvagin method, as applied to M ¢ by Nekovaf, works as follows: Let f have
g-expansion f =Y a,q". Let E be the field generated over Q by the a;. It is known
that F is a totally real finite extension of Q. Let Og be the ring of integers of E. As
explained in [Nek92, Proposition 3.1], the invariant lattice T,,(M ) can be taken to
be a free rank 2 module over O ® Z, = [[ O E,, Where the product is over all primes
p of E dividing p. To prove the result about III it is sufficient to choose one such
prime p and consider only the direct summand of T,,(M) corresponding to p. This
summand will be denoted 7% ,. For the rest of this section we fix T' = Ty, and let as
usual V=T ®Q, and A =V/T.
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As the Tate-Safarevié group is (obvious with the above definition) p-torsion, we
wish to show that its part killed by p* is killed by the fixed power p?Z» for each k.
We look at the short exact sequence

%
0—Ar —-A25 A0
and the induced sequence on cohomology
0 — A(K)/p* — H'(K,Ap) — H (K, A),. — 0

The conditions we will impose on the prime p imply, as we will see in part 2 of
proposition 6.3, that A(K) = 0, and hence H*(K, A),» = H'(K, A,). It follows that
the preimage in H'(K, A,x) of Sel,(T/K) is Sel(K, A,). Since P(1) € H}(K, V) it
will be enough to show that Sel(K, A,x)/(Og, /p*)P(1) is killed by p*Z».

Choose once and for all a complex conjugation 7 € Gal(Q/Q). Let S(k) be the
set of primes ¢ satisfying:

e ({ NDp;

e /isinert in K;

o pF divides a; and ¢ + 1;

e (+ 1+ ay are not divisible by p**!.

Remark 3.1. The first 3 conditions are equivalent to Frob(¢) and 7 being conjugates
in Gal(K(A,x)/Q). The last condition can be arranged for infinitely many £’s (see
proposition 6.10).

Let n be a product of distinct primes £ € S(k). Nekovar associates with n a coho-
mology class y, € H'(K,,T), where K, is the ring class field of K of conductor n.
The classes y,, are defined as the images of certain CM cycles under the Abel-Jacobi
map of M. When n = mf the relation

CorKn7Km (yn) = a@ym

holds, as well as some local congruence condition which we will not discuss here.
Let G, = Gal(K,/K1). Then G, = [],,, G¢. For each prime £ € S(k) we
associate the element Dy € Z[G] which is given by

¢
Dg:Zioi, Gy = (o),
i=1
and let D, = Hé|n Dy € Z|G,]. One now notices, following Kolyvagin, that
Dy (red,r yn) € HY(K,, Apr) is Gp-invariant. By [Nek92, Proposition 6.3]
pMA(K,) =0, (3.1)

with some constant M independent of n and k. An application of the inflation restric-
tion sequence shows that there is a canonically defined class z, € H (K, Apr—2n)
such that

resk, K, Zn = Dn(redys—2m yp).
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Indeed, one has the commutative diagram with exact inflation restriction rows:

TeSKy,Kn

HY(Ky, Ayr) HY (K, A )G ———  H*(Gn, A (Ky))

redpk,M l redpk,M l redpk,M l

HY(Ky, Ape-n) —250% HY(K,,, Apeori)r ——— H2(Gp,y Apini (K3))

and the rightmost vertical map is 0 by (3.1) because the reduction map kills p™
torsion. It follows that

redx-m Y, € Im (resKl,K” : Hl(Kl, App-nr) — Hl(Kn, Apk-—M)) .
We get the canonical class z, by further reduction as in [Nek92, §7]. Finally, define
P(n) := corg, K #n-

Note the important difference between Nekovai’s definition of the same classes and
ours: in Nekovéi’s definition resg, k, zn = p™ Dy, (redc-n yy,). To simplify the nota-
tion, we may notice that the definition is entirely independent of the value of M. To
define classes in the cohomology of A, we need to start with n whose prime divisors
satisfy certain congruences depending on 7 and M and we may freely assume that we
have chosen the n correctly whatever the congruences are. It will be convenient to
make the change of variable k = k —2M here. Note that P(1) can be considered mod
p® for any k and its definition is independent of M.

PROPOSITION 3.2. The classes P(n) enjoy certain fundamental properties:

1. P(n) belongs to the (—1)P?" (Mg -eigenspace of the complex conjugation T acting
on H' (K, A,v), where par(n) is the parity of the number of prime factors in n
and e1, is the negative of the sign of the functional equation of L(f,s).

2. For a place v of K such that vt Nn, P(n) € H}. (K,, Apr).

3. If n = m-£ and X is the unique prime of K above £, then there is an isomorphism
between H(Kx, Ape) and Hy, (Kx, Ay) which takes P(m)x to P(n)x sin. In
particular, if P(m)x # 0, then P(n)x sin # 0.
Proof. This is [Nek92, Proposition 10.2] with a couple of modifications. First of all
we remark that there is a miss-print in [Nek92] and the eigenvalue of 7 on P(n) is
indeed (—1)P*"(Mey, as can be seen from the proof. To get the second statement when
v { p we note that if such a v is a prime of good reduction one has H$. (K,, A,.) =
Hi(K,, Apr) = Hp,\ (Ky, Apr) (see lemma 4.4) and that the auxiliary power of p that
appear in [Nek92] is not needed here because of the change in the definition of P(n)
alluded to above. The case v|p follows from [Nek92, Lemma 11.1]. Here, two remarks
are in place: First of all, Nekovar uses the comparison theorem of Faltings for open
varieties [Fal89]. As is well known, this result is not universally accepted. However,
in the last 2 years Nekovar himself [Nek96] and Niziot [Niz97, Theorem 3.2] have
supplied alternative proofs that the image of the Abel-Jacobi map lies inside Hy in
the case of good reduction. The second remark is that this is all we need because our
assumption p{ 2N imply that v|p is a place of good reduction. O
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One of the main points of this work is to analyze the dual finite conditions
at primes of bad reduction and to show that by further reduction (i.e. by possibly
increasing M) one may assume that the classes P(n) are dual finite at these primes
(see corollary 5.2).

4 FINITE AND DUAL FINITE CONDITIONS AT /

Let F be a finite extension of Q, (¢ # p) and let T be a free Z,-module of finite rank
with a continuous action of G = Gal(F/F). Againlet V =T®Q, and A = V/T. Let
I = Gal(F/F"") be the inertial group. We assume the following condition is satisfied
(as is in the case at hand, see [Nek92, proposition 3.1]):

CONDITION 4.1. There is a Galois invariant, non-degenerate bilinear pairing VxV —
Qp(1) and V7(—1) has no nontrivial fixed vector with respect to any power of Frobenius
(true if V7 has no part of weight —2).

PROPOSITION 4.2. Under the above condition there exists a constant M such that for
any finite unramified extension L/F we have

1. pMHl (LUT, T)Gal(LQ”/L) =0;

2. H}(L,V) = HYL,V);

3. V(L) =0.
Proof. The second statement immediately follows from the first. For the first state-
ment we begin by noticing that I is independent of L. By making a finite ramified
extension we may assume that the action of I factors through the p-primary part of its
tame quotient. It then follows that H(I,T) = Ty(—1) as Gal(L“"/L)-modules. The
condition now implies that 77(—1) is a direct sum of a torsion group and a Z,-free
module on which Frobenius has no invariants. Finally, the third statement follows

since by duality one gets that 1 is not an eigenvalue of any power of Frobenius on
VI O

Remark 4.3. If T is the Tate module of an elliptic curve with split semi-stable re-
duction, then the constant M is essentially the p-adic valuation of the number of
components of the special fiber of E.

It follows from part 2 of proposition 4.2 that for any finite unramified extension
L/F we have H;(L,T) = H'(L,T), and therefore by lemma 2.4 we get

H} (L, Ap) = Im HY(L, T) =% HY(L, A).

LEMMA 4.4. If the G-module T is unramified, then for any L as above
Hp (L, Ap) = Hp (L, Ap) = H) (L, Ape) := Ker H' (L, A ) — H' (L', Aye).

Proof. Tt is enough to show the second equality as the condition of being unramified
is self dual. It is clear that any class in H } (L, A,r) is unramified. Conversely, a class
in H}.(L,Ap) is inflated from H*(L“"/L, A,x). Since Gal(L*"/L) = 7, H' is just
coinvariants. It follows that the reduction map H*(L“"/L,T) — H*(L"" /L, A,x) is
surjective. O
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5 THE LOCAL CONDITION UNDER RESTRICTION

Keeping the assumption of the previous section, suppose now that L/F is a ﬁnlte

unramified extension with Galois group A. The short exact sequence 0 — T —>
red
T Ape — 0 gives rise to the following commutative diagram with exact rows:

red p
0 —— H'(FT)/p* —2L% HYFA)) —— HXF,T) — 0

reSF’Ll reSF’Ll reSFﬁLl

red i
0 —— (HYL,T)/p* ) —— HY(L,Ap)® —— H*(L,T)5
(5.1)
Given z € H'(F, A,.) such that respp x is in H}. (L, Ayr), we would like to know
how far is = from being in H} (F, Apr). In view of (5.1) the obstruction is given by

Tesp L

Ker H*(F,T),» —= H*(L,T)a: (5.2)

PROPOSITION 5.1. The kernel (5.2) is annihilated by a constant p™ independent of
k and L.

Proof. Since A is finite, there is a Hochschild-Serre spectral sequence
EY = HY(A,HI(L,T)) = H™(F,T).

Note that the cohomology here is the continuous cohomology. The Hochschild-Serre
spectral sequence does not exist in general for continuous cohomology. A proof that
it does exits in our case is found in the appendix. For i + j = 2 the spectral sequence
converges to a filtration F° > F! D F? > 0 on H%(F,T) with

Tesp L

F' = Ker H*(F,T) —% H?*(L,T)";
F'JF? = L = Byt = Ker [HY(A,HY(L,T)) — H*(A,T(L))]
= H'(A, HY(L,T));
F?=E20 c % = H*(A,T(L)) =0,
since T(L) = 0 by part 3 of proposition 4.2. Therefore,

Tresp L

Ker (HQ(F, T)pr —C%5 H2(L,T)5 ) >~ HY(A, H(L, T)),.

Applying the inflation restriction sequence to Gal(L*"/L) < Gal(L/L) and T we find
0 — HYL" /L, T(L"")) — H'(L,T) — H'(L*",T)% " /1) — 0.

The right exactness is a consequence of the fact that Gal(L“"/L) = Z has co-
homological dimension 1. Applying the Hochschild-Serre spectral sequence to
Gal(L¥" /L) <« Gal(L*"/F) and T(L"") we find that H'(A, Hl(L“T/L T(L*"))) in-
jects into H2(L""/F,T(L"")) and is therefore 0 since Gal(L*"/F) 2 Z. Therefore,
HY(A,HYL,T)) — Hl(A HY(Lvr, T)G2ULE" /L)) and the result follows from propo-
sition 4.2 O
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COROLLARY 5.2. Let p™ be the constant given by proposition 5.1. Then, if x €
HY(F, Apeint) and vesp @ € Hy. (L, Aprsns), then red e © € Hp. (F, Apr).

Proof. The commuting diagram with exact rows

k+M red
0 T 2 b Apk+M — 0
le :l fedpk l
pk I‘edp;c
0 T Ar —— 0

P
gives rise to

red

HY(F,T) —"% HY(F, Apint) — H2(F,T)peim

| ] |

red p
HY(F,T) —2% H\F,Ap) — HX(F,T),
The corollary now follows by a diagram chase on this last diagram as well as on (5.1)
with k replaced by k + M. |

6 PROOF OF THEOREM 1.2

In this section we give the proof of the main theorem using a variant of the Kolyvagin
argument following mostly [Gro91]. By proposition 3.2 and corollary 5.2 we may
assume that the class P(n) is dual finite at all primes which do not divide n. Recall
that this involves fixing some large integer M, constructing the classes modulo p*+M
and then reducing them mod p*.

We will concentrate on the case where f has no CM. The CM case can be handled
similarly (see the remark in [Nek92] page 121). Recall that E is the field generated by
the Fourier coefficients of the form f. We first exclude primes p which are ramified in
E. If p is not excluded, let p be a prime of E above p and recall that we are considering
T = Ty, which is a rank 2 free O, -module with an action of Gal(Q/Q). Let again
pr.p be the p-adic representation associated with f. Consider the p component of
py,p which is a representation of Gal(Q/Q) on a 2-dimensional E, vector space V,, ,.
According to a result of Ribet [Rib85, theorem 3.1] if p is outside a finite set of
primes then there is a subfield E’ of E, such that in an appropriate basis the image
of Gal(Q/Q) in Aut(V,, ) = GL(E;) contains

{g S GLQ(OE/), det g € ((Z;)QT_I)}

(in fact, the result of Ribet is stronger and treats the image of Galois in all the
completions of E above p simultaneously), and therefore contains in particular

{9 € GL3(Z,), detg € ((ZPX)QT_I)}. (6.1)

We exclude all other primes and the prime 2. This concludes our exclusions which we
may sum up in:
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DEFINITION 6.1. The set U(f) of excluded primes for theorem 1.2 is the set contain-
ing the primes dividing 2V, primes that ramify in £ = Q(a;) and primes where the
image of Gal(Q/Q) in Aut(V,, ,) does not contains (6.1) (in some basis).

We consider non excluded primes from now onward.

LEMMA 6.2. Let G, be the image of Gal(Q/Q) in Aut(T) = GL2(Og,) (p not ex-
cluded). Then, G, contains a subgroup conjugate to GLy(Z,).

Proof. By (2.1), T ® Ey, is just the r-th Tate twist of V},, ,. From that and Ribet’s
theorem it follows easily that after fixing an appropriate basis for 7" every matrix
A € GL3(Og,) has a scalar multiple in G,. Since SLy(Og,) is the commutator

subgroup of GL2(Og, ), it follows that SLy(Op,) C ép. The lemma follows because
for almost all £, Frob(£) has determinant £~! and because G, is closed. O

Let F = Op, /p*. Let Gpr = Gal(Q(Ay:)/Q) be the image of Gal(Q/Q) in
Aut(Apr) = GL2(F). Then, Gpr contains a group G, conjugate to SLs (Z.)p").

PROPOSITION 6.3. Let L = K(A,x).
1. When k=1, A, is an irreducible F[Gal(L/K)]-module.
2. H(Gal(L/K),A,r) =0 for all i > 0.

3. There is a natural pairing [ , | : HY(K, Ayr) x Gal(Q/L) — Ay inducing an
isomorphism of F-modules H* (K, Ap.) = Homgai(r/x)(Gal(Q/L), Apr).

4. The F-module A, is the direct sum of its =1 eigenspaces with respect to the
generator T of Gal(K/Q), each free of rank 1.

Proof. Since SL2(F,) has no nontrivial Z/2 quotients when p > 2 and Gal(L/K) is
of index at most 2 in Gy, it follows that Gal(L/K) contains Gj, and therefore that
A, is an irreducible F[Gal(L/K)]-module. It also follows that Gal(L/K), consid-
ered as embedded in Aut(A,r), contains the central Subgroup of order 2 generated
by —1. Since p # 2, H(+1,A,) = 0 for all ¢ > 0 and the second assertion fol-
lows from the Hochschild-Serre spectral sequence H*(Gal(L/K)/+1,H’(+1, Ajx)) =
H""i(Gal(L/K), Apr). An inflation restriction sequence now implies that

Hl (K, Apk) = Hl (L, Apk)Gal(L/K) = HomGal(L/K) (Gal(@/L), Apk)

hence the third assertion. Finally, part 4 follows because the determinant of 7 on T
is —1. [l

Let S be a finitely generated F-submodule of H HK, A,r). We consider the
elements of S as elements of Homgayz/x)(Gal(Q/L), Apx) and let Lg be the field
fixed by the common kernel of these elements. The following lemma is immediate:

LEMMA 6.4. The pairing [, ] induces a pairing

[ , ]S 0 S % Gal(Ls/L) — Apk-,
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which in turn induces an injection
Gal(Ls/L) — Homg(S, A,x) as Gal(L/K)-modules. (6.2)
This injection has the property that
x €S and [z,Gal(Lg/L)]s =0 =z =0.
In addition, this pairing induces an injection
S — Homgayz/x)(Gal(Ls/L), Apr) as F-modules

Remark 6.5. Unlike the situation for elliptic curves [Gro91, proposition 9.3] we can
not in general expect the injection (6.2) to be an isomorphism. For instance, if G/«
is contained in GL2(Z/p*), then there might exist a homomorphism ¢ : Gal(Q/L) —
A+ whose image is contained in (Z/p*)?. If we take S to be the F-span of ¢, then
Gal(Ls/L) = (Z/p*)* and is not in general an F-module whereas Homg(S, A« ) is.
The failure of (6.2) to be an isomorphism forces some changes in the final arguments.

Our chosen complex conjugation 7 acts on all the groups above. We will denote
by G* the +1-eigenspace of T acting on an abelian group G.

LEMMA 6.6. Let C C Homp(S, A,r) be a Gal(L/K)-submodule with the property that
zeS and [x,Clg =0 implyx =0. Let 0 # s € S and let a € Homp(S, A,1)t. Let

C'=a+CF C"={cel, [s,ds #0).

Then, C" and C" have the same property as C with respect to eigenvectors of T in S,
that is, if v € ST and [x,C")s =0 or [z,C"]s = 0, then x = 0.

Proof. Suppose first that [z, C*]s = 0. Then F-[z, C]s is an F[Gal(L/ K )]-submodule
of Apx which is contained in the proper submodule A;Fk.. Considering p-torsion and
using part 1 of proposition 6.3 one finds that F - [z,C]g is trivial. It follows in
particular that [s, C"]g is non trivial and since p > 3 it contains at least 3 elements.
From that it follows that for any ¢ € C* one may always find ¢1, ¢, € Ct such that
c=(a+c1)—(a+ce) and [s,a+ ¢;]s # 0 for i = 1,2. The lemma follows easily. O

LEMMA 6.7. Let £ be a prime in S(M +k). Then, £ is inert in K. Let X be the unique
prime of K above £. Then, for any choice of Frob(\) in a decomposition group of A,
Frob(\) acts trivially on Aye and therefore A splits completely in L.

Proof. Both assertions follow from remark 3.1. In Gal(K/Q), Frob(¢) = 7 hence £ is
inert in K. It now follows that Frob()) is conjugate to 72 and is therefore the identity
on Apk. |

Let £ and A be as in the previous lemma, let A be a prime of Lg above A and let
Frob(X\') € Gal(Lg/L) be the associated Frobenius substitution. It is easy to see that
the formula

éx () := [z, Frob(\)]s

defines an element of Homp (S, A,+) which depends only on £ up to conjugation on
A,r by some element of Gal(L/K). Using lemma 6.7 one has:
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LEMMA 6.8. There is a Gal(K/Q)-equivariant isomorphism
Hi(Kx, Ape) = HY (K" /Ky, Ape) = Ay, (6.3)

where the last step is evaluation at the Frobemius. If x € HY(K, Apr) and ) €
H}(K)\,Apk) then, up to conjugation as before, the image of xx under this isomor-
phism is ¢ ().

LEMMA 6.9. Let \ be as above.

1. The pairing {, ) defined in lemma 2.4 induces nondegenerate pairings:

(, )yt Hf(Kx, Ape)* x HY,

(K)u Apk)i - Z/pk'
2. Both H}(KA,AP;V) and HY,, (Kx, Ayr) are direct sums of their 1 eigenspaces
with respect to 7. All eigenspaces are free of rank 1 over F.

Proof. The first assertion follows since ( , ) is Gal(L/K) equivariant. The second
assertion follows for H }(K x» Apr) by lemma 6.8 and part 4 of proposition 6.3 and the

same now follows for H;,,(Kx, A,x)* by the first assertion. O

PROPOSITION 6.10. Let xz, y € S and suppose that y # 0. Then there exists some
e S(M + k) such that yn # 0. If for almost all £ € S(M + k) with y\ # 0 we have

z) =0, then z = 0.

Proof. Let Ly = K(Apmiri1). Let C be the image of Gal(Q/Ly) in Gal(Lg/L).
We first claim that when considered in Homp(S, A,x), C satisfies the assumption
of lemma 6.6. To show that, we first notice that the same argument used to
prove that H*(Gal(L/K),Ay) = 0 for all i > 0 in proposition 6.3 shows that
H'(Gal(Ly/K), Apr) = 0 for all such i. An inflation restriction sequence now shows
that

Homgayz/x)(Gal(Lar /L), Apr) = H(Gal(Lps /L), Apr ) S*1E/5) = 0.

This implies that if z € S satisfies [z, C]s = 0, then in fact [z, Gal(Ls/L)]s = 0 and
the claim follows from lemma 6.4.

By lemma 6.2 the image of Gal(Q/K) in Aut(Aym+rr1) = GLy(Op, /pM 1)
contains an element of the form a - I such that a € 1+ p™**(Z/p)*. One checks that
this element defines p’ € Gal(Lys/Lyr—1) with the property that if Frob({) contains
7p', then £ € S(M + k).

Now let L' = Ly; N Lg. Then C = Gal(Lg/L’). Consider ¢ € C*. Since C has
odd order we can find p € C such that ¢ = p"p. Let p- p' € Gal(Lys - Ls/K) be the
element whose restriction to Gal(Ly/K) is p' and whose restriction to Gal(Lg/L’)
is 0. By Cebotarev’s density theorem, we may find infinitely many primes ¢ whose
Frobenius conjugacy class in Gal(Lys - Ls/Q) contains 7 - p - p/. Every such £ is in
S(M + k). In addition, after projecting to Gal(Lgs/L’) we find Frob()\) = (7p)? =
p" - p = o. Thus, we are able to generate a full coset of C' in Gal(Lg/L) with these
Frob(A). By lemma 6.8 we are also able to generate all elements o of this coset for
which [y, 0]s = 0 with {Frob()\), yx # 0}. The proposition therefore follows from
lemma 6.6. O
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LEMMA 6.11. Suppose x € Sel(K, A,x) and n is a product of primes in S(M + k).

1. Z<x)"P(n))\,sin>)\ = 0.

£n

2. If z and P(n) are in the same eigenspace for 7, p*~271P(n)x sin # 0 and we
have (Fzx, P(n)x sin)x = 0, then pTzy = 0.

Proof. 1. This follows from proposition 2.2, lemma 2.4 and the fact that the classes
P(n) are dual finite at primes not dividing n.

2. Consider first the case k =1 and Z = 0. The conditions then imply that Fz) is a
proper subspace of an eigenspace of 7 on H } (K, Ap) which is 1-dimensional over F
by lemma 6.9 and it follows that Fzy = 0. If k is arbitrary but Z = 0 then P(n)x sin
has a non trivial image in p-cotorsion hence by the previous case Fx) has trivial p-
torsion but this can only happen if z) = 0. Finally, if Z # 0 the conditions imply
that P(n)x sin = p%' P’ with 7/ < 7 and P’ has a non trivial image in p-cotorsion.
Since (Fp® 'y, P')x = 0 we get from the previous case p* x5 = 0. O

The proof of theorem 1.2 may now be completed as follows: Let Z = Z,, and
let J = Z + 1. We assume that k& > Z and we want to prove that p*? kills
Sel(K, A,.)/FP(1). Our assumption is that red,s P(1) # 0 in H'(K,A,s). On
HY(K, A,r), multiplication by pF~7 factors as the composition of red,s with the
map H'(K, A,s) — H' (K, A,.) induced by the inclusion in the short exact sequence
0= Ays — Ay — Api-g — 0. Since Api-s(K) = 0, this induced map is injec-
tive and we conclude that p*=7P(1) # 0. Let x € Sel(K, A,). Suppose first that
x is in the opposite eigenspace to P(1), hence in the same eigenspace as P({) for
¢ € S(M + k) by proposition 3.2. Let S be the F-submodule of H' (K, A,) generated
by z and P(1). Suppose £ € S(M +k) is such that (p*~7 P(1))x # 0. Then, by part 3
of proposition 3.2, p*~7 P(£)x sin # 0 and from that and lemma 6.11 it follows that
pfxy = 0. Proposition 6.10 therefore implies that pZz = 0.

Suppose now that z is in the same eigenspace as P(1) and we claim that p*Zx
has to be a multiple of P(1). By proposition 6.10 we may find £ € S(M + k) such
that (p*~7 P(1))x» # 0. As before, this implies that p*~7 P(£)) sin # 0 and hence
that p*=7 P(¢) # 0. Let S be generated by =, P(1) and P(£). Since p*~7P(1)) #0
and both P(1)) and z, are in the free rank 1 F-module H}-(K)\,Apk)i, it is easy
to see that we may find a combination ' = aP(1) + p’x € S, with a € F, such
that z), = 0. Consider now ¢ # ¢; € S(M + k) such that p*~7 P(¢),, # 0. Then
p*=T P(€01) 2, sin # 0, again by part 3 of proposition 3.2. Let 2” € Fz’. Then

<xl)<7 P(gél))\,sin>)\ + <xl)<17 P(gél))\l,sin>)\1 =0.

Since z§ = 0 we find (x} , P(€l1)x, sin)x, = 0. Lemma 6.11 implies that pIaz:’A1 =0.
From proposition 6.10 we get pZz’ = 0 and so p*’z = —ap? P(1).
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A THE HOCHSCHILD-SERRE SPECTRAL SEQUENCE IN CONTINUOUS COHOMOLOGY
Here we prove the following result:

PROPOSITION A.1. Let G be a profinite group, M a continuous module of G which
is the inverse limit of discrete G-modules M,, n € N, and H a normal subgroup of
G with a finite quotient group A = G/H. Then there is a Hochschild-Serre spectral
sequence

Byl = HY(A, HY(H, M) = H'(G, M), (A1)

where the cohomology of M is the continuous cohomology, i.e., the one computed with
respect to continuous cochains as in [Tat76].

Proof. The spectral sequence will be derived from the Grothendieck spectral sequence
for the composition of the functors U : A — B and V : B — C defined as follows:

e A is the category of inverse systems (My,)nen of discrete G-modules;
e J3is the category of A-modules and C of abelian groups;

e U is the functor which takes an inverse system of G-modules (M,,) to lim M ;
—

e V is the A invariants functor.

In this case, UoV is the functor which takes (M) to lim MY, because taking invariants
-
commutes with taking limits. The i-th right derived functor of (M,,) — lim MS was
-

shown by Jannsen [Jan88a] to be the continuous cohomology H(G, lgn M,,) and the
same holds with G replaced by H. The only thing left to check is that U takes A
injectives to V acyclics, or even to injectives. For this fact, a proof can be given
along the lines of the proof of the usual Hochschild-Serre spectral sequence (see for
example [HS76, p.303]). One only needs to give a left adjoint U to U which preserves
monomorphisms and this is easily done: for a A-module N, let U(IN) be the constant
inverse system of N considered as a G-module. Now it is very easy to check that

Homu(U(N), (My)) = Homp (N, lim M,)

and so the proof is complete. |
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ABSTRACT. In this paper we extend the finiteness result on the p-primary
torsion subgroup in the Chow group of zero cycles on the selfproduct of a
semistable elliptic curve obtained in joint work with S. Saito to primes p
dividing the conductor. On the way we show the finiteness of the Selmer
group associated to the symmetric square of the elliptic curve for those
primes. The proof uses p-adic techniques, in particular the Fontaine-Jannsen
conjecture proven by Kato and Tsuji.
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INTRODUCTION.

In this note we extend the main finiteness result on p-primary torsion zero-cycles
on the selfproduct of a semistable elliptic curve in [L-S] to primes p > 3 where FE
has (bad) multiplicative reduction, at least under a certain standard assumption. In
the course of the proof we will also derive the finiteness of the Selmer group of the
symmetric square Sym? H'(E)(1) for these primes. However, this latter result has
already been proven, under the additional condition that the Galois representation

Op: Gal(@/Q) — AUt(Ep)

is absolutely irreducible (here E, = E,(Q) is the subgroup of p-torsion elements of
E), in a much more general context by Wiles in his main paper ([W] Theorem 3.1)

for Selmer groups associated to deformation theories.

To state the Theorems, let E be a semistable elliptic curve over @ with conductor
N and let X = E X E be its self-product. Consider the Chow group CHy(X) of
Q
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zero-cycles on X modulo rational equivalence and let CHy(X){p} be — for a fixed
prime p — its p-primary torsion subgroup. For a prime p dividing N consider the
following hypothesis:

H 1) The Gersten-Conjecture holds for the Quillen-(Milnor)-sheaf Ko on a regular
model X of X over Z,.

Then we have

THEOREM A: Let E be a semistable elliptic curve and p > 3 a prime such thatp | N,
i.e., E has (bad) multiplicative reduction at p. Assume that the condition H 1) is
satisfied. Then CHo(X){p} is a finite group.

Let A = H*(X,Qp/%Z,(2)) be the Q,/Z,-realization of the motive H?(X)(2) with
its Gal(Q/Q)-action. Then we have

THEOREM B: Let E be a semistable elliptic curve over Q and p > 3 a prime such
that p | N. Then the Selmer group S(Q, A) is finite.

REMARKS:

— In [L-S] we showed the finiteness of C Hy(X){p} for primes p such that p /6 and E
has good reduction at p. We also proved that CHy(X){p} is zero for almost all p.
Therefore Theorem A extends this result to bad primes and provides a further step
towards a proof that the full torsion subgroup C'Ho(X )iors is finite. In order to
find a first example where this is true it remains to consider the 2- and 3-primary
torsion in C'Hy(X).

— The Selmer group S(Q, A) coincides with S(Q, Sym? H'(E, Q,/%,(1))) that was
studied by [F1], because S(Q, Q,/Z,(1)) is zero. In [F1] Flach proved the finite-
ness of S(Q, A) for primes p > 5 such that E has good reduction at p and the
representation g, is surjective. We were able to remove the latter hypothesis
by using a rank-argument of Bloch-Kato and reproved Flach’s finiteness result
for primes p such that p J 6N (compare [L-S]). In the proof of Theorem B we
combine the criterium of Bloch-Kato with Kolyvagin’s argument that was used
in Flach’s paper. Flach’s additional condition on the surjectivity of g, can be
avoided by applying a certain lemma, due to J. Nekovar, that bounds the order
of H'(Gal(Q(E,»)/Q), (Sym® H'(E, Z/p"(1)))(~1)) independently of n.

The paper is organized as follows:

In the first paragraph we reduce the proof of Theorem A to two Lemmas I and II.
Lemma I was already proven in ([L-S], Lemma A). Lemma II is similar to ([L-S],
Lemma B), but the statement is different. The difference is caused by the particular
semistable situation. In the second paragraph we derive Lemma II and Theorem B
from a key proposition that bounds the possible corank (at most 1!) of the cokernel
of the map defining the Selmer group. Finally this proposition is proven in the last
paragraph. The methods of the proof are similar to those developed in [L-S]. At the
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point where the crystalline conjecture was used in the good reduction case, we now
use the Fontaine-Jannsen conjecture (proven by Kato/Tsuji for p > 3) that relates the
log-crystalline cohomology to the p-adic étale cohomology. The role of the syntomic
cohomology in the context of Schneider’s p-adic points conjecture is now replaced
by a semistable analog relating log-syntomic cohomology to H,(Q,, H*(X,Q,(2)))
(compare [L]). When we apply this argument we will also need the computation, due
to Hyodo and used by Tsuji, on a filtration on the sheaf of p-adic vanishing cycles in
terms of modified logarithmic Hodge-Witt sheaves.

This paper was written during a visit at the University of Cambridge. I want to thank
J. Coates and J. Nekovar for their invitation and J. Nekovai for many discussions and
the permission to include his proof of Lemma (2.5) in this paper. Finally I thank S.
Saito for encouraging me to look at the remaining semistable reduction case of our
main finiteness result in [L-S] and I consider this work as having been done very much
in the spirit of our joint paper and a continuation of it.

81

We first fix some notations.

For an Abelian group M let My;, be the maximal divisible subgroup of M and M{p}

its p-primary torsion subgroup. For a scheme Z over a field k let Z = Z x k where
2

k is an algebraic closure of k. Denote by G}, = Gal(k/k) the absolute Galois group
of k. We will consider the Zariski sheaf Iy associated to the presheaf U — KCo(U) of
Quillen (-Milnor) K-groups on Z and let H %aT(Z , K2) be its Zariski cohomology. Let
E be a semistable elliptic curve over Q with conductor N, ¢ : Xo(N) — E a modular
parametrization of £, X = F S E. Let T, A,V be the following G = Gg¢-modules:

T=HX%Z(2) , A=H*(X,Q/%,(2)) , V=HX,Q,(2))

Note that as Abelian groups T = %g, A=Q,/ %g, because the integral cohomology
of an Abelian variety is torsion-free and the second Betti number of X bs is 6.

Let K be the function field of X. For a prime p let

NH?’(X, Qp/Zp(2)) := ker(H3(X, Qp/%p(2)) — Hs(K7 Qp /%y (2)))
and
KNHs(X> Qp/%Zp(2)) := ker(NH3(X, Qp/Zp(2)) — H3(7> Qp/%Zp(2)))

By results of Bloch and Merkurjev-Suslin ([Bl], §5 and [M-S] we have the following
exact sequence

(1-1) 0— H'(X,K2)®Qp/%p - NH*(X,Q,/%p(2)) — CHo(X){p} — 0
Since H(X,K2) ® Q,/%, = 0 we get an exact sequence

(1-2) 0 — H'(X,Ks) @ Qp/Zp — KNH* (X, Qp/Zy(2))
— ker(CHy(X){p} — CHo(X){p}¢) — 0
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Since X is identified with its Albanese variety, the map C Ho(X)tors —
CHy(X)$, is the Albanese map and therefore (CHo(X){p})“ = X(Q){p} is finite.

tors
Consider the Hochschild-Serre spectral sequence

E2a7b = HQ(Q> Hb(77 Qp/%p(Q)) = Ha+b(X> Qp/%p(Q))

Then we have

LEMMA I: Let the assumptions be as above. Then the composite map
ESJ — Hs(X> Qp/%p(Q)) — Hs(K7 Qp/%p(Q))
s injective.
This is shown in ([L-S], Lemma (A)) without any assumption on the prime p.

COROLLARY (1.3) The composite map
o s KnHY(X, 0, /7, (2) — H'(Ga, A)

that is obtained by the Hochschild-Serre spectral sequence is injective.
The Corollary will play an important role in the proof of

LEMMA II: Under the above assumptions let p > 3 be a prime such that p | N and
assume that the condition H 1) in the introduction is satisfied. Then we have

HI(X, Ko) @ Qp/ %y = KNHs(X7 Qp/Zp(2))aiv

REMARK:

Lemma II was proven for primes p J/ 6N in ([L-S, Lemma (B)) because in this case
KnH3(X,Qp/%Zy(2))aiv coincides with H*(Q, A)aiy. This is not stated there explic-
itly but follows from the proof of Lemma (B) in [L-S].

Now we deduce Theorem A from Lemma II.

The exact sequence (1-1) also holds for a smooth proper model X of X over Z [Nip} .

So CHy(X){p} is a subquotient of H3(X,Q,/Z,(2)) and one knows that the latter
group is co-finitely generated. Therefore C'Hy(X){p} is co-finitely generated as Z,-
module. Since the kernel of the canonical map

CHo(X){p} — CHo(X){p}

is a torsion group by the main result in [Mi], the localization sequence in the Zariski
K-cohomology over X yields a surjection

CHo(X){p} — CHy(X){p} .
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So we also know that C'Hy(X){p} is co-finitely generated.

On the other hand, by (1-2), the finiteness of C Hy(X){p}¢ and Lemma II we conclude
that the maximal divisible subgroup of C' Ho(X){p} is zero. Therefore CHy(X){p} is
a finite group.

To complete the proof of Theorem A it remains to show Lemma II.

§2
For each prime /£ let
H¢(Qe, V) C Hp(Qr, V) C Hg(Qe, V) C H'(Q, V)
be defined as in ([BK], 3.7)). Let
H{(Qe,T) C Hy(Qe, T) C H(Qy, T)
be the inverse image of H(Q¢, V) and H;(Qe, V). Put

H}(Qs, 4) 1= HY (@, T) @ Qp/ Ly © H'(Qs, 4)
" H,(Qr, 4) 1= Hy (@i, T) @ @/ Ly © H'(Q, 4)
Write Ay = H'(Qq, T)/H}(Qq, T). Then we have
Ne® Qp /[y = H' (Qe, A)aiv/ H(Qe, A)
Consider as in ([L-S], §3) the composite map
Vs H (X K) © QT — KnHY(X, QT ()i = @A © Q2

where ' is the restriction of the map

e H(Qr, 4)
a.H(Q,A)%aSBKH}(Qe’A)

the kernel of which defines the Selmer group S(Q, A4).

In analogy to ([L-S], Lemma 3.1) we will prove the following
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PROPOSITION (2.1): Let the notations be as in §1. Let p > 3 a prime, such that E
has multiplicative reduction at p. Assume that condition (H 1) holds. Then we have

a) coker ¢ = Hl(Qp,A)div/Hgl(Qp,A)
b) Imty =Imao’

We will give the proof of Proposition 2.1 in the next section.
In the following we will compute the coranks of H'(Qp, A)aiv/Hy(Qp, A) and
H;(QP,A)/H}(QP,A). Let

Q= Hy(Qy, V)/H}(Qp, V) and 6, = H(Q,, V)/H}(Qp, V)

as in ([L-S], §4). It is well known that Xq, = E x Eq, has a regular proper model &
over Z, with semistable reduction. Let X, be its closed fiber. By local Tate-Duality
([B-K], §3.8), Q,, is the Q,-dual of H}(Q,, V(—1))/H}(Qp, V(—1)) and this quotient
is — by the computations in [B-K], 3.8 — isomorphic t0 (Beys ® V(—1))%2r /1 — f,
which is by Kato’s and Tsuji’s proof of the Fontaine-Jannsen-Conjecture ([Kal, §6),
([Tsu]) isomorphic to (D2)V=0/1 — f), where

D, = H120g crys((Xp> Ml)/W(]FP)> W(L)> Ocrys) ®Qp

denotes the log-crystalline cohomology introduced by Hyodo-Kato [H-K], N = 0 de-
notes the kernel under the action of the monodromy operator N, and f acts as p~ ¢,
where ¢ is the Frobenius acting on Dy. Therefore we have by Poincaré duality for
Hyodo-Kato cohomology that €, is isomorphic to (coker N : Dy — D3)#=P. Since
the functor Dy (-) = (B ® -)9@r commutes with tensor products and a Tate-elliptic
curve has ordinary semistable reduction in the sense of ([Il], Definition 1.4) we have
a Hodge-Witt-decomposition ([Il], Proposition 1.5)

Dy= @& H' (X, Wuw)®Q, .
itj=2

Here HY(X,,Ww’) is the cohomology of the modified Hodge-Witt-sheaves.
From the action of the Frobenius ¢ on Dy it is clear that (DQ)WZP is contained
in H'(X,, Ww')q,. By ([Mo], §6) we know that the monodromy filtration and the
weight filtration on Ds coincide. Using the formula Ny = pp N we have that

N(H(X,, Wu?) € H'(X,,, Wu')

and the map
N%: H(X,, Ww?) — H?*(X,, Wu°)

is an isomorphism. Since dim H*(X,, ij)Qp = dim H* (XQij) by ([I1], Corollaire
2.6), we see that

dim(coker N : Dy — D9)%™P = dim(Dg)g::g <3 .
On the other hand the Bgi-comparison-isomorphism provides an injection
Pic(X) @ Q, — H*(X,Q,(1))7% < (D2)3Z)

Since Pic(X) has rank 3 we have
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LEMMA (2.2):
dim ), = dim(D,))=) =3 .

By the same methods and the proof of ([L-S], Lemma 4.4) we get

LEMMA (2.3):
dimé, =1

From Lemma (2.2) and ([L-S], Lemma 4.1) we get

LEMMA (2.4): The image of the composite map

(Pic(X) ® Q") @ Q, /%, — H'(X,Ks) @ Q)% ~5 A, @ Q, /7,
18
HY(Qy, A)/HHQ,, A)

Now we will give the proof of Theorem B and we distinguish between two cases.

CAsE I:
The map o/p, i.e. the p-component of o’ is surjective.

This case is actually obstructed by the Gersten-conjecture as we will see in the proof
of Proposition (2.1). Since we do not assume (H 1) in Theorem B we also consider
this case. Using the surjectivity-property of 1y, i.e. the f-component of 1, for £ # p
that follows from Prop. 2.1, and where the condition (H 1) is not needed, we see that
coker & has Z,-corank 0. Now apply the modified version of ([B-K], Lemma 5.16)
that is given in ([L-S], Lemma (3.3)): All the assumptions there are also satisfied for
our choice of p:

— V is a de Rham representation of Gal(Qp /Q,) by Falting’s proof of the de Rham
conjecture.

— For the characteristic polynomial Py(V,t) we have Pp(V,1) # 0. For £ # p the
proof is the same as in ([L-S], §3). For £ = p, we have Crys(V)f=! = (Dg)ﬁjﬂ%.
By the same methods as in the proof of Lemma (2.2) we have (Dg)fjjpf)2 =

By the same arguments as in the proof of ([L-S], Theorem 3.2) we get the formula

corank(ker o) = corank(coker a) = 0. Therefore S(Q, A) = ker « is finite.

Cask II:
Ima, = H}(Qp, A)/H}(Q,, A)
By Lemmas (2.3) and (2.4) this is the only remaining case to consider.

Let ' = Sym? H'(E,Z,(1)). By Lemma (2.2) and Lemma (2.4) we have
Hy(Qy, T')/H}(Qyp, T') = 0. Let c(£) for £ / N be the elements in H'(X,Ky) that

DOCUMENTA MATHEMATICA 2 (1997) 47-59



54 ANDREAS LANGER

were constructed by Mildenhall and Flach. In the notation of ([F1], Prop. (1.1)) we
therefore have res,—pc(¢) € H }(Qp, T"). We get this property with little effort whereas
in [F1] this was one of the harder parts in the whole paper. It is now easy to check
that all the other required properties on the elements ¢(¢) in ([Fl], Prop. (1.1)) are
also satisfied for our choice of p. Thus we apply Kolyvagin’s argument in ([F1], Prop.
(1.1)). At the point where Flach needs the surjectivity of the Galois representation
op in order to derive the finiteness of S(Q, A(—1)), we use the following Lemma, due
to Nekovar, that finishes, after applying Poitou-Tate Duality, the proof of Theorem
B.

LEMMA (2.5): Let Q(Epn)/Q be the Galois extension obtained by adjoining the co-
ordinates of all p™-torsion points on E and let T’ be as above. Then there exists a
¢ > 0, such that the exponent of H*(Gal(Q(E,»)/Q),T'(—1)/p") divides p® for all
n > 0.

REMARK: Flach uses the vanishing of this cohomology group that follows from his
additional assumption on the surjectivity of gp.

PROOF: Put G := Im(Gal(Q/Q) — Autg,(T,(E))). Since E is without complex
multiplication over Q, G is of finite index in Autz, (T,(E)) = GLa(%Zyp). Put G, :=
ker(G — GLy(Z/p™),T" := Sym*(T,(E)), G := Im(G — Autg, (T")) = G/ZNG,

where Z = center of GL2(%Z,) = g\ ())\ S AE Ly ¢

Consider the following diagram with horizontal and vertical exact sequences:

(note that G/G,, =2 Gal(Q(Epn)/Q).

1
HY G, T'(-1)) @ Z/p"
1
0= HY(G/Gy, T'(~1)/p") ™5 HYG, T'(=1)/p") S H' (G, T'(~1) /p") ¢/
1
H*(G,T'(~1))pn

It is clear that HY(G,T'(-1)) = H! (G, T'(-1)) = H.,. .(G,T'(-1)) are Z,-
modules of finite type. Therefore H?(G,T'(—1))p~ is finite. We have an exact

sequence

0— HY(G,T'(-1)) 25 HY(G, T'(-1)) =5 HY(Z N G, T'(~1))¢/%n¢

Homeont (Z N G, (T'(—1))%/2NG)
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But (T7(—1))/%7C is zero (E has no CM). Thus H'(G,T'(-1)) = HY(G,T'(-1)).
By result of Lazard there is an injection

HYG,T'(-1)®Q < H'(Lie(G), T'(-1)® Q)
= H'(s1(2), T'(-1) ® Q)

and H' vanishes for semisimple Lie-algebras (and every representation).  So
H'(G,T'(-1)) is finite and Lemma 2.5 follows.

Finally it is easy to see that Corollary (1.3), Proposition (2.1) b) and Theorem B imply
Lemma IT and as a consequence also Theorem A. It remains to show Proposition (2.1).
This will be accomplished in the next paragraph.

§3

The surjectivity of the map
Y = 9 bo: HY(X, ICo) @ Qp /Ty — 2 HY Qe A)aiv/H;(Qe, A)
D P

follows from ([L-S], Lemmas (4.1), (4.3), (4.4) and (4.5)). On the other hand the
composite map

Pic(X) @ p%) @ Qp /Ty — H'(X,Ks) @ Qp/ Ty 3 HY(Q,, A)/HHQ,p, A)

is surjective by Lemma (2.2), whereas the image of (Pic(X) ® p%) ® Q, /%, under
the map v’ is zero. To finish the proof of Proposition (2.1) we therefore have to show
that the image of aj,, the p-component of o’ is contained in H}(Q,, A)/H(Qp, A).

By the theory of Bloch-Ogus and the work of Merkurjev-Suslin [M-S] we have an
isomorphism

H'(X, Ka/p") = NHE,(X, Z/p"(2)) -

Let X be a proper regular semistable model of Xq, over Z,, i : X, — & and
J: Xq, <> X the inclusions of the closed and generic fiber.

Let H2,(X,7<2Rj.Z/p™(2)) be the cohomology of the truncated complex of p-adic
vanishing cycles. Then we have

LEMMA (3.1): Assume that the Gersten-Congjecture holds for the Zariski sheaf Ko on
the reqular scheme X. Then we have the inclusion

H (X, Ka/p") € HE,(X. 72 R 2L /p"(2)

PROOF:

This follows from the proof of ([L-S|, Lemma (5.4)).
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LemmA (3.2): H3(Xq,,Q,(2))%% =0.

PROOF:
Using the Kiinneth formula and the fact that H?(E,Q,(1)) = @, (the Brauer

group of a curve over an algebraically closed field is zero), it suffices to show that
HY(E,Q,(1))%er = 0. This follows from ([J], Theorem 5a).

Using Lemma (3.2) and the Hochschild-Serre spectral sequence we get a canonical
map

o :lim H'(Xq,, K2/p") ® Q, — HY(Q,, V)

When we deal with a variety over a local field, all cohomology groups under
consideration are (co-)finitely generated. The map o/p certainly factors through

li_I>nH1(XQp,’C2/pn)diV. The assertion that li_I>nH1(XQp,IC2/p")diV is contained in

n
Hg1 (Qp, A) is therefore equivalent to the assertion that the image of o is contained in

H}(Qp,V). In view of Lemma (3.1) we see that Proposition (2.1) follows from the
following

LEMMA (3.3): Under the condition H1) we have: Imo C H}(Q,, V).

To prove Lemma (3.3) it suffices to show that the image of the map
H(X, 7<2Rj.Qp(2)) — H'(Qp, V)

is contained in H(Q,, V).

Let s°2(2) be the log-syntomic complex in D.;(X) constructed by Kato ([Ka], §6)
and Tsuji [Tsu] together with a canonical map

SI08(2) — T<0iui* Ry Z/P™(2) .
This gives rise to a composite map

0 H(X, 595(2)) — H'(Q,, V)

Since (Dg)i’jﬂ% = (Dg)i’jﬁ = 0 (D; denotes the i-th log-crystalline cohomology of
X,) we may apply the main result in [L] on a semistable analogue of Schneider’s
p-adic points conjecture to get
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LEMMA (3.4) Imn = H (Q,, V).

Tsuji has proven that there is a canonical isomorphism between the cohomology
H2(i*s1°8(2)) and the sheaf M2 = i*R%j.%/p"(2) of p-adic vanishing cycles ([Tsu],
Theorem 3.2). His proof relies on a filtration Fil' on M? that was defined by Hyodo
([H], (1.4)) and is induced by a symbol map on Milnor K-Theory. Hyodo has shown
([H], Theorem (1.6)) that the highest graded quotient grPM? sits in an extension
(change of notation: Y := X,,, the closed fiber of X)

0— an§7log — gTOMz — an%log — 0

where W,wy, ,, are the modified logarithmic Hodge-Witt-sheaves ([H] (1.5)). On
the other hand Hyodo and Kato ([H-K] Prop. 1.5) constructed an exact sequence of
Hodge-Witt-sheaves

0 — Wyhws — Wyt — Wow? — 0

and used the connecting homomorphism on the level of cohomology to define the
monodromy operator on log-crystalline cohomology. It follows from the work of Tsuji
([Tsu], §2.4) that there is a commutative diagram

0 — an%ﬂlog — gTOMg — an%log — 0

0 — Wywl — Wy — Wowi — 0

such that the upper exact sequence is obtained by taking the kernel of 1 — F act-
ing on the lower exact sequence, where F' is the Frobenius. From the Hodge-Witt-
decomposition of H" (Y, Ww') ([Il], Proposition (1.5)) it is easy to derive a Hodge-
Witt-decomposition for H" (Y, Wy,)

H (Y, Wiy) = @ HI(Y, W)

i+j=r
From the action of the Frobenius ¢ on H"(Y, Ww; ) we get
H3(Y, Wity ) pepe = H' (Y, Wi3)F=!

On the other hand it is shown in the proof of the semistable analogue of the p-adic
points conjecture on log-syntomic cohomology [L], (2.6), Prop. (2.9), Prop. (2.13) that
there is a surjection

HE,(X, 558 (2) = (HY(Y, Wiby )q, )p=p?
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and the above arguments yield a commutative diagram

HA(X, 555 (2))

| N

HZ(X,7<2Rj.Qp(2)) — H'(Y,gr'Mg,) — (H(Y,Wiy)q,)p=p

l l

Hl(Qp7V) — Hl(Qp>Bcrys®V)

It follows from ([L], (2.10)) that the composite

(Hs(K W/(D:Y)QP)WZPZ — HI(Q;m Bcrys ® V) — HI(Q;m By ® V)

is the zero map. Using the fact that H], = Hg1 (unpublished result of Hyodo, see also

S

Nekovér ([Ne](1.24)) we conclude that the image of the map

H (X, 7<2RjQp(2)) — H'(Qyp, V)

is H)(Qp,V) in view of Lemma (3.4). This finishes the proof of Lemma (3.3) and
Proposition (2.1).
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ABSTRACT.

A Hopf-bifurcation scenario with symmetries is studied. Here, apart from
the well known branches of periodic solutions, other bifurcation phenomena
have to occur as it is shown in the second part of the paper using topological
arguments. In this first part of the paper we prove analytically that invariant
tori with quasiperiodic motion bifurcate. The main methods used are orbit
space reduction and singular perturbation theory.
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1 INTRODUCTION

An interesting problem in the theory of ordinary differential equations is the gen-
eralization of the two dimensional Hopf-bifurcation to higher dimensional systems
with symmetry. In this connection, [GoSt] and [GoStSch] investigated problems on
a vector space X that can be decomposed into a direct sum of absolutely irreducible
representations of the group O(3) of the form X = V;®iV;. Here V; denotes the space
of homogeneous harmonic polynomials P : R> — R of degree [. This is the simplest
case where purely imaginary eigenvalues (of high multiplicity) in the bifurcation
point are possible. Using Lie-group theory, the authors showed the existence of
branches of periodic solutions with certain symmetries. Here in addition to the
spatial O(3)-symmetry a temporal S'-symmetry occurs. This symmetry corresponds
to a time shift along the periodic solutions. In order to obtain their results, the
authors made a Lyapunov-Schmidt-reduction on the space of periodic functions.
The reduced system then has O(3) x Sl-symmetry and solutions correspond to
periodic solutions of the original system with spatial-temporal symmetry. Under
certain transversality assumptions, periodic solutions with symmetry H C O(3) x S*
bifurcate if Dim Fix(H) = 2 for the induced representation of the group O(3) x S! on
the space X (cf. [GoSt] resp. [GoStSch]). [Fi] has shown that it is sufficient that H
is a maximal subgroup for periodic solutions with symmetry H to bifurcate. Using
these methods, only the existence of periodic solutions can be investigated. Via
normal form theory (cf. [EletAl]) one gets O(3) x S'-equivariant polynomial vector
fields up to every finite order for our systems. This additional S'-symmetry is due to
the fact that the normal form commutes with the one parameter group el" t which
is generated by the linearization L in the bifurcation point. For a Hopf-bifurcation
L has purely imaginary eigenvalues (of high multiplicity) and the group generated is
a rotation. [IoRo], [HaRoSt] and [MoRoSt] did analytic calculations for the normal
form up to fifth order in the case | = 2. They gave conditions for the stability of
the five branches of periodic solutions predicted by [GoSt] resp. [GoStSch] in terms
of coefficients of the normal form. Quasiperiodic solutions found by [IoRo] in the
normal form up to third order can not be confirmed in this paper. We shall show a
mechanism for quasiperiodic solutions to bifurcate in the fifth order.

Investigating the normal form due to [IoRo], one finds a region in parameter space
where two of the branches of periodic solutions bifurcating supercritically are stable
simultaneously. Using topological methods, [Le| showed that we have the following
alternative in this region in parameter space: Either besides the known branches of
periodic solutions other invariant objects bifurcate or recurrent structure between
the different invariant sets (e.g. between the different group orbits of periodic
solutions and the trivial solution) exists. Actually the results of these topological
investigations were the starting point of analytical efforts to find other solutions (or
recurrent structure) in this paper. In order to get our results, we shall proceed as
follows.

First the representation of the group I' = O(3) x S! on the ten dimensional space
X = Vo ®iVs is introduced. The lattice of isotropy subgroups of this representation
is given according to [MoRoSt] and the results of [ToRo] are quoted. The smallest
invariant subspace containing both solutions that are stable simultaneously has
isotropy ¥ = (Zo, 1).
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Then our considerations are being restricted to this six dimensional subspace.
The normaliser of ¥ is N(X) = O(2) x S! € I'. This is the biggest subgroup of I’
leaving Fix(X) invariant as a subspace. Now we shall look at the representation of
N() .

— on Fix(X).

Dealing with differential equations with symmetries, one has to deal with group
orbits of solutions because a solution z(t) gives rise to solutions v z(t) with v € T.
This redundancy, induced by the action of the group, will be removed by identifying
points that lie on a group orbit. I.e. one studies the orbit space that is homeomorphic
to the image of the Hilbert-map II : Fix(X) — R¥ : 2 — m;(2) (cf. [La2] and [Bi]).

Here k denotes the minimal number of generators of the ring of @ invariant poly-

nomials P : Fix(¥) = R and m;, ¢ = 1,...,k, is such a system of generators. Thus
the original differential equation is reduced to a differential equation on H(FiX(Z)) of
the form 7 = g(w), @ = (71,..., 7). In order to perform this reduction for a given

equation, one, first of all, has to know the number of independent invariants and
equivariants for a given representation. Then one, actually, has to calculate them.
Statements on the number of independent invariants and equivariants and possible
relations between them are given by the Poincaré-series. These are formal power
series Z;’io a; t' in t. Here a; denotes the dimension of the vector space of homoge-
neous invariant polynomials of degree i resp. the dimension of the vector space of
homogeneous equivariant mappings of degree i. These series can be determined just
by knowledge of the representation of the group on the space.

The lattice of isotropy subgroups of the representation of % on Fix(X) and the
image of the Hilbert-map are determined. This is a stratified space which consists of
manifolds (strata). Each stratum consists of images of points of some isotropy type
of the representation of % on Fix(X). Thus it is flow invariant with respect to the
reduced vector field on II(Fix(X)).

Afterwards we shall carry out the orbit space reduction for the normal form up to
third order. The critical points of the reduced vector field in H(FiX(Z)) are deter-
mined. As expected by inspection of the lattice of isotropy subgroups of I' on VgQ@ng,

—_~—

we shall find images of periodic solutions of isotropy (O(2),1), (D4, Z3), SO(2) , and
(T, Z3). Moreover there exists some stratum F in II(Fix(X)). Connected via a curve
g of fixed points the fixed points having isotropy (O(2),1) resp. (D4, Z2) in the orig-
inal system lie on F. The preimage of F consists of points having isotropy (Z2,1)
in the restricted system. Perturbations that respect the symmetry will, therefore,
respect this stratum. The curve g is stable for the reduced vector field restricted to
F. Small perturbations of the original vector field in fifth order of magnitude £ will,
therefore, preserve a curve. By use of singular perturbation theory (cf. [Fe]), one gets
a resulting drift on the curve. This explains the observation made by [ToRo] that the
stability of the fixed points of isotropy (O(2),1) resp. (D2, Zs) is determined in the
fifth order.

Dependent on the relative choice of the coefficients of the third order normal form
in the region of parameter space in question, there is a point on the curve g where
the linear stability of the curve in the direction of the principle stratum changes.
Linearization of the reduced vector field in this point yields a nontrivial two dimen-
sional Jordan-block to the eigenvalue zero. The second dimension results from the
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linearization along the curve. Finally the flow on the two dimensional center manifold
in this point is determined for small €. The persistence of the curve g for small €,
knowledge of the direction of the drift, the change of stability in the direction of the
principle stratum, and the existence of a nontrivial two dimensional Jordan-block to
the eigenvalue zero are sufficient to prove for small € the bifurcation of a fixed point
of the reduced equation in the direction of the principle stratum using the implicit
function theorem. Fixed points of the reduced system on the stratum F' correspond to
periodic solutions, fixed points in the principle stratum correspond to quasiperiodic
solutions in the original system.

2 REPRESENTATION OF THE GROUP O(3) x S! oN V5, @ iVh

We investigate systems of ODE’s of the form
T = f()\, x)
in the ten dimensional space
X = Vhoilk.
Let V5 be the five dimensional space of homogeneous harmonic polynomials
p : R = R
of degree two. We have
Vo = <2x§ — (22 + 22), 7123, 223, TF — x%,x1x2> .

Let us introduce the following coordinates (z, Z),

z = (2z-2,2-1,20,21,%2), 2m €C, m=—-2,...,2,
in the space X:
2
reX & zx= Z Zm Y.
m=—2

Here

Yo = i (- @t ad),

15 :
Yil = s (xlxg, + 1%2%3) s

Yi2 = 4/ % ((x% — x%) + 12.%1%2)
denote spherical harmonics. Moreover let
f: RxX —= X

be a smooth map that commutes with the following representation of the compact
Lie-group

I = O(3) xSt
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on the space X.
The group

with
zs = {£1d}

acts via the natural representation absolutely irreducible on V5. Forp € Vo and y € T’
we have

vp() = p(y ") for v € SO(3),
—Idp(:) = p().

This representation is a special case of the representation of the group O(3) on the
space Vi, I > 1. For [ even the subgroup Z§ acts trivially in the natural representation.
On the space X the group O(3) acts diagonally. For the general representation theory
of O(3) we refer to [StiFi| and [GoStSch].

The group S! acts as a rotation in the coordinates

oz = ez,
6z = e ¥z
with ¢ € S'.
So we have
fvz) = vf(\z), VyeTl.

In their paper concerning Hopf-bifurcation with O(3)-Symmetry [GoSt] and [GoStSch]
look at systems of the form

& = f(A)
with
reX = ViV
and
f @ RxX — X

a smooth mapping. This direct sum of two absolutely irreducible representations of
the group O(3) is the simplest case allowing imaginary eigenvalues, however of high
multiplicity, in the bifurcation point. Let us assume:

e f is equivariant with respect to the diagonal representation of O(3) on X.
e f(N\0)=0.

o (Df)x0 has a pair of complex conjugate eigenvalues () £ip(\) with o(0) = 0,
d(0) # 0, and p(0) = w of multiplicity (214 1) = Dim(V}) with smooth functions
o and p.
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The authors now look at subgroups
H c T.

Here the group S! C T acts as a time shift on the periodic solutions. _Therefore
subgroups H consist of spatial and temporal symmetries. For subgroups H with

DimFix(H) = 2

with respect to the representation of the group I' on V; @ iV}, the authors prove the
existence of exactly one branch of periodic solutions with small amplitude of period
near 27” and the group of symmetries H. In order to do this, the authors make a
Lyapunov-Schmidt-reduction on the space of periodic functions. The reduced system
has the full O(3) x S!-symmetry and solutions correspond to periodic solutions with
spatial-temporal symmetries in the original system.

For | = 2 [IoRo] applied normal form theory (cf. [EletAl]) to these systems. Up
to every finite order they got O(3) x Sl-equivariant systems of the form described
above. This additional S'-symmetry up to every finite order is due to the fact that
the normal form of f commutes with the one-parameter group e@Hoot Due to our
conditions on the eigenvalues, this is just a complex rotation.

The following calculations are done using the normal form up to fifth order due to
[ToRo]. The normal form up to fifth order is very lengthy and shall not be given here.
The parts important for our calculations shall be cited when necessary.

Let G be a compact Lie-group acting on a space X. The most general form of a
G-equivariant polynomial mapping g : X — X is

o@) = Yo mlx)al).

Here

pp X — R
denote G-invariant polynomials and

eg : X — X

G-equivariant, polynomial mappings.

In order to determine the most general G-equivariant, polynomial mapping up to a
fixed order, one, first of all, has to know the number of independend invariants and
equivariants and possible relations between them. On this occasion the Poincaré-
series described in the next chapter are useful. The next problem is to find the
polynomials. In the case of the group O(3), using raising and lowering operators (cf.
[Sa],[Mi]), one can check whether a specific polynomial is invariant or not. The raising
and lowering operators are in close relationship to the infinitesimal generators of the
Lie-algebra of the group. So the problem is to construct and check all possible poly-
nomials resp. polynomial mappings. Dealing with high order polynomials and large
dimensions of the problem, this is a very difficult task that is only accessible via sym-
bolic algebra. At least, using the Poincaré-series, one knows when everything is found.
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The lattice of isotropy subgroups of the representation of the group I' on V5 @iV5 has
been determined by [MoRoSt].

SO(3) x St
(0@),1)  (DuZ)  (1,Zs)  §0@)  $0@)

Figure 1: Lattice of isotropy subgroups of I' on Vo @ iV5.

The subgroups H C I are given as twisted subgroups
A - (He(m)

with H C SO(3) and ©(H) C S!. In this connection
© : H — S

is a group homomorphism. Every isotropy subgroup H & T can be written in this

—~—1 —2

form (cf. [GoStSch]). In the case of the isotropy subgroups SO(2) resp. SO(2) we
have H = SO(2) C SO(3) and ©(H) = S! with ©(¢) = ¢ resp. O(¢) = ¢.

In [MoRoSt] the authors investigate Hamiltonian systems of the form

v = JDH(v)

_ 0 —Is
o= (w9
and O(3) x S! invariant Hamiltonian H : R — R. This leads to restrictions on the

coefficients of the normal form of the vector field. Like [ToRo] for the general vec-
tor field, [MoRoSt] analytically prove the existence of periodic solutions of isotropy

with v € R0 = V4 @ iV4,
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—~—1 —2

(0(2),1), (D4, Z2), (T,Zs), SO(2) , and SO(2) . These are exactly the subgroups of I'
having a two dimensional fixed point space for our representation, i.e. the subgroups
for which [GoSt] and [GoStSch] predicted the bifurcation of periodic solutions using
group theoretical methods. Moreover the authors give conditions for the stability of
the different branches of periodic solutions by means of regions in the parameter space
of the normal form.

In the following we shall look only at the situation where all solutions bifurcate su-
percritically. In this case there is a region in parameter space where the periodic

—2

solutions of isotropy (O(2),1) resp. SO(2) are stable simultaneously, see [ToRo|. Us-
ing topological methods, [Le] showed that in this region in parameter space either
other isolated invariant objects besides the trivial solution and the different group
orbits of periodic solutions have to exist or there is recurrent structure between the
trivial solution and the different group orbits of periodic solutions. Recurrent struc-
ture means that it is possible to go back via connecting orbits that connect different
group orbits in the direction of the flow, from a specific group orbit to this group
orbit itself.

In this paper we shall prove the existence of quasiperiodic solutions in the region in
parameter space in question. The quasiperiodic solutions given by [IToRo] using the
third order normal form cannot be confirmed. We shall prove that the quasiperiodic
solutions bifurcate in fifth order from a curve of periodic solutions that is degenerate
up to third order.

In order to reduce the dimension of the problem, we shall restrict our calculations in
the following to the smallest invariant subspace containing the two stable solutions.
This is a subspace of isotropy (Z2, 1) due to the lattice of isotropy subgroups. Next
we want to fix a specific subgroup

0(2) c SO(3)

because it is well suited for our coordinates:

cos¢p —sing 0 1 0 0
02) = Ty = sing cos¢ O , k= 0 -1 0 ; ¢ €10,2m)
0 0 1 0 0 -1

It acts (cf. [GoStSch]) in the following form on our coordinates z:

—21 —1 7 21
T (2-2,2-1,20, 21, 22) = (€ %P2 5,e7"%2 1, 20,€"%21, €% 2y),

Kk(z—2,2-1,20,21,22) = (22,—21,20, —%-1,%2-2).
Finally let
Y = (Zs1)
with

Zo

{1,r:}.
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3 RESTRICTION TO Fix(Zs,1)

LemMmA 3.0.1

Fix(¥) = Span{(z_»,0, 20, 0, 29)} = C?3.
LEmMMA 3.0.2 N(D)

E=——>=0(2) xS".
® _ o)«

The group O(2) x St acts on C3:

ro(z-2,20,22) = (e %2 9,20,6%2),

K‘(Z—27ZO722) - (Z27ZO7Z—2)7

H(2_2,20,22) = (€92 9,€eP2,e%2).

The group O(2) is generated by the rotations rg and the reflection k and the group S!
by the rotations ¢.

Proof: We have Ngo(3)(Z2) = O(2). The representation of O(2) x S' on C? is given
by restriction of the representation of SO(3) x S! on Fix(X). X

Let z = (2_2, 20, 22) € C3. The definition
0Z=0%Z, 0 €L,
gives rise to an unitary representation of = on the space

C3aC®>{(2,7%), € C3} =R°.

3.1 POINCARE-SERIES, INVARIANTS, AND EQUIVARIANTS

The number of generators of the ring of Z-invariant polynomials P : R® — R and
of the module of Z-equivariant, polynomial mappings @ : R® — RS over the ring of
invariant polynomials can be determined using Poincaré-series.

For an unitary representation T of a compact Lie-group G on a vector space V we
have

P](t):/Gdet(_—tT Zcztz
PEq(t)=/ Tl ( dg—Zdtz

Here ¢;, © > 0, denotes the dimension of the vector space of homogeneous invariant
polynomials of degree 7 and d;, ¢ > 0, the dimension of the vector space of homoge-
neous, equivariant mappings of degree 7. Let ¢ = dy = 1. The integral appearing in
the formulas is the Haar-integral associated to the compact Lie-group G (cf. [BrtD]),
Xx(9), g € G, denotes the character of g relative to the representation 7. The theory
of Poincaré-series is presented in [La2].
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LEMMA 3.1.1

1+¢4
Pr(t) = 1—2)2(1 - t4)2
2t +3t3 + t°
PEq(t) =

(1—12)2(1 —t4)

Proof: The group = = O(2) x S! can be written as the disjoint union of two sets in
the following form

0(2) xS' = SO(2) x S* U kSO(2) x S.

Therefore the integrals appearing in the formulas split in two parts.
A. E1 =S50(2) x S! acts on the space C3 & C3. So we get

. 1
Pr) = /:det =)%Y

~ (@2n)2 /¢ /godet —tT9¢))d9d¢'

For our representation we have

det(I —tT(0,¢)) = (1- tei(9—¢))(1 _ te_i¢)(1 _ te—i(9+¢))(1 _ tei(—9+¢))
(1 —te'?)(1 — te'OF9).

A transformation of variables
e — Y1, P Yo

leads to

1 1
PHt) = 5 f% dy, d
r(®) (2mi)? J,, Jy, vryadet(I — T (y1,y2)) e

= — Y192
- (emh)? f; f; (e — o) (02— D(1ws — Dwn — ) (1 — ta) (1 — tyrgn) 1>

Using the residue theorem twice, one gets

144
PHt) = ———.
7t (1 —t2)3(1 —t4)
B. For the set kKSO(2) x S! we have
det(I —tT(k,0,0)) = (1—te 9)2(1+te %)(1 —tel?)?(1 + te'?).
A transformation of variables gives
1 2
Pt) = — Y2 dye.

27 [, (y2 — £)2(y2 + £)(1 — ty2)2(1 + tyo)
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Using the residue theorem, one gets

1+t

7O = Gy

C. Because of the normalization of the Haar-integral, we have

Pi(t) = % (P/(t)+ PE(t))
1+t
(1 —2)2(1 — t4)2

proving the first formula.
D. We want to calculate

1 _ x(9)
PO = | Gar e

Here we get

x(0, ¢)

Te(T(6, ¢))
ei(—9+¢) + ei¢ + ei(9+¢) + ei(9—¢) + e—i¢ + e—i(9+¢)

(ei¢ + e—i¢) (eie 11 +e—i9) _
This leads to

PO = G

% y2(1+y1 +97)(1+43)

w Jyo (Y2 —ty1) (Y2 — 1) (y1y2 — ) (y1 — ty2)(1 — ty2) (1 — ty1y2)
3t + 3t3

dyl dy2

E. For the set kKSO(2) x S! one correspondingly gets

x(k,0,¢) = €4 e
This leads to
1 y2(1 + 13)
P2 t - b d
2 = 5 e 0P 00— P T )

t
T-era -y

F. We therefore have

Prg(t) = 5 (Phg(t) + Piy(1))
2t + 3t3 + t°
(1—12)2(1 —t4)

|
B
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Doing this, we used the diagonal representation of Z on C3 @ C3. But we are
interested in the subspace {(2,%), z € C3} C C3 @ C?3 only. Therefore the number
of equivariants given by the formula is twice as big as it should be counting also
equivariants with one component being zero. X

The Poincaré-series can be interpreted in the following way.

LEMMA 3.1.2 The polynomials

T - |ZO|27

Ty = |Z—2|2 + |22|27

T o= |e-af?|zf
1

Moo= 5 (Hemt+2727),
i

o= g (0 2—222 — 2072 72)

are a minimal set of generators of the ring of invariant polynomials.
P : R - R

The only relation between them is
WZ + 71?) = 71%713.

Proof: One easily sees that the given polynomials my,...,75 are invariant, and
just meet the given relation. Therefore the Poincaré-series of these polynomials is
identical to the one calculated. Because of this there are no additional generators
and relations. M

Introducing polar coordinates in the following form
zj = ;€% je{-2,0,2},

and defining

0 = 2¢0— ¢—2— o2,
one gets

Ty = 7“37“_27“2 cos 6
and

T = 7“37“_27“2 sin 6.

Consequently the invariants m4 and 75 represent phase relations between the different
coordinates.

LEMMA 3.1.3 Let 7 : R® = R be an invariant polynomial for the representation of 2
on RS,
Then

p(2,2) =V, z7(2,Z)

is a Z-equivariant polynomial mapping for this representation.
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Proof: We have

p(O’(Z,E)) = VU(Z,E)W(Z7E) = VZ,EW(Z7E) UT - Up(Z,E).

The last equality is correct because the representation is unitary. X

LEMMA 3.1.4 The independent, E-equivariant, polynomial mappings

Q : R° - RS
up to fifth order are
2
0 zZ_92 Z_2|22|
er=1| 2 |, e= 0 , €3 = 0 ;
2
0 2 22|22
23% i 23%
€ =73 2z_92070 |, €5 = —5 —2z_22070
P — P —
202_2 202_2
Heree;, t =1,...,5, always denote the first component of the equivariant. The second

is given by complex conjugation of the first one.

Proof: Using the previous lemma, one knows that the mappings e; = V,z7;, j =
1,...,5, are equivariant. Power series expansion of Pgy(t) leads to

Pry(t) =2t + 73 + 1765 + O(¢7).

There are 2,7 resp. 18 different possibilities to construct equivariant mappings of
degree 1,3 resp. 5 from invariant polynomials 7y, ..., 75 and equivariant mappings
e1,...,e5 by multiplication of invariants with an equivariant. In the fifth order one
gets the relation
. 1 .
e1(my —img) = 571'1(64 — ies).

All other combinations can’t be generated this way. Therefore the Poincaré-series
belonging to 7,...,75 and eg,...,es5 is identical to the calculated one up to fifth
order. Because of this there are no further generators or relations up to fifth order.
X

3.2 ORBIT SPACE REDUCTION

The most general O(2) x S'-equivariant Hopf-bifurcation problem on RS up to third
order has the form

2 = (At+iw)(er + e2) + armer + aamies + azmee; + agmaes + ases + ageq + azes,

a; €C, j=1,...,7, L,we€R, and z = (2_2, 20, 22).
We want to study bifurcation problems on R resulting from a SO(3) x S'-equivariant
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problem on Vo@®iVa. This gives the following restrictions for the coefficients aq, . . ., ar:

1
2 = (Atiw)(er+ea)+ (a — §b — \/%C) mer + (a — \/§c> T1€2
8 2
+ (a — \/%C) Toe1 + amgey — (b + \/f_ic) e3 + (—b + \/%C) €4

+0es. (3.2.1)

Here a,b, ¢ € C denote the corresponding coefficients from the normal form of [ToRo].
This is obtained by comparison of the normal form of [ToRo] restricted to the subspace
with the general equation. Define coefficients «, 8, € C:

a:a—%b—\/gc, a =",

B:a—\/gc, b= 20+ 38+ 17,

v=a, c=\/§(v—ﬁ)-
Then the vector field has the form

2 = (At+iw)(er +e2) + amer + B(mies + maer) + ymaes

+2(a = 7)es + 2(a — Bes
(()\ +iw) + am + 5@)61 + (()\ +iw) 4+ Bm +77T2)€2
+2(a — y)es + 2(a — B)ey (3.2.2)

with \,w € R.

Let £ = f(z) be a differential equation on a vector space X. Let the mapping f
be equivariant with respect to the representation of the compact Lie-group G on X.
Since

(97) = g& = gf(z) = f(g92), Vg € G,
gx(t), g € G, is a solution if z(t) is a solution. This means one has to deal with group
orbits Gz of solutions. Let G, denote the isotropy of a point x. Then we have

G

Here C% and Gz are compact manifolds and we have (cf. [Di])
DimGx = DimG — DimG,.

In order to get rid of the redundancy in our system induced by the group G, one
studies the orbit space % Here points lying on a group orbit are identified:

r~y < x =gy withx,y€ X and g € G.
The orbit space is homeomorphic to the image of the Hilbert-map II(X)

o : X — Rk
z = (mi(z))
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(cf. [La2], [Bi]). Here k denotes the minimal number of generators of the ring of G-
invariant polynomials P : X — R and m;, i = 1,..., k, is such a system of generators.
The original differential equation is reduced to a differential equation on II(X) of the
form

7= g(m) with 7 = (71, ..., 7).

The reduced equation can be calculated as follows:
71"1' = Vmﬂ'ii = Vlmf(x), = 1,...,]{;.

The advantage of this reduction lies in the fact that in general the dimension of the
reduced problem is smaller than the original one. Furthermore symmetry induced
periodic solutions in the original system correspond to fixed points in the reduced
system and can be dealt with more easily analytically. The disadvantage is that the
orbit space in general is no vector space but a stratified space.

In our case the differential equation up to third order (Equation (3.2.2)) is given in
the form

5
z = E qgj e;-
Jj=1

Here
¢ :R°=C, j=1,...,5,
are invariant polynomials. So one gets
7 = V.mii+VemZ
= Eitez
= 2Re (&%)

5
= 2Re Z q;j €i€;
j=1

The products €e;, i < j € {1,...,5}, are

eéjer = m €oeg = Ty

e1es =0 ese3 = 2m3

erez3 =0 exeq = my + ims
€16y = My — iTM5 exes = —imy + T

e1es = imy + 75

_ _ 1_2 — 1_2

€3€3 = T273 €44 = T M2 + 173 eses = FM{T2 + M173.
— 1 . _ i 92 .

ezeq = 5ma(my + ims) €ies = —3 M T2 +imms

— 1 .

ezes = yma(—imy 4 7).

For i > j € {1,...,5} we have

ee; = eje;.

So the following lemma is proved.
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LEMMA 3.2.1 The Vector Field (3.2.2) yields the following reduced vector field on the
orbit space

o= 20 +arm + §m)m +4((a — B w4 (o — B)'ms)
Ta = 20\ + B + 4" me)me + 8(a — ) w3 + 4((a = B)'ms— (a— 5)%5)
#s = 40N+ BT+ ame)m + 27r2((a ) — (a— g)%)
My = 2(2)\ + (a+B)(m + m))m +2(a = B)'(—m1 + )75
+(a — B)"my (w1 + 473)
w5 = 2(2)\ + (a+ B (m + m))m +2(a — B) (m — m2)my

(a — B)'my(—mima + 4ms).

+

Here o, 87,4 resp. o, 3%, " denote the real resp. imaginary parts of o, 3,7.

3.3 LATTICE OF ISOTROPY SUBGROUPS

All isotropy subgroups G ¢ O(2) x S! can be written as twisted subgroups in the
form

G=H® ={(h,0(h) €0(2) xS' |h € H}
(cf. [GoSt], [GoStSch]). Here H C O(2) denotes a closed subgroup of O(2) and
e : 02 — ¢
is a group homomorphism. For a closed subgroup H C O(2) let
H = (g 'h"'gh|g,h € H)
denote the commutator of H and

H
ab __
H = —

the abelianisation of H. Since ©(H) C S! is abelian, the possible twist typs ©(H) of
H can be concluded from the abelianisation H%. One gets the following table.

" o Fab O(H)
0(2) 50(2) Zs L2
S0(2) 1 SO(2) L,s'
| | e | e
7. 1 T 1,Z4, d|n
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(1,1)

77

Figure 2: Lattice of isotropy subgroups of O(2) x S! on R®

LEMMA 3.3.1 For our representation of the group O(2) x St on the space RS one gets
the following lattice of isotropy subgroups.
The following table contains generating elements, representatives and the dimension

of the associated fized point space for every group H©.

H® generators representative | Dim Fix(H ©)
0(2) x S* 0(2) x S (0,0,0) 0
©@.1) | O | 0.0 2
SO(2) | ((¢,9), 9 €8) | (2-2,0,0) 2
(D2, Z5) ((k, 1), (m,m)) (22,0, 2z2) 2
(Z2,75) {(m,m)) (22,0, 22) 4
(Z2,1) ((k,1)) (22, 20, 22) 4
(1,1) {(1,1)} (2-2, 20, 22) 6

Proof: The dimension of the fixed point space of a potential isotropy subgroup

H@

c 0(2) xSt

is given by the trace formula (cf. [GoSt], [GoStSch])

DimFix H® = / Tr(h, 0(h)) dh.
H®
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The values of Tr(h,0(h)), h € O(2), ©(h) € S, are known by Section 3.1. Since we
use the diagonal representation of the group O(2) x S! on C? @ C? D RS the formula

yields the real dimension of the fixed point space.
A. Let ©(H) = 1. Then

1 1 2 2
DimFix (0(2),1) = = —/ 2(1+2c0s6)d6+/ 2do | = 2,
2\27 Js=o 6=0
1 2
DimFix (SO(2),1) = o 2(1+2cos¢p)dg = 2,
$=0
. 1 [ 2 = 4 n=1,
Dim Fix (Dy, 1) = 7 Z2<1+2c0s;g>+22 = { 2 n>2
=1 =1
Dim Fix (Zy, 1) 1&2 1 +2c0s 27 2
1im Fix (Z, = — Ccos — = 2.
anl n]

The subspaces {(0,z0,0)} resp. {(z2,20,22)} have isotropy (O(2),1) resp. (Z2,1)
and, consequently, (O(2),1) resp. (Zz, 1) are isotropy subgroups with two resp. four
dimensional fixed point spaces. Let Zs = D; denote the Zy generated by k. The other
groups with trivial twist are no isotropy subgroups.

B. Let ©(H) = S!. Possible twists are

¢  — ko
with k € N. Then we have
DimFiXS/O\/(Q)]C = — " 2(14+2cos¢)coskepdp = 2 k=1,
Y T 10 kE>1

—~— —~—

The subspace {(z_2,0,0)} has isotropy SO(2) and, therefore, SO(2) is an isotropy
group with two dimensional fixed point space.

C. Let ©(H) = Zy. Then
1 1 27 27
DimFix (0(2),Zs) = = <—/ 2(1+2c056)d6—/ 2d6> = 0.
2 2 §=0 =0

In the case (Dy,Z2) there are several possibilities. Let first n be even. Here we have

three possible twists.
2
HOun — <<_7T,7T> (%, 1)>_
n

To begin with let
DimFix HO» — i2(—1)j 1+2cos2—7rj +3 2(-1)
n

=1

Then
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Defining
2
H@2,n = <<_7T77T>7("€77T)>7
n
we have
DimFix HO?» — iQ(—l)j 1+ 2cos Q—ﬂj + i2(—1)j+1
2n | 4 n °
=1 j=1
. 2 n=2,
- 0 n>4.

Finally let

Then
1 n n
. . @ n i =" _ _
Dim Fix H © o Z2<1+2cos g) +Z 2] =0
j=1 =1
Setting
(D27Z2) = <(7T77T)7 ("ﬁ 1)) = H %,
we have

(—Z,I)H@“ (3,1) — H%u
2 2

Therefore both groups are conjugated.

The subspace {(z2,0, 22)} has isotropy (D2, Z3) and, therefore, (D2, Zs) is an isotropy
group with two dimensional fixed point space.

If n is odd, then

1 n 2 n =
Dim Fix (D, Z2) = 3 22<1+2c0s§j>+2—2 = { (2) Z>;’,

=1 =1

(D1, 7Zs) = ((k, 7)) is extended by H ©22 and, consequently, is no isotropy group.
In the case (Zy,Z2), in particular n has to be even, we have

1 ) ) _
iz = 321y (Lezen ) = {5 120
1 = 4.

n

J

The subspace {(z_2,0, 22)} has isotropy (Zs, Z2) = ((w, 7)) and, therefore, (Zsa, Zs) is
an isotropy group with four dimensional fixed point space.
D. Finally we have to study the case (Zy, Zq) with d|n and n > 2. Possible nontrivial
twists for Z, are
Or : Zn — St
S
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with 1 < k < n. This gives

1< 2 2
Dim Fix (Zy, O4(Zy)) = —Z2<1+2cos—7rj> cos —jk
n n n
j=1
4 n=2k=1
= {2 n>3 ke{l,n—1}
0 otherwise.

Studying the representations T) of D,, = (o, k) on C? with

27k
e ' 0
Ti(o) = < 0 i%ﬂk)

€

and

Ti(k) = <(1) (1)>>

the last equality follows. The representations T} are irreducible for n > 3. The
representations 77 and T),,_; are conjugated since

01 e 0 01\  [é&% 0
1 0 0 eiZTﬂ 1 0 - 0 e_iZTﬂ )

Orthogonality relations for these representations (cf. [La2]) yield the equality.
The case (Z2, Z2) has been dealt with in part C of the proof, the other cases correspond
to conjugated twists of typ

Or : Zn — St
27 - 27 -
o T

These are extended by the isotropy group SO(2). X

LEMMA 3.3.2 For the isotropy groups H® C SO(3)xS! introduced in the first chapter
we have

Ie) H®nN(®)
H =

(Z2,1) (1,1)
(Z4,Z3) | (Z3,Z3)
(D2> 1) (ZQ, 1)
(0(2),1) | (0(2),1)
(D4, Z3) | (D2, Zs)

—2 —

S0@2) | So(@2)
(T,Zs) | (Za,1).

Note that
H® < N(%)
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for all isotropy groups H © except for the group (T,Z3). The group (T, Z3) does not
correspond to a special isotropy typ in the O(2) x Sl-equivariant system. But the
restricted Vector Field (3.2.2) leaves the corresponding two dimensional fixed point
space lying in Fix (3) invariant.

LEMMA 3.3.3

Fix (T,Zg) = {(%ZO,ZO, %ZO) , 20 € (C} .

Proof: Using the representation of SO(3) on the space Vo @iV; introduced in the first
chapter, one gets the following representation of the group

T = (m,7) C SO(3)
with

\\'

I
oo
—_ o o
oo

on the subspace {(z2, 20, 22)} C RE:

7T(22, 20, 22) = (22, 20, 22)

1 3 1 /3
7(22, 20, 22) = (—5,22 — —\/7 \/; 22 — 5\/;20) .

If an element has the form

() ech

(T eTﬂ) (Z27ZO722) = (Z27ZO722)- X

then

3.4 CRITICAL POINTS OF THE REDUCED VECTOR. FIELD

LEMMA 3.4.1 The image of the Hilbert-map II(R®) is sketched in Figure 3.
One has to imagine circles of radius

2 2 2
Ty + 7Ty = w73

attached to points of the sketch. We have the following assignment

(71, ...,m5) € II(R®) | isotropy typ

T -axis (0(2),1)
To-aLis SO(2)
m =0, 3= %ﬂ% (D2, Zs)

T =0,0<m<ins | (Z2,Zo)

m >0, 3 = %ﬂg (Z2,1)

71 >0,0 <73 < in3 (1,1).
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3
T3 — %ﬂ'%
(D27 ZQ)
(Z27 ZQ)
T2
50(2)
(Z2,1) (1,1)

1

Figure 3: Image of the Hilbert-map

REMARK 3.4.2 In the following the image of the Hilbert-map II(RS) shall be denoted
Hilbert-set. Since the invariants w1, T, and w3 by definition mean radii, only non-
negative values are possible. In (w1, 7, m3)-space the Hilbert-set is a wedge (cf. Figure
3) limited at the top by the surface m3 = %7?%, at the bottom by the surface ms = 0,
and at the back by the surface m = 0.

Proof: By definition of the invariants in Lemma 3.1.2 we have
Ty, T2, T3 > 0.
A calculation using Lagrange-multipliers yields the possible values of 73
0<m3 < lﬂg .
4

The relation
2 2 2
Ty + M5 = T3
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has to be satisfied by Lemma 3.1.2. X

REMARK 3.4.3 Points with isotropy (0(2),1) and (D2, Z2) and images of points with
isotropy (T,Zs) in the original system (cf. Lemma 3.4.5) under the Hilbert-map
satisfy the relation

1
A = ng—wg = 0.

In the following we shall study the reduced vector field (cf. Lemma 3.2.1) on the
Hilbert-set IT(IR®).

LEMMA 3.4.4 Let
A = iﬂg — 3.
Then
A = 4A N+ 81 +"m).
Proof: The stratum
A =0

corresponds to points with a certain isotropy and, therefore, is flow invariant. Thus

we have A =0 for A = 0 and there exists a relation of the form
A = Ar(m,...,7s).

A simple calculation gives the precise relation. X

LEMMA 3.4.5 The orbit space reduction maps Fix (T, Z3) to the invariant curve

1 1
<7rl,7rl, Zﬂ'%, —571'%,0) - H(RG), m >0,
located on the stratum A = 0.

Proof: The proof follows directly from the Lemmata 3.1.2 and 3.3.3. X

In the following let the parameter of the Hopf-bifurcation A be positive:
A > 0.

We are only interested in supercritical bifurcations.

DOCUMENTA MATHEMATICA 2 (1997) 61-113



84 CHRISTIAN LEIS

The restriction of the reduced vector field (cf. Lemma 3.2.1) to the statum A =0 is

w1 = 2A+a’m+ B me)m + 4((a —08) gy + (= B)iﬂ'5) (3.4.3)
ma = 2(A+0"m +a"m)m + 4((a —0B)'my — (@ — B)iﬂ'5) (3.4.4)
7'(:3 = %7‘(’27‘(:2 (345)
Ty = 2(2)\ + (a4 B)" (m + 7T2))7T4 +2(a — B)(—my + )75

+(a — B) myma(my + m2) (3.4.6)
s = 2(2)\ + (a4 B8)" (m + 7T2))7T5 +2(a — B) (71 — m2)my

+(a = B)imyma(—m1 + 7). (3.4.7)

Here a”, 8" resp. af, 3" denote the real resp. imaginary parts of a, .

LEMMA 3.4.6 Let o",8" < 0 and o" # (7. Then the set of critical points of the
Equations 3.4.3 to 3.4.7 on the stratum A = 0 is given by a curve

A 1 1 A
g(m) = <7T1,7T2 =— <7T1 + 5> ’Zﬂg’ §ﬂ17r2,0> , 0<m < o

parametrised by ™1 and

1 1 A
h(m) = <7T1,7T1, ZW%, —§7r%,0> , T o= ~55
A

The curve g(m1), 0 < m < —=-, connects a critical point with isotropy (0(2),1),

g<_i> = <_i70707070>7
a” a”

with a critical point with isotropy (Da, Zs),

A1
g(0) = <0,7r2:—5,17r§,0,0>.

The critical point h(my), ™ = —ﬁ, lies in II(Fix (T, Zs)), the image of points with
isotropy (T,Z3) in the original system under the Hilbert-map.

Proof: By addition resp. subtraction of Equations 3.4.3 and 3.4.4 one gets the fol-
lowing equations

0 = Am+m)+a (7 +73)+ 28 mme + 4(a — B) w4, (3.4.8)
0 = Mm—m)+a" (7 —n2)+4(a— B)irs.

Let (a — )% # 0 then
Ay + 7o) + o (72 + 73) + 26712

™o i(a— By !
_ Am —m) + o (nf —m3)
T Aa—B)
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Inserting this in Equations 3.4.6 and 3.4.7 gives

(w1 + m)()\ + a"(m + 7T2)) ()\ + 6" (m + 7T2))

T @) |
(mp —m2) ()\ +a”(m + 7T2))
YT T oy
(2)\(a — B) + (m1 + M) (" — B2+ (o — B)“). (3.4.10)
Looking for nontrivial critical points, one, therefore, has to study two cases.
Let m1 +m = —%. Since we assume A > 0, only the choice a” < 0 gives solutions

that lie in II(R®). By insertion one gets the curve

A\ 1,1 A
g(m) = <7T1,7T2 = - <7T1 + E) ,ZW2>§7T17T2,0> , 0<m < 5

of critical points. Lemma 3.4.1 gives the associated orbit types.
Now let w1 + my = _BAT' Only the choice 87 < 0 gives solutions that lie in II(R%) as

above. By insertion in Equation 3.4.10 one gets the condition

((a B+ (a— B)w) A2 (A + 2677)

207 (o — B’
In order to get critical points, one has to choose
A
m = To = o5
By insertion one obtains the critical point
h(m) = <7r1,711, iﬂ'%, —%7‘(‘%,0) , T = —%,

lying in II(Fix (T, Z3)) (cf. Lemma 3.4.5). It shall be shown that there are no other
critical points with radius
A
5
Therefore the group orbit of periodic orbits with isotropy (T, Z3) in the original system

can only intersect the stratified space in the curve given in Lemma 3.4.5.
Now let (o — 8)* = 0. Equations 3.4.8 and 3.4.9 yield

T+ T =

0 = A(m +m)+a (7] +75) + 26" mims + 4(a — 8) 7,
0 = (7r1—7r2)()\+aT(7r1 +7r2)).

Consequently we have to study two cases.
Let m1 = m. Then

()\ + (a4 B)Tﬂl)m
- 2a-pr

Ty =
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By insertion in Equation 3.4.6 one gets

- (A+26"m) (A + 2a"m)

0 =
(a—p)"
The choice m = 7y = —;‘7 and the relation
2 2 2 I 4
Ty + Ty = m{Tg = Zﬂ'l
give the critical point
1,1, A
<7T177T17 Zﬂ-17 571-170) , T1 = _TQT,
that lies on the curve g(my).
The case m1 = Ty = —ﬁ again yields the solution h(my), 71 = —ﬁ.
Finally we have to study the case w1 4+ 72 = —%. We get
T
T = —2alr A+ a"m)
1
= —mimo.
5 M2
The relation
1
T
4
yields 5 = 0. So again we get the curve g(7m1). X
LEMMA 3.4.7 )
II(Fix (T, Z3)) Ng(m) =0, 0 <m < ——.
aT
The critical point h(m), ™1 = —22” (cf. Lemma 3.4.6) that lies in II(Fix(T, Z3)) is
isolated in the Hilbert-set TI(R®),
Proof: For points lying on the curve g(m;) we have m + my = —ﬁ. Points in
II(Fix (T, Z3)) satisfy the condition 71 = w2 (cf. Lemma 3.4.5). For a potential
intersection this means w3 = w9 = —%ﬂ. We have
A A A1 A2 1)
g\ — = __7__7__27+__270
2a” 2a™" 2a" 16 o 8 a”
whereas
A A A1 A2 1 X2
(Fix (T, Zs)) N (71 = — _ (A A T A TA Y
(Fix (T, Zs)) <7” 2aT> < 207" 2a7 16072’ 82’ )
On the stratum A = 0 the critical point h(m), 71 = —ﬁ, (cf. Lemma 3.4.6) that

lies on II(Fix(T,Zs)), therefore, is isolated. We shall show in Lemma 3.4.8 that
there are no further critical points in the Hilbert-set in the region A # 0 near h(my),

le—ﬁ. X

DOCUMENTA MATHEMATICA 2 (1997) 61-113



INVARIANT TORI 87

Now we are looking for critical points of the reduced vector field (cf. Lemma 3.2.1)
in II(R%) that do not lie on the stratum A = 0. Such a critical point has to meet the
condition (cf. Lemma 3.4.4)

A=4A A+ 08" ++"m) =0.
Since we assumed A # 0, this means

A+ m+v"m = 0. (3.4.11)

So we get the following equations:

0 = 2\+a"m+f"m)m + 4((a —B)'ms+ (e — B)iﬂ'5) (3.4.12)
0 = 8(a—n9)"ms+ 4((a B — (a— ﬁ)im—,) (3.4.13)
1.
0 = sms (3.4.14)
0 = 2(2)\ +(a+B)"(m + 7T2))7T4 +2(a — B)H(—my + )75
+(a — @)y (myme + 473) (3.4.15)
0 = 2(2)\ +(a+B)"(m + 7T2))7T5 +2(a — B)(mry — o)y
+(a — B)imy (—mymo + 473) (3.4.16)
m = —2FAm (3.4.17)

/y"‘
Here a”, 87,~4" resp. af, 3" again denote the real resp. imaginary parts of «, 3,7.
In the following we shall assume

" <a" <" <0.

In Lemma 3.5.1 we shall show that only for this choice of the coefficients the solutions

—_—~—

with isotropy (O(2),1) resp. SO(2) can be stable simultaneously. Investigations using
the topological Conlex-index suggested to study this case. In the following lemma

the solution with isotropy SO(2) is being described.

LEMMA 3.4.8 Let f" < a”" <" < 0. Then

<0, —i, 0,0, 0)
/77‘

is the only critical point of the reduced vector field in TI(RS) with A # 0. This solution
has isotropy SO(2).

Proof: First let (o — 3)" # 0. By addition resp. subtraction of Equations 3.4.12 and
3.4.13 we get

= (A ta'm + fm)m + 4(a — B) 74+ 4(a — y) s,
= (A+a'm+ 0 m)m + 4(a— B)iﬂ'5 —4(a — )" 7.
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Therefore we have

- A+ a"m + B7me)m + 4(a — )73
4 = - ’

4(a— Q)"
(A t+a'm 4 fm)m —4(a— ) T3
™ = 4o - B) |

Insertion in Equation 3.4.15 yields

(8= (M=) +arm(B =) ) (~Am — A7} +47m3)

= 0.
(a—pB)ry
Let X )
oa—5)"
us - >0
1 ar(ﬁ _ ,7)7‘
Using Equation 3.4.17 we get
)\ _ T
= M > 0.
ar(ﬁ _ ,7)7‘

Together with Equation 3.4.16 this yields

(o — ,y)r((a —B)? 4 (a— B)w) \ ( ~N(a—B)? +4a" s (5 — ,7)7‘2)

0= 203~ B) (@ — BB — )2

So we have
)\Q(Oé _ /3)7‘2 1 )
M3 = ——————5 — —7T2.
4a7‘2 (B _ ,7)7‘2 4
This solution lies on the stratum A = 0.

Now let

. 7T1()\+BT7T1) . _1
T3 = 74’77_ = 17'('17'('2.

Insertion in Equation 3.4.16 yields

) 2
(o= B)2m (A + (B+7)'m)
2,77‘2

0 = —2(a—B3)2n2my —

w1 (Ma+B-29) +mfa+ 0y (B-7y)
- 2,77‘2 ’

Since all elements of the sum are nonpositive in II(R%) the sum can only be zero if all
elements are zero. This is only possible if m; = 0. This yields

(07 _170707()) )
,77‘

—~—

the solution with isotropy SO(2).
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Second let (o — 8)* = 0. Again by addition resp. subtraction of the Equations
3.4.12 and 3.4.13 we get

A+ a"my + B"m2)m
T3 = )

4o —)"
2(a —)"'ms
My = ——l—" 3.4.18
4 (Oé — ﬁ)T ( )
Furthermore we have
A+ Gy
Mg = ——.
/77‘
Insertion in Equation 3.4.16 yields
0 — (2)\ 4 (a+ B) (m + m))m—,.

In order to solve this equation, we have to look at several cases.
Let w5 = 0. Then

7TZ + w?, = 7T%7T3
and Equation 3.4.18 yields
A(a—7)"
g = i
For w3 # 0 we get
Ao —9)" AMa —B)" 1,
n=———""—>0 m=———">0, 13 =-75.
OéT(ﬁ—’y)T OéT(ﬁ—’y)T 4 2

Therefore the solution lies on the stratum A = 0.
The choice m3 = 0 and Equation 3.4.16 yield the solution

A
0,-——,0,0,0
/77‘

with isotropy SO(2). For 75 # 0 and
0 = 22+ (a+0)"(m +m2)
Equation 3.4.15 gives

0 = 7T1(7T17T2 +47T3).

Choosing 7 = 0 again yields the solution with isotropy SO(2).
For 7 # 0 one gets the solution

_ Mat+p=2y)"
™ = TatBrG=y "
Ty = )\(Oé _ B)T > 0,

(a+B)"(B—7)"
S A?(a_g)r(a+g_27)r<0

4(0& + /3)7‘2 (B _ ,7)7‘2
that does not lie in TI(RS). X
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Figure 4 sketches the position of the critical points of the reduced vector field (cf.
Lemma 3.2.1) in the Hilbert-set II(R®) known by Lemmata 3.4.6 and 3.4.8 under the
assumption

0" <a"<A4" <.

3
T3 = %ﬂ'%
(D27 ZQ)
(Z27 ZQ)
@ T2
o SO(2)

(Z27 1)
(0(2),1)

1

Figure 4: Critical points of the reduced vector field in the Hilbert-set

We now study the curve

A 1 1 A
g(m) = <7T1,7T2 =— <7r1 + E) ,Zwi, 5??17?2,0) , 0<m< o

of critical points of the Equations (3.4.3) to (3.4.7) (cf. Lemma 3.4.6).

A

a’

LEMMA 3.4.9 The preimage of a point g(m1),m € (0, —
is fibered with periodic solutions.

), in RS is a two-torus. It

Proof: The curve g of critical points lies on the statum

1
A:ng—m:o.
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Introducing polar coordinates in the form

zZj=7r;j e, je {-2,0,2},

vields
r—o = T2
The choice of
A
2
=r2e(0,—=
T 7‘0 < CYT>
and the condition
A
T AT = -
«

determine the radii. Let
0 = 2¢9— Pp_o— ¢o.
Then the conditions for m4 resp. 75 yield, in polar coordinates, the phase relations
cosf =1, sinf=0
and, thus,
0 = 0 mod2r.

So one angle is determined, two are still available, the preimage is a 2-torus. Points
on the surface A = 0 have the (conjugated) isotropy (Zz,1). Therefore it is possible
just to look at points of the form (22, 20, 22) in order to determine the resulting flow
on the preimage of a point on the curve of fixed points. Thus we have the additional
condition

G2 = ¢o.
Using 0 = 0mod 27, one sees that
oo = ¢omodm.
Inserting this into the differential equation yields
(ﬁo:wo =w+al (7“3—1—27“%).

Thus the 2—torus is fibered with periodic solutions of period near 27” X

3.5 STABILITY OF THE CRITICAL POINTS OF THE REDUCED VECTOR FIELD

In Lemmata 3.4.6 and 3.4.8 we have shown that in the case of supercritical bifurcation
(A > 0) the coefficients a”, 87,7 have to be negative in order that the corresponding
solutions lie in the image of the Hilbert-map II(R%). The following lemma gives a
condition on the choice of the coefficients relative to each other.
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LEMMA 3.5.1 Only by choosing the coefficients

1
g <a" <" <0, o € <Z(B +37)T,7T> ,

—_—~—

the critical points with isotropy (0(2),1) resp. SO(2) of the reduced vector field (cf.
Lemma 3.2.1) can be stable simultaneously. The stability of the solution with isotropy
(0(2),1) is determined by higher order terms because of the existence of a curve of
eritical points (cf. Lemma 3.4.6).

Proof: The calculations of [ToRo] yield (using our parameters) up to third order the
following conditions for the stability of the periodic solutions with isotropy (O(2),1)

—_—~

resp. SO(2) in the original, ten dimensional system:

isotropy nontrivial Floquet-exponents

(0(2),1) | =224 <0,—-Z2(a—B)" <0,— 2 (—4a+B+37)" <0

(6%

—_~—

SO(2) —2)\<O,—i—;\(a—7),00,%(7—5),00,%(7—B),cc.

Here cc denotes the complex conjugate of the preceding number.
So we get the conditions
0 <a" <y <0

and
6"+ 3y < 4a’.

The ansatz
a" = t8+(1-1t)y", te(0,1),

vields
(B=7"1-4t) < 0

and, therefore, we have

This means

Especially
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Now we want to determine the linearization of the reduced vector field (c¢f. Lemma
3.2.1) along the curve g(m1) of critical points (cf. Lemma 3.4.6). For the general
linearization L one gets

2\ + 4ma” + 2w 5"
27T2ﬁT
L = 47T35T
2m4(a+ B)" — 275 (a0 — B)i + (2myma + dms) (o — B)"
2r5(a+ B)" + 2ma(a — B)" + (—2m172 + 4ms) (o — B)°

27T1ﬁT
2)\+27T1ﬁT + 4dmoy”
4z’ + 2(7r4(a —0B)" —m5(a — ﬁ)z)
2ma(a+ B)" + 2m5(a — B)' +7i (o — B)"
2ms(a+ B)" — 2ma(a — B)" — mi (e = B)’

0 4(a—B)" 4(a—B)"
8(av— )" 4(a—B)" —4(a—pB)"
4N+ B + a"ma) 2ma(a — B)" —2my(a — B)"
4mi(a — B)" AN +2(my + mo) (e + B)" 2(—m + m2)(a— B)"
4y (o — B)" 2(my — m2)(a = B)" AN+ 2(my + ma)(a + B)"

We are interested in the eigenvalues of L along the curve g(m;) with reference to
II(R®) C R5. Thus we have to determine the tangent space at points of the curve in
II(R®). It is given by the relation

7TZ + ﬂg = 7T%7T3.
The curve itself lies on the stratum
1
A=-72—73=0.
47T2 T3
So we get the following lemma.

LEMMA 3.5.2 The tangent space at the stratum A =0 along the curve

A
g(m), 0<m < ——
o

7‘,

is spanned by the vectors

to= (1,-1,—2m X ),0
1 = ) 757.(2757(2 1), )

1 4
<7r1,7r2, §7r2,7r17r2,0> ,
3 = (QQT(a - ﬁ)i7 _2ar(a - ﬁ)i7 —7T20(T(Oé - ﬁ)i7 ar(ﬂ-Q - 7T1)(Oé - ﬁ)i?
—a"(m +m2)(a —6)").

The vectors t1,ta,ts are eigenvectors of L to the eigenvalues

ta

ew; = 0,
ews = —2\ = 2a"(m + 7m2),
2(a— B)"A
ews = Ha =B = —2(a—0)" (71 + m2).

a’l‘
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The curve g(m1), 0 < m < —%, is stable on the stratum A = 0.

Proof: The relations 75 + 72 = w373 and A = 0 yield the following vectors normal to
the tangent space at the surface A = 0 in II(R®) C R>:

2
ni == (_27T17T37 07 -7, 27T47 27T5) )

1
ng = <0,§7T2,—1,0,0> .

The orthogonal complement to Span(ni,ns) is spanned by the vectors ty,ts,t3. A
simple calculation shows that these vectors are eigenvectors to the given eigenvalues.
The eigenvector t; points along the curve of critical points. Therefore the associated
eigenvalue is zero. By definition of the curve g(m1) we have

T + Ty = —E.

Therefore the curve g(m), 0 < 1 < —%, is stable on the stratum A = 0. X

Now we want to determine the linearization of the reduced vector field along the
curve g(m) of fixed points in the direction of the principal stratum. We shall show
that there exists a point 71 on the curve g(m1) in which the stability of the curve
changes from stable to unstable in the direction of the principal stratum. In this
point the linearization L of the vector field of the reduced equation has a nontrivial
two dimensional Jordan-block with respect to the eigenvalue zero.

Let

t = (0,1,0,0,0).

Then nyt =0 and nat # 0 for mo # 0. Thus the vectors t1,ta,t3,t span the tangent
space at the Hilbert-set II(R®) along the curve g(m1), 0 < m1 < —2-. One gets

Lt = ati +bty+ctz+dt
with
_ 72 _ 12
RN LAy
(a=p)r
b = 2a",
(a—B)’
c = m—"—,
ICYT(CY—B)T
d = 4)\(04—7) +7T16Y(5—7)_
aT

Restricted to the tangent space at the curve g(m;), 0 < m < —%, according to our

choice of the vectors t1,to,ts3,t, L has the form L:

0 0 0 a
i 0 —2) 0 b
L = 0 o B
0 0 0 d
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Especially the fourth eigenvalue is

ewy = d
_ 4)\(a —y)" +7:104T(B —)" —4(7r1(a —B)" + ma(o — W)T).
Q
For
- _Ma=y)"
m ar (B —7)"

we have ew,(71) = 0. Choosing the coefficients according to Lemma 3.5.1 yields

O<m < — .
a"‘

The point g(71) is exactly the intersection point of the curve g(m), 0 < m < —%,
with the surface A+ 3"m + v w2 =0 (cf. Lemma 3.4.4). Only on this surface we can
have critical points of the reduced vector field (cf. Lemma 3.2.1) outside the stratum

A =0 (cf. Lemma 3.4.6).

For
(@A ((e=p)?=(a-p))
@By 2 (B
(@="A((0=B)~(a=p)"?)
@By 2 (B
- 32 ((a=p)"~(a=)"(a=H)2)
L) 20 (= Py (=)
(@)X (2(a=p) " +(=20+8+7)" (a—5)?)
5am(a—B) (B
(a=m)"(a=F)")?
2a7(a—B) (A7)
we have
- . (a—PB)i7, .
h(ﬂ'l) = o tg(ﬂ'l) — th(ﬂ'l) + At.

Consequently, h(71) € Span (tl(frl),tg(ﬁl),tg(frl),t), and one sees that Lh(7) =
jt1(71) with

o 22— ((a=B) + (- B)2)

- e =By (G- =0

So we have shown the following lemma.

_ Ma=y)"

ar(B—)"’
field of the reduced equation (cf. Lemma 3.2.1) has a nontrivial, two dimensional
Jordan-block with respect to the eigenvalue zero.

LEMMA 3.5.3 In the point g(71), 71 = the linearization L of the vector

Up to now we have studied the reduced vector field resulting from the normal
form up to third order (cf. [ToRo]). It has been shown in this section that this vector
field is degenerate. In the next section we shall use fifth order terms to investigate
this degeneracy.
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3.6 FIFTH ORDER TERMS

Restricted to Fix(Zs, 1) the normal form (cf. [IoRo|) yields the following fifth order
terms (FOT). Proceed as in Chapter 3.2 to get these terms.

FOT = ((517‘(’% + fomimo + (537‘(’% + d4m3 + (557'('4) el
+ (567T% + O7mima + 6s7r§ + 0973 + 01074 + 011175) €2

1 )
+ (81271 + d1372) e3 + (d1471 + d1572) €4 — 55117T2265-

The coefficients §1,...,015 € C result from a transformation of the coefficients
di,...,dg € C of the normalform (cf. [ToRo])
ds — +/6d;s
dy — —ds
ds — —+6ds
dg — 3 dg
d; — 3 dy
dy — 2dy
as follows
1 1 3
01 = di+ <dy—3d3+ sdy — sds +de +d7 — dg
4 2 2
0o = 2dy —Tds+ %d4 — 2ds — 2d7 + 3ds
03 = diy —4ds—2dg+ dy
04 = do+ 2ds+ 12dg + 4d7 — 4dy
05 = do+ 2ds — 4dg — 4dy
06 = di+ idz —4ds + %d5—2d7+ds
07 = 2dy —4ds +4d; — 2dg
d0g = di
dg = ds— 6ds
010 = ds — 2ds+ 4d7; — 2dg
011 = —4ds+4d7 +2dg
012 = —6ds+ dy — 4ds + 12dg — 2dg
013 = —06d3+ds
014 = 2d3+ds—4ds — 4dg + 2dg
015 = 2d3+d4—2ds+ 2d7 — 3ds.

In the following we want to study the vector field perturbed in fifth order of the form

7 = f(r)+eRFOT(n), e < 1.
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By reduction of the fifth order terms (FOT) to the orbit space one gets the pertur-
bation RFOT (reduced fifth order terms) with components RFOT1, ... , RFOTS.

RFOT1

RFOT2

RFOT3

RFOT4

RFOT5

2 (6773 + 0y myma + 0573 + 65m3) + my (2(55 + 014)" 1
+(011 + 2515)T7T2) + s (25i4ﬂ1 + (611 + 2515)i7T2)
487,m 3 + 2 (6g7rf + 07wy 4 Oga + (Jg + 2513)T7T3)
+my (26{47r1 + (2010 — 011 + 2515)T7T2) — 75 (25147“
+(011 + 2515)i7T2)

273 (2(557‘(’% + (2(57 + (512)T7T17T2 + (2(53 + (513)T7Tg + 2(557‘(’3)

1 r
+74 <7T2 <5I47T1 - <§511 - 515) 7T2> + 45{07T3>
i 1 ' i
—T5 (7‘(‘2 ((5147'('1 — <§(511 — (515) 7'('2) +4(5117T3>
r, 2 1 "
2y | (01 + 06)" 7y + 52+57+§512 T2
1 r
+ <53 + s + 5513> 73 + (64 + 69) w3 + (05 + 510)T7T4>
i 2 1 '
—27y ((51 _66) ™ + (52—(57—5(512 179
1 ‘ 2 [ r
+ 63_68_5613 75 + (04 — 09)'m3 — 61,75
[ 1 r 2 1 1 " 2
—27‘(’47‘(’5((55 — 10 + (511) + T 5(5147{'17‘(2 — 1(511 — 5(515 175
+207,4m17ms + (611 + 2515)T7T27T3>
i 2 1 ' 1 ' 2
2my| (61 — 06) 'y + 52—57—5512 T + 63_68_5613 5
+(84 — dg)'ms + (05 — 510)i7T4>
r,_2 1 "
+275 ((51 +66) m + (52-1—(57-1—5(512 179
1 " )
+ <(53 + 0g + 5(513) 7Tg + ((54 + (59)T7T3 — (5117'('5>
r 1 0 2 1 1 ’ 2
+2mym5(05 + 610 — 011)" + 71| — 55147T17T2 + 1511 - 5515 TS

+2(5i47T17T3 + ((511 + 2(515)i7r27r3>_
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LEMMA 3.6.1 Restriction to the stratum A = 0 yields

ARFOT1 =

ARFOT2 =

ARFOT3 =

ARFOT4 =

ARFOT5 =

Here ARFOTL, ...,

1 r
211 < T2 4 Ohmymy + <53 + Z&;) 7'('%)
2(65 + 614)"m1 + (611 + 2515)T7T2)

415 (268,71 4 (011 + 2615)° 7T2)

r 1 1 r
< emt + <57 + 512) Ty + <5s + 159 + 5&3) ﬂ%)
+my (25147T1 + (2010 — 011 + 2015)" 7T2)

—T5 (25147T1 + (611 + 2515)i7T2)

%7‘(’2 ARFOT?2
1 r
21y <(51 + 86)" 77 + <52 + 07 + 5512> T2
1 1 1 "
+ <53 + 154 + s + 159 + 5513> 72 4 (85 + 010)" 7T4>
i 2 1 '
—27y (61_66) ™ + (52—(57—5(512 179
1 1.\’
<53 + 54 — 08 — 159 - 5513,) T — I17T5>
) 1
—27‘(’47‘(’5((55 — 010 + (511)Z + T <§(5{47T%
1 1 1 " 1 1 "
- <Z511 - 5514 - 5515> T + <Z511 + 5515> Wg)
. 1 i
27y <((51 — 66)171'% + <(52 — 07 — 5(512) 179
1 1 1.\’
+ <53 + 154 —0g — 159 - 5513,) 75 + (05 — 610)'m )
1 r
+275 <((51 + 66) 7T1 <(52 + o7 + 5(512) T2
0 16 0 16 16 "2 5
+ 3+Z4+ 8+19+§13 9 — 01175
1 ..
+2mym5 (05 + 010 — 011)" + 7T17T2< - 55147T%

1 1 1.\’ ‘
+ <Z511 + 5514 - 5515> T T + < 011+ = 515) 7T2>

ARFOTS5 denote the components of the reduced fifth order terms

(RFOT) restricted to the statum A = 0.
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3.7 SINGULAR PERTURBATION THEORY

For the moment we want to restrict our considerations to the stratum A = 0. The
curve g(m), 0 < m < —%, of critical points of the reduced vector field 7« = f(m) (cf.
Equations 3.4.3 to 3.4.7) is located on this stratum (cf. Lemma 3.4.6). According to
Lemma 3.5.2 this curve is asymptotically stable for our choice of the coefficients

0" <a" <" <0.
Now we want to study the perturbed vector field (cf. Lemma 3.6.1)
7 = fo(m) = f(n)+eARFOT(n), ¢ <« 1. (3.7.19)
We have the following propostion.

PROPOSITION 3.7.1 For the perturbed Vector Field 3.7.19 and 0 < |e| < &g there per-
sists an invariant curve g. near g on the stratum A = 0. This curve ge is parametrised
over m1. The vector field on g. has the form

2

T A A
’f‘(ﬂ'l) = 271'1 :—jTQ <167T% + 16;7?'1 + 3@) d

with

)

A
0<7T1<—§, T+ T = ——

aT
d= <(d6 +d7 — dg)T + (CY — B):_ (dﬁ +dr — dS)i> .

(a—p)

Proof: In Lemma 3.5.2 we showed that the curve g(m), 0 < 7 < — is normally
hyperbolic. Thus an invariant curve g. near g persists under small perturbations.

A

a”?

The curve g. will no longer consist of critical points but there will be a resulting flow
on g.. This flow is determined in the lowest order by projection of the perturbation
onto the curve g.

Let

E = {g(ﬂ1)|0 <7 < —%}
be the curve of critical points of the vector field fO(m) on the stratum
F={relR%|A(r)=0}.
For a point m € E let
Tf(r) : ToF — T.F

denote the linearization of f° in 7. By construcion T F lies in the kernel of T'f° ().
So a linear map

Qf°(r)
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is induced on the quotient space. The eigenvalues of Qf°(m) have been determined
in Lemma 3.5.2 and are both negative. Thus for every m € E T;FE has a unique
complement N, that is invariant under Tf%(r). Let P¥ denote the projection onto
TFE defined by the splitting

TFg = TE®N
On E we define the vector field
fulm) = PPf Mo,
Oe
We have the extended vector field
fe(m) x {0} on F x (—e&o, 9).

In this system, according to [Fe], a two dimensional center manifold C' exists for small
€p < 1. The second dimension has its origin in the extension of the system in e-
direction.

On C near E x {0} a smooth vector field

_ 1fe(m)x0, €40
fe = {fR(ﬂ')XO, e=0

is defined. The center manifold is fibered in e-direction with invariant curves g.. The
flow on g. has the form

7 = efr(m)+O().
We want to determine the vector field
falm) = PP p(m)
Oe le=0"

The vectors 1, to, t3 that span the tangent space to the stratum F' along the curve
g, are known (cf. Lemma 3.5.2). The vector t; is the tangent vector along the curve
g. Now we want to write the terms of higher order ARFOT along the curve g in the
form

ARFOT(7) = a(m)ty + b(m)ta + c(m)ts.

This gives the projection P¥ we are looking for and we have
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As the restriction of the vector field %fg (7)|e=0 along the curve g one gets

T1

T2

T3

T4

Ts

1 1 "
T <25I7T% + (202 + 65 + 614) T2 + <253 + 554 + 5511 + 515) Wg)
1 r
o <(256 4 614)" % + <257 + 010 — 5511 + 012 + 515) T2

1 ks
+ <25g + 559 + 513) ﬂ%)
1

ZT2T2

2
1 ",
T2 01 +66+§514 T

1 1 1 1 1 1 "
+ <52 + 555 + 7 + 5510 - 1511 + 5512 + 5514 + 5515> 172

1 1 1 1 1 ",
+ <53 + 154 +ds + 159 + 1511 + 5513 + 5515> 7T2>

1 i
7T17T2< <51 — 0 — 5514> W%

1 1 1 1 1 1.\’
+ <52 + -05 — 07 — =010 + 1511 - 5512 + 5514 - 5515> T2

2 2
1 1 1 1 1.\,
+ <53 + 154 —0s — 159 + 1511 - 5513 + 5515> 7T2>-
We always have
A
m AT = ——
a"‘
and get the following equations
r1 = a+bm+2ca"(a— B)i (3.7.20)
ro = —a-+bmry—2ca"(a— B)i (3.7.21)
1 .
r = ga(m—m)+bmm +ca’ (= m)(a - f) (3.7.22)
rs = —ca'(m +m)(a—0F)". (3.7.23)

Thus

and

— _ s
© T Tar(m rm)a-p)r

ri+re = b(m +m2)

ri—re = 2a+b(m —me)+ 4dea” (o — ﬁ)i'
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Finally we get

b r1+ 1o
T + T2
and
1 1 .
a = 5(7“1 —rg) — §b(7rl —ma) — 2ca” (a — B)°
T1To — T'2T1 .
= —= =~ —2ca"(a— ).
T + T2 ( f)
Insertion of 71, 72, ¢ and retranslation of the coefficients d1, ..., d15 into the coefficients
di,...,dg finishes the proof. X
In the following let
d # 0.

PROPOSITION 3.7.2 On the invariant curve g. (cf. Propostion 3.7.1) for the per-
turbed Vector Field 3.7.19 exactly two critical points persist for 0 < |e| <&y < &9. In
the entire ten dimensional system these critical points have isotropy (O(2),1) resp.
(D4, Z2). The latter corresponds to the isotropy (D2, Z2) in the reduced system. Their
stability in R® is determined by the sign of

d = <(d6 + d7 — dg)T + %(dﬁ +dr — dS)i> .

Especially a connection between the group orbits of solutions with isotropy (0(2),1)
resp. (Da, Z2) persists for small € in RS,

The position of the critical points, their isotropy in the entire system, and the direction
of the resulting flow on g. is given in Figure 5.

Proof: On the curve g.(m),0 < 7 < —%, near g there are two critical points of the
Fenichel vector field r(my) (cf. Proposition 3.7.1) with

e _ A _3)\
! 4o’ dor |

Linearization of the vector field r() in these critical points yields

dr
ﬂ-l ‘ d7‘(1

A A2
- dar _3d a2

3\ 2
~Zar | 33

and, thus, they are hyperbolic. Here d is defined as in Proposition 3.7.1. Therefore
these critical points persist for |e| < & < g¢ in the perturbed Vector Field 3.7.19.
We shall show that the persisting critical points lie on the group orbits of solutions
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with isotropy (O(2),1) resp. (D4, Zs) with reference to the entire system.
First let

A
4ar’

Fo= -

Using the representation of the group element

\\'

I
oo
- o o
oo

introduced in Lemma 3.3.3 and

we have

1 1 1

Points of the form (0, z,0) with
A

2
2] = ——
!
are mapped to the critical point of isotropy (O(2),1) in the reduced system by the
Hilbert-map. Thus

A 1
II(rm (0,2,0)) = <7r1:— ,7T2=—<7T1+—>,7T3——7T2,
4a” a”
1
T4 = 57‘(’17‘(’2,71’5 = O)
Therefore
I(rm(0,2,0) = g(7)
Second let
- 3\
T o= - .
4a”

Correspondingly the Hilbert-map maps points of the form (z,0, z) with

A

2> = -
2a7

to the critical point of isotropy (Da,Z2) in the reduced system. With r, € O(2) we
have
1 3 1 1 3 1
ra7(2,0,2) = rg —35\5% 57| = |3%\/3% 37
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Thus

3\ A 1
o7 (:0.9) = (m=—m == (m+ 2 ) om = g

1 -
Ty = 5711712,715 =0] = g(7).

Since the perturbation respects the symmetry, the critical points persisting for small
€ on the curve have the same isotropies.

Besides these two critical points there are no critical points on g. for small € > 0.
Since the two critical points are hyperbolic, in a neighbourhood of these points no
further critical points exist by the implicit function theorem. If there were critical
points (zn,&,) in the remaining part of g, for a sequence (&,) — 0 the accumulation
point (Z,0) would have to be a critical point of the resulting vector field in contra-
diction to Proposition 3.7.1. X
Figure 5 shows the resulting flow on the invariant curve g.(m), 0 < 71 < —%, in a
schematic way for d > 0 and small € > 0. Choosing d < 0 will change the direction of
the arrows. The isotropies of the solutions in the entire ten dimensional system are
indicated in the sketch.

For e =0 (i.e. g- = g) g(0) resp. g(—%) are fixed points of isotropy (Da, Zs3) resp.
(0(2),1) (cf. Lemma 3.4.6). The curve itself consists of fixed points.

(0(2),1) (D4, Z2) (0(2),1) (D4, Z)
_AT _43)\T _4)\T 0

Figure 5: Resulting flow on g

3.8 INVARIANT TORI

In this section we want to show that for small € > 0 a fixed point bifurcates from the
critical point 71 in the direction of the principal stratum. The critical point 71 lies on
the curve g on the stratum A = 0. According to Lemma 3.5.3 the linearization of the
vector field of the reduced equation (cf. Lemma 3.2.1) has a nontrivial Jordan-block
to the eigenvalue zero in the point

S o Ma—9)"
T T

The position of this point on the invariant curve

A
g(m), 0<m < ——,
a'r
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depends on the relative choice of the coefficients
1
0r<a" <" <0, a" € <Z(BT + 37T),7T> ,

according to Figure 6. Making the ansatz

1
a" =t +(1—-t)y, te <O’Z>’

this follows as in the proof of Lemma 3.5.1. Thus

. Ma=)" A 1
m™ = —m = aTt, te <O, >

(0(2),1) (D4, Z2) (0(2);1) (D4, Z)
S S: g
_AT _43)\T _4)\T 0

Figure 6: Possible region of the point 71

We want to determine the form of the resulting vector field on the local two di-
mensional center manifold W), near the point g(71). The center manifold W, is
tangential to Span (¢1,h) (cf. Lemma 3.5.3) and intersects the stratum A = 0 in
a part of the invariant curve g(m;) near g(71). Let t; be the tangent vector in the
direction of the curve g(m1) and h be the hauptvector associated to the Jordan-block
of the linearization. By definition of the vectors t1,¢, h in Lemma 3.5.3 h points in
the direction of the principal stratum.

We introduce z-coordinates in the direction of (—t1) along the invariant curve g(m1)
and y-coordinates in the direction of (—h) with origin in g(71). Therefore the vector

field on W, has the form

&t = —y+H(z,y) (3.8.24)
= yG(x7y)

We are only interested in the region y < 0 that describes a part of the Hilbert-set
II(R®) according to our choice of the coordinates. The (—y)-term in the z-equation
models the Jordan-block, the minus sign follows from the equation

Lh = jt

with 7 < 0 according to Lemma 3.5.3. The y-term in the y-equation describes the
flow invariance of the curve y = 0, i.e. of the stratum A = 0.
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The function H(z,y) has the following properties

H(z,0) = 0,
O0H
—(x,0) = 0.
oz (2,0)

The last two properties are due to the fact that points of the form (z,0) are critical
points of the system 3.8.24 by construction. The linearization of the Vector Field
3.8.24 in such a point (z,0) yields

oOH
0 -1+ 8—y(x, 0)
0 G(z,0)

A:

Consequently the eigenvalues are zero in the direction of the curve of fixed points and
G(z,0) in the direction of the principal stratum. This eigenvalue has been calculated
in Lemma 3.5.3, and has the form

Mo —9) +ma’ (B=1)"

64:4 or

Therefore in our coordinates we have
G(z,0) = ax+O0(z?)

with @ > 0. The invariant curve changes the stability in the direction of the principal
stratum in the first order from stable to unstable in the point (0,0) (transversality
condition).

Now let’s look at the extended system

7 = f(m)+eRFOT(x) (3.8.25)
e = 0.
Here near the point
(9(7}1)7 O)

there exists a local center manifold. This manifold is fibered in e-direction with two
dimensional invariant manifolds Wy, . .. For ¢ = 0 the manifold W ,, tangential
to Span {t1,h}, intersects the stratum A = 0 in a part of the curve g near g(71)
transversally. This property is preserved for small

ECECE,

On the two dimensional center manifolds Wy, _ again we introduce, now e-dependent,
coordinates x. in the direction of g. and y. in the direction of the principal stratum.
We shall continue writing x resp. y for x. resp. ye.

Now let 71 be tuned in such a way such that the Fenichel-drift in g.(71), |e] < E, is
not zero. Then the flow on the corresponding center manifold Wy, . has the form

= —y+e+H(z,y,e) (3.8.26)
= yG(z,y,e).
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The sign of € depends on the direction of the resulting Fenichel-drift. We want
to assume the solution of isotropy (O(2),1) to be stable. Therefore according to
Proposition 3.7.2 we have to choose d > 0 and the resulting Fenichel-drift has the
form indicated in Figure 5. For the choice of parameters

1
0 <a"<4" <0, a" € <Z(B+37)T,7T> ,

- A
™ € <0,—4ar>

and, thus, we have to choose € < 0.
The functions G(z,y, €) resp. H(z,y,e) have the following properties

we have

G(z,y,e) = O(z,y,e),
G(z,y9,0) = G(z,y)

resp.

H(z,y,e) = Oz zy,y* ex,ey,€%),
H(z,y,0) = H(z,y).

PROPOSITION 3.8.1 Let
B <a"<4" <0, a" € <i(ﬁ +37)T,7T> )
Then there exists € > 0 and a unique curve
(x(s),y(s) < 0), —-£<e<0,
of critical points of the flow on the center manifold Wy, . . N II(R®) with
(2(0),50) = (0.0).

The critical points are saddles.

Proof: We are looking for critical points of the Vector Field 3.8.26. Therefore we first
solve the equation

P(z,y,e) = —-y+e+ H(z,y,e) = 0.
We have
P(0,0,0) = 0
and
OP
—(0,0,0) = -1
8y(’ ? )
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since H(z,y,¢) is of second order. Using the implicit function theorem, locally
near (z,€) = (0,0) one gets a unique surface y = y(z,¢) with y(0,0) = 0 and
P(z,y(z,e),e) = 0. Furthermore

y(z,e) = e+ O0(x? ze,e?)

and

Oy
5, (0.0) = 0.

Now we want to solve the equation

G(z,y(z,e),e) = 0.
We have
G(0,0,0) = 0
and
oG
%(0,0,0) = a>0

because of the transversality property of G and the condition %(0, 0) = 0. Therefore,

again by the implicit function theorem, there exists a unique curve
(z(e),y(e)), 0 < e[ <, e <0,
of critical points of the Vector Field 3.8.26. Furthermore
x = Ofe).
Thus the curve y(¢) has the form
yle) = e+ 0(?).

The sign of y(g) is determined by the sign of & for small €. Here we have ¢ < 0 and,
therefore, y(e) < 0. Consequently the curve lies in the Hilbert-set II(RS).
The linear stability of the critical point (z(¢),y(g)), —¢€ < & <0, is to be determined.
The linearization of the Vector Field 3.8.26 in the point (z(g),y(e)) yields

| Eeeue.9 14 82 a(6), 1(6), )
y(e) 5z (x(e),y(e),e)  Gla(e),yle) ) +yle) Fg (a(e), y(e),e)
_ < O(e) -1+ 0(e) )
ea(e) + O(e?) O(e) '

We have 29(0,0,0) = a > 0. Thus

e = ale) > 0
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with a(0) = a for small £. So we get two eigenvalues of D of the following form
pi2 = O(e) £ /O(e?) —cale)

with € < 0 and a(g) > 0. For small £ the /—&-term is dominating, the critical point
is a saddle. M
The bifurcating critical point lies in the principal stratum. The preimages are two
2-tori. Since there are no additional, symmetry given phase relations (cf. Lemma
3.4.9) in general we have quasiperiodic solutions.

3.9 STABILITY OF THE INVARIANT TORI

We want to know the stability of the group orbit of the quasiperiodic solutions (cf.
Proposition 3.8.1) in the entire ten dimensional system. This information is useful
for calculating the Conley-index of this group orbit (cf. [Le]). We shall determine the
Floquet-exponents of the periodic solutions that correspond to the critical points on
the curve

A
g(m), 0<m <——.
a"‘

According to our choice of the coefficients only the interval

O<m <~
! 4a7
is of interest. Here, in dependence on the relative choice of the coefficients, critical
points of the reduced system bifurcate (cf. Proposition 3.8.1).
The periodic solutions are rotating waves. In a rotating coordinate system one gets
a static problem which is accessible more easily. We make the ansatz

z0 = (7‘0 + po) el(wo t+¢o)
2o = (r2+ pao)el@ottos)
ze1 = yi e’
with
wo = wHal (7“3 + 27“%)
and
A
2 2
o +2r; = o

In the lowest order one gets the following systems which decouple for symmetry rea-
sons:

W +~ +l®»
(SN IV-RV IS N
SNV IS
W ~+ S+l ®»
@I@@|@

==
= =
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pP—2
Po
i P2
de¢ -2
b0
¢2
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1. 3 3.1
= r%(—a-l—zﬁ-i-Zv)+T§<—2a+§ﬁ+§7>7
3
= 2\/;(7—@7“07“2

2 i B
2roraa”
—2r3y" +r¢(a — B)" + 4r3a”
. 2 .
2ryy" — 22 (a — B’
2roat
. 2 . .
—2r9yt 4 :—2(04 — B)" + 4raat

2roraa”  —2r3y" +r3(a — B)" + 4ria”

27“30f 2rgroa”
2rorao” 2r3y" —r¢(a— B)"
27“0041: —2royt + :—2(04 - B)E + draat
2roa’ 2roa’
. . 2 .
2roa’ 27" = 22 (o — B)’
rora(e—B)  =2rgra(a—B)"  rgrala— )"
—2ror3(a—B)t  Areri(a—B)"  —2reri(a— @)
rora(a = B)° =2rgra(a = B)"  rira(a—p)
—(a=p)"rg 2(a - B)rg —(a—=B)"rp
2(a - B)"r3 —4(a —B)'r3 2(a—pB)r3

—(a—B)"rg 2(a—pB)'rg —(a— B)"rg

One gets the following eigenvalues

Hi2 = 0,
M3 = 2(5 +t)T7
e = 2(s—1)".

Our choice of coordinates yields

and, therefore,

1 3\"
<—Oz+zﬁ+ Z’Y) < 0,

3 1\"
<—Oé + —ﬁ + Z’Y) < 0,

4
3

2\/;(’7_B)T > 07
pa < 0.
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Finally we want to show
pus < 0.

By insertion on gets

B (1, 3 [ A 2 A 31\
uz = 2((7 ) (27“04—2\/;7“0 5 2 5o 2a+25+27 .

The ansatz

vields

pz = —2% ((7—5)T (%t+2\/§\/t(1;t)>+%<—2a+gﬁ+%v>r>.

In the admissible region we have

ps < 0.

The eigenvalues of the second system are (cf. Lemmata 3.5.2 and 3.5.3),

pi23 = 0,
ne = =22 <0,
A r
Us = 25((1 — B) < O,
pe = —2(rgla—p)" +2r5(a—7)").

Therefore in the bifurcation point

Ala—)"

a’ (B _ ’Y)T
there are six trivial and four negative Floquet-exponents. In the entire system the
solution has isotropy (D2, 1) in the bifurcation point. Thus the group orbit is four
dimensional. Therefore four trivial exponents are symmetry given. The sign of the
Floquet-exponents of the periodic solution corresponds to the sign of the eigenvalues of
the associated fixed point in the stratified space. Dealing with fixed point bifurcation
in the stratified space the group orbit of the bifurcating solution inherits the stability
of the bifurcation point. The double zero eigenvalue at the bifurcation point splits

T =

into one positive and one negative eigenvalue (cf. Proposition 3.8.1). Therefore the
bifurcating fixed point is hyperbolic. In the entire system the bifurcating fixed point
has isotropy (Zz, 1).

The following lemma is shown.

LEMMA 3.9.1 The bifurcating group orbit (cf. Proposition 3.8.1) has the unstable
dimension one.
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ABSTRACT. Recently Bost and Connes considered a Hecke C*-algebra aris-
ing from the ring inclusion of Z in QQ, and a C*-dynamical system involving
this algebra. Laca and Raeburn realized this algebra as a semigroup crossed
product, and studied it using techniques they had previously developed for
studying Toeplitz algebras. Here we associate Hecke algebras to general
number fields, realize them as semigroup crossed products, and analyze their

representations.
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Keywords: semigroup dynamical system, covariant representation, Hecke
algebra

INTRODUCTION

In their work on phase transitions in number theory, Bost and Connes considered
the Hecke algebra H(T',T'g) of a particular group—subgroup pair (I',Ty), and gave a
presentation of this algebra involving a unitary representation of the additive group
Q/Z and an isometric representation of the multiplicative semigroup N* [3]. From
this presentation, Laca and Raeburn recognized H(I',T'y) as a dense subalgebra of a
semigroup crossed product of the form C*(Q/Z) x N*, and then applied techniques
they had previously developed for studying Toeplitz algebras to obtain information
about H(I',T'g) and its representations [8].

The fascinating ideas of Bost and Connes raise many possibilities for fruitful
interaction between number theory and operator algebras, and in particular promise
to provide new and intriguing examples of dynamical systems. Here we investigate a
family of semigroup crossed products similar to C*(Q/Z) x N*, but with Q replaced
by a finite extension K of Q, and the subring Z of Q replaced by the ring O of
integers in K. We construct an action « of the multiplicative semigroup of nonzero
integers O on the C*-algebra of the additive group K/O, and show that all the main

1This research was supported by the Australian Research Council.
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results of [8] carry over to an arbitrary number field K. This has not been completely
routine: in particular, to construct some of the key representations and prove our
main theorem we had to look very closely at the compact dual (K/O) of the discrete
Abelian group K/O, and our results here may be of independent interest.

The main theorem of [8], motivated by our earlier approach to uniqueness the-
orems for semigroups of non-unitary isometries [1, 7], is a characterization of faith-
ful representations of the crossed product C*(Q/Z) x N*. Thus the crossed product
has several faithful realizations: on ¢?(Q/Z), extending the regular representation of
C*(Q/Z); on £2(N*), extending the Toeplitz representation of N*; and on £2(To\I'),
arising from the canonical representation of H(I',I'g) in the commutant of the induced
representation Indgol. For our action a of O* by endomorphisms of C*(K/0), it
is easy enough to construct the regular representation on ¢2(K/QO). We shall find
a group—subgroup pair (I'x,I'0) whose Hecke algebra is isomorphic to our crossed
product and hence gives a representation on ¢?(I'o\I'x), and, through our analysis
of (K/OY", find faithful representations of C*(K/O) on £?(O*) which are compatible
with the Toeplitz representation of @*. Our main theorem implies that all these
realizations of C*(K/O) x4 O* are faithful.

We begin in §1 by constructing the action a of O* on C*(K/O). For a € O%,
@, is determined on generators 4, for C*(K/O) by averaging in the group algebra the
generators ¢, corresponding to solutions of the equation ax = y in O; thus « is almost
by definition a right inverse for the action of O* induced by multiplication on K/O.
We then discuss the crossed product C*(K/O) x,, O*, which is universal for covariant
representations of the system (C*(K/O), 0%, a), and the dual action of (K*)", which
integrates to give a faithful expectation of C*(K/O) x, O* onto C*(K/O). We can
immediately write down several representations of the crossed product, including the
regular representation on ¢2(K/O).

In §2 we construct the Hecke algebra realization H(I'k,T'o) of the crossed prod-
uct, and give a presentation of this algebra similar to that given by Bost and Connes
in the case K = Q. The isomorphism of H(I'k,Tp) into C*(K/O) x, O gives a
natural representation of the crossed product on £2(T'o\I'x ), which we call the Hecke
representation. It is interesting to note that, by identifying a subrepresentation with
the GNS-representation of a faithful state on C*(K/O) x, O*, we can see directly
that the Hecke representation is faithful. This approach bypasses the appeal to the
theory of groupoid C*-algebras in [3], and our own main theorem.

Our main technical innovations are in §3, where we discuss characters of K/O.
In [3] and [8], essential use was made of the injective character r — exp 2mir on Q/Z.
In general there are no injective characters, and one is forced to look for a family of
characters which can play the same réle. We show that there is a nonempty set Xk of
characters y with two important properties: x(a=!/O) # 1 for every nontrivial ideal
ain O, and {r — x(br) : b € O} is dense in (K/O)". The key step in the proof that
Xk # 0 is the construction of projections which behave as one would expect aq(1)
to behave — if we knew that the action « extended to an action of the semigroup
of ideals in O. Using the characters in Xk, we can construct representations of the
crossed product on £2(O*) extending the Toeplitz representation.

The characterization of faithful representations of C*(K/O) x, O* is Theorem
4.1. This theorem and its proof have a long history: the strategy is that used by
Cuntz in [4], which has been streamlined over the years, and adapted to the present
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situation in [1, 7]. The crucial ingredient is an estimate, whose proof uses in several
key places the properties of the characters in Xx. Thus the end result is substantially
deeper than its analogue in [8]; in addition, the presence of units in O*, which is
necessary for the construction of the action «, complicates the proof of the estimate.
We finish §4 with a discussion of the various representations and their interrelations.
In our last section, we consider a field K with class number 1. Now the ring
O is a principal ideal domain, and one can realize the semigroup of ideals in O as a
subsemigroup S of O*. There is therefore a similar dynamical system (C*(K/0O), S, )
which does not involve units. The corresponding version of Theorem 4.1 is therefore
slightly easier to prove, and is a direct generalization of the main theorem of [8].
While we were preparing the final version of this paper, we received a preprint
from David Harari and Eric Leichtnam, in which they extend the original Bost-Connes
analysis to more general fields K [5]. They associate a Hecke algebra to a class of fields
more general than ours; however, they have used a principal ideal domain larger than
the ring O of integers, which is principal only if K has class number 1. Berndt Brenken
has recently told us that he has been looking at the Hecke algebras of more general
almost normal inclusions from the point of view of semigroup crossed products.

BACKGROUND

This paper is addressed primarily at operator algebraists, so general facts about C*-
algebras have been used freely. However, it is an attractive feature of the semigroup-
crossed-product approach to Toeplitz algebras that it is relatively elementary: it
requires only the basic theory of C*-algebras and familiarity with the group C*-
algebras of discrete groups. Many of the results in the first two sections have purely
algebraic analogues, involving the action « of the semigroup O* by *-endomorphisms
of the group *-algebra C(K/O) :=span{d, : x € K/O}.

Our notation concerning number fields is as follows. Throughout K will denote
a finite extension of the rational numbers Q, called a number field. Every number
field has an associated ring of integers O, consisting of the solutions in K of monic
polynomials with coefficients in Z; for example, Z is the ring of integers of Q. We write
O* for the multiplicative semigroup of nonzero integers, and O* for the multiplicative
group of units, or invertible elements, in . The only units in Z are +1, but this is
certainly not true for general rings of integers: for example, real quadratic number
fields have their group of units isomorphic to Z. The field K can be recovered from
O as its field of fractions: in other words, every number in K has the form a/b for
some a € O and b € O*.

The norm is a multiplicative homomorphism from ideals in O to N, given by
N(a) = |O/a| for an ideal a C O. If a is principally generated, so a = aQ for some
a € O, then this norm coincides with the absolute value of the standard number-
theoretic norm N (a) of the element a [11, Prop. 3.5.1]. We shall write either N, or
N(a) to denote the norm of the ideal a, and for principal ideals, N, = |N(a)| will
denote the norm of the ideal a@. In §3, we shall need to use the extension of the
norm to fractional ideals, but we shall discuss the key points then.

1. THE SEMIGROUP DYNAMICAL SYSTEM (C*(K/O),0*, )

Because O is a subring of K, multiplication by elements of O* gives an action of
the semigroup O* as endomorphisms of the additive group K/O. The universality
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of the group algebra construction allows us to lift this to an action 8 of O* by
endomorphisms of the group C*-algebra: thus, by definition, we have 3,(0z) = dax
for x € K/O, a € O*. These are endomorphisms rather than automorphisms: as
the next Lemma shows, multiplication by a € O* is not injective at the group or
group-algebra level unless a is a unit.

LEMMA 1.1. Ifa€ O andy € K/O, the equation ax =y has N, solutions in K/O.
We write [z : ax = y] for the set of solutions.

Proof. Multiplication by a induces an isomorphism of the group [z : az = 0] = 20/0
onto O/a®, and hence [z : ax = 0] is a finite set with N, elements. If 2’ is one solution
of ax’ =y, then

[T:az=y|=[r:ax=azr/]=[z+2 :ax=0]=12"+[r:ax=0],
(1.1)
which also has N, elements. O

When the equation axz = y has more than one solution in K/QO, division by a
does not give a well-defined endomorphism of K/O. Nevertheless, one can define an
endomorphism of the C*-algebra C*(K/QO) by averaging over the set of all solutions,
and this endomorphism «, is a right inverse for 3,. It is important to realize that the
construction of «a, is not possible on K /O itself: one must pass to the group algebra
C*(K/O) (or C(K/O)) before the averaging makes sense.

PROPOSITION 1.2. Let K be a number field with ring of integers O. The formula
1
aq(dy) = N Z Oz (1.2)

¢ [z:az=y]
defines an action of O by endomorphisms of C*(K/O). For every a € O, aq(1) is
a projection, and
ag(Dap(l) = agn(l) whenever aO +bO = O. (1.3)
The action o is a right inverse for the action B defined by B, : §y — 0y, 50 Baoq =
id, while ag 0 B, s multiplication by a,(1).
The action « restricts to an action of O* by *-endomorphisms of the group *-
algebra C(K/O).

Proof. Fory,y € K/O and a € O,

1

aq(Oy)aa(dy) = Z 0z N Z O
w ar= y e [m’:aw’—y’]
1
. mz STIEEEE S S
& [z:az=y] [z":ax’ =y’ a [z:az=y] [z':ax’=y’]

- LY e —a),
® oz —y+y']
where the fourth equality holds because addition induces a N,—to—one surjective map
from [z : ax =y] x [¢' : az’ = ¢/] onto [2" : ax” =y + ¢/].
Thus z — (0;) is a homomorphism of K/O into C*(K/O), and it clearly pre-
serves adjoints. Hence a,(1) = aq(dp) is a projection in the C*-algebra C*(K/O),
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and z — a4(0;) is a homomorphism of K /O into the unitary group of the C*-algebra
a,(1)C*(K/O)ag(1). The universal property of C*(K/O) now implies that o, ex-
tends to a homomorphism of C*(K/O) into itself — that is, to an endomorphism of
the C*-algebra C*(K/Q). It follows similarly from the universal property of C(K/O)
that the same formula gives *-endomorphisms «, of C(K/O).

Next assume a,b € O* and z € K/O, and calculate

1
aq(ap(d,)) = aq Nb Z dy A Z Z Ox

ly:by=2] ly:by=z] \[z:az=Yy]

= Z 6 —aab )

[z:abz=2z]

where the third equality holds because N,N, = N and [z : abx = z] is the disjoint
union of the sets [z : ax = y] with y ranging in [y : by = z]. We have now proved that
« is an action by endomorphisms of C*(K/O), and the same calculations show that
it restricts to an action on C(K/0O).

To prove (1.3), multiply

Wwbu®) = (3 X a5 X4
[z:az=0] yby 0]
1
~ N.N 2 Outy

b [z:az=0] X [y:by=0]

1
= Nab Z (52 = aab(l);
[z:abz=0]
for the third equality, note that, by the Chinese Remainder Theorem, aO 4 6O = O
implies O/abO = 0/aO x O/bO, which in turn implies =0/0 = L0/0 x 10/0.
It is easy to check that B,(ae(dy)) = d, for any y € K/O. To see that o, 0 G, is
multiplication by a4 (1), we compute:

(ﬁa N Z (5 N Z (51.;.1/:]\[i Z (SI/ (5 —Oéa( )(5

a
[z:az=ay] [z’:az’=0] [z’:az’=0]

where the second equality holds as in (1.1). O

Remark 1.8. Since (3, o aq = id, o is injective and [, is surjective for each a € O*.
If a is a unit, aq(1) = 1, so a, 00, = id, and units act by automorphisms. Conversely,
aq(1) =1 only for a € O*, so only units act by automorphisms. These automorphisms
leave the projections ay,(1) fixed, because for every a € O* and u € O*, we have
(1) = agu(1) = ag(au(l)) = aq(l).

DEFINITION 1.4. A covariant representation of the system (C*(K/0),0*, a) is a
pair (7, V), in which 7 is a unital representation of C*(K/O) on a Hilbert space H,
and V is an isometric representation of O* on H, satisfying the covariance condition

(g (f)) = Var(f)V) fora e OF and f € C*(K/O).

DOCUMENTA MATHEMATICA 2 (1997) 115-138



120 J. ARLEDGE, M. LACA, I. RAEBURN

We can use the same covariance condition to define an algebraic covariant represen-
tation of the system (C(K/0O), O*, a) with values in a unital *-algebra.

This covariance condition combines with the left inverse 3 to give the following
useful identities:

LEMMA 1.5. Suppose (w,V) is a covariant representation for (C*(K/O),0*,a). If
a,b€ O* and x € K/O, then

L Vir(8) = nl0a(0))Va, 7(6:)V = Vim(an(d.)),

2. ﬂ-(&m)Va = Vaﬂ-(ﬁa(éw)); Va*ﬂ-((sw) = ﬂ-(ﬁa(éw))va*;

3. and if in addition aO + b0 = O, then V'V, =V V" .

Proof. Since V}V, =1, claim (1) is immediate from covariance. Use (1) and facts
about B to compute Vaﬂ-(ﬁa(éw)) = Vaﬂ-((saw) = ﬂ-(aa(éaw)va = ﬂ-(aa(ﬁa(éw)))va =
(g (1)0;) Ve = 7(62)7(q(1)) Ve = 7(62) Va, since aq(1l) = V, V2 by covariance. The
second equality in (2) is shown similarly. To see (3), multiply (1.3) by V.* on the left
and V; on the right. O

Ezample 1.6. We construct a covariant representation (\, L) on ¢*(K/O), in which A
is the left regular representation of C*(K/O) on £2(K/O).
The isometric representation L of the semigroup O* is defined by the formula

Laey:; Z €z,

1/2
Na [z:az=y]

where {e, : y € K/O} is the usual orthonormal basis of £2(K/O). First we need to
check that these are actually isometries, and for this it suffices to show that L, maps
this orthonormal basis into orthogonal unit vectors. That they are unit vectors is an
easy calculation. If axz = y # ¢ = a2’ in K/O then z # 2’ in K/O, so the sums for
Lqey and Lge,s are over disjoint sets, and hence orthogonal.

The same type of calculation used to show o, 0 ap = agp yields Lo Ly = Ly, and
one checks easily that that L¥e, = (1 /N;/ *)€aw, which can then be used to compute

LaA(6z)Laey = WLaeaww:E > “~N, > -
a [z:az=ay+z] [z:a(z—y)=x]
1
- N, Z x4y = Ma(0z))ey-
a[z’:az’:w]

Therefore the pair (A,L) is a covariant representation of the system

(C*(K/0O), 0%, a).

DEFINITION 1.7. Because we have just constructed a non-trivial covariant represen-
tation, we know from Proposition 2.1 of [7] that the system (C*(K/O),O*, «a) has a
crossed product. This is a C*-algebra B generated by a universal covariant representa-
tion (i,v) of (C*(K/O),O0*, a) in B: for every other covariant representation (m, V),
there is a representation @ x V of B such that (71 x V)oi=mand (x x V)ov ="V.
The triple (B,,v) is unique up to isomorphism [7, Proposition 2.1]. Since the rep-
resentation A in the example is faithful, and A = (A x L) o 4, the homomorphism ¢ is
injective on C*(K/O).

We can similarly define the algebraic crossed product (C(K/O) x, O*,i,v) to
be the *-algebra generated by a universal algebraic covariant representation. The
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construction of [7, Proposition 2.1] can be easily modified to show that there is such
a representation.

LEMMA 1.8. The vector space span{vii(éz)vpy : x € K/O,a,b € O*} is a dense
*-subalgebra of C*(K/O) x O*. We also have

span{v;i(0;)vp : x € K/O,a,b€ O*} = span{i(d;)vjvp : ¢ € K/O,a,be O*}

Proof. The vector space certainly contains every i(d,) and v, and is obviously closed
under taking adjoints, so it is enough to to show that the product of two spanning
elements is a linear combination of such elements. To prove this let z,y € K/O and
a,b,c,d € O*. Then, since vyv. = v.vp, we have
(v2i(02)vp) (vzi(y)va) = vgi(da)ve(vpve) (vove) “vpi(dy Jva
= vivii(ae(0z)ape(1)ap(dy))vpva by Lemma 1.5 (1)
= (vaVe) (e © Boe(0e(0z)an(dy)))vpvg by Propositionl.2
(Vave) i(tbe(By (2 ) (Be(dy))) (vbva)
(Uavc)*i(abc((sbw + 6cy))(vbvd)7

which we can see is in the linear span of {v}i(d;)vy : © € K/O,a,b € O*} by
considering the formula (1.2) defining «. The last equality follows from Lemma 1.5.
O

Remark 1.9. The labeling of the spanning elements by the ordered triples
(Va, (), vp) is not one-to-one. If be = ad and bz = dy + n + mb/a for m,n € O,
then, using Lemma 1.5(2) repeatedly,
vi(0z)ve = vupi(Oba)
= a0 (Omb/a)i(0dy) by assumption, since i(d,) = 1
= Ugi(0m/a)vpi(day)
= i(0am/a)Vavbi(day)
= vvai(day)
= U:i((sy)vfﬁ
where the fifth equality holds because i(d,,) = 1 and vivy, = vivivevy = vivivpv. =
VIV Ve Vq = VEV4.
From the discussion of the Hecke algebra in §2 it will follow that v%i(d,)vy =
v%i(0y)vg implies b/a = d/c and bz = dy (mod O + 20). It will also follow that the

set {v¥i(0z)vp 1 x € K/O,a,b € O*} is linearly independent, hence a linear basis for
the dense subalgebra C(K/O) x O of C*(K/O) x O*.

PROPOSITION 1.10. Let K be a number field with ring of integers O. There is a
strongly continuous action & of the compact group K* on C*(K/O) x4 O* such that

ay (vEi(02)ve) = y(a™"b)vki(62)vs
for all v € I/(\*, a,be O* and x € K/O; @ is called the dual action.

Proof. For fixed 7, the map w : a — 7y(a)v, gives another covariant pair (¢, w), which
is easily seen to be universal. Thus we can deduce from the uniqueness of the crossed
product that there is an automorphism @, of C*(K/O) x, O* with the required
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behavior on generators. The continuity of vy — & (c) is easy to check when ¢ belongs
to span{v¥i(d,;)vp}, and because automorphisms of C*-algebras are norm-preserving,
this extends to ¢ € C*(K/O) x4 O%. O

COROLLARY 1.11. There is a faithful positive linear map ® of C*(K/O) x4 O onto
C*(K/O) (strictly speaking, onto its image i(C*(K/O)) in the crossed product) such
that

v¥i(dz)ve  if b =a,

0 otherwise.

®(vsi(8z)vp) = {
Proof. Define
B(0)i= [_a(e)dx

this gives a norm-decreasing projection of C*(K/O) x, O* onto the fixed-point al-
gebra for the action &, which is faithful in the sense that ®(b*b) = 0 only if b = 0.
Because [7(a"'b)dy = 0 unless a™'b = 1, ® has the required form on generators.
The covariance of (¢,v) implies that v}i(d;)ve = i(84(0z)) = i(d4z), SO @ does indeed
have range i(C*(K/0O)). One can check by representing C*(K/O) X, O* on Hilbert
space that ® is positive (in fact, completely positive of norm 1). O

Ezample 1.12. Composing the expectation ® with the canonical trace 7 : z — z(0)
on C*(K/O) gives a state 7o ® on C*(K/O) x, O*. This state is faithful on positive
elements because both 7 and ® are. Thus the GNS-representation 7.4 is a faithful
representation of C*(K/O) x, O*. (We observe that when K = Q, 70 ® is the KMS;
state of [3, Theorem 5], which is shown there to be a factor state of type III.)

2. THE HECKE ALGEBRA OF A NUMBER FIELD

The universal property defining the crossed product C*(K/QO) x4 O* can be restated
as a presentation in terms of generators and relations similar to the modification in [8,
Corollaries 2.9 and 2.10] of [3, Proposition 18]. To do this we need to extend the defi-
nition of covariance to say that a pair (U, V') consisting of an isometric representation
V of O* and a unitary representation U of K/O is covariant if

1 *
F > Ulz) = VU )V, for a € ©* and y € K/O.
¢ [z:az=y]

Since C*(K/Q) is universal for unitary representations of K/Q, a pair (U, V) is covari-
ant in this sense precisely when (7y7, V) is a covariant representation of the dynamical
system.

PROPOSITION 2.1. The crossed product C*(K/O) X, O* is the universal C*-algebra
generated by elements {u(y) : y € K/O}, {vq : a € O*} subject to the relations:
1. vivy =1 forae O%,

[\

. VaUp = Vgp for a,be OF,
3. u(0) =1, u(z)* =u(—2z), w@)uly) =ulx+y) forz,yec K/O, and
Z u(z) = veu(y)vy, forae O and x,y € K/O.

[z:az=y]
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Similarly, the algebraic crossed product C(K/Q) x, O* is the universal involutive
algebra generated by such elements and relations.

Proof.  Relations (1) and (2) say that v is an isometric representation of O, (3)
says that u is a unitary representation of K/O, and (4) is the covariance condition.
Clearly, a universal representation of the above relations is a universal covariant pair
for the system (C*(K/0O), 0%, a), and vice versa. O

In Example 1.6 we gave a concrete representation of these relations. In this
section we obtain another, by real-Ising the crossed product as a Hecke algebra, and
using the regular representation of this Hecke algebra.

Recall that a subgroup I'y of a group I' is almost normal if the orbits for the left
action of I’y on the right coset space I'/Ty are finite. Consider the subgroup

F@:{<é Lf):ae@} of
FK:{(é g):x,yEK,x;ﬁO}.

LEMMA 2.2. T'» is an almost normal subgroup of T'k .

Proof. Therightcosetof7:<(1) g)EFKiSVFo=<(1) y:(l)>,so

1 a Lo — 1 a 1 y+0\ (1 ax+y+0O
01/)7° o1 0 =z “\o T :

Thus the orbit has as many points as there are classes of az +y modulo O. If z = b/c
with b,c € O, then a = a’ (mod ¢) implies az +y = o’z +y (mod O), so there are at
most IV, points in the orbit. O

The generalized Hecke algebra H(T'k,T'o) is defined in [3, §1] as a convolution *-
algebra of I'p-biinvariant functions on I'c. As a complex vector space, H(I'k,T'p) is
the space of functions f : I'x — C which are constant on double cosets, so f(voyy)) =
f() for v,v, € To and v € T'k, and which are supported on finitely many of these
double cosets. The convolution product is

(fx9)) = > fiHan)

1€l \l'x

where the sum is over left-cosets, and the involution is f*(y) = f(y~1). With these
operations, H(I'kx,T'») is a unital *-algebra.

It is convenient to think of H(T'x,T0) as the linear span of characteristic func-
tions of double cosets, indicated by square brackets, with the multiplication rule:

ComTo]*[Tonlol() = Y. [TomTol(yy Tonlol(y) (2.1)
7' €lo\T'k
= #LC{(Tom 'To)yN (Fov:To)},

where the sum is taken over representatives ' of the left cosets I'o\I'x, and # LC
counts the number of left cosets in a left-invariant subset of I'x. The last equal-
ity holds because the term of the sum corresponding to a left coset «' is 0 unless
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' = T'oynl'o and 7/ € T'ovel'o, in which case it is 1. Involution is determined by

conjugate-linearity and [[oyT'0]* = [[oy T'o], and the unit is [[o].
Consider the maps p: O - H(T'k,To) and e : K — H(T'k,To) defined by

1 1 0
=gl 0 )re .
1 r
6(7") = FO 0 1 FO . (23)
The map e factors through K/O because I'o < (1) ; To = (1) r—g(’) , and

the same notation will be used for the corresponding map of K/O into H(T'k,T'0).
The following generalization of [3, Proposition 18] shows that the Hecke algebra is
generated by these elements, and that they are universal generators. More precisely,
it says that the pair (e, 1) is covariant and that 7. x p is a *-algebra isomorphism of
C(K/O) xq O* onto H(T'k,T'o).

THEOREM 2.3. Let K be a number field with ring of integers O. The elements uq
and e(z) defined in (2.2) and (2.3), with a € O* and x € K/O, generate the Hecke
algebra H(T'k,To), and satisfy the relations

H1. pipe =1 forae O%,

H2.  papty = pap for a,b e OF,

H3. e(0) =1, e(x)* =e(—z) and e(x)e(y) = e(x +y) for z,y € K/O, and

HA4. Nia D lwazy) €(@) = tae(y)pig, for a € O* and y € K/O.

Moreover, H(T'k,To) is the universal *-algebra over C with these generators and
relations; it is spanned by the set {pke(x)up : a,b € O* x € K}.

Proof. To prove (H3), first observe that

1 1 1 1 o
o5 1) = (o 1)remro (o 1 )ro= (5 "1%),

so for these elements, left cosets, right cosets and double cosets coincide. Let r, s € K,

v = < L Z ) € 'k, and compute as in (2.1):

0

e = (o 717)] (0 19| @
ef(o 17 )0l 1))
wel(§ )3 1)

1 ifr=landy=r+s (mod O)
0 otherwise,

because if z = 1 and y — r = s (mod O), the intersection is the (single) left coset

< (1) y —g © ) Thus e(r)e(s) = e(r +s). The remaining identities are easily verified.
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0 a a

To see (H1) and (H2), notice that F@< Lo )F@ = <(1) O) =

< (1) 2 T'o, so the support of u, is a right coset, and the support of u is the
1
left coset Lo < 130 ) Thus, for v = < (1) g >, we have

i = (21 2o
%)

o~ 8

1 O
(2
1 y+z0 @
- wred(sn W) (a T))

1 fr=1landye O
0 otherwise,

S = O

because if x = 1 and y € O the intersection < (1) i) ) contains exactly N, left cosets.

This proves p) pq = [( (1) (1,) )] = [[p] = 1. A similar computation proves (H2).

Before proving the covariance condition (#4), we compute pqe(r):

wet) = —mrre{ (g @ )an (5 7))

‘1
B 1 1 y+ 1 »r+0
= el (o Y7 )n (0 0))

_ l/N;/2 ifr=aandy=r (modO)
0 otherwise.

Thus ,uae(r) = N;I/Z |:< é 7‘—20 >:| and

1 1 O
hae(l(y) = Rg[(o " ﬂ*[
1 _r 1
— E#LC{<8 a—é_a

N
_ ! L y—7+3
= gorre{(y VTR

el

B 1/N, ifz=1landy—r/a
0 otherwise.

This gives
, 1 1 ir+0)
/’l’ae(r)ua - E |: < 0 1 )
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which implies (4) because the right-hand-side is the sum of N, characteristic func-
tions of double cosets, one for each class in 7/a + (1/a)O (mod O); in other words,

[<3xto>]=i%§%dm=mmwmy

r.ar=r

” 1
pae(r)pg = N,
[z:az=T]
Now that we have verified (H1)—(#4), the universal property of the algebraic
crossed product gives a *-algebra homomorphism 7, x p of C(K/O) x O* into the
Hecke algebra H(I'k,T'0), and it only remains to prove that 7. X p is one-to-one and
onto.

Consider a single monomial pfe(r)uy. A computation similar to the one above

gives
. 1 1 r+1i0
:uae(r)(’Y) = N1/2 |:< 0 la >:| )

and further calculation shows

N 1 1 y—rb—i—go 1 O
Mae(r)ﬂb(V)_W#LC{<0 ax >m<0 b )}

ab
Thus we must have z = b/a and y € rb+ 3(9 + O. Since < (1) i) ) is not a
(single) left coset, we must count carefully to find the number of left cosets in this
intersection. We notice, first, that abO C bONaO C a0, 5(9 N O is an ideal in O and
(20N 0)/bO = (bO N a0)/abO, and, second, that aO/(bONa®) = O/(20NO), so
that [aO/(bO N aO)| = N(2O N O). From the isomorphism theorems we have

|aO/(bO N aO)] |(bO N aO)/abO| = |aO/abO| = |O/bO| = |N(b)| = Ns,

and from the multiplicativity of the norm, we deduce that the number of left cosets
is Nb/N(go N O). We divide by N;b/Q and manipulate to get

oy = Y@ Kl M+§O+O>]
Ha I = NCono) [\ 0 b '

a

The support of the right hand side is a single double-coset. To see this, multiply one
of its elements on the left and on the right by ' to get

1 0 1 rb 1 0\ _ (1 r+to+o0
0 1 0 & o 1) \o 2 '

Since every double coset has this form, and since NV (3)1/ 2 £ 0, the linear span of
the elements p*e(r)up is all of H(T'k,T'p). Moreover, if two such elements pke(x)up
and pke(y)pua do not have disjoint support, they are supported on the same double
coset, in which case b/a = d/c and pe(z)up = pie(y)puq. Thus the set {pie(z)up :
a,b € O* x € K/O} is linearly independent, because distinct elements have disjoint
support.

Since the representation me x g maps {viu(z)v, : * € K/O,a,b € O*} in-
jectively onto a linear basis for the Hecke algebra, it follows that {viu(x)v, : = €
K/O and a,b € O*} is a linear basis for the algebraic crossed product and that

Te X - (C(K/O) x O0* — H(FK,F(Q)

is a *-algebra isomorphism. The result now follows from Proposition 2.1. O
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The Hecke algebra H(I'x,T'0) acts as convolution operators on the Hilbert space
?(To\I'k), and then the Hecke C*-algebra C*(I'x, ['p) is by definition the closure of
H(T'k,To) in the operator norm, [3, Proposition 3|, [2]. Thus, the generators e(r) and
Ha, viewed as unitaries and isometries on £2(I'o\I'k), give a covariant representation
(e, p) of (C*(K/O),u,v) such that C*(T'x,To) = (me X u)(C*(K/O) x O%). Tt will
follow from our main theorem in §4 that this Hecke representation is faithful; i.e. that
the Hecke C*-algebra is the universal C*-algebra of the relations (#1)—(#H4).

We can also establish directly that the Hecke representation is faithful by em-
bedding the faithful representation of Example 1.12 as a subrepresentation. Indeed,
the subspace of £2(I'o\I'k) consisting of biinvariant functions is invariant under the
Hecke representation (m, i), and the corresponding subrepresentation turns out to
be the GNS-representation of the state 7o ®.

PROPOSITION 2.4. The representation of the Hecke algebra as convolution operators
on (2(To\I'k /T o) is unitarily equivalent to the GNS-representation of T o ®.

Proof. By uniqueness of the GNS-representation, it is enough to show that the
vector o] € £2(To\I'k /To) is cyclic for the left convolution action of H(I'k,T0)
and that the corresponding vector state wr,, is equal to wo®. Since [T'p] is an identity
for convolution, its cyclic component contains every biinvariant function supported
on finitely many double cosets; this proves that [['p] is cyclic.

To show that wr, = 7 o @, notice first that, because the fixed point algebra
of the dual action & of K* is exactly C*(K/QO), any state w of C*(K/O) has a
unique &-invariant extension to C*(K/O) 1, O, namely wo®. So it suffices to prove
that the vector state wr,, is &-invariant and agrees with 7 on C*(K/O). If a # b,
then the support of pie(r)up[Lo] is disjoint from T'o, and hence wr,, (uXe(r)us) =
(pre(r)mTol, Tol,) = 0. Similarly, if » # 0 the support of e(r)[I'o] is disjoint
from [I'o], and hence wr,(e(r)) = (e(r)[Tol,[To]) = 0. Since we trivially have
wre (e(0)) = 1, this proves that wr, is é-invariant and agrees with 7 on C*(K/0O),
as required. O

COROLLARY 2.5. Let K be a number field with ring of integers O. Then the Hecke

representation . X p is faithful on C*(K/O) x4, O* and the Hecke C*-algebra
C*(T'k,Tp) is the universal C*-algebra of the relations (H1)—(H4).

3. CHARACTERS OF K/O

In [8] the character x(r) = exp(2mir) gave an embedding of Q/Z in T which was
essential to the characterization of faithful covariant representations. There is no
such embedding in general:

LEMMA 3.1. If K is a nontrivial extension of Q, there are no injective characters of
K/O.

Proof.  Suppose that K is an extension of degree [K : Q] = n > 1, and choose
an integer a € Z N O* with a # +1. Then the subgroup £0/O of K/O has order
N, = a™ [11, 2.6(3)]. On the other hand, every = € O satisfies ¢ = axz/a = 0 in
10/0, so the order of x(z/a) divides a for every character x. Thus x(20/0) is a
subgroup of the a'-roots of unity and x cannot be injective. O

For x € (K/O) and b € O, define a character x® on K/O by x*(z) := x(bz). Our
key technical Lemma says that for every number field K there exists x € (K/O) such
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that {x® : b € O} is dense in (K/O)" (Corollary 3.5, Lemma 3.6); these characters
play the role of the injective characters of Q/Z. We begin by recording a general fact.

LEMMA 3.2. Let x be a character on K/O, and let a,b € O*. Then

Z x(bz) =0 if and only if x(bx) # 1 for some z € [x : ax = 0].
[z:az=0] (31)

Proof.  The set {x(bx) : axz = 0} is a group of roots of unity, and hence, unless this
group is trivial, its elements sum to zero. [l

In dealing with semigroup crossed products A X, .S, one often needs to know
that J[,cr(1 — @q(1)) is nonzero for every finite set of elements F' of S (see [7,
Theorem 3.7], for example). In the present setting, something stronger is needed.
The problem is that a,(1)ay(1) is not necessarily of the form (1) for ¢ € O*. To
get around this, we would like to make sense of aq4(1) for ideals a in O, in such a
way that aq(1)ap(1) = aq(1) with a the not-necessarily-principal ideal generated by
a and b. The ideals in O form a semigroup including O* /O* as the subsemigroup of
principal ideals, but we have been unable to find a suitable action « of this semigroup
on C*(K/O). However, we can define projections P, which have the properties we
require of aq(1). Once we have established these properties in Proposition 3.4, we can
show the existence of the required characters on K /O (Corollary 3.5, Lemma 3.6).

We need some basic facts about fractional ideals. A fractional ideal f of a number
field K is a nonzero finitely-generated O-submodule of K such that df C O for some
d € O*. Ideals in O are certainly fractional ideals, with d = 1; these are called integral
ideals when it is necessary to distinguish them. Products and inverses of fractional
ideals are defined by

n
fa={>_ figi: fi €f,9: €}
i=1
fTl={rc K:xfC O},
and are fractional ideals too. Since the ring of integers O is a Dedekind domain,
these operations make the set of fractional ideals into a multiplicative group Zx with
identity element the ideal O; moreover, every element in Zx can be factored uniquely
into a product of integer powers of prime ideals in O. Hence Zk is a free Abelian
group with the set P of prime ideals as generators [11, Theorem 3.4.3].
The intersection fNg of two fractional ideals, which is sometimes denoted [f, g], is

a greatest lower bound in terms of ideal inclusion; similarly, f+ g, which is sometimes
denoted (f, g), is the least upper bound. The notation of lem and ged is meaningful;
if f and g are two fractional ideals with factorizations

f= H p"p(f) and g= H p"p(g),
peP peP
then

.8 =fng= [ pmextmmi@),
peP
and

(o) =f+g =[] pmntreDnele),
peP
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Notice that with these factorizations, if f is integral, all the exponents n, are nonneg-
ative, and if f is the inverse of an integral ideal, n, < 0 for all p. Thus any fractional
ideal can be written as f = ¢, with a,b C O, and we can define the norm of a frac-
tional ideal by N(f) = N(a)/N(b) [6, pp. 17,24]. However, if { is not integral this
norm no longer represents a cardinality.
If a is an integral ideal, then a~! contains O. Let d € O be an integer such that
da~! C O. Since we trivially have dO C da~!, the isomorphism theorems give
|0/dO| = |0/da™"||da™"/dO|;
since da=1/dO = a=!/O, we deduce that
N,
1 1 d
Ol =|d dO| = ————~ = N(a).
a™/0| = |da™"/dO)| N(da—1) (a)
LEMMA 3.3. Suppose a and b are integral ideals in O. Then

0= (a+b)"1/0—-3at/Oxb™' /O —— (anb)™1/O =0
x> (z,—x) (z,y)—z+y

is an exact sequence of finite Abelian groups.

Proof. From the factorization into prime ideals it is easy to see that a=! +b~! =
(anb)™! and a7 Nb~! = (a + b)~!. Hence addition gives a natural surjective
homomorphism (z,y) € a™! x b~ — 2 +y € (anb)~! with kernel {(z,—2) : z €
(a+ b)~1}. Taking quotients by O gives the sequence. O

We are now ready to define the projections P, in C*(K/O).

PROPOSITION 3.4. For each integral ideal a in O let

P, = ﬁ > b (3.2)
z€a~1/0

where the sum is taken over any set of representatives of a='/O. Then

(i) Py = aa(l) for every a € O%,

(ii) P, is a projection for every a,

(iii) P, > Py whenever alb (i.e. whenever b C a),
and, for every finite collection {a;}1<i<n of integral ideals,

(iv) IL Pa; = Pria;» and

(v) T[,(1 = Ps;) # 0 whenever a; # O for 1 <i < n.

Proof.  Claim (i) is verified directly from the definition. Since multiplication and
intersection are associative operations, to prove (iv) it is enough to consider two ideals
a and b:
1
PPy = ——— Oz
al’® N(a)N(b) Z Z +y
z€a~1/Oyeb—1/0
N b
- W 2, "
@ONE) (57 10
1
= _— (52
N(anb) Z
z€(anb)=1/0

= Paﬂ[‘u
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where the second equality holds by Lemma 3.3. Since a=!/O contains —x whenever
it contains z, P, is self adjoint, and setting a = b in (iv) gives P2 = P,, proving (ii).
If bla then aNb = b, so (iii) follows from (iv).

It remains to prove (v). Observe first that replacing each a; by one of its prime
factors gives a smaller projection because of (iii); repeated primes are irrelevant be-
cause the P, are idempotents. Thus it suffices to prove that [[,cp(1 — Ps) # 0 for
any finite set F' of distinct prime ideals. Multiplying out and using (iv) gives

H(l —Py) = Z H(_Pa) = Z (_1)|A|P0A7

where NA indicates the intersection of all the members of A, which in this case equals
their product because they are all prime. This projection is in C(K/O), and, viewing
it as a function on K /O, it makes sense to evaluate it at 0 € K/O:

[[a-P)O) = S (1P

acF ACF
1
— A .
S X 80
ACF z€(NA)~1/0
1
= Z H(—m), because N(NA) = H N(a),
ACF acA acA
1
= (1 - —) 7é 0,
1R
because N(a) > 1 for every integral ideal a # O. O

COROLLARY 3.5. Let f — f denote the Fourier transform isomorphism of C*(K/O)
onto C(K/O). Then

Xy = ﬂ{supp 1—/?51 : a is a nontrivial ideal in O}
is a nonempty compact Gs subset of K/O.
Proof.  The space I?/?Q is compact, and the family {supp(1 — P,)"} has the finite
intersection property by Proposition 3.4(v). O

The following lemma shows that the characters in Xk have the required proper-
ties.
LEMMA 3.6. Let x € I?/?Q Then
1. x € Xk if and only if x(a=1/O) # {1} for every non-trivial ideal a C O,
2. if x € Xk,a,b€ OF, and x(bx) =1 for all x € %(9/(9, then alb, and
3. if x € Xk, then {x®: b€ O} is dense in K/O.
Proof. Suppose x € Xi. By the definition of the set Xx, Pa(x) # 1, so it must be

zero, which means }° -1 /o Xx(z) = 0. Equivalently, the group x(a=1/O) of roots of
unity is non-trivial by (3.1), giving (1). To see (2), note that

L @O +00)=Laz+by:2,yc Oy ={z+ Ly:z,yc O}
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Suppose a does not divide b, and set a=! = é(a@ + b0O): this makes sense since by
dividing ideals we can compute
a — a -1
o (a0 +00) = 3 (360) = ()71 (*T5°)

a

and so a = (a0 N bO)/bO is an integral ideal. If x € Xk, then from (1) we have

({2 iy 0} =x(fe+ Y i zy e 0)) =xa™) £ {1},

so (2) is proved.
Let x € Xx. The map b — x* from O to the characters on K/O is a group
homomorphism. We claim that the homomorphism b+ x°|1 4 /o has kernel aO. We

see that a is in the kernel, since x*(20) = x(O) = {1}. Suppose b is in the kernel.
Then x(bz) =1 for all z € 20/0, so (2) implies that a|b; thus b € aO, and the claim
is true. Thus we have an injective homomorphism of O/a0 into (20/O)", and since
these are finite Abelian groups of the same cardinality IV,, the homomorphism must
also be surjective. Thus every character on 5(9 /O is the restriction of some x°. Since
K/O=U{:0/0:a € 0%}, we have

K/O = lim 20/0,
and we can deduce that {x’: b € O} is dense in I?/?Q O

Remark 3.7. The referee suggested that it should also be possible to prove the exis-
tence of characters with the required properties using Fourier analysis on the adele
group A of K, as in [6]. In fact, this method is used by Harari and Leichtnam
[5]. The approach presented here is more elementary, and in particular bypasses the
application of the strong approximation theorem.

The characters in X will play a very important réle in the proof of our main
theorem. We can also use them to construct new covariant representations of the
system (C*(K/O),0*, ) involving the usual Toeplitz representation 7' of O* on
¢2(0*), which is defined in terms of the usual basis {e, : b € O*} for £2(O*) by
Ta(f;‘b) ‘= Eab-

PROPOSITION 3.8. Suppose x € Xx. Then 7 (z) : ey — Xx°(x)ep extends to a faithful
representation of C*(K/O) such that the pair (1y,T) is covariant.

Proof. The operator 7, (,) is multiplication by the circle-valued function b +— x°(x)
on £2(0*), so T, is a unitary representation of K/O; we use the same symbol for the
corresponding representation of C*(K/Q). For f € C*(K/O), 7,,(f) is multiplication

by the function b — f(xb), and since {x? : b € O*} is dense in (K/O)" by Lemma 3.6,
Ty is faithful.
To check the covariance condition, fix b € O*. Compute first

o _ ) Tarx(W)evya  ifalb [ x((b/a)y)er if alb
TGTX(y)TaEb_{O ifa fb ~ ) 0 ifa Jb,

and then

Tx(%(y))ﬁb:]\% > nl@)e = Nia > x(ba) | e
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Let z be a fixed element of [z : az = y]. Then

1 1
W D ) = 5 e ey )
[z:az=y] ¢ [#":az’ =0] ¢ [2':az’=0]
B if alb
- ifa f0,

by Lemma 3.6(2) and (3.1). Since a|b implies x(bz) = x((b/a)az) = x((b/a)y),
covariance follows.

4. REPRESENTATIONS OF THE CROSSED PRODUCT

In this section we prove our main theorem — the characterization of faithful represen-
tations of the crossed product — and then discuss the various specific representations
we have constructed earlier.

THEOREM 4.1. Let K be a number field with ring of integers O. A covariant repre-
sentation ™ X V of C*(K/O) x4, O* is faithful if and only if w is faithful.

The strategy of the proof is familiar: the crux is to show that deleting the terms
with a # b from finite sums ), ;o 7(f)V, V4 gives a norm-decreasing expectation of
7 X V(C*(K/O) x4 O*) onto w(C*(K/O)). For this, we want a projection Q = 7(q)
such that compressing by @ kills the off-diagonal terms while retaining the norm
of the remaining sum of diagonal terms (see Lemma 4.3 below). The presence of
invertible elements (units) in the semigroup O* makes this trickier than it was in
[8], and we begin with a lemma which will help deal with units. Both the next two
lemmas depend crucially on the characters constructed in the previous section.

LEMMA 4.2. Suppose x € Xk, ¢ € O* and H is a finite set of units in O. Then
there is a projection q € C*(K/O) such that goan,(q) = 0 for allu € H and q(x°) = 1.

Proof. We begin by observing that the units in O act as automorphisms of C*(K/O)
(the inverse of «, is B,-1), and hence « induces an action of O* on the spectrum
(K/OY of C*(K/O). Indeed, we have u - 0(z) := 0(a; (z)) = 0(uzx) = 6%(z) for
every 6 in (K/OY. We claim that O* acts freely on the set {x*: b € O*}. To see
why, suppose u € O* satisfies u - x* = x® — or, equivalently, x** = x*. Then for all
x € K/O, we have
1= x"(@)x"(x) "' = x((u— 1)bx).

By Lemma 3.6, this implies that every a € O* divides (u — 1)b, and this is only
possible if w = 1. This justifies the claim.

The claim implies that the characters {u-x° = x"¢: u € H} are distinct elements
of (K/O)". Since the discrete group K/O = U,20/0 is a directed union of finite
subgroups, the dual (K/O)" is a topological inverse limit of finite groups, and hence
is a totally disconnected compact Hausdorff space. Thus we can find a compact
neighborhood N of x¢ such that (u - N)N N = 0 for all w € H. Its characteristic
function 1y € C((K/OY) is the Fourier transform of a projection ¢ € C*(K/QO) with
the required properties. O

Recall from Lemma 1.8 that the crossed product C*(K/O) x, O is the closed
linear span of {i(f)viv, : f € C(K/O) and a,b e O*}.
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LEMMA 4.3. Let Za7beFi(fa7b)U;’()b be a finite linear combination with fop €
C*(K/O), and let € > 0. Then there exists a projection ¢ = q(e) € C*(K/O) such
that

1(@)i(fap)vavi(g) =0 ifa#b, and (4.1)

la(X fo)a| = [ 3 o

Proof. Let x € Xk and let g = fo.0 € C*(K/O). By Lemma 3.6(3) there exists
¢ € O* such that |g(x°)| > ||gl| — e. Consider the projection

a1 = ac(1) H(l — By 0 atac(1)) H(l — Ba © ape(1)).
afb bfa
If a € F is not associate to b € F then either a Jb or b Ja. Suppose first b fa. Then
1(q1)i(fa,p)vivpi(g1) has a factor
i((ae(1) = ac(1)Balape(1))))vaveiae(1)) =

— €. (4.2)

= 0li((@ae(1) — age(l)ag o Balape(1)))ape(1))vy by Lemma 1.5(1),
= vgi((aac(1) = aac(1)aa(1)ape(1))owe(1))ve
= vgi((@ac(1) — aac(L)awe(1))owe(1))vs

0.

The case a /b reduces to this one by taking adjoints.

We now consider H := {u € O* \ {1} : there exists a € F with ua € F}. By
Lemma 4.2, there is a projection gs such that gaan,(¢2) = 0 for all u € H and
g2(x¢) = 1. We claim that the projection ¢ := g1g2 has the required properties.
Indeed, the calculation in the previous paragraph shows that i(q)vivyi(g) = 0 when
a,b € F are not associate. If a is associate to b, then b = ua for some u € H, and
vivp = vy; now the property goau,(g2) = 0 forces i(q)vivpi(q) = i(q)vui(g) = 0.

By construction, x¢ is in the support of g3, so to finish the proof of (4.2) we need
to show that ¢1(x°) = 1. Since x¢ is always in the support of a.(1)7, it suffices to
prove that (8, o ape(1))(x°) = 0 whenever b Ja in O*.

BuoadI () = 5= 3 GG
“1 ]

z:bcx=0

= NL Z X(caz).

be [z:becz=0]

By Lemma 3.6(2), at least one of the summands is # 1, because bc does not divide
ac. Thus the sum vanishes by (3.1). O

Recall from Corollary 1.11 that we have a faithful linear map @
C*(K/O)xO0* — C*(K/O), constructed by averaging over the compact orbits
of (K*)".

PROPOSITION 4.4. Let (m, V) be covariant for (C*(K/O),0*,a). If 7 is faithful, the
map

orrpivim { g0 e
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extends by linearity and continuity to a projection of norm 1 from C*(w, V) onto
C*(m), such that the following diagram commutes

CH(K/O) %o 0% Y 0% (x, V)

l‘b l¢ (4.3)
C*(K/O) —" s C*(m).
Proof.  Let 3_, e pm(fap)Vy Vs be a linear combination of the spanning monomials

and fix € > 0. Let ¢ be the projection from Lemma 4.3, and take Q := 7(q). Since 7
is faithful, it is isometric. Thus

| S wtrnvii| = @ X stanviviq|

a,beF a,beF

= | X erfeaviviq)
= > 4faad ‘
> | faal|—€

= D 7(fa)

Since € is arbitrary, this gives the existence of the contractive projection ¢. That the
diagram commutes is easily verified on the spanning set. [l

Y

— €.

Proof. [Proof of Theorem 4.1.] Since there is a covariant representation (A, L) with
A faithful, and this representation factors through (i,v), ¢ must be faithful. Thus if
m x V is faithful, so is # = (7 x V) o 4. For the other direction, suppose 7 is faithful
and m x V(b) = 0. Then w(®(b*b)) = ¢(m x V)(b*b) = 0, and the faithfulness of ® on
positive elements implies b = 0. |

Next we consider the various covariant representations of C*(K/O) x4 O*:

1. The representation A x L on /(K /O) (Example 1.6).

2. The GNS-representation associated to the state 7o® on C*(K/O) x, O*, which

is already known to be faithful (Example 1.12).

The Hecke representation on £2(To\I'k) (see §2).

The representations 7, x 1" from Proposition 3.8.

5. A one-dimensional representation: the trivial character on K /O and the trivial
representation of O* on C form a covariant pair.

COROLLARY 4.5. The representations (1), (3) and (4) of C*(K/O) x4, O* are all
faithful.

As things stand, it is not obvious that these representations are different. In fact
(A, L) is quite different: the dual action is not unitarily implemented. Our proof of
this shows more: the representations {A x vL : v € (K*)} are a family of mutually
inequivalent irreducible representations.

= o

PROPOSITION 4.6. Suppose that U is a non-zero bounded operator on ¢?(K/O), and
that there exists v € K* such that
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1. Uy =\ U for allz € K/O, and
2. UL, =v(a)L,U for all a € O*.

Then U is a scalar multiple of 1 and v = 1.
Proof.  Let uy := (Usoles). Then }° /0 |uz|?> = ||Ueo||> < oo. Condition (1)
implies

(Ueyles) = (Ulyeoles) = (M\yUeoles) = (U50|)\;5I) (4.4)

= (UeolA_yes) = (Ueolep—y) = Ug—y- (4.5)
(We think of U ~ > uyA, as the Fourier series of U, which by (1) belongs to the
maximal Abelian algebra A(K/O)"”.) We claim that, for each fixed n € N C O and
each z € K/O, we have
Z uy = y(n)u

ly:ny=x]
To see this, we use (2) and calculate:
Y(n)uz = (v(n)Ueoles) = (LULneolex) = (ULngo|Lnes)

e

ly:ny=x]

SN(ES >
S DD DI

i [y:ny=z]

Now {y —i/n:ny =z, 1<z<n}1snc0p1esof[y'ny:a:],so

E Ny = E Uy,

[y ny=x] [y:ny=x]
as claimed.

Now suppose that u, # 0 for some = # 0, and fix n € N. Recall that the ¢2- and
¢*-norms on C" are related by ||z||2 > ||z||1/y/n- Thus the claim implies that

wl=| Y wls Y wl<va( X )

lyny=2] ly:ny=x] lyny=2]

We deduce that

DR (D NTOED o

yeK/O neN  [yny=z]

1
=l (3 5) =0
n
contradicting " Ju,|? = ||[Ueo||* < oo. O

COROLLARY 4.7. The representations {(\, xL) : x € I/(\*} are irreducible and mutu-
ally inequivalent.

Proof. For the first assertion, take v = 1 in the proposition, and multiply both sides

by x(a). To see that (A, x1L) is not equivalent to (A, x2L), apply the proposition with
21

Y=X1 Xz L

COROLLARY 4.8. The automorphisms in the dual action @ of K* on C* (K/O) x, 0%
are not implemented by unitaries in the representation A X L.
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Remark 4.9. That the dual action is not implemented distinguishes the representa-
tions A x yL from the others in the list. For example, because the state w o ® is
invariant under the dual action @, there is a unitary representation U of (K*)" on
H,,o5 such that (7,0, U) is a covariant representation of (C*(K/O) xo, O, (K*Y, @).
It is also easy to check that the representation U : (K*)~ — B(£2(O0*)) defined by
Uyeq = 7y(a)e, gives a covariant representation (7 x T, U).

To see that the dual action is unitarily implemented in the Hecke representation,
define U : (K*Y~— B(f*(To\I'k)) by

(3 7)ol >

The necessary relations Use(r) = e(r)Uy and Uyp, = Y(a)u,Uy follow easily by
observing that

Supp(e(r)*Ké a0 )]) c <é ;),and
Supp(ua*Ké y+xa:(')>]) c <é a’;)

Remark 4.10. The representation A x L is the GNS-representation corresponding to
the vector state ¢ : ¢ — (A x L(c)egleg). Since 70 ® = [ ¢ o @, dv, it is tempting
to guess that 700 is the direct integral of the representations A x YL = (A x L) o &y.
However, because each A x vL is irreducible, the direct integral representation on
L2((K*Y, £*(K/O)) has commutant L= ((K*)"), and is therefore type I. On the other
hand, in the case K = Q, 7 o ® is the KMS;-state described in [3, §1], and this is
known to be a factor state of type III; [3, Theorem 5].

5. FIELDS OF CLASS NUMBER 1

The ideal class group of a field K is the quotient of the group F of fractional ideals
by the subgroup P of principally generated ideals; it is a finite Abelian group whose
cardinality is called the class number hy of the field [11, §4.3]. The group of principal
ideals is always isomorphic to K*/O*, so we have an exact sequence

1-0"—-K'-F—F/P—1

of Abelian groups. Since fractional ideals factor uniquely as products of prime ideals,
when hg = |F/P| = 1, K*/O* is the free Abelian group generated by the prime
ideals. It is possible in this case to choose a multiplicative section S in O* consisting
of one associate for each class in O*: select an arbitrary prime generator from each
prime ideal, and take S to consist of 1 and the products of the selected generators.

Throughout this section, K will be a number field with hx = 1, and S will
be such a subsemigroup of O*. The semigroup S is lattice ordered in the sense of
[10, 7], with a V b defined to be the unique representative in S of the ideal generated
generated by a and b. Restricting o to S gives another semigroup dynamical system
(C*(K/0O), S, a) associated to a number field of class number 1.

In the case of K = Q, selecting the positive primes gives the section N*, and
the dynamical system (C*(Q/Z),N*, «) is the one studied in [8]. In fact S is always
non-canonically isomorphic to N* 2 @,cpN, so in some sense the dynamical systems
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(C*(K/0O), S, a) involve different actions of the same lattice-ordered semigroup. How-
ever, the inclusion of Z in O induces a canonical inclusion of N* in S, which takes
each prime generator of N* to the unique product in S of (the representatives in S
of) its prime factors, and this is not an isomorphism unless K = Q.

The pairs (A, L) and (7y,T) restrict to covariant representations of
(C*(K/0O),S,a) which are faithful on C*(K/O), so it follows from [7, Proposi-
tion 2.1] that the system has a unique crossed product C*(K/O) X, S. The following
version of our main theorem is a direct generalization of [8, Theorem 3.7].

THEOREM 5.1. Suppose K is a number field with hxg = 1, and (C*(K/O), S, a) is
the dynamical system constructed above. Then a representation w X V is faithful on
C*(K/O) x4 S if and only if w is faithful.

This theorem can be proved by modifying the proof of Theorem 4.1. The crossed
product C*(K/O) x4 S carries a dual action of (K*)", and averaging over this dual
action gives a faithful expectation of C*(K/O) x, S onto C*(K/O) (as in Proposition
1.10 and Corollary 1.11). The analogue of Lemma 4.3 is easier: if Z%beF fapvivp is a
finite sum in C*(K/O) x4 S, then no two different elements of F' are associates, and
we can take for g the projection ¢; constructed in the first paragraph of the proof of
Lemma 4.3. Now the proofs of Proposition 4.4 and Theorem 4.1 carry over verbatim,
giving Theorem 5.1.

It is interesting to note that Theorem 5.1 is substantially deeper than in the
special case K = Q [8, Theorem 3.7]; it depends crucially on the existence of characters
x such that {x?: b€ O} is dense in (K/O)", which was much easier in the case of Q
(compare Corollary 3.5 and Lemma 3.6(3) with [8, Lemma 2.5]).

Remark 5.2. The crossed product C*(K/O) %, S is the Hecke C*-algebra C*(I's, T'0)
of the almost normal inclusion

10 1 K
FO:(O 1>CFS:<0 Ss—1>'

To see this, note that T'o\I's/T'o is a subset of To\I'x /To, so H(T's, o) naturally
embeds in H(T'k,T'o). As in the proof of Theorem 2.3, the characteristic function of
every double coset is pe(z)up for some a,b € S and x € K/O, so H(I's,T'o) is gener-
ated by {1, : a € S} and {e(z) : z € K/O}; they still satisfy the relations (H1)—(H4)
for a,b € S, and are linearly independent because they have disjoint support. Hence
H(I's,To) is the universal *-algebra with such generators and relations. Theorem 5.1
therefore implies that the completion C*(I's,I'0) is isomorphic to C*(K/O) x4 S.

Remark 5.3. Because the semigroup S is lattice-ordered, we can write down an alter-
native spanning set for the crossed product C*(K/O) x4 S:

C*(K/O) x S =span{i(x)v,vy : z € K/O, a,b € S with (a,b) = 1}.

To see this, first note that because ideals are principal, Proposition 3.4 yields
aq(Dap(l) = agus(l),

*

"y Multiplying on the left by v}, right by

a’

which is equivalent to vav VsV = Vavsv
vy gives
* o * _ * .
Vg Vb = Vg VavbUqvpUb = Va=1(avb)Vp—1(avb)
this suffices to prove the claim because (a=!(a Vb),b=(a Vb)) = 1.
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Remark 5.4. Tt follows from Theorem 5.1 that C*(K/O) x4 S embeds as a subalgebra
of C*(K/O) x4 O*. In fact we can recover C*(K/O) x, O* from this subalgebra by
taking the crossed product by the action v of O* satisfying

Yu(i(f)vgve) = i(au(f))vgvp-

To see this, first observe that the unitary elements v,, implement the automorphisms
Yu, SO there is a homomorphism 7 of (C*(K/O) x4 S) x O* into C*(K/O) x, OF.
On the other hand, because O* is the direct product of O* and S, we can combine the
embeddings of O* and S in (C*(K/O) x4 S) x O* into one homomorphism of O*,
which is covariant with the embedding of C*(K/0O), and hence gives a homomorphism
p of C*(K/O) x4 O into the iterated crossed product. It is easy to check that 7w and
p are inverses of each other.
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ABSTRACT. We present a new construction of a bivariant K-functor. The
functor can be defined on various categories of topological algebras. The cor-
responding bivariant theory has a Kasparov product and the other standard
properties of K K-theory. We study such a theory in detail on a natural cate-
gory of locally convex algebras and define a bivariant multiplicative character
to bivariant periodic cyclic cohomology.
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tension, K-theory for topological algebras, cyclic homology for topological
algebras

Das Fundament der Nichtkommutativen Geometrie wird gebildet einerseits von Kas-
parovs K K-Theorie und andererseits von der zyklischen Homologie/Kohomologie von
Connes und Tsygan. Diese Theorien verallgemeinern und erweitern zwei wichtige klas-
sische Homologie/Kohomologie-Theorien - ndmlich die Atiyah-Hirzebruch-K-Theorie
und die de Rham Theorie - von Rdumen oder Mannigfaltigkeiten (kommutative Al-
gebren) auf geeignete Kategorien von nichtkommutativen Algebren. Das Wort “ver-
allgemeinern” ist hier nicht vollig angebracht, da diese neuen Theorien angewandt
auf den klassischen Fall eine ganz andere neuartige Beschreibung und eine erweiterte
Form fiir die K-Theorie und die de Rham-Theorie geben.

Diese so erweiterten Homologie/Kohomologie-Theorien erlauben es im Prinzip, nicht-
kommutative Algebren (etwa Algebren von Pseudodifferentialoperatoren) genauso zu
behandeln wie Rdume, bzw. Algebren von Funktionen. Beide Theorien sind dariiber-
hinaus in natiirlicher Weise direkt als bivariante Theorien definiert. Dies stellt einen
wichtigen Vorteil dar und ist fiir Berechnungen der Theorie sehr hilfreich.

Ein wunder Punkt der Theorie war allerdings die Tatsache, dass die K-Homologie
sowie die K K-Theorie auf der einen Seite, und die zyklische Theorie auf der anderen,
auf verschiedenen Kategorien von topologischen Algebren definiert sind, bzw. sinnvolle
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Ergebnisse liefern. Der natiirliche Definitionsbereich von Kasparovs K K-Theorie be-
steht aus C*-Algebren, d.h. aus relativ grofien Algebren vom Typ “alle stetigen Funk-
tionen auf einem kompakten Raum”. Die zyklische Theorie dagegen liefert verniinftige
Ergebnisse nur fiir wesentlich kleinere Algebren, wie z.B. die Fréchetalgebra aller un-
endlich oft differenzierbaren Funktionen auf einer Mannigfaltigkeit [Cu4]. Schon wegen
des verschiedenen Definitionsbereichs konnten beide Theorien daher nur in speziellen
Fillen mit Hilfe etwas kiinstlicher Tricks miteinander verglichen werden und in die-
sen Situationen ein partieller bivarianter Chern-Connes-Charakter gefunden werden,
siehe z.B. [Col], [Ks|, [Wa], [Nil].

Andererseits ist bekannt, dass beide Theorien auf ihren verschiedenen Definitionsbe-
reichen ganz analoge Eigenschaften haben. Der letzte wesentliche Schritt hierzu wurde
durch den Beweis der Ausschneidungseigenschaft der periodischen zyklischen Theorie
in [CuQu2] erzielt. Damit war klar, dass im Prinzip eine allgemeine Transformation
von einer Version der K K-Theorie in die bivariante zyklische Theorie zu erwarten ist
(bivarianter Chern-Connes-Charakter). Rein algebraisch wurde die Konstruktion ei-
nes solchen Charakters schon in [CuQu2] auf Grundlage des Ausschneidungsresultats
erlautert.

In der vorliegenden Arbeit fithren wir nun eine neue bivariante topologische K-Theorie
ein, die auf derselben Kategorie von lokalkonvexen Algebren definiert ist, auf der auch
die zyklische Homologie/Kohomologie Sinn macht. Wir bezeichnen diese Theorie mit
kk. Wir zeigen, dass kk im wesentlichen dieselben abstrakten Eigenschaften wie die
K K-Theorie hat und daher auch in derselben Weise zu berechnen ist. Die Eigenschaf-
ten sind Homotopieinvarianz, Stabilitdt und Ausschneidung, wobei allerdings in der
Kategorie der m-Algebren jede dieser Eigenschaften in etwas modifizierter Form zu
verstehen ist. Ebenso wie KK kann kk als der universelle Funktor mit diesen drei
Eigenschaften charakterisiert werden. Angewendet auf die Algebra der unendlich oft
differenzierbaren Funktionen auf einer Mannigfaltigkeit gibt die Theorie natiirlich die
klassische K-Homologie/ K-Theorie. Aulerdem ergibt kk(C, 2) die iibliche K-Theorie
von 2, wenn 2 eine Banachalgebra ist (oder wenn 2 eine Fréchetalgebra ist, unter
Verwendung der in [Ph] eingefithrten K-Theorie von Fréchetalgebren).

Die Existenz und Multiplikativitit des bivarianten Chern-Connes-Charakters folgt
im geraden Fall direkt aus der Charakterisierung von kk als universeller Funktor mit
gewissen Eigenschaften, da die periodische zyklische Theorie HP* dieselben Eigen-
schaften besitzt. Im ungeraden Fall ergibt sich die Existenz des Charakters aus der
Ausschneidung fiir HP*, und die Multiplikativitit aus der Vertraglichkeit der Ran-
dabbildungen in £k und in H P*. Diese Vertréglichkeit wird durch eine #hnliche Rech-
nung wie in [Ni2] bewiesen. Im wesentlichen muss das Produkt der Randabbildungen
in der Toeplitzerweiterung und in der Einhédngungserweiterung bestimmt werden.
Wir beschreiben jetzt kurz den Inhalt der Arbeit. Die ersten beiden Abschnitte ent-
halten einige allgemeine Grundlagen iiber die Klasse von lokalkonvexen Algebren, mit
der wir arbeiten. Wir nennen diese Algebren m-Algebren. Weiter geben wir Beispiele
von m-Algebren und Erweiterungen von m-Algebren, die wir spéiter benutzen. Wir
verweisen auf [Ph] fiir eine ausgezeichnete Zusammenstellung weiterer Konstruktionen
in dieser Klasse von topologischen Algebren.

Der dritte Abschnitt enthélt mit dem Hauptlemma 3.10 die wesentliche neue tech-
nische Idee, die zu einer einfachen und mehr (wenn auch nicht vollstéindig) algebrai-
schen Konstruktion des Kasparovprodukts fithrt. Sie erlaubt es, das Produkt ohne
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die iiblichen analytischen Hilfsmittel aus der Theorie der C*-Algebren zu definie-
ren. Ubrigens kann die hier eingefiihrte Strategie auch verwendet werden, um die
gewohnliche K K-Theorie fiir C*-Algebren oder entsprechende bivariante Theorien
fiir 0-C*-Algebren (siche [We]) oder Banachalgebren einzufiithren. In der Tat gibt un-
sere Methode ein allgemeines Rezept, um die bivariante K-Theorie mit verschiedenen
Homotopieinvarianz- und Stabilitédtseigenschaften fiir verschiedene Kategorien von to-
pologischen Algebren zu konstruieren, siche Bemerkung 4.6. Sie basiert, dhnlich wie in
[Ze] auf Erweiterungen von topologischen Algebren beliebiger Linge und ihren klas-
sifizierenden Abbildungen. Dadurch, dass wir Erweiterungen hoéherer Lénge zulassen,
bekommen wir eine einfache Beschreibung des Produkts und vermeiden gleichzeitig
eine bekannte Summierbarkeitsobstruktion fiir “glatte” Erweiterungen der Linge 1,
[DoVo].

Abschnitt 4 enthélt die Definition und eine Aufstellung der einfachsten Eigenschaften
der bivarianten kk-Theorie. Wie in Abschnitt 8 bemerkt wird, ist diese Definition
formal verbliiffend analog zur Beschreibung der periodischen bivarianten zyklischen
Kohomologie, die in [CuQu2, 3.2] enthalten ist. Ein Unterschied zu den iiblichen
Definitionen der K-Theorie ist, dass wir mit differenzierbaren statt mit stetigen Ho-
motopien arbeiten. Dies ist fiir die Existenz des Chern-Connes-Chrakters und fiir die
Ausschneidung in kk wichtig. In Abschnitt 5 wird gezeigt, dass jede Erweiterung von
m-~Algebren, die einen stetigen linearen Schnitt besitzt, lange exakte Folgen in beiden
Variablen von kk induziert. Der Beweis benutzt die Methode von [CuSk].

In Abschnitt 6 beweisen wir die Charakterisierung von kk als universeller Funktor,
konstruieren den Chern-Connes-Charakter und untersuchen seine Eigenschaften. Ins-
besondere wird eine Fortsetzung des Charakters auf “p-summierbare” Moduln ange-
geben, die fiir Anwendungen und zum Vergleich mit den von Connes und Nistor gege-
benen Formeln wichtig ist. Als Nebenprodukt ergibt sich {ibrigens eine Bestimmung
der (stetigen) periodischen zyklischen Homologie/Kohomologie der Schattenideale ¢P.
In Abschnitt 7 wird gezeigt, dass kk.(C,2l) fiir eine Fréchetalgebra 2 mit der von
Phillips definierten K-Theorie K. () iibereinstimmt. Dies ist selbst fiir A = C a
priori iiberhaupt nicht klar (die kk-Gruppen konnten trivial oder riesengrofl sein).
Der Beweis benutzt wieder das Hauptlemma 3.10. Wir zeigen auch unabhingig von
Phillips’ Methoden, dass fiir Banachalgebren und fiir gewisse dichte Unteralgebren von
Banachalgebren ebenfalls kk, (C, ) = K. (2) gilt. Man erhélt daher insbesondere eine
neue Definition der K-Theorie fiir die sehr grofle Klasse der m-Algebren durch

KL (%) = kk.(C.2)

Abschnitt 8 enthilt einige abschlieBende Bemerkungen zu der natiirlichen Filtrierung
auf kk.

Wir erwédhnen schliellich, dass das oben beschriebene Dilemma der verschiedenen De-
finitionsbereiche der K K-Theorie und der zyklischen Theorie prinzipiell auch auf an-
dere Weise gelost werden kann. Es lidsst sich ndamlich eine zyklische Theorie entwickeln,
die auch fiir C*-Algebren Sinn macht. Dies wurde im wesentlichen von Puschnigg in
[Pu] mit der “asymptotische” zyklischen Theorie auf der Basis eines Vorschlags von
Connes-Moscivici [CoMo] erreicht. Die asymptotische Theorie ist aber ihrer Natur
nach weniger algebraisch.

Anwendungen der im vorliegenden Artikel dargestellten Theorie bleiben weiteren Ar-
beiten vorbehalten.
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1 m-ALGEBREN UND DIFFERENZIERBARE HOMOTOPIEN

Eine m—Algebra ist eine Algebra 2 {iber C mit einer vollstéindigen lokalkonvexen To-
pologie, die durch eine Familie {p, } von submultiplikativen Halbnormen bestimmt ist.
Fiir jedes a gilt also pa(zy) < pa(z)pa(y). Die Algebra 2 ist dann eine topologische
Algebra, d.h. die Multiplikation ist stetig. Es ist leicht zu sehen, dass m-Algebren ge-
rade die lokalkonvexen Algebren sind, die als projektive Limiten von Banachalgebren
darstellbar sind, vgl. [Mi, 5.1]. In [Cu4] wurde gezeigt, dass sich das Argument fiir die
Ausschneidung aus [CuQu2] auf die topologische zyklische Theorie fiir m-Algebren
iibertragt.

Die direkte Summe 2@ B von zwei m—Algebren ist wieder eine m—Algebra mit der
Topologie, die durch die Halbnormen der Form p & ¢ mit (p & ¢)(z,y) = p(z) + q(y)
definiert ist, wobei p eine stetige Halbnorm auf 2 und ¢ eine stetige Halbnorm auf 8
ist.

Wir erinnern an die Definition des projektiven Tensorprodukts im Sinn von Gro-
thendieck, [Gr], [T]. Fiir zwei lokalkonvexe Vektorrdume V and W ist die projektive
Topologie auf dem Tensorprodukt VW bestimmt durch die Familie der Halbnormen
der Form p ® q, wo p eine stetige Halbnorm auf V und ¢ eine stetige Halbnorm auf
W ist. Hierbei ist p ® q definiert durch

PRQq (Z) = inf { Zp(ai)q(bm z= Zai Rb;,a; € V,b; € W}
=1 =1

fiir z € V@ W. Wir bezeichnen mit V®W die Vervollstindigung von V@W beziiglich
dieser Familie von Halbnormen. Wenn 2 und 28 m-Algebren sind, so ist auch das pro-
jektive Tensorprodukt AXB wieder eine m-Algebra (wenn p und ¢ submultiplikativ
sind, so auch p ® q).

Wir geben jetzt einige Beispiele von m-Algebren, die wir spéter benutzen werden.

1.1 ALGEBREN VON DIFFERENZIERBAREN FUNKTIONEN

Sei [a, b] ein Intervall in R. Wir bezeichnen mit Cla, b] die Algebra der komplexwer-
tigen C*°-Funktionen f auf [a, b], deren Ableitungen in den Endpunkten a und b alle
verschwinden (wihrend die 0-te Ableitung, d.h. f selbst, in a und b beliebige Werte
annehmen kann).

Eine wichtige Rolle werden auch die Unteralgebren C(a,b],Cla,b) and C(a,b) von
Cla, b] spielen, die nach Definition aus den Funktionen f bestehen, die auflerdem
noch in a, bzw. in b, bzw. in a und b verschwinden.

Die Topologie auf diesen Algebren ist die iibliche Fréchettopologie, die durch die
folgende Familie von submultiplikativen Normen p,, definiert ist:

paf) = IS+ I+ 370+ 7
Hierbei ist natiirlich [|g|| = sup{|g(t)| |t € [a, ]}

Wir bemerken, dass C[a, b] nuklear im Sinn von Grothendieck [Gr] ist und dass fiir
jeden vollstéindigen lokalkonvexen Raum V der Raum Cla,b]®V isomorph zu dem
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Raum der C*°-Funktionen auf [a, b] mit Werten in V ist, deren Ableitungen in beiden
Endpunkten verschwinden, [T,§ 51].

Wenn 2 eine m-Algebra ist, schreiben wir 2[a,b],%[a,b) und 2A(a,d) fir die m-
Algebren A& C|a, b], ARC|a, b) und AXC(a, b).

Zwei stetige lineare Abbildungen «, 3 : V — W zwischen zwei vollstandigen lo-
kalkonvexen R&umen heiflen differenzierbar homotop, oder diffeotop, falls eine Fa-
milie ¢ : V. — W,t € [0,1] von stetigen linearen Abbildungen existiert, so dass
©o = a,p; = [ und so dass die Abbildung ¢ — ¢;(x) unendlich oft differenzierbar
ist fiir jedes = € V. Eine andere Formulierung dieser Bedingung ist, dass eine ste-
tige lineare Abbildung ¢ : V. — C*°([0,1])QW existiert mit der Eigenschaft, dass
©(2)(0) = az), p(z)(1) = B(x) fiir jedes z € V.

Sei h : [0, 1] — [0, 1] eine monotone und bijektive C*°-Abbildung, deren Einschréinkung
auf (0, 1) ein Diffeomorphismus (0,1) — (0, 1) ist und deren Ableitungen in 0 und 1
alle verschwinden. Durch Ersetzung von ¢; durch ¢y = ¢4 sieht man, dass a and 3
diffeotop sind genau dann, wenn eine stetige lineare Abbildung ¢ : V — C[0, 1]@W
existiert, fiir die gilt ¥(x)(0) = a(x), ¥(x)(1) = B(x), x € V. Dies zeigt insbesondere,
dass Diffeotopie eine Aquivalenzrelation ist.

1.2 DIE TENSORALGEBRA

Es sei V ein vollstdndiger lokalkonvexer Raum. Wir definieren die Tensoralgebra TV
als die Vervollstandigung der algebraischen direkten Summe

TaV=Veavel aV® & ...

im Bezug auf die Familie {$} von Halbnormen, die auf dieser direkten Summe durch

p=p ®pop ®p® @ ...

gegeben sind , wo p alle stetigen Halbnormen auf V' durchléuft. Die Zusammensetzung
von Tensoren definiert in der iiblichen Weise eine Multiplikation auf T}V, fir die
die Halbnormen p submultiplikativ sind. Die Vervollstindigung 7'V ist daher eine
m-Algebra.

Im einfachsten Fall, wo V = C, ist TC in natiirlicher Weise isomorph zu der Algebra
der holomorphen Funktionen auf der komplexen Ebene, die im Punkt 0 verschwinden
(unter dem Isomorphismus, der eine Folge (A,,) in T41,C auf die Funktion f mit f(z) =

o0

> Apz™ abbildet). Die Topologie ist gegeben durch die Topologie der uniformen
n=1

Konvergenz auf kompakten Teilmengen

Wir bezeichnen mit o : V — TV die Abbildung, die V' auf den ersten Summanden
in T,1gV abbildet. Diese Abbildung o hat die folgende universelle Eigenschaft: Es sei
s : V — 2 eine beliebige stetige lineare Abbildung von V in eine m-Algebra 2. Dann
existiert ein eindeutig bestimmter Homomorphismus 75 : TV — 2 von m-Algebren
mit der Eigenschaft, dass 75 00 = s.

Die Tensoralgebra ist differenzierbar kontrahierbar, d.h. die identische Abbildung von
TV ist diffeotop zu 0. Eine differenzierbare Familie ¢, : TV — TV | fiir die g =
0,1 =1id gilt, ist gegeben durch ¢y = 74, t € [0, 1].
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1.3 DAS FREIE PRODUKT VON ZWEI m-ALGEBREN

Zwei m-Algebren 2 und 9B seien gegeben. Das algebraische freie Produkt (in der
nichtunitalen Kategorie) von 2 und 98 ist dann die folgende Algebra

Ao B = A DB @ (ARXB) & (BRA) & (AXBRA) @ ...

Die direkte Summe erstreckt sich iiber alle Tensorprodukte, wo die Faktoren 2 und 8B
jeweils abwechselnd auftreten. Die Multiplikation ist, wie bei der Tensoralgebra, die
Zusammensetzung von Tensoren, wobei aber anschliefend die Multiplikation A®2 —
A und BRB — B benutzt wird, um alle Terme zu vereinfachen, in denen zwei
Elemente in 2 oder zwei Elemente in 28 zusammentreffen.

Wir bezeichnen mit 2 B die Vervollstindigung von A #,1, B beziiglich aller Halb-
normen der Form p * ¢ die in der folgenden Weise definiert sind:

pxq=pDq® p®q © (q®p) ® (pReRp) & ...

Wir setzen hier alle stetigen Halbnormen p und g auf 2 und 98 ein. Wenn p und ¢
submultiplikativ sind, so ist auch die Halbnorm p * ¢ submultiplikativ und 2 * B ist
daher eine m-Algebra.

Die Algebra 2 * B ist das freie Produkt von 2 und %6 in der Kategorie der m-
Algebren. Die kanonischen Inklusionen ¢1 : % — A« B und ¢2 : B — A x B haben
die folgende universelle Eigenschaft: Seien o : A — € und 3 : B — € zwei stetige Ho-
momorphismen in eine m-Algebra . Dann existiert ein eindeutig bestimmter stetiger
Homomorphismus a3 : A B — &, so dass (a * B)ot; = o und (a * §)oty = L.

1.4 DIE ALGEBRA DER GLATTEN KOMPAKTEN OPERATOREN

Die Algebra R der glatten kompakten Operatoren besteht aus allen Matrizen (a;;)
mit schnell abfallenden Matrixelementen a;; € C, i, = 0,1,2... (fiir eine andere
Beschreibung dieser Algebra siehe [ENN]). Die Topologie auf R ist gegeben durch die

Familie von Normen p,,,n =0,1,2... die durch
pn((aij)): Z |1 +1 +]|n |aij|
0,J

definiert sind. Man priift leicht nach, dass die p, submultiplikativ sind und dass &
vollstédndig ist. Damit ist K eine m-Algebra. Als linearer lokalkonvexer Raum ist &
natiirlich isomorph zum Folgenraum s und daher nuklear.

Die Abbildung, die (a;;) ® (by;) auf die N? x N2-Matrix (@ijbit) (i gy (. ene e abbildet,
gibt offensichtlich einen Isomorphismus © zwischen A®K und & (vgl. auch [Ph,2.7])

LEMMA 1.4.1 Sei © : & — A®RK die oben angegebene Abbildung und ¢ : & — AR
die Inklusionsabbildung, die x auf e’ ® x abbildet (wo €°° die Matriz mit Elementen
a;; ist, fir die a;; =1, fallsi = j =0, und a;; =0 sonst). Dann ist © diffeotop zu ¢.
Dasselbe gilt fiir die entsprechenden Abbildungen ©' : & — Ma(K) und ' : B — M3(R).
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Beweis: Wir kénnen R darstellen als eine Algebra von Operatoren auf dem Raum s
der schnell fallenden Folgen. Die gesuchte Homotopie kann durch direkte Summen von
Rotationen in jeweils zweidimensionalen Teilrdumen, die Vektoren der Form §; ® &;
in der Standardbasis von s®s in Vektoren der Form & ® &;; iiberfithren, realisiert
werden. Dabei bezeichnet ;; eine Umnumerierung der Basis von s mit Indexmenge
N x N;j siehe auch [Ph,2.7]. g.e.d.

BEMERKUNG 1.4.2 Sei V ein Banachraum. Dann besteht RV gerade aus den Ma-
trizen, oder den durch N x N indizierten Folgen (vi;); jen, fir die der Ausdruck

Pn((vig)) djfZ(l + i+ 5)"|vis]|

endlich ist fiir jedes n. Die Topologie auf ARV ist natiirlich gerade durch die Normen
Dn gegeben. Um dies zu sehen, betrachten wir das Tensorprodukt o, der Norm p, auf
£ mit der auf V gegebenen Norm || - ||. Wenn dann 2% die Matriz bezeichnet, die
x €V als i, j-tes Element hat und sonst 0 ist, so gilt

an(z7) = (L+i+ )|z
nach [T, Prop. 48.1]. Dies zeigt sofort, dass

an((vig)) < Pu((vij))

fir alle Matrizen (v;;) im algebraischen Tensorprodukt RQV . Die umgekehrte Unglei-
chung folgt aus der Definition der projektiven Tensornorm. Daher ist fir jedes feste n
die Vervollstindigung (RQV)p, isometrisch isomorph zu (8),, ®V und besteht gerade
aus den Matrizen (v;j), fir die p,((vi;)) endlich ist.

1.5 DIE GLATTE TOEPLITZALGEBRA

Die Elemente der Algebra C*°S! kénnen als Potenzreihen in dem Erzeuger z (definiert
durch z2(t) = t, t € St C C) geschrieben werden. Die Koeffizienten sind schnell
abfallend, d.h. genauer gilt

ce(sh) = { Z ap2” | Z lak||k|" < oo fiir jedes feste n € N}
keZ kEZ

Submultiplikative Normen, die die Topologie beschreiben, sind gegeben durch

an (Do anz") = D21+ k" il

Als topologischer Vektorraum ist die glatte Toeplitzalgebra ¥ dann definiert als die
direkte Summe T = & @ C*(S1).

Um die Multiplikation in T zu definieren, schreiben wir vy, fiir das Element (0, 2F)
von ¥ und einfach z fiir das Element (z,0) mit 2 € 8. Auflerdem bezeichnet e das
Element von ¥, das durch die Matrix (ax;) mit ax; = 1, falls k = ¢,1 = j, und ax; =0
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sonst, bestimmt ist (mit der Vereinbarung, dass e¥ = 0, wenn i < 0 oder j < 0). Die
Multiplikation in ¥ ist dann bestimmt durch die folgenden Regeln:

ez_]ekl — 5jke”

vpeld = eWHk)d iy = i (—h)

(i,5,k € Z); und
ve—1(1 — Ej—1) >0
VUV =
Vi1 [ <0

wo B = €% +ell + ...+ ¢!, Wenn p, die in 1.4 definierten Normen auf & sind
und ¢, die oben definierten Normen auf C*°(S%), so ist leicht zu sehen, dass jede
Norm der Form p,, @ ¢y, submultiplikativ auf T = & & C>°(S') mit der so definierten
Multiplikation ist. Es ist offensichtlich, dass K ein abgeschlossenes Ideal in ¥ ist, und
dass der Quotient T/& gerade C*(S*) ist.

1.6 ABGELEITETE UNTERALGEBREN VON BANACHALGEBREN

Viele der wichtigsten m-Algebren sind von einem speziellen Typ - sie sind Algebren
von “nichtkommutativen C°°-Funktionen”. Um diese Klasse von Fréchetalgebren zu
charakterisieren, verwenden wir die Ideen aus [BlCu], wo der Fall von abgeleiteten
Unteralgebren von C*-Algebren eingehend untersucht wurde.

Sei A eine Banachalgebra. Eine abgeleitete Unteralgebra von A ist eine Unteralgebra
2, fiir die gilt

1) Auf 2 ist eine Familie pg, p1, . . . von Halbnormen gegeben, wo pg ein Vielfaches
der gegebenen Norm auf A ist. 2 ist vollstindig im Bezug auf diese Familie.

2) Fiir jedes k gilt

przy) < > pi(a)pi(y),  wye
i+j=k

Falls 1) und 2) erfiillt sind, so ist fiir jedes k die Summe py + p1 + ... + pi eine
submultiplikative Norm. 2 ist daher gleichzeitig eine Fréchetalgebra und eine m-
Algebra. Eines der wichtigsten Beispiele ist C*°[0, 1] mit den Halbnormen p,(f) =
%Hf (n)H oder allgemeiner C*° M fiir eine differenzierbare kompakte Mannigfaltigkeit
M.

Wir erinnern daran, dass eine Unteralgebra 2l einer Banachalgebra A abgeschlossen
unter holomorphem Funktionalkalkiil ist, falls das Spektrum Sp(z) jedes Elements z
von 2, in A und 2 dasselbe ist und falls aulerdem fiir jede in einer Umgebung von
Sp(z) holomorphe Funktion f, auch f(x) wieder in 2 liegt.

LEMMA 1.6.1 Wenn 2 C A die Bedingungen 1) und 2) erfiillt, so ist A abgeschlossen
unter holomorphem Funktionalkalkiil.

Beweis: vgl. [BICu, 3.12 oder 6.4]. Sei Ay, die Vervollstiandigung von 2 beziiglich der
Norm || - ||k =po+p1+...pk. Fiir alle z,y € A gilt

lzylls+r < lzllsllyllesr + lzllkallyllx
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Dies impliziert, dass

limsup {/[[22* (|41 < limsup {/{|"[x limsup /|41

fiir jedes z € A und damit fiir die Spektralradien
TAk+1(x)2 ::TAk+1(x2) < TAk(x)TAk+l(m)

und somit, dass 74, (z) = ra, ().

Dasselbe Argument gilt fiir die Algebren :4\;;, wo noch eine Eins adjungiert wurde.
Falls nun x € 2 invertierbar in A ist, so existiert € > 0, so dass fiir jedes y € 2 mit
lz= — y|| < e gilt, dass 74(1 — zy) < 1. Daher ist 74, (1 — zy) < 1 fiir alle k und
somit 2y und also auch x invertierbar in Ay (nach einem Diagonalfolgenargument ist
A der Durchschnitt aller Bilder von Ay, in A).

Dies zeigt, dass Spyxz = Spyz fiir alle x € A. Wenn jetzt f eine Funktion ist, die
holomorph in einer Umgebung von Spyx = Sp 4z ist, so liegt f(z) in Ay fiir alle k
und damit auch in . q.e.d.

BEMERKUNG 1.6.2 Falls 2 eine abgeleitete Unteralgebra einer C*-Algebra ist, so ist
A sogar invariant unter Funktionalkalkil mit C*°-Funktionen, siehe [BlCu, 6.4].

LEMMA 1.6.3 Seien A und B abgeleitete Unteralgebren von A bzw. B. Dann ist A®B
eine abgeleitete Unteralgebra von AQB.

Beweis: Falls pg, p1, - .. und qq, q1, - . . die Familien von Halbnormen mit der Eigen-
schaft 2) sind, die die Topologien auf 2 und 9B bestimmen, so ist ug, ug, ... mit
Uk = Z Pi ®qj
i+j=Fk

eine Familie von Halbnormen auf A&, fiir die A®DB vollstéindig ist und fiir die 2)
gilt. q.e.d.

Wir bezeichnen mit £y die Banachalgebra der komplexen Matrizen (a;;) mit

(aip)lls =Y laij| < o0

LEMMA 1.6.4 R ist eine abgeleitete Unteralgebra von K.

i,jEN

Beweis: Die Topologie von £ ist bestimmt durch die Halbnormen ay, a1, as . . . mit

an((aig)) = = S0+ )" oy |

Nach Definition ist ag = || - ||1. Die Gleichung
1.1
n __ r s
—(i+7) Z WY
r+s=n
zeigt, dass a, (zy) < ar(z)as(y). g.e.d.
r4+s=n
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LEMMA 1.6.5 Seia: A — B ein stetiger Homomorphismus zwischen Banachalgebren
und B C B eine abgeleitete Unteralgebra mit definierendem System von Halbnormen

4o, 9q1, - - -
Dann ist A = a~1(B) mit dem System po, p1, - . . von Halbnormen, wo

po=C| - lla  C=max(,lal)
pi(z) = gi(a(z)), i=1,2,...

eine abgeleitete Unteralgebra von A.

Beweis: Klar. q.e.d.

2 EINIGE WICHTIGE ERWEITERUNGEN VON m-ALGEBREN

In der bivarianten K-Theorie fiir C*-Algebren spielen eine Reihe von Standarder-
weiterungen eine grundlegende Rolle. Wir beschreiben in diesem Abschnitt zunéchst
einmal die analogen Erweiterungen in der Kategorie der m-Algebren. Hierbei ist zu
beachten, dass auflerdem jeweils Algebren von stetigen Funktionen durch die entspre-
chenden Algebren von C*°-Funktionen ersetzt werden, da wir statt mit stetigen Homo-
topien mit differenzierbaren Homotopien arbeiten werden. Dariiberhinaus benttigen
wir aber auch noch weitere Erweiterungen, die bisher in der K-Theorie noch nicht
so stark in Erscheinung getreten sind. Insbesondere wird die universelle Erweiterung
durch die Tensoralgebra in unserer Theorie eine tragende Rolle spielen.

Wir betrachten in erster Linie Erweiterungen, die stetige lineare Schnitte besitzen,
d.h. als exakte Folgen von lokalkonvexen Vektorrdumen einfach direkte Summen dar-
stellen. Wir nennen solche Erweiterungen linear zerfallend. Das Tensorprodukt einer
linear zerfallenden Erweiterung mit einer beliebigen lokalkonvexen Algebra ist wieder
linear zerfallend.

Die meisten Erweiterungen in diesem Abschnitt sind auflerdem von dem Typ, dass
die Algebra in der Mitte kontrahierbar ist, so dass die Ideale verschiedene Formen der
Einhéngung (des Quotienten) beschreiben.

2.1 DiIE EINHANGUNGSERWEITERUNG.

Dies ist das Analogon zu der fundamentalen Erweiterung der algebraischen Topologie.
Sie hat die folgende Form

0—C(0,1) > C[0,1) = C—0

oder allgemeiner
0— 2(0,1) = A[0,1) > A -0
mit einer beliebigen m-Algebra .

Wir erinnern daran, dass C(0,1) und C[0,1) Algebren von C*°- Funktionen auf dem
Intervall [0, 1], deren Ableitungen alle in 0 und 1 verschwinden, bezeichnen, und dass
die Algebra CJ[0, 1) differenzierbar kontrahierbar ist, vgl. 1.1.
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2.2 DIE UNIVERSELLE ERWEITERUNG.

Auf dieser Erweiterung beruht unsere Definition der bivarianten K-Theorie fiir m-
Algebren. Fiir eine m-Algebra 2 ist die Tensoralgebra 7%l {iber dem lokalkonvexen
Raum 2 wie in Abschnitt 1 definiert. Wenn wir die Tatsache verwenden, dass 2 auch
eine Algebra ist und die universelle Eigenschaft von T auf die Abbildung id:2 —
anwenden, so erhalten wir einen Homomorphismus oo = 73q : T2 — 2 (ein Element
1 QL2®...Q 1, von T wird dabei auf z125 . ..z, in A) abgebildet. Wir definieren
jetzt J2 als den Kern von a. Die Erweiterung

0= JA-STASA -0

besitzt dann einen stetigen linearen Schnitt. Die m-Algebra T ist glatt kontrahierbar.
Die universelle Eigenschaft dieser Erweiterung wird im n#chsten Abschnitt erldutert
und benutzt werden.

2.3 DIE GLATTE TOEPLITZERWEITERUNG.

Die glatte Toeplitzalgebra T wurde in 1.5 eingefiihrt. Nach Konstruktion enthilt T
die Algebra R als Ideal und wir erhalten die folgende Erweiterung

05 R—=T5CSH -0
die natiirlich nach Konstruktion auch einen stetigen linearen Schnitt erlaubt.

Sei nun k : ¥ — C der kanonische Homomorphismus, der v; und v_; auf 1 abbildet
und ¥y = Ker k. Durch Restriktion der Toeplitzerweiterung erhalten wir die folgende
Erweiterung

0= 8—Tp—CP(S"\1) =0

Wir werden spéter sehen, dass Ty “kk-kontrahierbar” ist.

2.4 DIE UNIVERSELLE ZWEIFACH TRIVIALE ERWEITERUNG.

Mit einer m-Algebra 2 assoziieren wir wie in [Cu2] die Algebra Q2 = A * 2. Wir
bezeichnen mit ¢ und 7 die beiden kanonischen Inklusionen von 2 in Q2. Die Algebra
Q2 ist in natiirlicher Weise Z/2-graduiert durch den involutiven Automorphismus 7,
der ¢(20) und () vertauscht.

Das Ideal ¢2 in Q2 ist definiert als der Kern des kanonischen Homomorphismus
7 =1id *id : A * A — 2. Die Erweiterung

0—q2A—QA"A—0 (1)

besitzt dann zwei verschiedene Schnitte, die Algebrenhomomorphismen sind; ndmlich
¢ und 7. Sie hat die folgende universelle Eigenschaft: Sei

0—=-¢—>¢ —-A—=0 (2)

eine Erweiterung mit zwei verschiedenen Schnitten o, a : A — €&, die stetige Al-
gebrahomomorphismen sind. Dann existiert ein Morphismus (d.h. ein kommutatives
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Diagramm von Abbildungen) von der Erweiterung (1) in die Erweiterung (2) wie
folgt:
0— g% - QA == A =0
i axa i axa i id

0— & - & —- A =0

Dieser Morphismus fithrt nach Konstruktion die Schnitte ¢ und 7 in « und @ ftiber.

2.5 DiE ERWEITERUNG, DIE DIE GERADE UND DIE UNGERADE K-THEORIE VER-
BINDET.

Wir konstruieren in diesem Artikel die bivariante K-Theorie aus Erweiterungen, d.h.
wir benutzen das “ungerade” oder Ext-Bild. Die folgende Erweiterung erlaubt es,
diesen Zugang mit dem “gerade” Bild von [Cu2] zu vergleichen. Sie wird in Abschnitt 7
eine wichtige Rolle spielen. Wie oben seien ¢, 7 : A — Q2 die kanonischen Inklusionen.
Wir setzen

¢:={f e QUO,1]|Tz e A f(0) = u(z), f(1) = (), f(t) — f(0) € ¢, t € [0,1]}

Die Erweiterung
0—¢A(0,1) > ¢ —>A—0

besitzt dann einen stetigen linearen Schnitt, der z € A auf f € € mit f(¢) = (1 —
t)e(z) + ti(x) abbildet.

3 MORPHISMEN VON DER UNIVERSELLEN ERWEITERUNG.

Als erstes analysieren wir die universelle Eigenschaft der Erweiterung 0 — J —
TA — A — 0 aus 2.2.

SaTtz 3.1 Es set

s
N

05¢—=¢ A0

eine Erweiterung mit einem stetigen linearen Schnitt s (d.h. ms = idy). Weiter sei
o : A" — A ein Homomorphismus und 7s, : TA" — & der Homomorphismus, der
sich wie in 1.2 aus der universellen Figenschaft der Tensoralgebra T2 ergibt. Dann
existiert ein eindeutig bestimmter Homomorphismus v, @ JA' — & so dass das
folgende Diagramm kommutiert

L2

00— & — & A—0
) Vs ) Tse T
0— JA — TA — A =0

Beweis: Das Bild von J2' unter Tsp ist in &g enthalten, weil die Abbildung 7 o 74,

das Ideal J2U' annulliert und weil andererseits ¢o = Ker 7. Wir setzen Vsp = T54P| J
q.e.d.
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Die Anwendung dieses Prinzips auf die in Abschnitt 2 eingefithrten Erweiterungen
ergibt Homomorphismen J2 — 2(0, 1), J(C™(S')) — & und JA — ¢2A(0, 1), die im
folgenden immer wieder benutzt werden.

Wenn man das Resultat auf die Erweiterung 0 — J2A — T2 — 2A — 0 anwendet, sieht
man insbesondere, dass 2 — J2 ein Funktor ist: Jeder Homomorphismus ¢ : 21" — 2
induziert einen Homomorphismus JA' — J2, den wir mit J(¢) bezeichnen.

s
N

LEMMA 3.2 Sei 0 — €5 — ¢, ——2A — 0 eine Erweiterung mit stetigem linearen
Schnitt s und @ : A" — A ein Homomorphismus wie in 3.1.

a) Sei SI ein weiterer stetiqe7 linearer Schnitt. Dann ist Y/ * JA — (‘50 di eotop
®
2U Ysip-

(b) Wenn ein stetiger linearer Schnitt s” existiert, der ein Algebrenhomomorphis-
mus 1st, so ist vs, diffeotop zu 0.

(c) Wenn ein Algebrenhomomorphismus ¢' : A" — &; existiert mit wo ¢’ = ¢, so
ist vs, diffeotop zu 0.

Beweis: (a) Setze s; = ts’ + (1 — t)s. Dann ist vs,,t € [0, 1] eine differenzierbare
Homotopie, die 5 und v, verbindet. (b) und (¢) folgen aus (a) und aus der Tatsache,
dass die Einschriankungen von 7., und 7, auf JU' verschwinden. q.e.d.

Fiir ¢ = id nennen wir -, die klassifizierende Abbildung zu der linear zerfallenden

Erweiterung
S
a2

05¢—=¢ A0

Das néchste einfache Lemma beschreibt das Verhalten der klassifizierenden Abbildung
unter Morphismen (d.h. kommutativen Diagrammen) von Erweiterungen. Es wird in
den folgenden Abschnitten implizit immer wieder benutzt.

LEMMA 3.3 Betrachte das folgende kommutative Diagramm von Erweiterungen

0— ¢ — ¢ — 2A—=0

To T Te

0— ¢ — ¢ —= A =0

mit stetigen linearen Schnitten s: 2 — €1 und s’ : A — €.
Es gilt vsp = s 0 J(p) und diese Abbildung ist diffeotop zu 1o o ~ys (falls sp =18,
so gilt sogar s 0 J(p) = 1o 0 sr ).

DEFINITION-SATZ 3.4 Gegeben seien zwei Erweiterungen von 2

[S\
0= ¢ = ¢ 5A—-0

’
S

2
005 ¢—=¢; 5A—=0
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mit stetigen linearen Schnitten. Die Summe dieser beiden Erweiterungen ist nach
Definition die Erweiterung

0— My(€) -D—->A—=0

wo={(} & )lreens ceintn - nEhabeel.

S

Sie erlaubt s ® s’ = 0 ;), ) als stetigen linearen Schnitt. Der assoziierte Homo-

morphismus Ysgs : JA — Ma(€p) ist gegeben durch

(3 2)
Vsds Vs Vs 0 Vs

Beweis: Klar. q.e.d.

Als Beispiel betrachten wir die glatte Toeplitzerweiterung
0= R—T-5C(SY) =0 (3)

aus 2.3. Es sei u der Automorphismus von C*(S!), der die Orientierung von S*
umkehrt. Dann ist die Summe von (3) mit der Erweiterung

05 R—>T5C(SY) -0 (4)

trivial (d.h. sie erlaubt einen stetigen linearen Schnitt, der ein Algebrenhomomorphis-

mus ist). In der Tat ist die Abbildung, die die k-te Potenz 2* des Erzeugers z von
00

C*®(SY),k € Z auf die k-te Potenz der Matrix < 81 z ) (mit den Bezeichnungen
—1

von 1.5) abbildet, ein stetiger Homomorphismus. Wenn daher s der stetige lineare
Schnitt C>°(S') — T ist, der 2* auf vy abbildet und s’ der Schnitt fiir (4) der z* auf
v_y, abbildet, so ist s @ s diffeotop zu 0.

DEFINITION-SATZ 3.5 Gegeben seien m-Algebren A und B. Wenn ¢ : A — B ein
Homomorphismus zwischen m-Algebren ist, so bezeichnen wir mit (p) die Aquiva-
lenzklasse von ¢ im Bezug auf die Relation der Diffeotopie und wir setzen

(2,8) = {{p)] o ist ein stetiger Homomorphismus 2 — B }

Fiir Homomorphismen a, 3 : A — QB definieren wir wie in 3.4 die direkte Summe
a®f als

a@ﬁ=<g g):m—>Mg(ﬁ®%)%ﬁ®%

Mit der durch (o) + (8) = (a @ B) definierten Addition ist die Menge (A, RQB) der

Diffeotopieklassen von Homomorphismen von 2 nach R®B eine abelsche Halbgruppe
mit Nullelement (0).

Beweis: Dies folgt aus Lemma 1.4.1. q.e.d.
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Fiir jede m-Algebra 2 ist J2A wieder eine m-Algebra. Wir kénnen daher durch
Iteration J2A = J(J2A), ..., J"A = J(J" ') bilden. Abbildungen von J"2l in eine
m-Algebra B gehoren dann zu Erweiterungen der Linge n.

DEFINITION-SATZ 3.6 FEine exakte Folge
0— ¢ e, 2. —¢, 25UA—0

wo €, ..., &, Am-Algebren und die p; stetige Homomorphismen sind, heifie linear
zerfallende n-Schritt- Erweiterung, falls sie als exakte Folge von lokalkonvexen Vek-
torrdumen zerfdllt (d.h. falls €; =2 Ker ¢; ® Imp;_1). Jede Wahl s1,..., 8, von ste-
tigen linearen Schnitten (d.h. ¢;s; ist fir alle i eine stetige Projektion auf Im ;)
bestimmt in eindeutiger Weise einen Homomorphismus Vs1ysn) = I — & und
Homomorphismen (s, ,....s,) J" kA — & so dass das folgende Diagramm kom-
mutiert

0— € 2% ¢ B e e A —0
T'Y(sl...,sn) TTSIW(SQ...,Sn) TTsn,l'ysn T s, H
0— J— TJA - ... TJA— TA— A —0
Wenn s,...,s,, eine andere Familie von stetigen linearen Schnitten ist, so ist

Vshoonsy) diffeotop zu sy, . sn)-

In dem vorhergehenden Diagramm interessieren wir uns in erster Linie fiir die klas-
sifizierende Abbildung v = 7(s,,....s,)- Diese hiingt bis auf Diffeotopie nicht von
(s1,...,5n) sondern nur von der gegebenen n-Schritt-Erweiterung ab.

Betrachten wir zwei Erweiterungen der Lénge n und der Linge m

0—C%e 2L — ¢, 25A—0 (5)
und , , ,
0— ¢ 2 e Ina—0 (6)

wo € = 2. Das wohlbekannte Yonedaprodukt besteht in der Zusammensetzung dieser
zwei Erweiterungen zu einer Erweiterung der Lange n 4+ m von der Form

0— ¢ e, 2 e, e B e I —0 (7)

LEMMA 3.7 Es seien v : J"A — & und v : J™A — € = A die Abbildungen,
die mit (5) und (6) assoziiert sind. Die klassifizierende Abbildung J* T A" — &g zu
der Erweiterung (7) ist gegeben durch o J™(v).

Beweis: Dies folgt aus 3.3. q.e.d.

DEFINITION 3.8 Es sei ¢ : JUA — C™(S1)®2A die Komposition der klassifizierenden
Abbildung JUA — A(0,1) zu der Erweiterung

0 — 22(0,1) — A[0,1) — A —0
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mit der Inklusionsabbildung A(0,1) — C*°(S1)QA. Wir bezeichnen mit ¢ die Abbil-
dung
£ JPU — ARA
die unter Benutzung von ¢ zu der Erweiterung
0 — AGA — TRA 25 €2(SH)ERA — 0
gehort (d.h. € = v,,).

Man beachte, dass eine linear zerfallende Erweiterung in der Kategorie der lokalkon-
vexen Vektorrdume einfach eine direkte Summe darstellt und daher natiirlich auch
nach Tensorieren mit beliebigen lokalkonvexen Rdumen noch exakt bleibt.

Durch Hintereinanderschaltung der Abbildungen J*2( 79y (R®A), sowie

J2ARA) — KA®J*(A) und K®J%A 98¢ 2%R&A bekommmen wir, unter leichtem
Missbrauch der Bezeichnungen,

g2 JIU — ROARA = AU
und, nach Induktion
e T — R

Wir koénnen bei der Konstruktion von ¢ statt der Toeplitzerweiterung auch die inverse
Toeplitzerweiterung verwenden und erhalten dann eine Abbildung e_ : J22A — KR
, die nach 3.4 die Eigenschaft hat, dass € ® ¢_ diffeotop zu 0 ist.

LEMMA 3.9 Fiir jedes Paar von m-Algebren A und B existieren kanonische Abbil-
dungen J(ARB) — JAXB und J(ARB ) — ARJB, die mit den folgenden linear
zerfallenden Erweiterungen assoziiert sind

0 — JAXB — TAXB — AXB — 0

0 — ARJB — ARXTB — AXB — 0.
Wir bemerken, dass insbesondere fiir jede m-Algebra 2 ein kanonischer Homomor-
phismus J() — J(C)®A existiert. Es ist klar, dass die in 3.8 definierte Abbildung

e = gy : J*A = A®A als Komposition der Abbildung J?A — J?CRA mit der
Abbildung € ® idy geschrieben werden kann.

Das folgende Lemma bildet den Kernpunkt fiir unsere Konstruktion des Produkts der

in Abschnitt 4 definierten bivarianten K-Theorie.

HAUPTLEMMA 3.10 & und B seien m-Algebren und v, y— die zwei Abbildungen
von J?(AB) nach JARJIB, die sich durch Anwendung von 3.9, wie folgt in den
zwei moglichen Weisen ergeben:

J(JADB)
S . N
J2(ASB) — JARJB
Y-
N ) /
J(ARTB)
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Dann ist die Abbildung v+ ®y_ = < g+ 3 ) : J2ARB) — Mo (JARJIB) diffeotop
zu 0.

Beweis: Betrachte die folgende Erweiterung

0 — JARJTB — TARQTB + JARTHB

A
S ARJB & JAKB — 0

Die Algebra in der Mitte wird hier als Unteralgebra von TUAQTB angesehen.

Die Abbildung 4 @ y— ist durch Rotationen in 2 x 2-Matrizen diffeotop zu 7s4, wenn
a: J(RAXB) — ARIB G JAXDB die natiirliche Abbildung bezeichnet. Zum Beweis der
Behauptung geniigt es daher nach Lemma 3.2 (c¢) zu zeigen, dass ein Homomorphismus
a  JARB ) — TARIB + JARXTDB existiert, fiir den 7o o’ = « gilt.

Nun kann aber o’ als klassifizierende Abbildung v, in der linear zerfallenden Erwei-
terung

’

0 — JASTDB + TARTB — TAXTB X AGB — 0

gewihlt werden. Die Tatsache, dass m o vy = « folgt aus den zwei folgenden kommu-
tativen Diagrammen

0— JARTB +TARJB — TAXTB — AXB — 0

} } [
0— ARJTB — ARTB — ARKB — 0
und
0— JARXTB +TARJTB — TAKTB — ARKB — 0
} } [
0— JARDB — TAXB — AXB —0
sowie aus Lemma 3.3. q.e.d.

Als nichstes soll die Abbildung ¢ : J*2 — ARJF29L, die in 3.8 eingefithrt wurde,
genauer untersucht werden. Zur besseren Ubersichtlichkeit schreiben wir J; fiir die
i-te Anwendung des J-Funktors. D.h. also J*2 = JiJx_1 ... J1(2).

Fiir jede Wahl von 7, j mit 1 < j < i < k, ergibt die Anwendung von 3.9 eine Abbil-
dung 7;; : JRA — J2C®J* 29, indem wir das j-te und das i-te J im Tensorprodukt
C®A auf C und alle anderen J auf den zweiten Faktor 21 anwenden. Explizit sieht
also 7n;; folgendermafien aus:

Nij : Ji . Jl(Ql) — JZJJ((C)QE)J]C .. .ji .. .jj .. Jl(Ql)

wo V Auslassung bedeutet.

Wenn wir dies mit der Abbildung ¢ : J?°C = J;J;(C) — £ kombinieren, erhalten wir
eine Familie von Abbildungen ¢;; : JEU — RQJF2 1 < j < i < k. (Mit dieser
Bezeichnungsweise wire die unter 3.8 betrachtete Abbildung 7).
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KOROLLAR 3.11 FEs gelten die folgenden differenzierbaren Homotopien
(a) €i1,;®e;,~0, 1<j<i—-1<k-1
€ij—1®@e;~0, 2<j<i<k
(b) Firallei,j, 1<i4,j<k—1, gilt i41, ~ €11,
Hierbei bezeichnet ~ Diffeotopie.

Beweis: (a) ergibt sich aus 3.10. (b) folgt aus (a) unter Benutzung der Tatsache, dass
die Menge der Diffeotopieklassen von Homomorphismen J*2 nach £&.J%~29 nach 3.5
eine abelsche Halbgruppe mit 0-Element ist. In dieser Halbgruppe sind die Klassen
von €;41,; und von €; ;1 beide invers zu €;41 ;—1, und daher gleich. q.e.d.

4 DER BIVARIANTE K-FUNKTOR

Wir sind jetzt soweit, dass wir das eigentliche Untersuchungsobjekt dieser Arbeit
einfithren konnen. Wir betrachten die Menge der Diffeotopieklassen von Homomor-
phismen Hj = (J*A A2B), wobei Hy = (A, A®B ). Jedes Hj, ist eine abelsche
Halbgruppe mit der iblichen K-Theorie-Addition (o) 4 (8) = (o @ ), siehe 3.6. Die
Klasse (0) ist das Nullelement.

Es existiert eine kanonische Abbildung S : Hy — Hj42, die man in der folgenden
Weise erhilt: fiir (o) € Hg, o : J¥A — KRB, sei S(a) = ((idg ® a) o €). Dabei ist
e : JE29l — RA® J*A die in 3.8 betrachtete Abbildung (genauer gesagt ¢ = Ek42,k+1
mit den Bezeichnungen von 3.9). Weiter sei e_ : J¥+22l — & ® J*2 die Abbildung,
die sich in derselben Weise, aber unter Ersetzung der Toeplitzerweiterung durch die
inverse Toeplitzerweiterung, ergibt. Die Diskussion nach 3.4 zeigt, dass die Summe
e@e_ diffeotop zu 0 ist. Daher ist S{a)+S_ () = 0, wenn wir S_ (@) = ((idg®a)oe_)
setzen.

DEFINITION 4.1 Es seien A und B m-Algebren und x = 0 oder 1. Wir setzen

kko (A, B) = lim Hopyr = im(J?* T, ROB )
= =

Die vorhergehende Diskussion zeigt, dass kk.(2(, %) nicht nur eine abelsche Halb-
gruppe, sondern sogar eine abelsche Gruppe ist (jedes Element besitzt ein Inverses).

Die wesentliche Eigenschaft von kk, ist das Produkt, das mit Hilfe des Hauptlemmas
3.10 definiert werden kann. Wir benétigen fiir die Definition noch einige Bezeichnun-
gen.

Wenn a : JF — AP ein Homomorphismus ist, so bezeichne «; den Ho-
momorphismus «; : J¥A — A®JIB, der durch Hintereinanderschaltung von
Ji(a) : JEHIL — JI(A®DB) mit der kanonischen Abbildung J7(ARB) — ARJIB
entsteht; cf. 3.9.

LEMMA 4.2 Mit den Bezeichnungen vom Ende des Abschnitt 3 sind die folgenden
Abbildungen J*TIT2A — RRJIB diffeotop (~ )

(a) ((ida ® @) 0 €pt2,k+1)5 ~ (idg ® Q) 0 Eppjt ktj+1

(b)  (idg ® @j) 0 Ektjt2, ktj+1 ~ (ida ® Ejt2,j+1) © A2
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Beweis: (a) ist eine Konsequenz von Korollar 3.11 und (b) folgt sofort aus Lemma
1.4.1. q.e.d.

THEOREM 4.3 (a) Es existiert ein assoziatives und in beiden Variablen additives Pro-
dukt
kki(Ql, %) X kkﬁj(%, (’:) — kk}i_;_j(m, (’:)

(i,j € Z/2; A, B und € m-Algebren), das fir a : J"A — KXWV, 3 : J™B — AR in
der folgenden Weise definiert ist:

(@) - (B) = ((ida @ B) © am)
(b) Es existiert ein bilineares graduiert kommutatives dufleres Produkt

k}k}i(ml,mg) X k}k}j(%l, %2) — kk}i_;_j(ml@mg, %1@%2)

Beweis: (a) Die einzige Behauptung, die nicht offensichtlich ist, ist die, dass das
Produkt wohldefiniert ist. Wir miissen zeigen, dass unsere Definition des Produkts
vertréglich ist mit den Identifikationen in dem induktiven Limes, der in der Definition
von kk, in 4.1 benutzt wird. Dafiir miissen wir nachpriifen, dass

Bo(aoce)j~(Boaj)oe
(Bog)oajia~ (Boaj)oe

(Wir haben hier bei den Bezeichnungen die Indizes von g, die nach 3.11 irrelevant
sind, und das Tensorprodukt mit idg weggelassen.) Die Existenz dieser Diffeotopien
ist genau die Aussage von Lemma 4.2.

(b) Dies folgt sofort aus der Existenz der natiirlichen Abbildungen
J2n+2m+i+j (911@912) — (J2n+im1)®(J2m+jm2)

vgl. 3.9. q.e.d.

Lemma 3.7 zeigt, dass das (innere) Produkt in (a) gerade dem Yonedaprodukt von
Erweiterungen entspricht.

SATZ 4.4 kk,. hat die folgenden Eigenschaften

(a) Jeder Homomorphismus ¢ : %A — B definiert ein Element kk(yp) in der Gruppe
kko(2L,B). Wenn ¢ : B — €, ein weiterer Homomorphismus ist, so gilt

k(Y 0 ¢) = kk(p) - kE(¢)

kk.(A,B ) ist ein kontravarianter Funktor in 2 und ein kovarianter Funktor in
B. Wenn a : A — A und 8 : B — B’ Homomorphismen sind, so sind die
in der ersten und zweiten Variablen von kk. induzierten Abbildungen gegeben
durch Linksmultiplikation mit kk(a) und Rechtsmultiplikation mit kk(3).

(b) Fiir jede m-Algebra A ist kk.(2,2) ein 7 /2-graduierter Ring mit Einselement
kk(idg).

DOCUMENTA MATHEMATICA 2 (1997) 139-182



158 JoacHIM CUNTZ

(¢) Der Funktor kk. ist invariant unter Diffeotopien in beiden Variablen.

(d) Die kanonische Inklusion v : % — KR definiert ein invertierbares Element
in kko(2, ARA). Insbesondere ist kk.(2A,B) = kk.(ROA, B) und kk. (B, A) =
kk. (B, RR) fiir jede m-Algebra B.

Beweis: (a) Die Diffeotopieklasse (o) von « ist ein Element von Hy und damit nach
Definition auch von kkg. Die zweite Behauptung folgt sofort aus der Definition des
Produkts.

(b) Dies folgt aus 4.3. Das Einselement ist kk (idy) € kko(2, ).

(c) Die Abbildungen 2 — 2([0, 1] und A[0,1] — A, die a auf a-1 und f auf f(0) abbil-
den, definieren Elemente in kko(2, [0, 1]) und kko ([0, 1],2l), die invers zueinander
sind.

(d) folgt aus Lemma 1.4.1. g.e.d.

Nach Definition bestimmt ¢ ein Element in kko (2, 2() und zwar dasselbe wie idy,
d.h. also das Einselement. Andererseits kann die Abbildung ¢ : J?A — K2 auch als
Element von kko(J221,2A) oder als Element von kk;(J2,2l) gedeutet werden.

SATZ 4.5 Die Abbildung ¢ : J?A — KU definiert invertierbare Elemente ey in
kko(J22,2A) und ey in kki(J2A,2A).

Beweis: Die Inversen zu ey und e; sind gegeben durch id j29 und id jg. q.e.d.

Insbesondere ist also
kki(2,98) = kko(JA, B) = kko(A, JB)

BEMERKUNG 4.6 Die hier entwickelte Konstruktion der bivarianten K-Theorie ist
sehr allgemein und kann ohne weiteres verwendet werden, um bivariante Theorien
mit verschiedenen Stabilitdts- und Homotopieinvarianzeigenschaften auch fiir ganz
andere Kategorien von topologischen Algebren einzufiihren. Bendtigt werden hierzu
fiir jede Algebra A in einer solchen Kategorie die folgenden Erweiterungen:

(a) die universelle Erweiterung 0 — JA —-TA— A — 0
(b) die Einhingungserweiterung 0 — A(0,1) — A(0,1] - A — 0
(¢) die Toeplitzerweiterung 0K@A—-ToA— AS) =0

Hierbei ist @ ein geeignetes Tensorprodukt in der Kategorie, IC eine Vervollstindigung
der Algebra Mo, der endlichen Matrizen beliebiger Grisse, sowie A(0,1), A(0,1],
A(SY) geeignete Algebren von Funktionen auf (0,1), (0,1], S* mit Werten in A. Die
universelle Erweiterung muf universell fir eine gewisse Klasse von Erweiterungen
sein (bei m-Algebren fir linear zerfallende Erweiterungen). Auflerdem miissen die
Einhdingungserweiterung und die Toeplitzerweiterung zusammensetzbar sein, d.h. es
muf8 eine Abbildung A(0,1) — A(S?) ezistieren.

Diese Bedingungen sind zum Beispiel erfiillt in der Kategorie der C*-Algebren mit der
iiblichen Toeplitzerweiterung und mit der universellen C*-Algebra- Vervollstindigung
von T A, fiir die die kanonische lineare Inklusion A — T A involutionserhaltend und
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von Norm < 1 ist. Damit ist die entsprechende Erweiterung universell fiir Erweiterun-
gen, die einen stetigen Schnitt mit Norm 1 erlauben. Dieselben Wahlen funktionieren
in der Kategorie der o-C*-Algebren.

In der Kategorie der Banachalgebren kann fir IC die Algebra K1 aus 1.6.4 und fir
die Funktionenalgebren die einmal stetig differenzierbaren Funktionen mit Werten in
A verwendet werden. Eine geeignete Wahl fiir das Tensorprodukt ist hier auch das
projektive.

Die Stabilitdts- und Homotopieinvarianzeigenschaften der Theorie sind dann bestimmi
durch die Wahl der Algebra K und der Funktionenalgebren (stetige oder differenzier-
bare Funktionen mit Werten in A). Die Grifie von K korrespondiert aufgrund der
Toeplitzerweiterung zur Grofle der Funktionenalgebren. Die hier dargestellte Theorie
ist gewissermaflen minimal (fir die Grdfle von K und der Funktionenalgebren) mit
der Eigenschaft, dass die oben erwihnte Abbildung A(0,1) — A(S*) noch existiert.
Wenn wir nur Erweiterungen der Ldinge 1, d.h. Abbildungen JA — K ® A zulas-
sen wiirden, so miisste nach der Summierbarkeitsobstruktion von Douglas- Voiculescu
[DoVo], die Algebra K alle Schattenideale ¢P fiir p > 1 enthalten. Dadurch, dass wir
Abbildungen J" A — K ® A fiir beliebige n verwenden, erhalten wir das Produkt und
umgehen gleichzeitig diese Obstruktion.

5 AUSSCHNEIDUNG UND DIE LANGEN EXAKTEN FOLGEN IN BEIDEN VARIABLEN

In diesem Abschnitt halten wir uns eng an das in [CuSk] gegebene Argument fiir die
Ausschneidung. Ein Unterschied hier ist, dass wir nur differenzierbare Homotopien,
d.h. Diffeotopien benutzen. Der Beweisgang zeigt iibrigens interessanterweise auch,
dass dies wirklich wesentlich ist. Wenn wir kk mit Hilfe von stetigen Homotopien
definiert hétten, wiirde die Ausschneidung nicht gelten; siche Bemerkung 5.6. Weiter
wird ein Teil des Arguments im Vergleich zu [CuSk] dadurch vereinfacht, dass die
inverse Bottabbildung ¢ : J?C — & in unsere Theorie schon eingebaut ist und nach
Definition das Einselement von kko(C, C) représentiert.

Wenn o : A — B ein Homomorphismus zwischen m-Algebren ist, werden wir
im folgenden mit £(a), a(0,1), [0, 1), J(c)...die induzierten Abbildungen &2 —
ARB, A(0,1) — B(0,1), A[0,1) — B[0,1), JA — JB...bezeichnen.

Wie iiblich definieren wir auch den (differenzierbaren) Abbildungskegel C,, durch
Ca={(z,f) e A®B[0,1) | a(z) = f(0)}

LEMMA 5.1 Sei ® eine m-Algebra und o : A — B ein Homomorphismus
(a) Die Folge
Kk (D, Co) D kk, (@, 20) M kk, (0, B)
ist exakt. Hierbei bezeichnet w : C, — 2 die Projektion auf den ersten Sum-
manden und -kk(m) Rechtsmultiplikation mit kk ().
(b) Die Folge in (a) kann fortgesetzt werden zu einer exakten Folge

FREQD) @ 20(0,1) O e (0,8 (0,1) —
‘kk(m)
—

Kk (D, Ca) kk.(©,20) ) pk (D, B)
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Beweis:  (a) Das Element z € kk.(D,2) sei durch den Homomorphismus ¢ :
JIHD — RO reprisentiert. Die Gleichung (p) - kk(a) = 0 bedeutet, dass fiir
ein geeignetes m > n die durch £(a) o ¢ induzierte Abbildung J?>™™*D — ARV iiber
einen Homomorphismus v : J*™T*D — A&PB[0, 1) faktorisiert. Wir kénnen anneh-
men,dass m = n. Das kommutative Diagramm

Jntn Ly gel
by | & ()
ARB[0,1) — KXDB
definiert einen Homomorphismus ' : J2" ™D — ARC, so dass &(7) - v/ = ¢.
(b) Dies folgt wie iiblich durch Iteration der Konstruktion in (a). Hierzu benutzt man

die Tatsache, dass der Abbildungskegel C'; fiir die Projektion 7 : C, — 2 diffeotop
zu B(0, 1) ist, und das folgende kommutative Diagramm

c. oo,
0 [
B(0,1) - C,

In diesem Diagramm ist ¢ die Inklusion von B(0,1) in die zweite Komponente von
C,, und der erste senkrechte Pfeil ist die erwihnte Diffeotopiedquivalenz (sie bildet
f€B(0,1) auf (+f,0) € Cr C C, ®2[0,1)) ab.

Gleicherweise ist der Abbildungskegel C, fiir ¢ : B(0,1) — C,, enthalten in 2(0,1) &
B([0,1) x [0,1)). Die Projektion C, — 2((0, 1) ist ebenfalls eine Diffeotopieiiquivalenz
und macht das folgende Diagramm kommutativ

C, —  95(0,1)
} [
20,1 2 w,(0,1)

LEMMA 5.2 a: 20 =B und O seien wie in 5.1
(a) Die Folge
Kk (Cay ©) 27 ke (2, ©) " ke, (8, D)

ist exakt.

(b) Die Folge in (a) kann zu einer langen exakten Folge der Form

HREOD k100, 1),0) FEOY ke, 1(8(0,1),0)
kko(Co,®) O o, 0) Y gk (B, D)

fortgesetzt werden.
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Beweis: (a) Der Einfachheit halber nehmen wir an, dass * = 0. Sei dann ¢ : J?"A —
A®D ein Homomorphismus mit der Eigenschaft, dass kk(7)- (@) = (0). Dies bedeutet,
dass ein kommutatives Diagramm der Form
e, TIG) gy
1y Ly
R&D[0,1) — RED

existiert. Hierbei ist ev die Auswertungsabbildung in 0. Man beachte, dass poJ?"(7)o
e = poeo J™2(r), so dass wir annehmen konnen, dass die Diffeotopie schon auf
Niveau n realisiert ist. Da 7 in diesem Diagramm den Kern von J2" () in den Kern von
ev abbildet, d.h. also in XD (0, 1), ergibt die Einschrinkung von + eine Abbildung
v I (B(0,1)) — RRD(0,1).

Wir verwenden jetzt die natiirlichen Abbildungen JB — 9(0,1) und J(D(0,1))
— A®D, siehe 3.8, um durch die Komposition

TR 7298 (0,1)) T 7(86D(0,1)) —s RED

eine Abbildung ¢ : J?"T2B — RARD zu konstruieren. Wir miissen zeigen, dass
o J?2(a) ~ ¢ oe. Dies folgt aus dem folgenden kommutativen Diagramm

0— A2D(0,1) —  ARD[0,1) — AXD —0
T T Te

0— J?"(3B(0,1) — J*nC, — JA —0
+J2"a(0,1) +J%na! I

0— J2(A(0,1)) —  JT(A0,1)) — JTA —0

Hierbei ist (0, 1) die Einhéngung von « und o’ ist die Abbildung, die f € [0, 1) auf
(£(0),a[0,1)(f)) € C, abbildet.

Das Diagramm zeigt unter Verwendung von Lemma 3.3, dass die durch ¢ induzierte
Abbildung J?" 14 — A®D(0,1) diffeotop zur Komposition der folgenden Abbil-
dungen ist

J2Hg s g2re(0,1)) 7 @O s2ees (0,1)) 25 880(0, 1)
(b) folgt aus (a) genau wie in Lemma 5.1. g.e.d.
SATZ 5.3 Es sei 0 — J — A —B — 0 eine linear zerfallende Erweiterung und

e:J — C, die Inklusionsabbildung, die durch e : z — (x,0) € C;, C A & B[0,1)
definiert ist. Dann ist kk(e) ein invertierbares Element in kko(J,Cy).

Beweis: Wir zeigen, dass das Inverse zu kk(e) in kko(Cy,J) durch die Diffeotopie-
klasse (u) des Homomorphismus u : J2C;, — R®J gegeben ist, der folgendermafen
konstruiert wird: Sei ug : JCy — J(0, 1) die Abbildung, die zu der Erweiterung

0 —J3(0,1) — A[0,1) — C; — 0
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gehort. Dann sei w die Komposition von J(ug) mit der kanonischen Abbildung
J(3(0,1)) — A®J. Wir bezeichnen das durch u definierte Element auch mit kk(u).

Das kommutative Diagramm

0— 3J(0,1) — %0,1) — C; —0
T T Te

0— 3J3(0,1) — 7J0,1) — T —0

zeigt, dass ug o J(e) gerade die kanonische Abbildung JJ — J(0,1) ist, so dass also
das Element kk(e) - kk(u) durch die Abbildung ¢ : J?J — A®J dargestellt wird.
Nach Definition entspricht aber £ dem Einselement in kko(J, 7).

Um das umgekehrte Produkt kk(u) - kk(e) zu bestimmen, betrachten wir das kom-
mutative Diagramm
0— C,(0,1) — (40,1) — C; —0
Te(0,1) Te I (®)
0— 73(0,1) — 20,1) — C; —0

WO
q(f(s)) wenn z=se? 6>0unds >0

e(f)(z) = 0 wenn |z > 1
f(s) wenn z=s

Hierbei werden Elemente von Cy[0,1) aufgefasst als “Funktionen” g von zwei Varia-
blen (x,y) € [0, 1]? oder von einer komplexen Variablen z = x + iy mit

. A y=0
S

Auflerdem muss eine Funktion g in C,[0, 1) die folgenden Bedingungen erfiillen:
g(x +iy) =0, wenn z = 1 oder y =1
fiir y > 0 ist g(z + 4y) eine stetige Funktion von z,y
q(9(x)) = lim g(x + iy)

Das kommutative Diagramm (8) zeigt, dass e(0, 1) o uq diffeotop zu der kanonischen
Abbildung JC; — C4(0,1) ist und damit, dass kk(u) - kk(e) = 1. g.e.d.

Betrachte nun die nach links unendlichen exakten Folgen aus 5.1(b) und 5.2(b) fir
den Fall, wo a die Quotientenabbildung ¢ in einer Erweiterung wie in 5.3 ist. Theorem
5.3 erlaubt es, in den exakten Folgen jeweils C;, durch J zu ersetzen. Uberdies erhalten
wir aus 5.3 auch sofort die Bottperiodizitét.

SATZ 5.4 Die durch die FEinhdngungserweiterung induzierten Abbildungen J2A —

2A(0,1) und J?A — A(0,1)? reprdsentieren in kko(J2,2(0,1)), in kki(A,A(0,1))
und in kko(A,A(0,1)2) invertierbare Elemente.
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Beweis: Dies ergibt sich aus den langen exakten Folgen aus 5.1(b) und 5.2(b) ange-
wandt auf das folgende kommutative Diagramm von Erweiterungen

0— 2(0,1) — 2A0,1) — A —0
T T T

0— JA — A — A —0

Z.B. zeigt das 5-Lemma und die exakte Folge aus 5.2(b) fiir kko( -, JU), dass Links-
multiplikation mit g = kk(JA — 24(0, 1)) einen Isomorphismus von

kko(20(0,1), JA) mit kko(JA, JU) induziert. Man schliefit daraus, dass g von rechts
invertierbar ist. q.e.d.

THEOREM 5.5 Es sei® eine beliebige m-Algebra. Jede linear zerfallende Erweiterung
E:0-7-5%4 5% 50

induziert exakte Folgen in kk(D,-) und kk(-,D) der folgenden Form:

kko(©,7) Y ke, 2) Y kko(o, )
1 } 9)
ke (@,8) 29 pp@,2) B9 k9,9
und .
kko(3,0) "2 ko, @) Y kko(B, D)

! 0 (10)
kky(3,9) P k@) Y kk(3,9)

Die gegebene Erweiterung E definiert eine klassifizierende Abbildung JB — J und
damit ein Element von kk1(J,B), das wir mit kk(E) bezeichnen. Die senkrechten
Pfeile in (9) und (10) sind bis auf ein Vorzeichen gegeben durch Rechts-, bzw. durch
Linksmultiplikation mit dieser Klasse kk(E). Das Vorzeichen hingt von den Identifi-
zierungen bei der Bottperiodizitit nach Satz 5.4 ab.

Beweis: Satz 5.3 erlaubt es, in den exakten Folgen aus 5.1(b) und 5.2(b) jeweils C,
durch J zu ersetzen. Dies ergibt unter Verwendung von 5.4 die exakten Folgen (9)
und (10). Die Verbindungsabbildungen fiir die einfachen Einhdngungen in 5.1(b) und
5.2(b) sind induziert durch die Inklusion j : B(0,1) — Cj, d.h. sie sind gegeben durch
Produkt mit der Klasse kk(j). Das kommutative Diagramm

0— 37(0,1) — «[0,1) — C, -0
I ? T
0— 73(0,1) — 2(0,1) — B(0,1) —0

zeigt andererseits, dass mit den Bezeichnungen aus dem Beweis zu Satz 5.3 die Iden-
titdt kk(j) - kk(u) = kk(E) gilt. Die Identifikation von Cy mit J geschieht aber
gerade mit Hilfe des Isomorphismus, der nach Satz 5.3 durch Multiplikation mit
kk(e)~! = kk(u) € kk(Cy,J) definiert ist. g.e.d.
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BEMERKUNG 5.6 Der Beweis fiir die Ausschneidung macht deutlich, dass in der De-
finition von kk die Beschrinkung auf Diffeotopie, d.h. differenzierbare Homotopie als
Aquivalenzrelation von grundlegender Bedeutung ist. Der Beweis von 5.2 und vor al-
lem aber auch der zu 5.8 beruht auf der Ezistenz der Abbildung J(A(0,1)) — KA.
Wenn der Abbildungskegel Cy mit stetigen oder nur k-fach differenzierbaren Funktio-
nen definiert worden wdre, wiirde das Inverse kk(u) zu kk(e) nicht existieren.

Dies liegt an den Eigenschaften der Toeplitzerweiterung, bei der die Grosse des Ideals
der des Quotienten entspricht. Man kénnte verschiedene Versionen von kk definieren,
indem man Diffeotopie durch stetige oder k-fach differenzierbare Homotopie ersetzt
und dann aber auch statt der glatten Toeplizerweiterung entsprechend die stetige oder
die k-fach differenzierbare Toeplitzerweiterung verwendet. Dies bedeutet, dass man in
der Definition von kk das Ideal & durch die C*-Algebra K der kompakten Operatoren
bzw. durch die Algebra KC,, der Matrizen (\;;) mit

Sl T +i+ 4" <oo
ij

ersetzen muss.

BEMERKUNG 5.7 In Analogie zu [Sk] konnte man fir zwei m-Algebren A und B eine
Theorie kk™ (A, B) definieren, indem man statt beliebiger Homomorphismen nur
nukleare Homomorphismen J?"T*A — AXB betrachtet. Aufgrund der Hochhebungs-
und Fortsetzungseigenschaften nuklearer Abbildungen wiirde diese Theorie Ausschnei-
dung in beiden Variablen fiir Erweiterungen von Fréchetalgebren erfiillen, auch wenn
diese nicht notwendigerweise zerfallen.

6 DER CHERN-CONNES-CHARAKTER

Wir zeigen in diesem Abschnitt, dass Funktoren E auf der Kategorie der m-Algebren,
die gewisse abstrakte Eigenschaften besitzen, automatisch auch funktoriell unter kk-
Elementen sind. Da die Definition von kk wesentlich auf der Periodizitdtsabbildung &
beruht, besteht der erste Schritt darin, zu zeigen, dass fiir solche Funktoren F(e) ein
Isomorphismus sein muss. Weil aber € mit Hilfe der Toeplitzerweiterung definiert ist,
bendtigen wir zuerst eine genauere Analyse der universellen Eigenschaften der Toep-
litzalgebra T. Hierzu sei U (v, w) die universelle Algebra iiber C mit zwei Erzeugern v
und w, die die Relation wv = 1 erfiillen. Dies ist Kurzschreibweise fiir die Bedingung,
dass wv ein Einselement fiir alle Polynome in v und w ist. Wir setzen e = 1 —vw. Dann
ist e ein idempotentes Element in U (v, w), und die Elemente e = view’ erfiillen

ez_]ekl — (5]‘]@6”

Man sieht daraus sofort, dass man U (v, w) treu auf dem Hilbertraum ¢2(N) mit der
kanonischen Orthonormalbasis (£, )n=0,1,2,... durch

v€n = Ent1 wEy = &n—1, W& =0

darstellen kann. Dabei werden dann also die % auf die Matrixeinheiten mit eiig, =
0;n&; abgebildet. Die Linearkombinationen der e*/,1 < 7, j < n bilden eine Matrixal-
gebra isomorph zu M, (C)
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SATZ 6.1 Die Toeplitzalgebra ¥ ist die universelle m-Algebra, die von zwei Elemen-
ten v und w mit wv = 1, erzeugt wird (d.h. also die eine Vervollstindigung von
U(v,w) ist) und deren Topologie durch eine Familie (pn)nen von submultiplikativen
Halbnormen bestimmt ist, die die folgende Wachstumsbedingung erfiillen

(W) < CL(1+E"), k=1,2,...

pu(w®) <CL,(L+E™),  k=1,2,...
Hierbei sind die C,, positive Konstanten.
Dies bedeutet, dass fiir jede m-Algebra B, deren Topologie durch einen Familie von
Halbnormen (pl,)nen gegeben ist und die von zwei Elementen v’ und w' erzeugt wird,

die dieselben Relationen und Wachstumsbedingungen erfiillen, ein stetiger Homomor-
phismus T — B existiert, der v auf v’ und w auf w’ abbildet.

Beweis: Nach Definition ist T als lokalkonvexer Vektorraum isomorph zu
ARaC™(Sh

Wenn z den Erzeuger von C>°(S') bezeichnet, so entspricht unter diesem linearen
Isomorphismus v™ dem Element z™ und w™ dem Element z~". Die in 1.5 angegeben
Halbnormen erfiillen also offensichtlich die Wachstumsbedingung.

Sei B wie in der Behauptung und ¢ der Homomorphismus U(v,w) — 9B, der v
auf v/ und w auf w’ abbildet. Es geniigt zu zeigen, dass ¢ auf U(v,w) N & und auf
U(v,w) NC>®(S!) stetig ist. Da
P(p(e)) = pl (v w'd — i+t
<20+ @+ )M)C L+ (G +1D)") <CA+i+4)"
mit einer neuen Konstante C, ist ¢ auf dem ersten Summanden stetig und die Stetig-
keit auf dem zweiten ist klar. q.e.d.

LEMMA 6.2 (vgl. [Cul, 4.2]) Es existieren eindeutig bestimmte stetige Homomorphis-
men @, ¢ : T — TRT, so dass

pv)=v(l-e)®@l+exu plwy=1-ewelt+ew

Ydw)y=v(l-e)®l+exl dw=1-euel+exl
Diese beiden Homomorphismen sind diffeotop und zwar durch eine Diffeotopie 1 :
T — IQT, t € [0,7/2], fir die ¥:(x) — p(z) € KT fir allet € [0,7/2],z € T gilt.
Beweis: Wir zeigen, dass ¢ und ¢’ beide diffeotop zu 1 sind, wo

Pv) =vel Pw)=wel

Wir schreiben im folgenden Linearkombinationen von e’ @ z, 0 <i,j<n—-1,z €%
als n x n-Matrizen mit Matrixelementen in ¥. Weiter schreiben wir F,, fiir 1 —v"w"™ =
€% +ell + .. 4 en~bn=1 Mit diesen Bezeichnungen setzen wir fiir ¢ € [0, m/2)]

Ut:(l_E2)+< e+cost(l—e) sintwv )

—sintw costl

costl sintl
—sintl costl

wp=(1-Ep) + (
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Sowohl u; als auch u} sind offensichtlich invertierbar in T®T. Wir zeigen nun, dass
fiir jedes t stetige Homomorphismen ¢y, ¢} : T — T®T existieren, so dass

(V) =us (v ®1) or(w) = (w® 1) u;
oiv) =u(v®l)  gHw)=(wel)u!

Seien p, B g, die Halbnormen aus 1.5, die die Topologie auf ¥ bestimmen. Wir miissen
nachweisen, dass die Halbnormen (p, @ ¢,) ® (pn @ ¢») die Wachstumsbedingung auf
den Potenzen von u; (v ® 1), (w® 1) u; ', u} (v®1) und (w® 1) u, * erfiillen.

Es ist nun aber .

(ur(v®@1))" = ugk) (" ®1)
mit ugk) = (1-Ej)+L, wo L eine invertierbare k x k-Matrix mit Werten in ¥ ist. Man
sieht sofort, dass L Summe von k? Elementen der Form e¥ ® (AW + A\2W3), 0 <
i,j < k ist, mit |\;| < 1, W; Worter in v, w der Linge < k 4+ 1. Daher gilt

Pn ® (Pn®qn)(L) < 2k2C, (14 2k™)(k + 1)" < C(1 + k2 +2)
(Pn®qn) @ (pr, qn)(UEk) (vF ®1)) < CQ1+E3"2)

mit einer neuen Konstante C'. Die Wachstumsbedingungen fiir (p, ® ¢n) ® (pn © ¢n)
auf den Potenzen von (w® 1)u; !, u} (v® 1) und (w® 1) u}~! ergeben sich im ersten
Fall genauso und in den zwei letzteren sogar einfacher.

Die Familie ¢; ergibt nun eine Diffeotopie zwischen ¢ und v und die Familie ¢}
ergibt eine Diffeotopie zwischen ¢’ und 1. Wir erhalten 1; durch Zusammensetzen
dieser beiden Diffeotopien. Die geforderte Zusatzbedingung v;(7) — ¢(z) € ARXT ist
offensichtlich erfiillt. q.e.d.

Wir betrachten im folgenden Funktoren E von der Kategorie der m-Algebren in
die Kategorie der abelschen Gruppen, die die folgenden (wohlbekannten) Bedingungen
erfiillen:

(E1) E ist diffeotopieinvariant, d.h. die Auswertungsabbildung in einem beliebigen
Punkt ¢ € [0, 1] induziert einen Isomorphismus E(ev;) : E(]0,1]) — E(2)

(E2) E ist stabil, d.h. die kanonische Inklusion ¢ : 2 — A®2l induziert einen Isomor-
phismus E(¢).

(E3) E ist halbexakt, d.h. jede linear zerfallende Erweiterung 0 -3 —2A — 9B — 0
induziert eine kurze exakte Folge E(J) — E(2) — E(B)

Wir erinnern daran, dass nach einer Standardkonstruktion aus der algebraischen To-
pologie die kurze exakte Folge in (E3) mit Hilfe von Abbildungskegeln und unter
Benutzung der Eigenschaft (E1) zu einer nach links unendlichen langen exakten Folge
der Form

...— E(B(0,1)%) — E(3(0,1)) — E(A(0,1))

— E(B(0,1)) = E(3) — E(A) — E(B) (11)

fortgesetzt werden kann, vgl. etwa [Ka] oder [Cu3].
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Fiir eine m-Algebra 2 seien QU, ¢ und ¢,7 : A — QXA wie in 2.4 definiert. Wir
bezeichnen mit 6 : ¢? — 2 die Restriktion der Abbildung QA — 2, die ¢(x) auf x
und 7(x) auf 0 abbildet. Das folgende Lemma ist wohlbekannt in der Kategorie der
C*-Algebren, vgl. [Cu2, 3.1].

LEMMA 6.3 Es sei E ein Funktor mit den Figenschaften (E1), (E2), (ES3).

(a) Die kanonische Abbildung id«0 & 0xid: QA — A @ A, die t(z) auf (z,0) und
7(z) auf (0,z) abbildet, induziert einen Isomorphismus E(QA) — E(A) @ E(2).

(b) Die Abbildung 6 : ¢ — A induziert einen Isomorphismus E(9).

Beweis: (a) Man zeigt genau wie im Fall von C*-Algebren ([Cu2, 3.1]) unter Ver-
wendung der universellen Eigenschaft des freien Produkts, dass die Komposition der
angegebenen Abbildung mit der Abbildung

A A— <90‘ §>CMQ(QQL)

in beide Richtungen diffeotop zu den kanonischen Einbettungen von 2 & 2 und Q2
in die 2x2-Matrizen iiber diesen Algebren ist.
(b) Dies folgt aus folgendem kommutativen Diagramm

0— ¢ — QA S A —0
10 L Lid

00— A — ApA — A —0

(wo ¢ =id x 0 @ 7) in Kombination mit (a). g.e.d.

SATZ 6.4 Sei Ty der Kern der kanonischen stetigen Abbildung k : T — C, die v und
w auf 1 abbildet. Fiir jeden Funktor E mit den Eigenschaften (E1), (E2), (E3) und
fiir jede m-Algebra A gilt

E(To®2) =0

Beweis: Wir betrachten erst den Fall 2l = C und benutzen hierzu die Homomorphis-
men T — TRT aus Lemma 6.2 und auBerdem den Homomorphismus w : T — TRT,
der v auf v(1 —e) ® 1 und w auf (1 — e)w ® 1 abbildet. Die Homomorphismen
P w : QT — TRT bilden ¢F in AXT ab und ergeben durch Restriktion eine Diffeo-
topie

w1 qT — AOT

Nach Konstruktion von ¢ und ¢’ gilt
wog =100 W) =10joKoOd

wobei k wie oben, j : C — ¥ die kanonische Inklusion und § : ¢¥ — ¥ die kanoni-
sche “Auswertung”abbildung ist. siehe 6.3. Nach 6.3 ist E(J) : E(¢%) — E(%) ein
Isomorphismus. Da nach (E2) aulerdem auch E(¢) ein Isomorphismus ist, folgt aus

E(tod)=E(tojokod)
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dass E(j) o E(k) = E(idg). Da offensichtlich x o j = idc, sind also E(j) und E(k)
zueinander inverse Isomorphismen. Da die Erweiterung 0 — T - ¥ —- C — 0
zerfillt, ergibt sich aus der langen exakten Folge (11) eine kurze exakte Folge

0 — B(T) — EX) 2 Be) — 0

wobeil E(k) ein Isomorphismus ist. Dies zeigt, dass E(%g) = 0. Der allgemeine Fall
E(Tp®2) ergibt sich durch Tensorieren aller Homomorphismen in dem eben gegebe-
nen Beweis mit idg oder durch Ersetzen von E durch E(- ). g.e.d.

Die Toeplitzerweiterung mit Ideal K; und Quotienten C*(S") wurde auch von Laf-
forgue untersucht. Fiir sie wurden in [La] Analoga zu Lemma 6.2 und Satz 6.4 bewiesen
und daraus wie in [Cul] gefolgert, dass jeder Funktor E’ auf der Kategorie der Bana-
chalgebren, der Eigenschaften analog zu (E1), E(2), E(3) hat, Bottperiodizitét erfiillt.
Das folgende Korollar ist ebenfalls eine Form der Bottperiodizitét.

KOROLLAR 6.5 Fir jeden Funktor E auf der Kategorie der m-Algebren mit den
Figenschaften (E1), (E2), (E3) und fir jede m-Algebra 2 sind die Abbildungen
E(e) : E(J?A) — E(R®A) und E(e") : E(J?"A) — E(R&A) Isomorphismen.

Beweis: Betrachte die folgenden kommutativen Diagramme

0—  JPE2A — TJHFY J2kA19y —0
le 1 l

0— ARARA — ARTRA — AKRC(S'\{1HeA —0

0— JPHA  —  TJA J2k —0
1 1 }e*

0 — RAOAO0,1) — KRA0,1) — RRA —0

und die nach (11) mit diesen Erweiterungen assoziierten langen exakten Folgen. Die
Gruppen E(T2), E(To®A) und E(2A[0, 1)) sind trivial fiir jede m-Algebra 2, siehe 6.4.
Auflerdem ist die Inklusion R®2(0,1) — ARARC™ (S \ {1}) eine Diffeotopiedquiva-
lenz (vgl. 1.1) und die Abbildung E(2(0,1)) — E(A&C*®(S* \ {1})) ein Isomorphis-
mus. Anwendung des 5-Lemmas zeigt dann, dass die senkrechten Pfeile auf der linken
Seite unter F jeweils einen Isomorphismus induzieren, wenn dies fiir die Pfeile rechts
der Fall ist. Die Behauptung ergibt sich dann durch Induktion nach k (mit JO% = 2
und €% =1). g.e.d.

THEOREM 6.6 Sei E ein kovarianter Funktor mit den Figenschaften (E1), (E2),
(E3). Dann kann mit jedem h € kko(,B) in eindeutiger Weise ein Morphismus
E(h) : E(®A) — E(B) assoziert werden, so dass E(hy - he) = E(hg) o E(h1) und
E(kk(a)) = E(a) fiir jeden Homomorphismus o : 24 — B zwischen m-Algebren.

Die analoge Aussage gilt auch fiir kontravariante Funktoren.

Beweis: Sei h durch 7 : J?"A — AR reprisentiert. Wir setzen

E(h) = E()~ E(EE")"!
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Zunichst einmal ist klar, dass E(h) wohldefiniert ist und dass E(kk(a)) = E(a).
Die Vertraglichkeit mit dem Produkt ergibt sich aus derselben Rechnung wie die im
Beweis von Theorem 4.3 und ist eine Konsequenz von Lemma 4.2.

Die Eindeutigkeit schliefilich ist offensichtlich. q.e.d.

Das vorhergehende Resultat erlaubt, wie im Fall der K K-Theorie fiir C*-Algebren,
[Hi], [Bl] ein andere Interpretation. Hierzu bemerken wir, dass kkq als Kategorie auf-
gefasst werden kann, deren Objekte gerade die m-Algebren sind, und deren Morphis-
men zwischen 2 und B durch kko (2, B) gegeben sind. Diese Kategorie ist additiv in
dem Sinn, dass die Morphismen zwischen zwei Objekten jeweils eine abelsche Gruppe
bilden und dass das Produkt von Morphismen bilinear ist.

Wir bezeichnen den natiirlichen Funktor von der Kategorie der m-Algebren in die
Kategorie kkg, der auf den Objekten die Identitét ist, auch mit kkqg.

KOROLLAR 6.7 FEs sei F ein Funktor von der Kategorie der m-Algebren in eine
additive Kategorie, deren Objekte ebenfalls die m-Algebren sind, mit F(8 o a) =
F(a) - F(B). Wir bezeichnen diese Kategorie ebenfalls mit F und ihre Morphismen
mit F(2A,B).

Wir nehmen an, dass F(2,B) in der ersten Variablen als kontravarianter Funktor
und in der zweiten Variablen als kovarianter Funktor jeweils die Eigenschaften (E1),
(E2), (E3) erfiillt. Dann existiert ein eindeutig bestimmter kovarianter Funktor F’
von der Kategorie kkg in die Kategorie F, so dass F = F’ o kky.

Beweis:  Wir zeigen zuerst, dass €” : J?"A — A®A fir jede m-Algebra 2 einen
invertierbaren Morphismus F'(e™) induziert.

Da Links- und Rechtsmultiplikation mit F'(-) fiir festgehaltene zweite oder erste Varia-
ble Funktoren in die Kategorie der abelschen Gruppen mit den Eigenschaften (E1),
(E2), (E3) sind, existieren nach 4.5 und 6.6 Elemente z und y in F(2, J*"A), so
dass x - F(e") = F(idg) und F(e") -y = F(idj2ng). Da dann z und y Links- und
Rechtsinverse fiir F'(¢™) sind, sind sie gleich und invers zu F(e™).

Ebenso sieht man, dass ¢ : A — AR fiir jede Wahl von 2 einen invertierbaren
Morphismus FE(¢) induziert. Wenn jetzt h € kko(2,B) durch n : J>"A — KB
reprasentiert ist, konnen wir setzen

F'(h) = F()F (") " F(n)F (1)~
q.e.d.

Auf der Kategorie der m-Algebren ist also kky der universelle Funktor in ei-
ne additive Kategorie mit den Eigenschaften (E1), (E2), (E3) in beiden Variablen.
Hieraus ergibt sich als Spezialfall sofort die Existenz des bivarianten Chern-Connes-
Charakters im geraden Fall. Wir fassen hierzu die bivariante periodische zyklische
Theorie HPO(-,-) ebenso wie kko als additive Kategorie, deren Objekte die m-
Algebren sind, auf. Ebenso wie bei kk schreiben wir das Produkt in HP* in der
umgekehrten Reihenfoge wie bei Homomorphismen. Fiir einen Homomorphismus «
bezeichnen wir mit ch(a) das entsprechende Element der bivarianten zyklischen Theo-
rie.
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KOROLLAR 6.8 FEs existiert ein eindeutig bestimmter (kovarianter) Funktor ch :
kko — HP°, so dass ch(kk(a)) = ch(a) € HP°(,B) fiir jeden Homomorphismus
a A — B zwischen m-Algebren.

Beweis: Die Eigenschaften (E1) und (E2) sind fiir die beiden Variablen von H P°
seit langem bekannt und im wesentlichen schon von Connes in [Co] bewiesen. Der
Nachweis von Eigenschaft (E3) gelang in [CuQu2]. q.e.d.

Der Chern-Connes-Charakter ch ist also eine bilineare multiplikative Transfor-

mation von kko nach HP°. Offensichtlich respektiert er auch das duBlere Produkt auf
kko aus 4.3 (b), bzw. auf H PP, siehe [CuQu2, p.86]. Es bleibt noch die Aufgabe, ch zu
einer multiplikativen Transformation von der Z/2-graduierten Theorie kk, nach H P*
auszudehnen und die Vertriglichkeit von ch mit der Randabbildung in den langen
exakten Folgen zu untersuchen.
Wenn E: 0 —» T — A — B — 0 eine linear zerfallende Erweiterung ist, schreiben wir
wie in [CuQu2] ¢ fiir die Randabbildung HP!(J,®) — HP~1(%8B,D) in der ersten
Variable und ¢’ fiir die Randabbildung HP!(D,®B) — HP™1(D,7) in der zweiten
Variable. Weiter schreiben wir im folgenden 1y fiir ch(idg) € HPO(A, ).

Man rechnet leicht nach, dass §'(1s) = —d(13), sieche [CuQu2,5.4]. Wie in [CuQu2]
bezeichnen wir dieses Element von HP'(%8,7) mit ch(E).

Ein Teil des folgenden Satzes wurde in etwas anderer Weise schon in [Nil], [Ni2]
bewiesen. Der Faktor 27 beim Vergleich der Periodizitdtsabbildungen in der K-
Theorie und der zyklischen Homologie wurde an verschiedenen Stellen in der Literatur
bemerkt, [Col], [Pu], [Nil].

SATZ 6.9 Wir betrachten die Finhdngungserweiterung
E,: 0—C(0,1) - C(0,1] = C—0
und die Toeplitzerweiterung
E, : 08> T—=C®St—0

sowie die Einbettungsabbildungen j : C(0,1) — C*S* und ¢ : C — &. Mit dem Produkt
in HP* gilt die folgende fundamentale Beziehung

ch(E,) - ch(j) - ch(Es) = %ch@)

Beweis: Wir benutzen kanonische dichte Unteralgebren von C(0,1),C>*S!, & und T
sowie ihre algebraische periodische zyklische Homologie H Py 9 AuBerdem benutzen
wir, wenn B eine dieser Algebren ist, die Homologie H X, (B) des X-Komplexes

X(B) : B % QY(B)y
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Wir haben zwei grofle kommutative Diagramme, wo die horizontalen Abbildungen
alle Isomorphismen sind und die Spalten exakte Folgen mit 6 Termen

\ \ \
HP.(R)  +— HP™(M,) —  HX.(My)
\ \ \
HP,(3) <+~ HPMU(,w)) — HX.(U(,w))
\ \ \
HP,(C®(SY) +— HPM™(Clz,27Y) — HX.(Clz,27Y)
\ \ \

Die Folge in der rechten Spalte ist exakt, weil M., H-unital und damit HX.(M)
isomorph zu der Homologie H X, (M : U(v,w)) des relativen X-Komplexes ist, vgl.
[Wo]. Der Isomorphismus H Py lg (M) 2 HX,(My) gilt, weil Mo, quasifrei ist, siehe
[CuQul,5.4]. Die Abbildungen in der mittleren Zeile sind Isomorphismen nach dem
5-Lemma. Das zweite Diagramm ist das folgende

\ \ \
HP,(CF(0,1)) «— HPYM(t—12)C[]) — HX.((t—t2)C[Y:tC[t])
\ \ \
HP,(CP(0,1]) +— HPM(tClt)) = HX,(tC[t])
\ \ \
HP,(C) & HPM(C) = HX,(C)
\ \ \

Hierbei bezeichnen C3°(0,1] und Cg°(0,1) die Algebren der glatten Funktionen auf
[0,1], die bei 0, bzw. bei 0 und 1 verschwinden (ohne Bedingung an die Ableitun-
gen) und HX,((t — t?)C[t] : tC[t]) bezeichnet wieder die Homologie des relativen
X-Komplexes. Die Isomorphismen in der ersten Zeile gelten nach dem 5-Lemma.
Um die Randabbildungen in der Toeplitz- und Einhdngungserweiterung in der Spalte
ganz links zu bestimmen, geniigt es daher, die Randabbildungen in der Spalte ganz
rechts zu berechnen. Dies ist aber sehr einfach. Nach Definition geniigt es, jeweils Ur-
bilder fiir die Repréisentanten einer Klasse in dem Komplex in der Mitte zu finden und
dann den Randoperator des X-Komplexes darauf anzuwenden. Dies ergibt Elemente
des relativen Komplexes, die das Bild unter der Randabbildung darstellen.

Fangen wir mit dem Erzeuger von HX,(C) an. Er wird durch 1 € C reprisentiert.
Ein Urbild in X, (¢C[t]) ist t. Unter dem Randoperator d geht dies auf f(dt) € Q' ((t —
t2)Clt] : tC[t])p

Die Klasse von f§(dt) wiederum entspricht unter den Identifizierungen

HX:((t — t2)C[t] : tC[t]) + HPM ((t — 12)C[t]) — HP(CL(0,1)™)
— HP(C>(S')) «+ HX:(Clz, 27 1))

der Klasse von f(3--27'dz). In der Tat ist z = €™ und in den Differentialformen
iiber S! ist z7'dz = 27widt (man beachte, dass HP;(C*°(S')) durch die de Rham
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Kohomologie von S* gegeben ist). Ein Urbild fiir (2~ 1dz) in X3 (U (v,w)) ist §(wdv).
Unter der Randabbildung des X-Komplexes wird f(wdv) auf b(wdv) = wv —vw =e
abgebildet. q.e.d.

Fiir den speziellen Fall der universellen Erweiterung
E,: 0= JA—-TA—-A—=0

setzen wir

zy = ch(E,) = ' (19) = —6(1y9) € HP' (A, JA)

Die Randabbildungen 6 und ¢’ in der universellen Erweiterung sind durch Links-
und Rechtsmultiplikation mit zg gegeben. Die Tatsache, dass § und ¢’ fiir die uni-
verselle Erweiterung Isomorphismen sind, impliziert sofort, dass zg invertierbar ist
(es existieren Elemente y und 3y’ in HP'(J2, Q) so dass 6(y) = =y -y = lg und
(') =y -xq = lyyu). Falls 0 und ¢’ wieder die Randabbildungen in den exak-
ten Folgen zu einer beliebigen Erweiterung £ : 0 - J — A — B — 0 sind und
a : JB — J die klassifizierende Abbildung, so gilt wegen der Natiirlichkeit der Ran-
dabbildung, dass

5(15) =z - ch(a) 8 (1) = ch(a) - rs (12)

d.h. also ch(E) = xy - ch(a), siehe auch [CuQu2, 5.5]. Weiter gilt fiir jeden Homo-
morphismus a : JA — B

ch(a) -z = o - ch(J(a)) (13)

SATZ 6.10 Sei e : J?A — AR die kanonische Abbildung. Dann gilt

1
Ty -2y - ch(e) - ch(t) ™! = 3 1y

Beweis:  Wir betrachten zuerst den Fall 2l = C. Die Abbildung ¢ kann geschrieben
werden als € = &3 0 J(j) o J(e1), wo €1 : J(C) — C(0,1) und 2 : J(C™®S) — & die
klassifizierenden Abbildungen fiir die Einhéngungs- und fiir die Toeplitzerweiterung
sind und j : C(0,1) — C*S* die Einbettungsabbildung bezeichnet. Daher

Xy - Tya - ch(e) = xo - ch(er) - ch(j) - o - ch(ez) = ch(Ey) - ch(j) - ch(E;)

Die erste Gleichung gilt nach (13) und die zweite folgt aus (12). Die Behauptung fiir
2 = C reduziert sich daher auf Satz 6.9.

Fiir allgemeines 2 gilt unter Verwendung des dufleren Produkts in HP* (siehe [Cu-
Qu2, p.86))

T o ch(en) - ch(ia) ™t = (zc ® 1a) - (zyc ® 1a) - (ch(ec) ® 1g)
~ (wc - wac - chlec) - ch(ic) ™) @ Ta = ok 1

271
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Sei jetzt u ein Element in kk1 (2, B). Nach Definition ist kk1 (A, B) = kko(JA, B).
Sei ug das Element in kko(J2, 9B), das u entspricht. Wir setzen

ch(u) = V2mi g - ch(uo) € HP'(,B)

SATZ 6.11 Der so definierte Chern-Connes-Charakter ist multiplikativ, d.h. fir u €
kki(A,B) und v € kk; (B, €) gilt

ch(u-v) = ch(u) - ch(v)
Beweis: Der einzig wirklich neue Fall ist ¢ = j = 1. Wir haben nach Lemma 6.9
ch(u) - ch(v) = 2mi xg - ch(ug) -z - ch(vg) = 2mi To - T yor - ch(J(ug)) - ch(vg)
und andererseits nach Definition von ch im geraden Fall
ch(u-v) = ch(t) - ch(e) ™" - ch(J(uo) - vo)

Die beiden Ausdriicke stimmen nach Satz 6.10 iiberein. q.e.d.

Insbesondere ist der Chern-Connes-Charakter auch mit den Randabbildungen in den
langen exakten Folgen in kk, und H P*, die mit einer linear zerfallenden Erweiterung

(E) 0=-T=A=B—=0

von m-Algebren assoziiert sind, (bis auf den Faktor v/27i und moglicherweise ein Vor-
zeichen) vertriglich: Die klassifizierende Abbildung J9B — 7 ergibt Elemente kk(FE) €
kk1(%B,7) und ch(FE) € HP'(%,7). Nach Definition gilt v/2rich(E) = ch(kk(E)). Die
Randabbildungen in den langen exakten Folgen in kk und H P sind laut Theorem 5.5
und [CuQu, 5.5] bis auf ein Vorzeichen durch Multiplikation mit kk1(E) bzw. ch(E)
gegeben.

Wir diskutieren jetzt zum Schluss noch den Zusammenhang mit dem Chern-
Connes-Charakter, der fiir p-summierbare Fredholm- und Kasparovmoduln von
Connes, Nistor und anderen konstruiert wurde, [Co], [Nil].

SATZ 6.12 Gegeben seien m-Algebren J und A. Wir nehmen an, dass stetige Abbil-
dungen o :J — A und p: ARA — T mit folgenden Figenschaften existieren:

(a) oo ist die Multiplikation auf
(b) po(a® a) ist die Multiplikation auf J

(insbesondere ist also a(J) ein Ideal in A mit A* C a(J)). Dann ist kk(a) ein inver-
tierbares Element in kko(J,2).

Beweis: Das Inverse zu kk(«) ist durch die Zusammensetzung der Toeplitzerweite-
rung mit der folgenden Erweiterung bestimmt

0—73(0,1) = 3(0,1)+ At = A —0 (14)

Die m-Algebra J(0, 1)+2l¢ ist folgendermafien definiert. Als lokalkonvexer Vektorraum
ist sie einfach die direkte Summe von J(0,1) und 2. Das Symbol ¢ bezeichnet die
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identische Funktion auf [0, 1]. Die Elemente von 2t werden als Funktionen auf [0, 1]
mit Werten in 2, die Vielfache dieser Funktion mit Elementen von 2 sind, aufgefasst.
Die Multiplikation auf dem ersten Summanden ist die von J(0, 1). Das Produkt einer
Funktion f in J(0,1) mit einem Element xt € 2t ist u(a(f) ® xt) (wir setzen hier p
und « kanonisch auf Funktionen fort). Das Produkt von at und yt in dem zweiten
Faktor ist definiert als u(z ® y)(t? —t) + au(r ® y)t, wobei der erste Summand in
J(0,1) und der zweite in At liegt. Man priift sofort nach, dass mit diesen Definitionen
J(0,1) + 2t eine m-Algebra ist.

Die Erweiterung (14) ist dann offensichtlich linear zerfallend und definiert ein Element
w in kk1(2(,3(0,1)). Wir miissen nachweisen, dass das Produkt von u mit « in beide
Richtungen die kanonischen Abbildungen J2 — 2A(0,1) und JJ — J(0,1) ergibt.
Betrachte hierzu das folgende kommutative Diagramm

0— 3(0,1) — 3(0,1] — J —0
1id lid+a la

0— 3J(0,1) — 30,1)+2% — A —0
Lo Lo I

0— 2(0,1) — A(0,1] — A —0

Man beachte, dass die in der offensichtlichen Weise definierte Abbildung id 4+ « nach
Bedingung (b) ein Homomorphismus ist. Der obere Teil des Diagramms zeigt nach
Lemma 3.3, dass das Produkt kk(a) - u durch die Einhingungserweiterung von J
représentiert wird, wéhrend der untere Teil zeigt, dass u - kk(a) die Einh&ngungser-
weiterung von 2 ist. q.e.d.

Wir kénnen dieses Resultat nun anwenden auf die Schattenideale (P = (P(H).
Betrachte allgemeiner den Fall, wo J = @B und 2 = (4&DB fiir eine beliebige m-
Algebra 98 und p < g < 2p. Die Abbildungen o und p ergeben sich durch die Inklusion
¢? — ¢9 und die Multiplikationsabbildung £96¢9 — (7.

Satz 6.11 zeigt, dass £PQB und L4&B dquivalent in kko und damit auch in H PP sind.

Durch Iteration ist P®B dquivalent zu £' @B fiir jedes p > 1. Andererseits ist 1B
in HP, #quivalent zu 9B, siehe etwa [Ga]. Wir erhalten also

KOROLLAR 6.13 Die m-Algebra (PQB ist in HP, dquivalent zu B fiir jedes p >
1. Der Chern-Connes-Charakter gibt eine Transformation ch®) : kk. (2, (P&B) —
HP*(A,B) mit der Figenschaft, dass

ch®)(z - k(1)) = ch(x) fir z € kk.(2,B)
wo 1(P) die kanonische Inklusion B — (P&DB bezeichnet.
Durch Vergleich der funktoriellen Eigenschaften [Nil, Theorem 3.5] sieht man oh-

ne weiteres, dass dieser Chern-Connes-Charakter mit dem von Connes und Nistor
konstruierten Charakter iibereinstimmen muf.
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7 VERGLEICH MIT DER TOPOLOGISCHEN K-THEORIE

Wir untersuchen in diesem Abschnitt den Spezialfall des Funktors kk, wo die erste
Variable trivial ist, d.h. also kk.(C,-). Wir zeigen, dass dieser Funktor mit der to-
pologischen K-Theorie iibereinstimmt - im wesentlichen, wann immer diese definiert
ist. Dazu benutzen wir die von Phillips eingefiihrte Theorie [Ph], die die topologische
K-Theorie fiir die bisher wohl grofite Klasse von lokalkonvexen Algebren, nédmlich fiir
m-Algebren, die gleichzeitig Fréchetalgebren sind, definiert. Dies hat fiir uns den Vor-
teil, dass diese Theorie es erlaubt, den Funktor K, direkt auch auf Algebren vom Typ
J"C usw., die die Grundlage unserer Theorie bilden, anzuwenden. Dies vereinfacht
den Beweis fiir Theorem 7.4 (selbst im Fall 20 = C) bedeutend. Wir skizzieren am En-
de des Abschnitts kurz, wie Theorem 7.4 ohne Verwendung der Theorie von Phillips
fiir spezielle Fréchetalgebren, namlich abgeleitete Unteralgebren von Banachalgebren
bewiesen werden kann. Damit erhdlt man einen neuen Zugang zur K-Theorie von
m-Algebren, indem man einfach K, () = kk.(C,2) setzt.

Wie Phillips verstehen wir in dieser Arbeit unter Fréchetalgebren immer Fréchet-
algebren, die auch m-Algebren sind, d.h. also vollsténdige lokalkonvexe Algebren,
deren Topologie durch eine abzdhlbare Familie von submultiplikativen Halbnormen
bestimmt ist.

Mit einer Fréchetalgebra 2 assoziiert Phillips in [Ph] die folgende abelsche Gruppe:

Ko(2) = { [e] | e ist ein idempotentes Element in

N A 1
M;(RQA™) so dass e — ( é 8 ) € Ma(R&2)} (15)
Hierbei bezeichnet, wie iiblich A&~ die Algebra, die man erhilt, wenn man zu KU
eine Eins adjungiert.

Phillips verwendet die Bezeichnung “RKj” fiir diese Gruppe. Uns erscheint die Be-
zeichnung K, angemessener, da diese Theorie die iibliche topologische K-Theorie von
der Kategorie der Banachalgebren auf die der Fréchetalgebren verallgemeinert. Wir
setzen auch K; () = Ko(2(0,1))

In (15) bezeichnet [e] die Homotopieklasse von e. In [Ph] wird gezeigt, dass zwei
idempotente Elemente e und €’ in My(R®A™), wie sie in (15) betrachtet werden,
homotop sind, genau dann, wenn sie konjugiert und damit auch diffeotop sind. Wir
kénnen also in (15) die Homotopieklasse [e] durch die Diffeotopieklasse (e) ersetzen.
Weiter wird in [Ph] gezeigt, dass der Funktor K,, * = 0,1 auf der Kategorie der
Fréchetalgebren die folgenden Eigenschaften hat:

(a) K. ist diffeotopie- und homotopieinvariant

(b) K, ist stabil in dem Sinn, dass fiir jede Fréchetalgebra 2 die Inklusionsabbildung
A — AR K einen Isomorphismus in der K-Theorie induziert.

(c) Jede Erweiterung

07 -5a Lm0
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von Fréchetalgebren (d.h. die Folge ist exakt und ¢ ist eine Quotientenabbildung)
induziert exakte Folgen in K, der folgenden Form:

Ko@) 29 ko) Y9 k()
0 1
Kl(‘l)

0

Kl(%) — Kl(Ql) Kl(j)

(d) Falls 2 eine Banachalgebra ist, so stimmt K, () mit der iiblichen topologischen

K-Theorie von 2 iiberein.

Fiir weitere Einzelheiten verweisen wir auf [Ph].

Wir betrachten jetzt die Algebra QC und bezeichnen mit e, € die beiden Erzeuger

e = 1(1),& = ¢(1)). Nach 6.3 gilt Z = Ky(qC) C Ko(QC) = Z>. Der Erzeuger von
Ky (¢C) ist mit der oben angegebenen Definition von Ky fiir Fréchetalgebren gegeben
durch die Diffeotopieklasse des idempotenten Elements p in My (f8&gC™):

et 0 et e
p—W<0 . w wo W = : &l

mit e+ = 1 — &. Wir setzen auch

-(52)

Man beachte, dass p — p € Ma(f®qC) C M2(R®QC™) und dass daher [p] — [p] €
Ko(R®qC) C Ko(R2QC).

LEMMA 7.1 Es sei ¢ : qC — My(8&qC) die Einschrinkung des Homomorphismus
QC — My(RRQC™), der e auf p und & auf p abbildet. Dann ist ¢ diffeotop zu der
Inklusionsabbildung  : qC — Ma(8&qC).

Beweis: Seiv; : qC — My (8%qC),t € [0, /2] die Einschriinkung des Homomorphis-
mus 7; : QC = M, ((R®QC)™) der durch

gegeben ist, wo

,l — — .
e 0 ecost esint
Wi = < 0 et >+ < —esint écost )

Fiir jedes ¢ liegt die Differenz v, (e) — 7, (€) in dem Ideal Ms(&&®qC)). Daher definiert
~¢ eine Diffeotopie, die ¢ mit ¢ verbindet. q.e.d.
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SATZ 7.2 Fiir jede Fréchetalgebra A gilt
Ko(2) = (¢C, 852)

Beweis: ~ Wir definieren die Abbildung 6 : (qC, R®2) — Ky() in der folgenden
Weise: Sei 1 : qC — AR ein stetiger Homomorphismus. Wir bezeichnen mit z den
Erzeuger von K(qC) 2 Z und setzen 0({n)) = Ko(n)(z). Wir zeigen, dass 6 surjektiv
und injektiv ist.

Die Surjektivitat ist offensichtlich, da jedes Element w von Ky nach Definition durch
ein idempotentes Element r in My(R®2A™) gegeben ist und daher einen Homomor-
phismus 7 : QC — A&A~ bestimmt, der e auf r und € auf p (p wie oben) abbildet.
Die durch 7 induzierte Abbildung bildet die durch e und é bestimmten Klassen u und
@ in Ko(QC) auf [r] und [p] in Ko(2A) ab. Wenn daher 7 die Einschrénkung von 7 auf
gC bezeichnet, so bildet Ky(n) den Erzeuger z = u — @ von Ky(¢C) C Ko(QC) auf
[r] = [p] = [r] € Ko(2) ab.

Um die Injektivitdt zu beweisen, benutzen wir Lemma 7.1. Nehmen wir an, dass 11,72 :
qC — A®2A Homomorphismen sind, so dass Ko(n1)(z) = Ko(n2)(2). Das bedeutet,
dass die Bilder r; und 72 des vor 7.1 definierten Idempotenten p unter Mo (idﬁ@mf)
und Mz (idg®n5’) in Ma(RRA™) konjugiert durch ein invertierbares Element w sind.
Dieses Element w kann sogar durch eine differenzierbare Familie wy,t € [0, 1] mit 1
verbunden werden, so dass 1 —w; € Ma(R&®2) fiir alle t.

Es seien nun 717,75 : ¢C — A®2 die Homomorphismen ¢qC — A®, die durch Ein-
schriankung der Abbildungen von QC, die e auf r; bzw. 2 und € auf p abbilden, ent-
stehen. Nach Lemma 7.1 ist 7} = Ma(idg®n7’) o ¢ diffeotop zu m1 = Ma(idg®n;) ot
und 7} diffeotop zu 7. Andererseits definiert die Familie ¢4, ¢ € [0, 1] von Homomor-
phismen ¢C — A®2, die durch Einschrinkung der Abbildungen von QC, die e auf
wyriw_y entstehen, eine Diffeotopie, die 7} mit 15 verbindet. q.e.d.

Fiir eine beliebige m-Algebra 2 hatten wir in 2.5 die folgende linear zerfallende
Erweiterung betrachtet:
0—¢A(0,1) > ¢ —=A—0

Wenn wir die klassifizierende Abbildung J° — ¢2(0,1) mit der Toeplitzerweiterung
0 — R&¢A — TrRqA — ¢2(0,1) — 0

kombinieren, so erhalten wir eine Abbildung ¢’ : J?A — A®q.

LEMMA 7.3 Sei 6 : ¢ — 2 die kanonische Auswertungsabbildung (mit den Bezeich-

nungen von 1.3 ist § die Restriktion von id+0 ). Dann ist die Komposition (idg®d)o¢’
diffeotop zu € : J?A — KA.

Beweis: Dies ergibt sich mit Hilfe von Lemma 3.3 aus dem folgenden kommutativen
Diagramm

0— q2(0,1) — € — A —0
16(0,1) N I
0— 2A(0,1) — 2A[0,1) — A —0

wo 1) die Restriktion von (id* 0)[0, 1] : Q[0, 1] — 2A[0, 1] auf & C QU[0, 1] ist. g.e.d.
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THEOREM 7.4 Fiir jede Fréchetalgebra A sind die Gruppen kk.(C,2) und K,
natirlich isomorph.

Beweis: ~ Wir kénnen annehmen, dass * = 0. Der Fall * = 1 ergibt sich durch
Ersetzung von 2 durch die Einhéngung (0, 1).

Die Existenz der gewiinschten Abbildung kk.(C,2) — K, ergibt sich fiir x = 0
als Spezialfall aus 6.5. Um den Isomorphismus zu beweisen, miissen wir aber die
Abbildung in systematischer Weise explizit konstruieren.

Nach Korollar 6.5 ist Ko(e) : Ko(J?"C) — Ko(C) ein Isomorphismus. Aus Satz
7.2 erhalten wir also Z = Ko(C) = Ko(J?"C) = (¢qC, R®J?"C), wobei der zweite
Isomorphismus durch ¢ induziert ist. Sei dann

Bn : qC = ARJ*"C

der bis auf Diffeotopie eindeutig bestimmte Homomorphismus, der dem Erzeuger von
Z unter diesem Isomorphismus entspricht, d.h. (3,) = Ko(e™)~1(1).

Andererseits sei o, : J2"C — R&qC der Homomorphismus, der sich durch Komposi-
tion von e"~! : J?"C — A®J2C mit der Abbildung ¢’ : A2J2C — A®qC aus Lemma
7.3 ergibt.

Lemma 7.3 zeigt dann, dass (idg®d) o o, diffeotop zu ™ ist.
Nach Lemma 6.3(b) ist Ko(d) : Ko(¢C) — KoC ein Isomorphismus. Da

Ko(idg®9) o Ko(an) o Ko(B,)

nach Konstruktion der Isomorphismus Ky (d) : Ko(¢C) — KoC ist, folgt daher nach
Satz 7.2, dass o, o 3, diffeotop zur Inklusion ¢ : ¢C — R®qC ist und dass " o 3,
diffeotop zu 10§ : qC — R ist.

Wir kénnen jetzt die Isomorphismen zwischen kkq(C, () und K2 in beide Richtungen
explizit angeben. Die Abbildung o : Ko — kko(C,2l) bildet () € (¢C, R&2A) auf
die Klasse von (idg ® ) o ay, @ J?"C — A®A in kko(C,2) ab. Die umgekehrte
Abbildung 37 : kko(C,A) — Ko2 ist folgendermaBen definiert: Sei 1 : J2"C — KA
ein Reprisentant fiir ein Element h in kko(C, ). Wir setzen dann 87 (h) = (no3,) €
(qC, A®2). Nach Konstruktion von 3, hingt diese Diffeotopieklasse nicht von der
Auswahl des Reprisentanten 7 ab, und 37 (h) ist daher wohldefiniert. Aus der obigen
Diskussion folgt sofort, dass 87 o ol = id.

Um die Komposition a” o 87 zu berechnen. benutzen wir wieder das Hauptlemma
3.10 und sein Korollar 3.11, d.h. im Grund das Produkt in kk. Sei h ein Element
von kko(C,2l), das durch einen Homomorphismus 7 : J?"C — A& reprisentiert ist.
Nach Korollar 3.11 sind die folgenden beiden Kompositionen diffeotop

(idg®7) 0™ 0 J*"((ida® Bn) 0 o) ~ (idg® n)((idg ® ™) 0 B 0 On)2n

(unter Verwendung der Bezeichnungsweise t; : JItEQA — RQJIB fiir ¢ : JFA —
A®B, die vor Lemma 4.2 eingefiihrt wurde). Da ™ o J2"(p) = ¢ o ™ fiir alle ¢,
repriisentiert die erste Komposition a’ o 87'(h). Da andererseits " : J2"(J?"C) —
A®J*"C, wieder nach Korollar 3.11, diffeotop zu ("), ist und weil € o 3, 0 a, ~ €,
reprisentiert die zweite Komposition gerade h. Damit ist gezeigt, dass T o g7 = id.
q.e.d.
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Wie schon in der Einleitung erwahnt, kann Theorem 7.4 fiir abgeleitete Unteralgebren
von Banachalgebren (im Sinn von 1.6) ohne Verwendung der Theorie von Phillips
direkt bewiesen werden. Wir skizzieren kurz, wie man vorzugehen hat.

Die Topologie auf J2"C ist gegeben durch die Familie von submultiplikativen Normen,
die auf T?"C durch die Vielfachen der kanonischen Norm auf C induziert werden.
Jeder stetige Homomorphismus ¢ von J2?"C in eine abgeleitete Unteralgebra einer
Banachalgebra A ist stetig fiir eine dieser Normen und setzt sich daher auf die ent-
sprechende Vervollstindigung B von J2"C fort. Nach Lemma 1.6.5 ist ¢ dann auf
einer abgeleiteten Unteralgebra % von B definiert. Die K-Theorie dieser abgeleiteten
Unteralgebra ist wohldefiniert und stimmt mit der von B iiberein.

Insbesondere kann das auf den stetigen Homomorphismus ¢ : J?"C — £ angewendet
werden und wie in Korollar 6.5 sieht man sofort, dass ¢ einen Isomorphismus Ky (8) —
Ko (R) induziert.

Der Beweis von Satz 7.4 benutzt nur die Definition der K-Theorie durch Diffeo-
topieklassen von Idempotenten in M, (R®2)™, die fiir abgeleitete Unteralgebren in
derselben Form gilt.

Schliefllich k6nnen Homomorphismen von gC ebenso behandelt werden wie die von
J?"C und auf abgeleitete Unteralgebren von Banachalgebravervollstindigungen fort-
gesetzt werden. Die Homomorphismen «,, und (3, im Beweis zu Theorem 7.4 kénnen
dann als Homomorphismen zwischen solchen Vervollstindigungen (die aber von dem
gegebenen Homomorphismus 1 abhéngen) konstruiert werden.

8 VERGLEICH DER FILTRIERUNGEN IN kk UND HP.

Fiir beliebige m-Algebren 2 und B gilt kko(2A,B) = kko(A, J*B), vel. 4.5, und
(A, RRB) = (RRA, AXB) (als Konsequenz aus 1.4.1). Hieraus ergibt sich die folgende
alternative Definition von kkg

kko(2A,B) = lim (lim (RRJ*"2A, RRJ*™B))
e

Damit erhalten wir eine sehr einfache Beschreibung des Produkts in kkg, das ndmlich
genau wie das Produkt von Morphismen zwischen Pro-Objekten definiert ist. Die
Wohldefiniertheit und Assoziativitit des Produkts ist dann vollig offensichtlich.

Die obige Beschreibung von kkg ist nun aber auch formal fast genau analog zur De-
finition der bivarianten periodischen zyklischen Homologie. Wir erinnern daran, dass
diese in der folgenden Weise definiert werden kann

HP*(21,B)) = H({%n (h_:>n Hom(X(J)™, X(JB) )))
siehe [CuQu2,3.2]. Der wichtigste Unterschied in den Formeln fiir kko und H P* ist die
Tatsache, dass einmal die durch Iteration des J-Funktors erhaltenen Algebren J™
und J™%B benutzt werden und das andere Mal die Potenzen (J2)™ und (J9B)™.

Wenden wir uns jetzt wieder der Definition von kk. (2, %), wie sie in 4.1 gegeben
wurde, zu. Diese fithrt unmittelbar zu einer natiirlichen aufsteigenden Filtrierung
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durch die Bilder von (J?"*2( R&B) in

kk. (A, B) = lim (J?" 2L, RQB)
B

n

Auf der anderen Seite besitzt die periodische zyklische Kohomologie H P*(2() und das
Bild der bivarianten Jones-Kassel Theorie in HP*(2(,B) eine natiirliche Filtrierung
durch die Bilder von HC™. Da die Filtrierungen von kk, und HP* beide mit dem
Produkt vertréglich sind, und der Chern-Connes-Charakter multiplikativ ist, werden
die Filtrierungen unter dem Charakter wenigstens teilweise erhalten. Man kann etwa
eine Unterhalbgruppe ext. (2, B) von kk. (2, B) einfithren, die aus allen Yonedapro-
dukten von Erweiterungen von dem Typ, wie sie in [Nil] betrachtet werden, besteht.
Diese Unterhalbgruppe tréigt eine natiirliche Filtrierung. Die Konstruktion aus [Nil]
zeigt, dass die Filtrierung unter dem Chern-Connes-Charakter erhalten wird.

Fiir beliebige Element von kk andererseits zeigt Satz 6.12 durch Iteration, dass eine
natiirliche Abbildung J?*t' — A&(JA)?" existiert. Dies legt nahe, dass im allge-
meinen in gewissem Sinn die Ordnung der Filtrierung auf kk dem Logarithmus der
Ordnung der Filtrierung auf HP*, d.h. dem Logarithmus der Dimension entspricht.
Eine genauere Untersuchung bleibt einer weiteren Arbeit vorbehalten.

Als letztes bemerken wir, dass auch bei der Definition der K-Theorie noch interessante
Variationen moglich sind. Wir kénnen etwa setzen

En(2) = lim (J*"C, R&J*A)
W
Ein Argument wie im Beweis zu Theorem 7.4 zeigt, dass fiir n > 1 jeweils

(JPRHINC RQTRA) = (qC, ROT*FA) = Ko, (A)

Fiir negative n ist also k, periodisch und stimmt mit der K-Theorie iiberein. Fiir
positive n ergibt sich eine Art konnektiver K-Theorie, vgl. [Se], [Ro] mit einer Peri-
odizitdtsabbildung k() — k,—2(2), die durch & induziert wird.
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ABSTRACT. We prove that a projective manifold of dimension n = 2 or
3 and Kodaira dimension 1 has a numerically effective cotangent bundle if
and only if the Iitaka fibration is almost smooth, i.e. the only singular fibres
are multiples of smooth elliptic curves (n = 2) resp. multiples of smooth
Abelian or hyperelliptic surfaces (n = 3). In the case of a threefold which is
fibred over a rational curve the proof needs an extra assumption concerning
the multiplicities of the singular fibres. Furthermore, we prove the following
theorem: let X be a complex manifold which is hyberbolic with respect
to the Carathéodory-Reiffen-pseudometric, then any compact quotient of X
has a numerically effective cotangent bundle.

1991 Mathematics Subject Classification: 32C10, 32H20

INTRODUCTION

It is a natural question in algebraic geometry to classify manifolds by positivity prop-
erties of their tangent resp. cotangent bundles. The first result of this kind was
obtained by Mori who solved the Hartshorne-Frankel conjecture [Mo]: every projec-
tive n-dimensional manifold with ample tangent bundle is isomorphic to the complex
projective space P,. A degenerate condition of ampleness is numerical effectivity. A
line bundle L on a projective manifold X is called numerically effective (abbreviated
“nef”) if L.C > 0 for all curves C' C X. A vector bundle E is said to be nef if the
tautological quotient line bundle Opgy(1) on P(E), the projective bundle of hyper-
planes in the fibres of F, is nef.

Taking the Hartshorne-Frankel conjecture as a guideline, Campana and Peternell
considered projective manifolds whose tangent bundles are nef and classified them in
dimension 2 and 3 [CP]. For dimension 3 this has been done by Zheng [Zh] too. In
general, for arbitrary compact complex manifolds the “nefness” of the tangent bundle
leads to strong structural constraints [DPS].

The purpose of this paper is to investigate some aspects of manifolds X whose cotan-
gent bundles Q% are nef. In the first part we will give a characterization of 2 and 3
dimensional manifolds with Kodaira dimension x(X) = 1 and nef cotangent bundle.
We will prove:
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THEOREM 1 Let X be a minimal projective manifold of dimension n = 2 or 3 with
k(X)) =1 and let 7 : X — C be the Iitaka fibration of X. Then the following
conditions are equivalent:

(i) Q% is nef.

(ii) 7 is almost smooth, in the sense that the only singular fibres of © are multiples of
smooth elliptic curves (n = 2) resp. Abelian or hyperelliptic surfaces (n = 3).

e Fzxception: To prove (ii)=-(i) in the case n = 3 and g(C) = 0 we need the assumption
that > m;n—jl > 2, where the m; are the multiplicities of the singular fibres.

o The equivalence of (i) and (ii) holds also for compact Kahler surfaces.

This theorem generalizes a result of Fujiwara [Fu] who worked in arbitrary dimension
but under the stronger assumption that Q% is semi-ample, i.e. that some power of
Op(a1)(1) is globally generated. The implication (i) = (ii) relies on the topological
constraints, namely the Chern class inequalities, which hold, when the cotangent
bundle is nef. To prove (ii) = (i) we will proceed in two steps. First, we will show
that the assertion is true for a smooth fibration. This follows basically from Griffiths’s
theory on the variation of the Hodge structure. Then, we will study the base-change
which reduces an almost smooth fibration to a smooth one and show that this process
allows to carry over the “nefness” of the cotangent bundle.

In fact, we will prove in any dimension that a projective manifold has a nef cotangent
bundle if (a) it admits a smooth Abelian fibration over a manifold with nef cotangent
bundle or (b) it admits an almost smooth Abelian fibration over a curve C such that
either (i) g(C) > 1 or (ii) g(C) =0 and > m:n_:l > 2.

We remark that the fibres F' of the Iitaka fibrations in Theorem 1 are paraAbelian
varieties, i.e. there exists an unramified cover T' — F where T is an Abelian variety.
In view of this, we expect in any dimension that a manifold with Kodaira dimension
1 has a nef cotangent bundle if and only if the Iitaka fibration is almost smooth with
para-Abelian fibres.

In the second part of this paper we consider complex manifolds X which are hyperbolic
with respect to the Carathéodory-Reiffen pseudometric. We will show :

THEOREM 2 Let X be a compler manifold which is hyperbolic with respect to the
Carathéodory-Reiffen pseudometric and let Q be a compact quotient of X with respect
to a subgroup of the automorphism group of X which operates fixpointfree and properly
discontinuously. Then Qé is nef.

In particular, any compact quotient of a bounded domain G C C™ possesses a nef
cotangent bundle. Since the canonical bundle of such a quotient is ample, this yields
a class of manifolds with maximal Kodaira dimension and nef cotangent bundle.

To prove theorem 2 we apply the technique of singular hermitian metrics which
was developed by Demailly. The Carathéodory-Reiffen pseudometric of X defines a
Finsler structure on the tangent bundle of @) and this gives us a singular hermitian
metric on OP(Qé)(l). The hyperbolicity of X guarantees that this metric is contin-
uous and that the associated curvature current is positive. These conditions imply
that OIPJ(QIQ)(I) is nef.

Acknowledgments: 1 would like to thank M. Schneider and Th. Peternell for
their help and encouragement.
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1 BASIC DEFINITIONS AND PROPERTIES

Let X and Y be compact complex manifolds and let L be a holomorphic line bundle
on X.

DEFINITION 1 (i) When X is projective, L is said to be nef, if L-C = [, c1(L) >0
for every curve C in X.

(ii) Let X be an arbitrary compact complex manifold equipped with a hermitian metric
w. Then L is said to be nef, if for all € > 0 there exists a smooth hermitian metric
he on L such that the associated curvature form satisfies

O (L) > —€-w.

(iii) Let E be a holomorphic vector bundle on X and P(E) the projective bundle of
hyperplanes in the fibres of E. Then we call E nef over X, if the tautological quotient
line bundle Op(g)(1) is nef over P(E).

We will frequently use the following propositions which are proved in [DPS].

PROPOSITION 1 Let f : Y — X be a holomorphic map and let E be a holomorphic
vector bundle over X. Then E nef implies f*E nef, and the converse is true if f is
surjective and has equidimensional fibres.

PROPOSITION 2 Let E and F' be holomorphic vector bundles. Then
(i) E,F nef = E® F nef.
(ii) E nef = det(E) nef.

PROPOSITION 3 Let 0 - FF — E — @Q — 0 be an exact sequence of holomorphic
vector bundles. Then

(i) E nef = Q nef.

(ii) F,Q nef = E nef.

Proposition 1 immediately implies

PROPOSITION 4 Let Y be a finite unramified covering of X. Then Q% is nef if and
only if Q3 is nef.

A fibration of X over Y is a surjective holomorphic map 7 : X — Y whose fibres are
connected. A point z € X is said to be critical if the tangent map Dw(z) has not
maximal rank. The images m(z) € Y of the critical points are the critical values of
m. They form a proper analytic subset of Y, i.e. in the case, where Y is a curve, a
finite subset {ay,...,a;}.

Let y € Y and let J be the ideal sheaf of y in Oy. Then the fibre X, is the complex
subspace (77 !(y), Ox/m*(J) - Ox) of X, and a fibre X, is singular if and only if y
is a critical value. A fibration, for which D7 has maximal rank everywhere, is called
smooth.

When we consider a fibration 7 : X — C over a curve C, we will always assume
that C' is smooth. Such a fibration is said to be almost smooth, if the only singular
fibres of 7 are multiples of smooth irreducible subvarieties. Their multiplicities will
be denoted by m; with 1 <+¢ <, so that the singular fibres are X,, = m;F;, where
the F; are smooth irreducible subvarieties.
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We will denote the Kodaira dimension of X by x(X). Let X be a projective
manifold with x(X) > 1 for which a power of the canonical bundle is globally gen-
erated. Then for m big enough the m—canonical map gives us a holomorphic map
m: X — Z where Z is a projective variety with dim Z = k(X). Such a map 7 is
called Titaka fibration (cf. [Ue]).

2 MANIFOLDS WITH K = 1 AND NEF COTANGENT BUNDLE

We will now prove

THEOREM 3 Let X be a minimal projective manifold of dimension n = 2 or 3 with
K(X) =1 and let 7 : X — C be the Iitaka fibration of X. Then the following
conditions are equivalent:

(i) Q% is nef.

(ii) 7 is almost smooth, in the sense that the only singular fibres of © are multiples of
smooth elliptic curves (n = 2) resp. Abelian or hyperelliptic surfaces (n = 3).

e Fxception: To prove (ii)=-(i) in the case n = 3 and g(C) = 0 we need the assumption
that > m;n—jl > 2, where the m; are the multiplicities of the singular fibres.

o The equivalence of (i) and (ii) holds also for compact Kahler surfaces.

Proof: (i) = (ii) If X is an n-dimensional projective manifold with Q% nef, it satisfies
the Chern class inequality c1(X)? > c2(X) > 0, i.e.

Cl(X)Q-Hl-...-Hn_QZCQ(X)-Hl-...-Hn_QZO

for all ample divisors H; (cf. [DPS], Thm. 2.5). For n = 2 and 3 the abundance
conjecture holds which means that a power of the canonical bundle of X has to
be globally generated so that we get from x(X) = 1 that ¢;(X)? = 0 and hence
c1(X)? = c2(X) = 0. Here = denotes numerical equivalence.

So for n = 2 we have an elliptic surface X whose topological Euler characteristic is
e(X) = c2(X) = 0. On the other hand, if 7 : X — C is the Iitaka fibration of X and
X, are the singular fibres (1 <14 <), we calculate e(X) = > e(X,,) . But now the
assertion follows, because e(X,,) > 0 and e(X,,) = 0 if and only if the fibre X, is a
multiple of a smooth elliptic curve (cf. [BPV], Chap. III, Prop. 11.4). This argument
remains true for a compact Kéhler surface.

For n = 3 we have a minimal threefold with the extremal Chern classes c;(X)? =
3c2(X) = 0 and the assertion follows from [PW], Theorem 2.1.

(if) = (i) We will prove this direction by reducing it to the case of a smooth fibration.

2.1 SMOOTH FIBRATIONS

We will consider smooth Abelian fibrations first:

PROPOSITION 5 Let X and Y be projective manifolds and let m: X — Y be a smooth
fibration, whose fibres are Abelian varieties. Then the relative cotangent bundle Qﬁ(/y

is nef. If Q3 is nef, Q% is nef too.

Proof: (1) We claim that 7* (W*Qﬁ(/y) = Qﬁ(/y. For all y € Y the cotangent bundle of
the fibre Qky is trivial, so that m.Q% v s locally free of rank equal to the dimension
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of the fibres (cf. [Ha], Chap. III, Cor. 12.9). Moreover for all y € ¥ we have
(ﬂ*Qﬁ(/Y)y = HO(Xy,Qﬁ(y) and thus (ﬂ*(ﬂ*Qk/y))m = HO(Xy,Qﬁ(y) forn(z) =y .
Now, the canonical homomorphism « : 7 (m, Q% /Y) — Q% /v 1s described stalkwise
by a; : 0 — o(z) with o € H(X,, Qky) Since Qﬁ(/y |x, is globally generated, a,
is surjective and hence bijective.

(2) Any smooth fibration 7 : X — Y of projective manifolds gives rise to a variation
of the Hodge structure in its fibres X, (y € Y). From this Griffiths deduces [Gr], Cor.
7.8

THEOREM 4 For alln € {1,...,dimc X,} the bundles R"m.(Ox) are seminegative
in the sense of Griffiths.

Now the bundle E = R"7,(Ox) is conjugate linear to £ = m.(Q% y) so that the
curvature matrices with respect to unitary bases behave as

Qp = Qp = -Qb.

Since the transposition of the curvature matrix does not change its positivity proper-
ties, the preceding theorem can equivalently be formulated as

THEOREM 5 For alln € {1,...,dim¢ Xy} the bundles m.(Q ) are semipositive in
the sense of Griffiths.

In particular, since semipositivity implies “nefness”, m.(Q% y) is nef and hence for

a smooth Abelian fibration Q% sy =T (m % /y) is nef too. The second assertion
follows immediately from the relative cotangent sequence and Proposition 3.

Remark: Proposition 5 holds also for compact elliptic surfaces 7 : X — C, because
for a smooth 7 one knows from the study of the period map that deg(m.wx,c) = 0
(cf. [BPV], Chap. III, Thm. 18.2).

We have a similar proposition for smooth hyperelliptic fibrations:

PROPOSITION 6 Let X be a projective 3-dimensional manifold and let m : X — C be

a smooth fibration, whose fibres are hyperelliptic surfaces. Furthermore, let g(C') > 1.
Then QY is nef.

Proof: We consider the relative Albanese factorization of 7, i.e. the commutative
diagram

X 25 Ax/0)

N\ {4 Alb(r)
C,

where A(X/C) is a smooth fibration over C' whose fibres over a € C are the Albanese
tori Alb(X,,) of the fibres X, of 7. The existence of such a relative Albanese diagram is
proved in [Ca]. Since the tangent bundle of a hyperelliptic surface is nef, the Albanese
map A, |x,: X, — Alb(X,) is a surjective submersion with smooth elliptic curves as
fibres ([DPS], Prop. 3.9.). But also A is smooth: let z € X, 7(z) = a and A, (x) =y,
then both tangent directions of TA(X/C), lie in the image of DA, (z). First, we can
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find a tangent vector v € (TA(X/Y) |Alb(Xa))y in the image of DA, (z) |x, (because
Ay |x, issmooth). Now let (z1, z2, 3) be a coordinate system centered in x and let z;
be a coordinate centered in a, such that Dr(z).-2~ = -2-. Using the commutativity

6I1 - 6z1 :
of the relative Albanese diagram, we get

0
0+# Dﬂ'(a?).% = DAIb(m)(y) o DAﬂ(a:).a—xl.

In particular, w := DA, (31:).8%1 # 0, and since DAIb(7)(y).v = 0 the vectors v and
w have to be linear independent.

We can now apply Proposition 5 twice to conclude that Q% isnef: Alb(w) : A(X/C) —
C is a smooth fibration of projective manifolds whose fibres are elliptic curves and
by assumption g(C) > 1, so that Qh(X/C) has to be nef. Since A, : X — A(X/C) is
a smooth elliptic fibration too, Q% is also nef.

2.2  ALMOST SMOOTH FIBRATIONS

Let X be a compact complex manifold of dimension n and let 7 : X — C be an
almost smooth fibration over a smooth curve C. As above we will denote the critical
values of 7 by ai,...,a; and their multiplicities bym,; where 1 < i < [, so that the
singular fibres are X,, = m;F;, where the F; are smooth irreducible subvarieties.

To get rid of the multiple fibres we will now perform a base change which was in-
troduced by Kodaira for elliptic surfaces ([Kod], Thm 6.3), but may be used in this
general context as well. Let mg be the lowest common multiple of the multiplicities
and let d be their product. Then we choose a finite covering o : C' — C, which has mi,-
ramification points of order m; — 1 over the points a; where 0 < i < [. Remark that
we have to add one extra point ag which is not contained in the set of critical values.
Then the normalization of the fibre product X x¢c C’ gives us a smooth fibration
¢ : X' — C’" and a commutative diagram (cf. [Kod], Thm 6.3)

f

X — X
el Ir
= C

Here f is a finite covering which is unramified over X — 771(ag), because the multi-
plicities of m and o compensate each other over a; (i > 1), and f has mio ramification
divisors of order mg — 1 over 7~ 1(ao).

Assume that we knew Q1 is nef, then we would like to carry this over to 2%. How-
ever, it is not possible to apply Proposition 4 since f is ramified. But we have the
following commutative diagram with exact rows which was already used in [Fu]

0— f(L) — fQx) — Q% e —0
" s I

0— ¢"(Ko) — Q% — Qﬁ(,/c, — 0.

Let D = Zézl(mi —1)F; then L = n*(K¢) ® Ox(D) is the full subbundle of QY
associated to 7*(K¢) (cf. [Re]). To prove the commutativity of this diagram one uses
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basically the fact that the restriction of f to a fibre of ¢ is unramified. For ¢ > 1 we
have 7*(a;) = m; F;. So, defining A := 22:1 % ca; we get L =7*(Kc ®0Oc(A)).
Combining the diagram and Proposition 5, we obtain

COROLLARY 1 Let X be a projective manifold of arbitrary dimension and let w :

X — C be an almost smooth fibration, whose fibres are Abelian varieties. Assume
furthermore that (i) g(C) > 1 or (ii) g(C) = 0 and deg A > 2. Then Q% is nef.

Proof: The process described above allows us to pass to a smooth Abelian fibration ¢,
for which Y, /o is nef by Proposition 5. Moreover the line bundle L = 7 (Kc® A)
is nef, since our assumptions guarantee that deg(Kc ® A) = 2¢g(C)—2+deg A > 0. If
L is nef, then f*(L) and f*(Q%) are nef (Proposition 3). Since f is a finite surjective
map, we finally deduce from Proposition 1 that Q% is nef.

Remark: (i) The corollary holds for arbitrary compact surfaces too, because
Proposition 5 remains true in that case.

(if) If S is a surface with x(S) = 1 and 7 : S — P; is an almost smooth elliptic
fibration, the condition that deg A > 2 (resp. that L is nef) is automatically satisfied.
We have deg(m,(wg/p,)) = 0 and therefore m,(wg/p,) = Op, (cf. [BPV]). Now the
formula for the canonical bundle of an elliptic fibration yields Ks = 7*(Kp, )@ Og(D),
so that L = K is nef since x(S) = 1.

Similarly we get

COROLLARY 2 Let X be a projective 3-dimensional manifold with k(X) > 0 and let
m: X — C be an almost smooth fibration, whose fibres are hyperelliptic surfaces.
Assume furthermore that (i) g(C) > 1 or (ii) g(C) = 0 and deg A > 2. Then QY is

nef.
Proof: To deduce from Proposition 6 that Q% o 18 nef as a quotient of Q%,, we

have to assure that g(C’) > 1. But g(C’) = 0 leads to —oo0 = k(X') > k(X) which
contradicts our assumptions.

In particular, these two corollaries yield the direction (ii)=> (i) in Theorem 3
which is now completely proved.

3 QUOTIENTS WITH NEF COTANGENT BUNDLE

The goal of this section is to prove that compact quotients of a manifold which is hy-
perbolic with respect to the Carathéodory-Reiffen pseudometric have a nef cotangent
bundle. We will use the notion of singular hermitian metrics as introduced in [Del]:

DEFINITION 2 Let L be a holomorphic line bundle over a compact complex manifold
X and let 0 : L |y,— U, x C be a local trivialization of L. Then a singular
hermitian metric on L is given by

Il = [6a(€)] - e %>, w e Us, €€ L,
where @o € L}, (Uy) is an arbitrary real valued function, called the weight function

of the metric with respect to the trivialization 0.
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The curvature form of the singular metric on L is locally given by the closed (1,1)-
current ¢(L) = £99¢p,. We will write ¢(L) > 0, if ¢(L) is a positive current in the
sense of distribution theory, i.e. if the weight functions ¢, are plurisubharmonic.
Remark: We will say that a singular metric is continuous (or simply that it is a
continuous metric), if the weight functions ¢, are continuous on the trivialization
sets.

The main ingredient for the following arguments will be the next proposition which
is independently due to Demailly, Shiffman and Tsuji (see e.g. [De2])

PROPOSITION 7 Let L be a holomorphic line bundle on a compact complex manifold
X. Then L is nef, if there exists a continuous metric with ¢(L) > 0.

In fact the proposition is even true in the case where the Lelong numbers of the metric
(which are zero everywhere for a continuous metric) are zero except for a countable
set of points (cf. Thm. 4.2 in [JS]).

Let E be a holomorphic vector bundle over a compact complex manifold X. As in
[Rei] and [Ko] we define

DEFINITION 3 A Finsler structure on E is a continuous function F': E — R>q, so
that for alln € E:

(i) F(n) >0 for n #0,

(ii) F(A\n) = |N|F(n) for all X € C.

If we require in (1) only >, F is said to be a Finsler pseudostructure.

Let P(E) denote the projective bundle of lines in the fibres of E, p : P(E) — X
the projection and Op(g)(—1) the subbundle of p*E whose fibre over a point in
P(E) is given by the complex line represented by that point. Then we have a map
p : Oppy(—1) — E which is biholomorphic outside the zero sections of Op(g)(—1)
and E. The set of all plurisubharmonic functions on a complex manifold Y will be
denoted by PSH(Y).

PROPOSITION 8 (a) Any Finsler structure F on E defines via

IEll:==Fop(§), &€ Opum(-1).

a continuous metric on Op(g)(—1).
(b) Iflog FF € PSH(E\{0}), then —po € PSH(Uy).

Proof: (a) Let 0, : Op(s)(—1) |v,— Ua x C be a local trivialization and let s, be a
local holomorphic section of Op(gy(—1) |y, which describes the trivialization. Then
the corresponding weight function is

—¢a(x) = log||sa(x)]| =log F o p(sa(z)), € Ua.

The map po sy : Uy, — F is clearly holomorphic. Moreover for x € U, we have
sa(x) # 0, so that property (i) in the definition of Finsler structures leads to
F o p(sa(w)) > 0. From this we conclude —p,, € C(U,).

(b) If f: Y — Z is a holomorphic map between complex manifolds and the function
u € PSH(Z), then uo f € PSH(Y) (cf. [JP], Appendix, PSH 7). So, since po s, is
holomorphic, we have —p, € PSH(U,).

DOCUMENTA MATHEMATICA 2 (1997) 183-193



NUMERICALLY EFFECTIVE COTANGENT BUNDLES 191

PROPOSITION 9 Let E — X be a holomorphic vector bundle over a compact complex
manifold X. If there exists a Finsler structure F' : E — R>q such that logF €
PSH(E\{0}), then E* is nef.

Proof: To prove that E* is nef, we have to show that L := Opg)(1) = Opg+(1)
is nef. According to Proposition 8 the Finsler structure F' : E — R>q induces a
continuous metric on Op(g)(—1) so that —p, € PSH(U,). For the dual bundle
L = Opg)(1) equipped with the dual metric the weight functions are given by
Yk = —¢a, hence we have a continuous metric on L whose current is positive and
the assertion follows from Proposition 7.

Let X be a connected complex manifold. A Finsler (pseudo-) structure on the
tangent bundle T'X is called a differential (pseudo-) metric. Any such X admits a
differential pseudometric: for p € X and n € T X,, we define

vx (p,n) = sup{|Dg(p).n| : g € O(X, A), g(p) = 0},

where A is the open unit disc in C and O(X, A) the set of all holomorphic maps from
X to A. Reiffen shows in [Rei]:

PROPOSITION 10 The map vx : TX — Rxg is a differential pseudometric, which has
the following invariance property. Let f : X — Y be a holomorphic map of connected
complex manifolds, then

vy (f(p), Df(p)m) < vx(p,n),

in particular, for a biholomorphic map f the equality holds.

The function 7yx is called the Carathéodory-Reiffen pseudometric and X is said to be
~-hyperbolic, if vx is a differential metric.

Examples: (i) Any bounded domain G C C" is v-hyperbolic (cf. [JP], Chap. II, Prop.
2.3.2).

Proposition 10 immediately implies: let ¢ : X — Y be a holomorphic immersion and
let Y be ~-hyperbolic, then X is «-hyperbolic too. This gives us

(ii) Let Y be a Stein manifold and let G be a bounded domain in Y, i.e. there exists
an embedding Y < CV and a bounded domain G ¢ CV, such that G = Y N G is
connected. Then G is y-hyperbolic.

PROPOSITION 11 Let X be a y-hyperbolic manifold. Then the function
logyx : TX\{0} — (—o0, +0)
is plurisubharmonic.
Proof: Since the logarithm is strictly increasing, we have
logvx (p,n) = sup{log | Dg(p).n| : g € O(X, A), g(p) = 0}.

The tangent map of a holomorphic map is again holomorphic, so that g(p,n) :=
log |Dg(p).n| is in PSH(TX) (see [JP], Appendix, PSH 4). Hence logyx = sup,{g}
is the supremum of plurisubharmonic functions. By assumption yx is a differential

DOCUMENTA MATHEMATICA 2 (1997) 183-193



192 HENRIK KRATZ

metric, i.e. yx is continuous and vx : TX\{0} — Ry, thus logyx : TX\{0} —
(—00,00) is also continuous. Now we get our assertion from the following fact ([JP],
Appendix, PSH 14). If a family (uq)aca of plurisubharmonic functions is locally
uniformly bounded from above, then the function

ug := (sup uq)”
a€cA

is again plurisubharmonic, where “x” denotes the upper semicontinuous regulariza-

tion. But we don’t need to regularize logyx, since it is already continuous and this
assures also that the family {g} is locally uniformly bounded from above.

Let G be a subgroup of the automorphism group Aut(X), which operates fixpointfree
and properly discontinuously on X. Then the quotient Q = X/G is a Hausdorff space
which admits a unique complex structure, such that the projection 7 : X — Q is a
holomorphic and locally biholomorphic map. We can now prove

THEOREM 6 Let X be a y-hyperbolic manifold and let Q@ = X/G be a compact quotient
as above. Then the cotangent bundle Qé is nef.

Proof: As local coordinates 1 for Q we can take m—! restricted to appropriate open
sets such that a coordinate change is described by 1 o ¢ L'— ¢ where f € G (cf.
[W], Chap. V, Prop. 5.3.). Then we define for ¢ € @ and £ € TQ,

F(q,€) := yx (¥(q), D(q)-£)-

Since the Carathéodory-Reiffen metric vy is invariant under biholomorphic transfor-
mations (Proposition 10), this definition does not depend on the choice of the local
coordinate and gives us a differential metric F' on T'QQ. Moreover Proposition 11
implies that log F € PSH(TQ\{0}). Now the assertion follows from Proposition 9.

In particular, compact quotients of a bounded domain in C" or in a Stein manifold
have nef cotangent bundles.
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ABSTRACT. We prove that if X is a smooth projective threefold with by = 1
and Y is a Fano threefold with by = 1, then for a non-constant map f : X —
Y, the degree of f is bounded in terms of the discrete invariants of X and
Y. Also, we obtain some stronger restrictions on maps between certain Fano
threefolds.
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1. INTRODUCTION
Let X, Y be smooth complex n-dimensional projective varieties with Pic(X) 22
Pic(Y) =2 Z. Let f: X — Y be a non-constant morphism. It is a trivial conse-
quence of Hurwitz’s formula

Kx =f"Ky +R

that if Y is a variety of general type, then deg(f) is bounded in terms of the numerical
invariants of X and Y, and in particular all the morphisms from X to Y fit in a finite
number of families.

If we drop the assumption that Y is of general type, then this assertion is no longer
quite true. Indeed, if Y is a projective space P, for any X we can construct infinitely
many families of maps X — Y: take an embedding of X in P by any very ample
divisor on X and then project the image to P™. However, one might ask if P is the
only variety with this property (the following conjectures are suggested by A. Van de
Ven) :

CONJECTURE A: Let X, Y be as above and Y 2% P™. Then there is only finitely many
families of maps from X toY. Moreover, the degree of a map f : X — Y can be

bounded in terms of the discrete invariants of X and Y .

A weaker version is the following
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CONJECTURE B: Let X, Y be smooth n-dimensional projective varieties with bo(X) =
ba(Y) = 1. Suppose Y 2 P™ and, if n =1, that Y is not an elliptic curve. Then the
degree of a map f : X — Y can be bounded in terms of the discrete invariants of X
and Y .

REMARK: If n = 1, the Conjecture A is empty and the Conjecture B is trivial. If
n = 2, one must check the Conjecture A with Y a K3-surface, and at the moment I
do not know how to do this. This problem, of course, does not arise for Conjecture B,
which again becomes a triviality in dimension two (note that if for a smooth complex
projective variety V' we have b1 (V) # 0 and b2(V) = 1, then V is a curve). The
assumption in the Conjecture B that Y is not an elliptic curve is , of course, necessary:
any torus has endomorphisms of arbitrarily high degree given by multiplication by an
integer.

EVIDENCE: It seems likely that “the more ample is the canonical sheaf on Y, the more
difficult it becomes to produce maps from X to Y”. Of course, the projective space
has the “least ample” canonical sheaf: Kpn = —(n + 1)H, where H is a hyperplane.
The next case is that of a quadric: Kg, = —nH with H a hyperplane section. For
n = 3, it has been proved by C.Schuhmann ([S]) that the degree of a map from a
smooth threefold X with Picard group Z to the three-dimensional quadric is bounded
in terms of the invariants of X. In [A], I have suggested a simpler method to prove
results of this kind, which also generalizes to higher dimensions.

The main purpose of this paper is to show by a rather simple method that for Fano
threefolds Y, at least for those with very ample generator of the Picard group, the
above Conjecture B is true (we also show that for many of such threefolds Conjecture
A holds). The boundedness results are proved in the next section. In Section 3,
we obtain in a similar way a strong restriction on maps between “almost all” Fano
threefolds with Picard group Z. This is related to the “index conjecture” of Peternell
which states that if f : X — Y is a map between Fano varieties of the same dimension
with cyclic Picard group, then the index of Y is not smaller than that of X. This
conjecture is studied for Fano threefolds by C.Schuhmann in her thesis, and one of
her main results is that there are no maps from such a Fano threefold of index two to
a Fano threefold of index one with reduced Hilbert scheme of lines. An extension of
this result appears also in Theorem 3.1 of this paper ; however, there is at least one
Fano threefold of index one with non-reduced Hilbert scheme of lines, namely, Mukai
and Umemura’s V52. The last section of this paper deals with this variety: it is proved
that a Fano threefold of index two with Picard group Z does not admit a map onto
it. One would think that the Mukai-Umemura V55 is the only Fano threefold of genus
at least four with cyclic Picard group and non-reduced Hilbert scheme of lines. The
proof of this would be a solution to the “index conjecture” in the three-dimensional
case (recall that a Fano threefold of index one and genus at most three has the third
Betti number which is bigger than the third Betti number of any Fano threefold of
index two ([I1] ,table 3.5), so we do not have to consider the case of genus less than
four to prove the index conjecture). In fact even a weaker statement would suffice
(see Theorem 3.1).
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This paper can be viewed as a very extensive appendix to [A], as a large part of the
method is described there.

We will often use the following notations: Generally, for X C P", Hx denotes the
hyperplane section divisor on X. Also, for X with cyclic Picard group, we will call
Hx the ample generator of Pic(X) (in this paper it will mostly be assumed that Hx
is very ample). By V4, following Iskovskih, we will often denote a Fano threefold with
cyclic Picard group, which has index one and for which H¥ = k (k will be called the
degree of this Fano threefold). For Grassmann varieties, we use projective notation:
G(k,n) denotes the variety of projective k-subspaces in the projective n-space.
Finally, throughout the paper we work over the field of complex numbers.

ACKNOWLEDGMENTS: I would like to thank Professor A. Van de Ven for many helpful
discussions. I am grateful to Frank-Olaf Schreyer for explaining me many facts on
Va2 and for letting me use his unfinished manuscript [Sch], and also to Aleksandr
Kuznetsov for giving me his master’s thesis [K]. The final version of this paper was
written during my stay at the University of Bayreuth, to which I am grateful for its
hospitality and support.

2. BOUNDEDNESS

Let Y be a Fano threefold such that Pic(Y) = Z, and suppose that the positive
generator of the Picard group is very ample. When speaking of deg(Y) and other
notions related to the projective embedding ( e.g. the sectional genus g(Y') of Y) we
will suppose that this embedding is given by global sections of the generator.

It is well-known ([I],I, section 5 ) that if Y is of index two, then lines on Y are
parameterized by a smooth surface Fy (the Fano surface) on Y. A general line on Y
has trivial normal bundle, and there is a curve on F' which parametrizes lines with
the normal bundle Op:(—1) ® Op1(1) (let us call them (-1,1)-lines). If Y is of index
one, than Y contains a one-dimensional family of lines ([I], II, section 3); the normal
bundle of a line is then either Op1(—1) & Op1, or Op1(—2) & Op1(1). In the last case
such a line is of course a singular point of the Hilbert scheme. In the sequel we will
use the simple fact that if the Hilbert scheme of lines on a Fano threefold of index one
is non-reduced, i.e. every line of one of its irreducible components is (-2,1), then the
surface covered by the lines of this component is either a cone, or a tangent surface
to a curve.

If the generator Hy of Pic(Y) is not very ample, there still exist “lines” on Y: we call
a curve C a line if C - Hy = 1. In this case, however, there exist other possibilities
for the normal sheaf Ncoy. If Y is a threefold of index 2 and Hy = 1, C can even be
a singular curve and, moreover, if we want our “lines” to fit into a Hilbert scheme,
we must also allow embedded points ([T]).

At this point, it is convenient to recall from [I] which Fano threefolds have very
ample/not very ample generator of the Picard group. For index two, the threefolds
with very ample generator are cubics, intersections of two quadrics and the linear
section of G(1,4); the other threefolds are double covers of P3 branched in a quartic
(quartic double solids) and double covers of the Veronese cone branched in a cubic
section of it (double Veronese cones). For index one, we have nine families of threefolds
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with very ample generators, plus double covers of the quadric branched in a quartic
section and double covers of P? branched in a sextic.

Often we will assume here for simplicity that Hy is very ample, and discuss the other
case in remarks.

We start by proving the following

PROPOSITION 2.1 A) IfY is a Fano threefold (with Pic(Y) = Z, Hy very ample) of
index 2 such that the surface Uy CY which is the union of all (-1,1)-lines on'Y is in
the linear system |iHy| with i > b, then for any threefold X, Pic(X) = Z, the degree
of a map f: X =Y is bounded in terms of the discrete invariants of X.

B) If Y is a Fano threefold of index 1 with Pic(Y') = Z, Hy very ample, such that
the surface Sy C'Y which is the union of all lines on'Y is in the linear system iHy
with © > 3, then for any threefold X, Pic(X) = Z, the degree of a map f: X =Y is
bounded in terms of the discrete invariants of X.

Proof: Let m be such that f*Hy = mHx. Notice that by Hurwitz’ formula, our
conditions on Uy resp. Sy just mean that if deg(f) is big enough, then not the whole
inverse image of Uy resp. Sy is contained in the ramification. Indeed, if Y is, say, of
index one, we have Ky = —Hy. The Hurwitz formula reads

Kx =-—mHx + R.

If the whole inverse image of Sy is in the ramification, then R is at least %mH X,
so m cannot get very big. Therefore one gets that the inverse image D of a general
(-1,1)-line on Y (in the index-two case) or a general line on Y (in the index-one case)
has a reduced irreducible component C.
Let Y be a Fano threefold of index two satisfying Uy = ¢Hy with ¢ > 5. For C' and
D as above, there is a natural morphism

¢: (Zo/I2)" = (Ip/I)*|lc = Oc(m) & Oc(—m),

and this map must be an isomorphism at a smooth point of D, i.e. at a sufficiently
general point of C, as C' is reduced. Now, also due to the fact that C' is reduced, the
natural map

¥ Txlc — (Zc/12)"
is a generic surjection. Therefore if we find an integer j such that T'x (j) is globally
generated, we must have m < j.
Such j depends only on the discrete invariants of X. Indeed, let A be a very ample

multiple of Hx. A linear subsystem of the sections of A gives an embedding of a
threefold X into P7. We have

Tx(Kx) = A*Qx.

A%Qx is a quotient of A%2Qp~|x, and we deduce from this that A%2Qx (3A) is generated
by the global sections. So Tx(Kx + 3A) is generated by the global sections, and j
can be taken such that Kx +3A = jHx. So one only needs to know which multiple
of Hx is very ample, and this can be expressed in terms of the discrete invariants of
X (see for example [D] for many results in this direction).
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The case of index one is completely analogous: a normal bundle of any line on a Fano
threefold of index one has a negative summand.

REMARK A: The assumption on the very ampleness of the generator of Pic(Y) is
not really necessary to prove Proposition 2.1. Otherwise, we call “lines” curves C
satisfying C' - Hy=1. These curves are rational. One has then to count with the
possibility that e. g. some of the “lines” on such a Fano 3-fold of index two can have
normal bundle Op1(—2) & Op1(2), but this is not really essential for the argument:
as soon as we can find sufficiently big 1-parameter family of smooth rational curves
with a negative summand in the normal bundle, our method works.

EXAMPLES OF FANO THREEFOLDS Y SATISFYING OUR ASSUMPTIONS ON Sy, Uy:

1) Y a cubic in P* and

2) Y an intersection of two quadrics in P5. To check this is more or less standard and
almost all details can be found in [CG] for a cubic and in [GH] (Chapter 6) for an
intersection of two quadrics. For convenience of the reader, we give here the argument
for Y an intersection of two quadrics in P5:

Let F C G(1,5) be a surface which parametrizes lines on Y (Fano surface) , and let
U — F be the family of these lines. The ramification locus of the natural finite map
U — 'Y consists exactly of (-1,1)-lines, that is, the surface M covered by (-1,1)-lines
on Y is exactly the set of points of Y through which there pass less than four lines
(of course there are four lines through a general point of Y). F is the zero-scheme
of a section of the bundle S2U* @ S?U* on G(1,5). A standard computation with
Chern classes yields then that Kr = Op (in fact, F' is an abelian variety ([GH])).
For a general line [ C Y consider a curve C; C F which is the closure in F' of lines
intersecting ! and different from I. C; contains [ iff [ is (-1,1). C is smooth for any
I ([GH]). By adjunction, C; has genus 2. So the ramification R of the natural 3:1
morphism h; : C; — I sending I’ to I N1’ ( with [ general, i.e. not a (-1,1)-line) has
degree 8. The branch locus of h consists of intersection points of | and the surface
M of (-1,1)-lines, and so we have that this surface is in |[iHy| with ¢ > 4 and ¢ = 4
only if there are only 2 lines through a general point of M. This is again impossible:
otherwise, for [ a (-1,1)-line, C; would be birational to I. In fact, one gets that i = 8.
3) Y a quartic double solid. The computations are rather similar, and the best
reference is [W]. Bitangent lines to the quartic surface give pairs of “lines” on Y as
their inverse images under the covering map. Welters proves the following results:
the Fano surface Fy has only isolated singularities (and is smooth for a general Y);
the curve Cj for a general [ is smooth except for one double point; there are 12 “lines”
through a general point of Y; p,(C;) = 71. We use these results to conclude that ¥’
satisfies our assumptions.

4) Y is a “sufficiently general” Fano threefold of index one ( of course we assume that
Pic(Y') = Z and that the positive generator of Pic(Y') is very ample), deg(Y") # 22:
see [I], II, proof of th. 6.1. It is computed there that a Fano threefold Y of index one
(with very ample Hy) with reduced scheme of lines satisfies our assumption on Sy
iff deg(Y') # 22. By the classification of Mukai ([M]), any Fano threefold of index one
as above except Vao’s is a hyperplane section of a smooth (Fano) fourfold. Clearly, a
general line on a Fano fourfold of index two has trivial normal bundle. So a general
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hyperplane section of such a fourfold has reduced Hilbert scheme of lines.
5) Y any Fano threefold of index one and genus 10: Prokhorov shows in [P] that the
Hilbert scheme of lines on any such threefold is reduced.
6) Y any Fano threefold V4 of index one and genus 8: such a threefold is a linear
section of G(1,5) in the Pliicker embedding. Iskovskih shows in [I], II, proof of th. 6.1
(vi), that on such a threefold with reduced scheme of lines, lines will cover a surface
which is linearly equivalent to 5H. So one sees that if the lines cover only H or 2H,
the scheme of lines is non-reduced and the surface covered by lines consists of one
or two components which are hyperplane sections of Y. Moreover, as a V14 does not
contain cones, all the lines in one of the components must be tangent to some curve
A. One checks easily that this curve is a rational normal octic. A is then the Gauss
image of a rational normal quintic B in P® ([A], proof of Proposition 3.1(ii)). This
makes it possible to check that there is no smooth three-dimensional linear section of
G(1,5) containing the tangent surface to A. Indeed, one can assume that B is given
as

(zd : xgzy o 2), (T0 2 1) € P

one computes then that the Gauss image of B in G(1,5) C P! (where G(1,5) is
embedded to P!* by Pliicker coordinates (z;), the order of which we take as follows:
for aline ! throughp = (pg : ... : ps) and ¢ = (qo : ... : g5) we take zo = poq1 —p1qo; 21 =
PoG2 — P240; ---; 25 = P1G2 — P2q1; ---; 214 = Paqs — P5qa ) generates the linear subspace

L given by the following equations:
2o = 325,23 = 226, 24 = 529,
27 = 329, 28 = 2210, 211 = 3212-

So we must consider all the projective 9-subspaces through L and prove that the
intersection of every such space with G(1, 5) is singular. This can be done for example
as follows: let £ =2 P® be a parametrizing variety for these 9-subspaces. Notice that
the points x = (1:0:...:0) and y = (0: ... : 0 : 1) belong to our curve A. Notice
that if ¢ is a point of A, then the set £; = {M € £ : M N G(1,5) is singular at t}
is a hyperplane in £. If we see that these sets are different at different points ¢, we
are done. It is not difficult to check explicitly (writing down the matrix of partial
derivatives) that forz = (1:0:...:0) € Aandy=(0:...:0:1) € A, L, # L, ifa
9-space M through L is given by the equations

ah-(zg — 32’5) + agi(z;v, — 22‘6) + agi(Z7 — 32‘9)-‘1-

+a4i(z8 — 2210) + asi(z11 — 3212) + a6i(2a — H2z9) =0
fori=1,...,5,then M € L, if and only if

i=1,2,3,4,5
det(aki)k:m,u 6= 0
and M € L, if and only if
i=1,2,3,4,5
det(aki)k:1727374 5 =0.

These conditions are clearly different.
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EXAMPLES OF FANO THREEFOLDS NOT SATISFYING ASSUMPTIONS OF PROPOSITION
2.1:

1) Y is a linear section of G(1,4) in the Pliicker embedding: the surface Uy has degree
10.

2) Y is a Fano variety of index one and genus 12 (Va3). The surface of lines belongs
to | — 2Ky | for all Va2’s but one ([P]), for which the scheme of lines is non-reduced
and the surface covered by lines belongs to | — Ky |. This threefold with non-reduced
Hilbert scheme of lines (the Mukai-Umemura variety) will be denoted V3.

QUESTION: Are these the only examples?

REMARK B: Though any Vs, violates the assumption of the Proposition 2.1, for a
Va2 with the reduced Hilbert scheme of lines (therefore for all V2o’s but one) the
boundedness of the degree of a map f : X — Va5 can be proved. The point is that
a general line on such a V2o has the normal bundle Op1 @ Op1(—1), so if U is the
universal family of lines on Voy and w : U — Va9 is the natural map, then 7 is an
immersion along a general line. Now if the preimage of a general line [ is not contained
in the ramification R, one can proceed as before. If it is, then let C' be the reduction
of an irreducible component of f~1(I), and let k be such that at a general point of
the component of R containing C, the ramification index is k—1 (i.e. “k points come
together”.) It turns out that using our observation about m, we can then estimate
the arithmetic genus of C' (see [A], section 5). Namely, let f*Hy,, = mHx and let
Kx =rHx. We get then

m
"%
Suppose now that & — 1 is a smallest ramification index for R. Hurwitz’ formula
implies that if 7 < %, then k = 2. So if m gets big, p,(C) becomes negative, and this
is impossible.

29a(C) — 2 < ( )CHy.

Concerning the remaining Fano threefolds (in particular, Vi and G(1,4)(P°), we
can prove a weaker result (as in Conjecture B):

PROPOSITION 2.2 Let Y be a Fano threefold with Pic(Y) = Z and with Hy very
ample, let X be a smooth threefold with by (X) =1 and let f : X — Y be a morphism.
If either Y is of index two, or Y is of index one with non-reduced Hilbert scheme of
lines, then the degree of f is bounded in terms of the discrete invariants of X.

Proof: Consider for example the index one case. We have that Y has a one-dimensional
family of (—2,1)-lines. If we take a smooth hyperplane section H through a line ! of
this family, the sequence of the normal bundles

0— Nl,H — NZ,Y — NH7y|l —0

splits.
Therefore, if M is the inverse image of H and C is the inverse image of | (scheme-
theoretically), the sequence

0— NC,M — NC,X — NM,XlC’ —0
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also splits.

It is not difficult to see that for a general choice of [ and H, the surface M has
only isolated singularities. As M is a Cartier divisor on a smooth variety X (say
M € |0Ox(m)]), M is normal.

Now we are in the situation which is very similar to that of the following

THEOREM (R. Braun, [B]): Let W be a Cartier divisor on a variety V of dimension
n, 2<n <N, in PN such that W has an open neighborhood in V which is locally a
complete intersection in PN . If the sequence of the normal bundles

0— NW7V — NW,PN — NV,PN|W — 0 (*)
splits, then W is numerically equivalent to a multiple of a hyperplane section of V.

It turns out that if we replace here W, V, PN by C, M, X as in our situation, the
similar statement is true. The only additional assumption we must make is that M
is sufficiently ample, i.e. m is sufficiently big:

Claim: Let X be a smooth projective 3-fold with ba(X) = 1, and let M be a sufficiently
ample normal Cartier divisor on X. If C is a Cartier divisor on M and the sequence

0— NC,M — NC,X — NM,XlC’ —0

splits, then C is numerically equivalent to a multiple of Hx |-

The proof of this claim is almost identical to that of Braun’s theorem (which is itself
a refinement of the argument of [EGPS] where the theorem is proved for V' a smooth
surface). Recall that the main steps of this proof are:

1) The sequence (*) splits iff W is a restriction of a Cartier divisor from the second
infinitesimal neighborhood V3 of V' in P¥;
2)The image of the natural map Pic(V2) — Num(V') is one-dimensional.

In the situation of the lemma, 1) goes through without changes with W, V, PV
replaced by C, M, X (M will of course denote the second infinitesimal neighborhood
of M in X). The second step is an obvious modification of that in [B], [EGPS]: as in
these works, it is enough to prove that the image of the natural map

Pic(Ms) — H*(M,Q3,)

is contained in a one-dimensional complex subspace, and this follows from the com-
mutative diagram

Pic(My) — <"+ Pic(M) Num(M) HY (M, Q)

dlog /

HI(M27Q}\42) - HI(M7Q}\42|M) — HI(M7Q§(|M)

(where o exists because the sheaves Qj, |a and Q| are isomorphic)
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and the fact that for sufficiently ample M,
HY (M, Q%) = HY(X,0%) = C
as follows from the restriction exact sequence
0 — Q4 (-M) = Q% — Q% |x — 0.

Note that we can give an effective estimate for “sufficient ampleness” of M in terms
of numerical invariants of X using the Griffiths vanishing theorem ([G]).

Applying this to our situation of a map onto a Fano threefold Y of index one with
non-reduced Hilbert scheme of lines, we get that C = f~1(I) must be numerically
equivalent to a multiple of the hyperplane section divisor on M = f~!(H) if the
number m (defined by f*Hy = mHx) is large enough. As it is easy to show that C
and the hyperplane section of M are independent in Num(M), it follows that m and
therefore deg(f) must be bounded. The case of index two is exactly the same (use
the existence of a divisor covered by (-1,1)-lines). So the Proposition is proved.

We summarize our results in the following

THEOREM 2.3 Let X be a smooth projective threefold with ba(X) =1, let Y be a Fano
threefold with bo(Y) = 1 and very ample Hy and let f : X — Y be a morphism. If
Y % P3, then the degree of f is bounded in terms of the discrete invariants of X,Y .

Proof: Indeed, there are only four possibilities:

a) Y is a quadric: this is proved in [S], [A].

b) Proposition 2.1 applies;

¢) Y is Vo with reduced scheme of lines: the boundedness for deg(f) is obtained in
Remark B;

d) Y is either G(1,4) N P®, or a Fano threefold with non-reduced Hilbert scheme of
lines: then Proposition 2.2 applies.

Notice that in the first three cases it is sufficient that Pic(X) = Z.

3. MAPS BETWEEN FANO THREEFOLDS

It turns out that we obtain especially strong bound if X is also a Fano variety. In
many cases,this even implies non-existence of maps:

THEOREM 3.1 Let X, Y be Fano threefolds, Pic(X) = Pic(Y) = Z. Suppose that
Hx, Hy are very ample. If either

i) Y is of index one and Sy is at least 2Hy,

or

1) Y is of index two and Uy is at least 4Hy(where Sy, Uy are as in Proposition 2.1),
then for a mon-constant map f : X — Y we must have

f*(Hy) = Hx,
7.€. e
deg(f) = H—é;
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Before starting the proof, we formulate the following result from [S]:

Let f : X — Y be a non-trivial map between Fano threefolds with Picard group Z.
Then:

A) If X,Y are of index two, then the inverse image of any line is a union of lines;
B) If X,Y are of index one, then the inverse image of any conic is a union of conics;
C) If X is of index one and Y is of index two, then the inverse image of any line is
a union of conics;

D) If X is of index two and Y is of index one, then the inverse image of any conic is
a union of lines.

(here a conic is allowed to be reducible or non-reduced. Unions of lines and conics
are understood in set-theoretical sense, i.e. a line or a conic from this union can, of
course, have a multiple structure.)

We will also need some facts on conics on a Fano threefold V' of index one, with very
ample —Ky and cyclic Picard group. Iskovskih proves ([I],II, Lemma 4.2) that if C
is a smooth conic on such a threefold, then No v = Opi(—a) ® Op1(a) with a equal
to 0,1,2 or 4. The following lemma is an almost obvious refinement of this:

LEMMA 3.2 a) Let C C V be a smooth conic. Then Ncy = Op1(—4) ®Op1(4) if and
only if there is a plane tangent to V along C. In particular, such conics exist only if
V is a quartic.

b) Let C C V be a reducible conic: C =11 Jla, I1 # la. Let N be the (locally free
with trivial determinant) normal sheaf of C in V. Then N|;, = Opi(—a;) ® Opi(a;)
with 0 < a; < 2, and if a; = 2 for both i, then there is a plane tangent to V along C
(and V is a quartic ).

Proof: a) This is a simple consequence of the fact that for C ¢ V. .C P", Ngy C
Nc,pn, and the only subbundle of degree 4 in Ngpn is Ngp with P the plane
containing C'. One concludes that V is a quartic as all the other Fano threefolds V'
considered here are intersections of quadrics and cubics which contain this V' ([I], II,
sections 1,2) and therefore must contain this P, which is impossible.
b) We have embeddings

0— Nl,-,V — Nll“

this implies the first statement: 0 < a; < 2. If a; = 2, then [; should be a (-2,1)-line;
therefore there are planes P; tangent to V along [;, giving the degree 1 subbundle of
Ny, v and the exceptional section in P(V;, v) = F5. In fact P; = P,. This is easy to
see using so-called “ elementary modifications” of Maruyama (of which I learned from
[AW] ,p.11): if we blow P(N;, v) up in the point p corresponding to the direction of
l2 and then contract the proper preimage of the fiber, we will get P(N|;,). Under our
circumstances, p must lie on the exceptional section of P(Ny, v), so Il C P;. In the
same way, 1 C P», q.e.d..

Proof of the Theorem:

Let f: X — Y be a finite map between Fano threefolds as above.

Again, the condition on Sy, Ty means that not the whole inverse image of Sy, Ty
can be contained in the ramification. If YV is of index one resp. index two, we will
denote by C be a reduced irreducible component of the inverse image of a general line
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resp. (-1,1)-line ! on Y (so C'is not contained in the ramification), and by D the full
scheme-theoretic inverse image of such a line.

Let f*Oy (1) = Ox(m). If X is of index two, then T'x (1) is globally generated. As
in the Proposition 2.1, we conclude that m = 1.

If X is of index one and Y is of index two, then, by the result quoted in the beginning
of this section, C is a line or a conic.

If C is a smooth conic, we look at the generic isomorphism

¢ (Zo/I2)" = (Ip/I}) o = Oc(m) & Oc(—m).

Immediately we get that m is equal to one or two. Suppose m = 2. Then, by the
Lemma, X is a quartic and there is a plane P tangent to X along C. Choose the
coordinates so that P is given by z3 = x4 = 0. Then the equation of X can be written
as

(q(xo, x1,2))? + x3F + 24G = 0,

where ¢ defines C and F, G are cubic polynomials. Denote as A and B the curves cut
out on P by these cubics. The necessary condition for smoothness of X is

ANBNX =0.

Now recall that C resp. P varies in a one-dimensional (complete) family C; resp. P;.
A and B also vary, and for every ¢ we must have

AAnNBNX =0.

This means that all the planes P; pass through the same point, not lying on X.
Projecting from this point, we see that the surface W formed by our conics C} is in
the ramification locus of this projection. The Hurwitz formula then gives W € |Ox (4)]
with ¢ < 3. Now Y is, by assumption, a cubic or an intersection of two quadrics. But
then, as we saw, the surface Uy of (-1,1)-lines is at least 5Hy, and an elementary
calculation shows that it is impossible that the inverse image of the surface of (-1,1)-
lines Uy consists only from W and the ramification.

If C is a line, then the argument is similar. One only needs to prove the following
Claim:In this situation, if m = 2, the scheme D has another reduced irreducible
component Cy, which intersects C.

Then of course either Cy, or C'|JC4 is a conic, and one can proceed as above. The
proof of this claim is elementary algebra. We will sketch it after finishing the following
last step of the Theorem:

If X and Y are both of index one, we have that the inverse image of a line [ on Y
should consist of lines and conics; for C' as above, we have a map

¢: (Ic/TE)* — Oc ® Oc(—m),

if I is (0,-1), or
¢ (Zo)TE)* — Oc(m) ® Oc(—2m),

if I is (1,-2). As these maps must be generic isomorphisms, we get that in both cases
m = 1, whether C is a conic or a line.
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Proof of the claim: Notice that C' must be (1,-2)-line. The cokernel of the natural
map

B:Ip/Thlc — Ic/TE

is the sheaf Zc p/Z2 ,, supported on intersection points of C' and other components
of D. We see from our assumptions that it must have length one (so be supported at
one point x). Suppose that C intersects non-reduced components of D at z. Let A
be a local ring of D at z and p C A a fiber of Z¢,p. Of course p/p? # 0 by Nakayama.
To see that dimp/p? > 2, we find an ideal a C p, not contained in p2. For example,
we can take an ideal defining the union of C' and the reduction of an irreducible but
non-reduced component of D intersecting C'. We have a surjection

p/p> — (p/a)/(p*/(p* Na)) — 0,

which has non-trivial (again by Nakayama) image and non-trivial kernel, q. e. d..

COROLLARY 3.3 Let X, Y be Fano threefolds of index one as in Theorem 3.114). Then
any map between X and Y is an isomorphism.

Proof: Iskovskih computed the third Betti numbers of all Fano threefolds ( see also
[M]), and in fact as soon as deg(X) > deg(Y'), then b3(X) < b3(Y), so a morphism
f X =Y cannot exist.

REMARK C: Some part of the argument of Theorem 3.1 goes through without assump-
tions on the very ampleness of the generator H of the Picard group. For example,
when X is a quartic double solid, which is a Fano threefold of index two, all the
“lines” C' on X except possibly a finite number, have either trivial normal bundle, or
the normal bundle O¢(H)®O¢(—H) (in other words, the surface which parametrizes
lines on X, has only isolated singularities). One can then replace the words “T'x (H)
is globally generated”, which are not true in general, by some “normal bundle argu-
ments” as in the above proof. The same should hold for the Veronese double cone.
See [W], [T] for details. As for maps to the quartic double solid, the argument goes
through without changes.

EXAMPLES: Any cubic in P satisfies the assumption we made on Y. By our Theorem
3.1, we get that if a Fano threefold X of index one with cyclic Picard group is mapped
onto a cubic, then the degree of this map can only be degx . So if X admits such a
map, then deg(X) is divisible by 3. Of course there are Fano threefolds of index one
which admit a map onto a cubic: we can take an intersection of a cubic cone and
a quadric in P®. Theorem 3.1 shows that if a smooth complete intersection of type
(2,3) in P maps to a cubic, then it is contained in a cubic cone and the map is the
projection from the vertex of this cone.

The same applies of course to maps from a complete intersection of three quadrics
in P® to a complete intersection of two quadrics in P5. Notice that any smooth
complete intersection of two quadrics in P® admits a map g onto a quadric in P* such
that the inverse image of the hyperplane section is the hyperplane section (any pencil
of quadrics with non-singular base locus contains a quadratic cone). Therefore if a
smooth intersection of three quadrics in P® can be mapped onto a smooth complete
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intersection of two quadrics in P®, it must lie in a quadric of corank 2 in PS. Of
course a general intersection of three quadrics in P® does not have this property, as
the space of quadrics of corank 2 is of codimension four in the space of all quadrics.

ADDITIONAL EXAMPLES OF VARIETIES SATISFYING THE ASSUMPTION OF THEOREM
3.1:

1) any complete intersection of a cubic and a quadric in P® or

2) any complete intersection of three quadrics in P®. Indeed, if lines on these varieties
cover only a hyperplane section divisor, then the scheme of lines must be non-reduced,
i.e. each line must have normal bundle Op1(—2) ® Op1(1). So the surface of lines
is either a cone or the tangent surface to a curve. But one can check that these
varieties do not contain cones; neither do they contain a tangent surface to a curve
as a hyperplane section, because by a version of Zak’s theorem on tangencies (see
for example [FL]), a hyperplane section of a complete intersection has only isolated
singularities.

3) Any Vs with reduced Hilbert scheme of lines. By ([P]), there is exactly one Vag
such that its Hilbert scheme of lines is non-reduced.

4) any Fano threefold Vi of index one and genus 9. This can be shown by the method
of Prokhorov ([P]) :

First, notice that if the lines on Vi cover only a hyperplane section, the scheme of
lines is non-reduced. So all the lines are tangent to a curve. This is actually a rational
normal curve, so the lines never intersect.

For convenience of the reader, we recall from [I2] the notion of double projection from
a line and its application to Vig :

Let X be a Fano threefold of index one, g(X) > 7, and let [ be a line on X. On X,
the blow-up of X, we consider the linear system |c*H — 2E|, where o is the blow-up,
H = Ky and F is the exceptional divisor. This is not base-point-free, namely, its
base locus consists of proper preimages of lines intersecting [, and, if [ is (-2,1), from
the exceptional section of the ruled surface E = F3. However, after a flop (i.e. a
birational transformation which is an isomorphism outside this locus) we can make it
into a base-point-free system |(o* H)T — 2E*| on the variety X+.

If g(X) =9, i.e.X is a Vig, the variety X is birationally mapped by this linear
system onto P3. This map, say g, is a blow-down of the surface of conics intersecting
[ to a curve Y C P3, which is smooth of degree 7 and genus three (smoothness of ¥’
is obtained from Mori’s extremal contraction theory). Y lies on a cubic surface which
is the image of E*. Moreover, the inverse rational map from P2 to X is given by the
linear system |7H — 2Y|.

One has therefore that the lines from X, different from I, must be mapped by g
to trisecants of Y. Note that if lines on X form only a hyperplane section, the
desingularization of the surface of lines on X is rational ruled, and it remains so after
the blow-up and the flop. So, as in [P], we must have a morphism F, — P?, which
is given by some linear system |C + kF| with C the canonical section and f a fiber,
such that the inverse image of Y belongs to the system |[3C +1F|. deg(Y') = 7 implies

(3C +IF)(C +kF) = —3¢ +3k+1=1,
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and as degKy = 4,
(C+(1—2—-€e)F)3C+IF)=—6e+4l —6 =4,
Combining these two equations, we get
2k —e =3,

However, we must have e > 0 and k > e, as otherwise the linear system |C + kF|
does not define a morphism. This leaves only two possibilities for £ and e: either
e =k =3,ore=1,k=2. The first case actually cannot occur: this would imply
that Y is singular. So the image of F, = F} in P? is a cubic which is a projection of F}
from P*. By assumption, Y is also contained in another irreducible cubic (the image
of ET). But one check that this cannot happen, using e.g. a theorem by d’Almeida
([Al}), which asserts that if a smooth non-degenerate curve Y of degree d > 6 and
genus g in P? satisfies H(Zy (d — 4)) # 0, then Y has a (d-2)-secant provided that

(d,9) #(7,0),(7,1),(8,0).
4. Vs

Let us now take Y = V5, i.e. the only variety of type V2o which has non-reduced
Hilbert scheme of lines. This V55 violates the assumptions of Theorem 3.1. However,
using Mukai’s and Schreyer’s descriptions of conics on varieties of type Vao, it is still
possible to say something on maps from Fano threefolds onto Y. We will show the
following:

PROPOSITION 4.1 A Fano threefold X of indexr two with cyclic Picard group and
irreducible Hilbert scheme of lines does not admit a map onto Vy,.

As for the last assumption on X, one believes that this is always satisfied. In fact
this is easy to check (and well-known) for a cubic or a complete intersection of two
quadrics (the Hilbert scheme is smooth in this case, so it is enough to show that it
is connected). The irreducibility is also known for Vs, in fact, the Hilbert scheme is
isomorphic to P? ([I], I, Corollary 6.6). For a quartic double solid, see [W]. As for
a double Veronese cone, in [T] it is proven that a general double Veronese cone has
irreducible Hilbert scheme of lines. So the only possible exception could be a special
double Veronese cone.

In fact our argument will work for a sufficiently general Va2, but for all of them except
V55 this assertion is already proved in the last paragraph.

Proof: Let S be the Fano surface ( = reduced Hilbert scheme) of lines on X and T the
Fano surface of conics on the Vas. If f : X — Va5 is a finite map, then, as Schuhmann
proves in [S], the inverse image of any conic is a union of lines, and, moreover, in this
way f induces a finite surjective morphism ¢ : S — T ( thanks to irreducibility of S,
any line on X is in the inverse image of a conic on Va3).

F.-O. Schreyer ([Sch]) gives the following description of a general conic on Vas:
Consider Va2 as the variety of polar hexagons of a plane quartic curve C C P? (a polar
hexagon of C' is the union of six lines [y, ...l given by equations L; = 0,...,Lg =0,
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such that L{ + ... + Lt = F where F = 0 defines C; “the variety of polar hexagons”
means here the closure of the set of 6-tuples Iy, ...l[g with LT + ... + L§ = F in the
Hilbert scheme Hilbg (PQ*); a general Va9 is isomorphic to such a variety for a certain
curve C; V3, is the variety of polar hexagons of a double conic). Then there is a
birational isomorphism between (P?)* and T given as follows:

for a general | C P? the curve of polar hexagons to C containing | is a conic on Vas.
This description and the fact that through any point on a V5o there is only a finite
number of conics ([I], II, Theorem 4.4) gives that

there are six conics through a general point of Vas.

In [M], Mukai claims that the Fano surface of conics on a Vas is even isomorphic to
P2. Unfortunately, this paper does not contain a proof of this fact. The proof appears
in the paper of A. Kuznetsov ([K]): he uses another description of a general Vas as
a subvariety of G(2,6). Namely, if V and N are 7- and 3-dimensional vector spaces
respectfully and f : N — A2V* is a general net of skew-symmetric forms on V, then
a general Voo (including V3, [Sch]) appears as a set of all 3-subspaces of V' which are
isotropic with respect to this net (i.e. to all forms of the net simultaneously). Let
U (resp. Q) denote restriction on a Vay of the universal (resp. universal quotient)
bundle on G(2,6). Kuznetsov proves that every (possibly singular) conic on a Vas is
a degeneracy locus of a homomorphism U — Q*; the Fano surface of conics is thus
P(Hom(U, Q")) = P2.

Now if there is a finite map f : X — Va5 as above, then X must be a cubic: indeed,
a Fano threefold with cyclic Picard group and with 6 lines through a general point is
a cubic. Let f*Hy,, = mHx, then one easily computes that the inverse image of a
general conic consists of deg(g) = s = 2m? lines.

For simplicity, we will use the same notation for points of T' (resp. S) and correspond-
ing conics on Vas (resp. lines on X). We have ' P?. Let a be such that conics on
Va2 intersecting a given (general) conic A, form a divisor D4 from |Op2(a)]

On S, denote as Ej, the divisor of lines intersecting a given line L. It is well-known
and easy to compute that Ey, - EFpy = 5 for any L, M.

If g71(A) = {Lq, ..., Ls}, then

g* (Op2 (a)) = OS(ELl + ...+ ELS)-

We therefore have another formula for deg(g):

5s2
deg(g) = 2

From the equality s = 5(%; we get that (%)2 = 1L however, this is impossible as 1%

150 15
is not a square of a rational number.
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0 INTRODUCTION

Our main concern in this work is to provide concrete formulas for the invariant inner
products and hermitian forms on spaces of holomorphic functions on Cartan domains
D of tube type. As will be explained below, the group Aut(D) of all holomorphic
automorphisms of D acts transitively. Aut(D) acts projectively on function spaces
on D via f = UM (@) f := (f o ) (Jp)*P, ¢ € Aut(D), X € C, but these actions
are not irreducible in general. The inner products we consider are those obtained
from the holomorphic discrete series by analytic continuation. The associated Hilbert
spaces generalize the weighted Bergman spaces, the Hardy and the Dirichlet space. By
“concrete” formulas we mean Besov-type formulas, namely integral formulas involving
the functions and some of their derivatives. Possible applications include the study
of operators (Toeplitz, Hankel) acting on function spaces and the theory of invariant
Banach spaces of analytic functions (where the pairing between an invariant space
and its invariant dual is computed via the corresponding invariant inner product).

Our problem is closely related to finding concrete realizations (by means of inte-
gral formulas) of the analytic continuation of the Riesz distribution. [Ri], [Go], [FK2],
Chapter VII.

L Authors supported
by a grant from the German-Israeli Foundation (GIF), I-415-023.06/95.
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In principle, the analytic continuation is obtained from the integral formulas
associated with the weighted Bergman spaces (i.e. the holomorphic discrete series)
by “partial integration with respect to the radial variables”. This program has been
successful in the case of rank 1 (i.e. when D is the open unit ball of C?, see [A3]).
The case of rank r > 1 is more difficult, and concrete formulas are known only in
special cases, see [A2], [Y4], [Y1], [Y2].

This paper consists of two main parts. In the first part (Sections 2, 3, and 4) we
develop in full generality the techniques of [A2], [Y4], and obtain integral formulas
for the invariant inner products associated with the so-called Wallach set and pole
set. In the second part (section 5) we introduce new techniques (integration on
boundary orbits), to obtain new integral formulas for the invariant inner products
in the important special cases of Cartan domains of type I and IV. This approach
has the potential for further generalizations and applications, including the infinite
dimensional setup.

The paper is organized as follows. Section 1 provides background information on
Cartan domains, the associated symmetric cones and Siegel domains and the Jordan
theoretic approach to the study of bounded symmetric domains [Lo], [FK2], [U2].
We also explain some general facts concerning invariant Hilbert spaces of analytic
functions on Cartan domains and the connection to the Riesz distribution. Section 2 is
devoted to the study of invariant differential operators on symmetric cones. We study
the “shifting operators” introduced by Z. Yan and their derivatives with respect to
the “spectral parameter”. Section 3 is devoted to our generalization of Yan’s shifting
method, to find explicit integral formulas for the invariant inner products obtained
by analytic continuation of the holomorphic discrete series. In section 4 we study the
expansion of Yan’s operators, and obtain applications to concrete integral formulas
for the invariant inner products. Some of these results were obtained independently
by Z. Yan, J. Faraut and A. Kordnyi, [FK2], [Y4]. We include these results and our
proofs, in order to make the paper self contained, and also because in most cases our
results go beyond the results in [FK2], [Y4].

In section 5 we propose a new type of integral formulas for the invariant inner
products. These formulas involve integration on boundary orbits and the applica-
tion of the localized versions of the radial derivative associated with the boundary
components of Cartan domains. We are able to establish the desired formulas in the
important special cases of type I and IV. The techniques established in this section
can be used in the study of the remaining cases.

Finally, in the short section 6 we use the quasi-invariant measures on the bound-
ary orbits of the associated symmetric cone in order to obtain integral formulas for
some of the invariant inner products in the context of the unbounded realization of the
Cartan domains (tube domains). These results are essentially implicitly contained in
[VR], where the authors use the Lie-theoretic and Fourier-analytic approach to analy-
sis on symmetric Siegel domains. We use the Jordan-theoretic approach which yields
simpler formulation of the results and simpler proofs.

ACKNOWLEDGMENT: We would like to thank Z. Yan, J. Faraut, and A. Koranyi for
sending us drafts of their work and for many stimulating discussions. We also thank
the referee for valuable comments on the first version of the paper.
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1 PRELIMINARIES

A Cartan domain D C C? is an irreducible bounded symmetric domain in its Harish-
Chandra realization. Thus D is the open unit ball of a Banach space Z = (C%, || - ||)
which admits the structure of a JB*-triple, namely there exists a continuous mapping
Z X ZXxZ > (x,y,2) = {x,y,2} € Z (called the Jordan triple product) which is
bilinear and symmetric in « and z, conjugate-linear in y, and so that the operators
D(xz,z) : Z — Z defined for every © € Z by D(z,x)z := {z,x, 2} are hermitian,
have positive spectrum, satisfy the ”C*-axiom” || D(x,z)| = ||z||?, and the operators
§(z) :=iD(z,x) are triple derivations, i.e. the Jordan triple identity holds

0(2){y, z,w} = {8(2)y, z,w} + {y,0(z)z, w} + {y, 2, 6(x)w}, Vy,z,we Z

The norm || - || is called the spectral norm. We put also D(z,y)z := {z,y,2}. An
element v € 7 is called a tripotent if {v,v,v} = v. Every tripotent v € Z gives rise to
a direct-sum Peirce decomposition

1
Z =Z1(v) +Z%(U) + Zp(v), where Z,(v):={z€ Z; D(v,v)z =vz}, v=1, 5,0.

The associated Peirce projections are defined for z, € Z,(v), k =1, %, 0, by
1

Py(v)(z1 + 21 +20) =2, v=1, 5,0.

In this paper we are interested in the important special case where Z contains
a unitary tripotent e, for which Z = Zj(e). In this case Z has the structure of a
JB*-algebra with respect to the binary product z oy := {x,e,y} and the involution
z* :={e, z,e}, and e is the unit of Z. The binary Jordan product is commutative,
but in general non-associative. The triple product is expressed in terms of the binary
product and the involution via {z,y, 2} = (zoy*)oz+ (z0y*)ox — (xoz)oy*. In this
case the open unit ball D of Z is a Cartan domain of tube-type. This terminology is
related to the unbounded realization of D, to be explained later.

Let X := {z € Z;x* = z} be the real part of Z. It is a formally-real (or
euclidean) Jordan algebra. Every x € X has a spectral decomposition x = 22:1 Ajej,
where {ej}§:1 is a frame of pairwise orthogonal minimal idempotents in X, and
{)\;j};=; are real numbers called the eigenvalues of x. The trace and determinant (or,
“norm”) are defined in X via

tr(z) := Z)\j, N(z):= H)\j

respectively, and they are polynomials on X. The maximal number r of pairwise
orthogonal minimal idempotents in X is called the rank of X. The positive-definite
inner product in X, (z,y) =tr(zoy), z,y€ X, satisfies

(roy,z) = (x,yoz), =zyzeclX.

Equivalently, the multiplication operators L(x)y := z oy, xz,y € X, are self-adjoint.
The trace and determinant polynomials, as well as the multiplication operators, have
unique extensions to the complexification X€ := X +iX = Z. Let

Q:={z*x € X,N(z) #0}.
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Then ) is a symmetric, open convex cone, i.e. ) is self polar and homogeneous with
respect to the group GL(Q) of linear automorphisms of . We denote the connected
component of the identity in GL(2) by G(Q2). Define

P(x) :=2L(x)* — L(z?), = € X, (1.1)

then P(z) € G(Q) for every z € Q, and z = P(x'/?)e. Thus G(Q) is transitive on
Q. The map z — P(x) from X into End(X) is called the quadratic representation
because of the identity

P(P(z)y) = P(z)P(y)P(z), Vz,ye€ X. (1.2)

The domain T'(Q) := X + i, called the tube over . It is an irreducible symmetric
domain which is biholomorphically equivalent to D by means of the Cayley transform
¢: D — T(), defined by

e+z

)
e—2z

c(z) =1 z € Z.
This explains why D is called a tube-type Cartan domain.

Let ej,e2,...,6,. be a fixed frame of minimal, pairwise orthogonal idempotents
satisfying e; + e2 4+ ...+ e, = e, where e is the unit of Z. Let

Z= Y Z,

1<i<j<r

be the associated joint Peirce decomposition, namely Z;; := A (e;) N A (ej) for
1<i<j<rand Z,:= Zi(e;) for 1 <i <r. The characteristic multiplicity is the
common dimension ¢ = dim(Z; ;), 1 <i < j <r,and d=r+r(r—1)a/2. The
number p:= (r —1)a+2 is called the genus of D. It is known that

Det(P(x)) = N(z)P, Vzxe X,

where “Det” is the usual determinant polynomial in End(Z). From this and (1.2) it
follows that
N(P(a)y) = N(@)?N(y) Va,ye X, (1.3)
Let uj :=e1 +ex+...+e¢;and let Z; := > ) ;.. Zi be the JB*- subalgebra
of Z whose unit is u;. Let IV; be the determinant polynomials of the Z;,1 < j <r;
they are called the principal minors associated with the frame {e;}7_,. Notice that
Z. = Z and N, = N. For an r-tuple of integers m = (my, ma, ..., m,) write m > 0 if
mi; > mg > ...>m, > 0. Such r-tuples m are called signatures (or, “partitions”).
The conical polynomial associated with the signature m is

N (2) := N1(2)™7™2 Ny(z)™2 7™ N3(z)™ ™™ .. N (2)™", z€ Z.

Notice that Nm(}j_;tje;) = [[j_ot; ", thus the conical polynomials are natural
generalizations of the monomials. Let Aut(D) be the group of all biholomorphic
automorphisms of D, and let G be its connected component of the identity. Let
K = {9 € G;¢9(0) = 0} = GN GL(Z) be the maximal compact subgroup of G.

For any signature m let Py, := span{Nm o k;k € K}. Clearly, Py, C Py, where
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{=|m|= Z;Zl m; and P, is the space of homogeneous polynomials of degree £.
By definition, Py, are invariant under the composition with members of K. Let

(F.9s 1= 05(69)(0) = =5 [ ST e dm) (14)

be the Fock-Fischer inner product on the space P of polynomials, where g#(z) :=
g9(z*), 9 = f(£), |2| is the unique K-invariant Euclidean norm on Z normalized
so that |e;| = 1, and dm(z) is the corresponding Lebesgue volume measure. (Thus
(1,1)7 = 1). The following result (Peter-Weyl decomposition) is proved in [Sc], see
also [U1]. Here the group K acts on functions on D via w(k)f := fok™!, k € K.
Notice that Py, £ =0,1,2,... and P are invariant under this action.

THEOREM 1.1 (1) The spaces {Pm}mzo, are K-invariant and irreducible. The rep-
resentations of K on the spaces Py are mutually inequivalent, the Py ’s are mutually
orthogonal with respect to (-,-)., and P =3 < Pm.

(1) If H s a Hilbert space of analytic functions on D with a K-invariant inner
product in which the polynomials are dense, then H is the orthogonal direct sum
H =3 oo ®Pm. Namely, every f € H is expanded in the norm convergent series
[ =Y o0 fm, with fm € Pm, and the spaces Py are mutually orthogonal in H.
Moreover, there ezist positive numbers {cm}m>0 so that for every f,g € H with

expansions f =3 ~ofm and g=73,509m we have

(f9)n = Z cm (fm, Im) #-

m>0

For every signature m let Ky, (2, w) be the reproducing kernel of Py, with respect to
(1.4). Clearly, the reproducing kernel of the Fock-Fischer space F (the completion of
P with respect to (-,-),) is

F(z,w):= ZKm(z,w) = e,

An important property of the norm polynomial N is its transformation rule under
the group K
N(k(z)) =x(k)N(2), ke K, z€ Z (1.5)

where x : K — T := {\ € C;|\| = 1} is a character. In fact, x(k) = N(k(e)
Det(k)*? Vk € K. Notice that (1.5) implies that Py m,...m) = CN™ for m =
0,1,2,...

The subgroup L of K defined via

~

L:={ke K;k(e) =1} (1.6)
plays an important role in the theory.

LEMMA 1.1 For every signature m > 0 the function

dm(z) ::/LNm(K(z))dK (1.7)

is the unique spherical (i.e., L-invariant) polynomial in Pp satisfying ¢m(e) = 1.
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For example, ¢(mmm....m) = N™ by (1.5). The L-invariant real polynomial on X
(m,m,...,m)
h(z) = h(z,z) := N(e — z?)

admits a unique K-invariant, hermitian extension h(z,w) to all of Z. Thus,
h(k(z), k(w)) = h(z,w) for all z,w € Z and k € K, h(z,w) is holomorphic in z
and anti-holomorphic in w, and h(z, w) = h(w, z), [FK1]. The transformation rule of
h(z,w) under Aut(D) is

=

h(p(2), p(w)) = J@(z)% h(z,w) Jp(w)®, ¢ € Aut(D), z,w € D, (1.8)

where Jo(z) := Det(¢’(2)) is the complex Jacobian of ¢, and p is the genus of D.
For s = (s1, $2,...,8-) € C" one defines the conical function Ns on Q via

Ns(z) := NJ*7%2(2) Ny2 7% () N3 %4 (z)...- N (z), € Q,

which generalize the conical polynomials Ny,. In what follows use the following no-
tation: a
Aj ::(j—1)§, 1<j<nr

The Gindikin - Koecher Gamma function is defined for s = (s1, s2,...,$,) € C" with
R(sj) > Nj, 1<j<r,via

Tq(s) := / e~ @ N (z)dpo (z).
Q
Here tr(x) = (z, e) is the Jordan-theoretic trace of z, and
dpg(x) := N(a:)_%da:

is the (unique, up to a multiplicative constant) G(Q)-invariant measure on 2. The
following formula [Gi] reduces the computation of I'q(s) to that of ordinary Gamma

functions:
Tqa(s) = (2m)@ /2 T T(s; — X)), (1.9)
1<j<r
and provides a meromorphic continuation of I'g to all of C". In particular, T'q(A) :=
Ta(A\ A, ..., A) is given by
To(A) = / e~ N(2) dun(z) = (2m)@/2 T[ TO- ),
Q

1<j<r

and it is an entire meromorphic function. The pole set of I'q()) is precisely

P(D) = UlSjST()‘j — N) = {)\J —n; 1<3<r, ne N} (1.10)
For A € C and a signature m = (mq,ma, ..., m,) one defines
T r mjij—1
To(m+ A\ .
(N = 7129()\) ) =IO = 2)m, =TT II (v +2=29),
j=1 j=1 n=0
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where m+ X := (my + A, ma+ A, ...,m, + A).

We recall two important formulas for integration in polar coordinates [FK2],
Chapters VI and IX. The first formula uses the fact that K - 2 = Z, namely the
fact that every z € Z can be written (not uniquely) in the form z = k(z), where
x € Q and k € K. This is the first (or “conical”) type of polar decomposition of z,
and it generalizes the polar decomposition of matrices. This leads to the formula

/Zf(z)dm(z) :#(2)/9 </Kf(k(a:%))dk> dz (1.11)

which holds for every f € L'(Z,m). Next, fix a frame ey, ..., e,, and define

T
R :=spang{e;};_; and R, := {thej; t1 >ty >...>t. >0}
j=1
and
R:_ Z:{t:(tl,...tr); t1 >ty >...> 1, >0}.
Then Z = K - R, namely every z € Z has a representation z = k(}_;_, t;e;) for some
(again, not unique) Z;Zl tie; € R and k € K. This representation is the second
type of polar decomposition of z. Moreover, m(Z \ K - Ry) = 0, namely up to a

subset of measure zero, every z € Z has a representation z = k(Z;Zl t;/ er) with
t1 >ty > ...>t, > 0. This leads to the formula

/Zf(z)dm(z)zco/w /Kf(k(th%ej)) de| [ (- ty)" dtrdts ... dt,,

1<i<j<r

(1.12)
which holds for every f € L!'(Z,m). The constant cy will be determined as a by-
product of our work in section 5 below. For convenience, we can write (1.12) in the
form

/Z fE)m() = co [ rF@u(e (1.13)
where

£ ::/ FR( te;)) dh, t=(t1,ta,..., 1) € R
K =
is the radial part of F' and

wt):= [[ ti-t), t=(tt2....t,) R} (1.14)

1<i<j<r
is the Vandermonde polynomial.

By [Hu], [Be], [Lal], [FK1], we have the binomial formula:

THEOREM 1.2 For A € C we have

Ne—2)=3 Vm |¢q;“m(|”’?1, Vo e Qn(e—Q), (1.15)
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and
h(z,w)™> = Z MNm Km(z,w), Vz,w € D. (1.16)
m>0
The two series converge absolutely, (1.15) converges uniformly on compact subsets of

(Nz) e Cx (2N (e —Q)), and (1.16) converges uniformly on compact subsets of
(A z,w) e Cx D xD.

In particular, it follows that for fixed z,w € D, the function A — h(z,w)~* is analytic
in all of C (this can be proved also by showing that h(z,w) # 0 for z,w € D).

The Wallach set of D, denoted by W (D), is the set of all A € C for which the
function (z,w) — h(z,w)™> is non-negative definite in D x D, namely

Zaiﬁj h(Zi,Zj)_)\ >0
0,J
for all finite sequences {a;} C C and {z;} C D. For A € W(D) let H, be the

completion of the linear span of the functions {h(-,w)™?; w € D} with respect to the
inner product (-,-)x determined by

(h(-,w) " A, 2) "M = h(z,w) ™, z,w € D.

Since h(z,w)™* is continuous in D x D, it is the reproducing kernel of . The
transformation rule (1.8) implies that (-,-) is K-invariant, namely (f o k,go k) =
(fyg)a for all f,g € Hy and k € K. Thus, by Theorems 1.1 and 1.2, for every
f, g € Hx with Peter-Weyl expansions f =>" o fm, 9 = > n>0 Im, We have

g =3 % (1.17)

This formula defines A — (f, g) as a meromorphic function in all of C, whose poles
are contained in the pole set P(D) of I'g, see (1.10) and (1.16). Of course, for
A€ C\W(D) (1.17) is not an inner product, but merely a sesqui-linear form; it is
hermitian precisely when A € R.

Using (1.16) and (1.17) one obtains a complete description of the Wallach set
W (D) and the Hilbert spaces H, for A € W(D).

THEOREM 1.3 (1) The Wallach set is given by W(D) = Wy(D) U W,(D) where
Wy(D) :={Nj = (1 —1)$:1 < j < r} is the discrete part, and W(D) :=
(A, 00) is the continuous part.

(11) For X € W(D) the polynomials are dense in Hy and Hx = Y~ BPm as in
Theorem 1.1; -

(1) For 1 < j <, let So(N\j) :={m > 0;m; = mjp1 = ... = m, = 0}. Then
H)\j = Zmeso()\j) Py and

h(z,w)™ = Z (Aj)m Km(z,w), z,we D.
mESQ()\j)
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For A € C, ¢ € G and a functions f on D, we define
2
UN(@)f = (fop) - (Jp)?
Then, UM (idp) = I and for ¢, € G we have
UM (p o) = exlp, ) TN () UM (o),

where ¢ (¢, 1) is a unimodular scalar which transforms as a cocycle (projective rep-
resentation of G). In particular, UM (¢=1) = UM ()1

Using (1.8) we see that

ST
B>

h(p(2), o(w)) ™ Jo(w) ” = h(z,w)™>, Vz,we D, Yy € G.

From this it follows that the hermitian forms (-,-), given by (1.17) are UM-invariant:

(UM, UN()g ), = (f.9),, VfgeH,, VpeQ.

Jp(2)

In particular, for A € W(D) the inner products (-,-)y are UM-invariant and
UM (p), ¢ € G, are unitary operators on .

There are other spaces of analytic functions on D which carry U™ -invariant
hermitian forms, some of which are non-negative. For any signature m and \ € C let
g(A\,m) := deg,(-)m be the multiplicity of A as a zero of the polynomial & — ().
Notice that 0 < g(A,m) < r for all A and m. Let

g(A) := max{g(\, m); m > 0}. (1.18)

Let
PN .= span{UM(p)f ; f polynomial ,p e G}

For 0 < j < gq(X) set

SV = {m>0;g00m) < j} MM = {f€PV;f= 3" fin, fum € Pul}.

mes; (\)
(1.19)
The following result is established in [FK1], see also [Al], [O].
THEOREM 1.4 Let A € C and let 0 < j < q(A).
(1) The spaces M;A), 0 <4 <q(N), are UM -invariant,
M c MP c MY .o MO =PW, (1.20)

and every non-zero U invariant subspace of PN s one of the spaces
MM < <q.

(1) The quotients M;A)/Mg.);)l, 1< j < q(N), are UM -irreducible.
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(11) The sesqui-linear forms (-,-), ; on My‘), 1 <35 <q(X), defined for f,g € Mg-)‘)
by
<f7 g>>\,j = gh_Ig\ (6 - )‘)J <f7 g>§
are UM -invariant and {f € ME.A); (f9),, =0,Vg e M(A)} M(A)

(tv) For f,g € Mg-)‘) with Peter-Weyl expansions f = fm and g = > gm,

we have T >
= \m, Jm)r
4 g>MV - mesj(A);%l(A) ()\)m’j
where © L4
(Mm,j = 511_13\ = r;\l) = F (d_f)J (f)mm:)\- (1.21)

(V) The forms (-,-), ; are hermitian if and only if X € R.

(v1) The quotient ./\/l()‘)/./\/l()‘)1 is unitarizable (namely, (-,-), ; is either positive def-

inite or negative definite on M(A)/M(A)l) if and only if either: A € W(D) and
j=0,0r: A€ P(D), j=q(A\), and A, — X € N.

The sequence (1.20) is called the composition series of PP,

DEFINITION 1.1 Hy ,; = Ha (D) is the completion of ./\/l()‘)/./\/l()‘)1 with respect to

<'> .>)\,j'
Observe that Hy o = H for A € W(D). Also, ¢(A) > 0 if and only if A € P(D).

The main objective of this work is to provide natural integral formulas for the
UM-invariant hermitian forms (-, ), j, with special emphasis on the case where the
forms are definite, namely the case where H, ; isa UM invariant Hilbert space. These
integral formulas provide a characterization of the membership in the spaces H, ; in
terms of finiteness of some weighted L?-norms of the functions or of some of their
derivatives. We discuss now some examples which motivate our study.

The weighted Bergman spaces: It is known [FK1] that for A € R the integral ¢(\)~! :=
Jp h(2, 2)*"Pdm(z) is finite if and only if A > p — 1, and in this case

Ta())
AN)= —-" . 1.22
C( ) 7rd FQ ()\ _ %) ( )
For A > p — 1 we consider the probability measure
dux(z) := c¢(X) h(z, 2)* 7P dm(2) (1.23)

on D. The weighted Bergman space L2(D, ) consists of all analytic functions in
L?*(D, ). Using (1.8) one obtains the transformation rule of ) under composition
with ¢ € G:

dur(9(2)) = [Jo(2)|F dpa(z)-
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(The same argument yields the invariance of the measure dug(z) := h(z, 2) Pdm(z)).
From this it follows that the operators U () are isometries of L?(D, 1) which leave
L2(D, py) invariant. It is easy to verify that point evaluations are continuous linear
functionals on L2(D, u1y) and that the reproducing kernel of L2(D, u1y) is h(z,w) ™.
(For w = 0 this is trivial, and the general case follows by invariance.) It follows that
Hi= LZ(D7 M)\)'

The Hardy space: The Shilov boundary S of a general Cartan domain D is the set of
all maximal tripotents in Z. S is invariant and irreducible under both of G and K.
Let ¢ be the unique K-invariant probability measure on S, defined via

/Sf(é) do () :=/Kf(k(e))dk.

The Hardy space H?(S) is the space of all analytic functions f on D for which

s =l [ 1769 do(6)

is finite. The polynomials are dense in H?(S) and every f € H?(S) has radial
limits f(£) := lim, ,1— f(p€) at o-almost every ¢ € S. Moreover, for f € H?(S),
I flla2s) = |\f|\Lz(57g). This identifies H?(S) as the closed subspace of L?(S, o)
consisting of those functions f € L?(S, o) which extend analytically to D by means of
the Poisson integral. Again, the point evaluations f — f(z), z € D, are continuous
linear functionals on H2(S). The corresponding reproducing kernel is called the Szegd
kernel and is given (as a function on S) by S,(£) = S(¢,2) := h(&,2)~#". See [Hul,
[FK1]. This non-trivial fact implies that Hq/, = H?(S). The transformation rule of
the measure ¢ under the automorphisms ¢ € G is

do(p(§)) = |Jp(£)] do(§).
Hence, U™ (o) f = (f o @) (J)'/2, ¢ € G, are isometries of L?(S, o) which leave
H?(S) invariant.

The Dirichlet space: The classical Dirichlet space Bs consists of those analytic func-
tions f on the open unit disk D C C for which the Dirichlet integral

1713, = /D F(2) 2 dA(2) (1.24)

is finite. Here dA(z) := idxdy. Clearly, B, is a Hilbert space modulo constant
functions, and ||f o ||, = ||f||B, for every f € By and ¢ € Aut(D). Thus, B; is
U©)_invariant. The composition series corresponding to A = A\; = 0is C1 = MO(O) -
MI(O) = P©). Hence By = Ho,1(D). The inner product in By can be computed also
via integration on the boundary T := 0D (which coincides with the Shilov boundary
in this simple case):

(1., = 57 [ €O T el (1.25)

Motivated by this example we call the spaces Hg 4(0) for a general Cartan domain
D the (generalized) Dirichlet space of D. The paper [A2] provides integral formulas
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generalizing (1.24) and (1.25) for the norms in Hy 4(x) for A € Wy4(D), in the context
of a Cartan domain of tube type (in [A1] these formulas are extended to all A € P(D)).
Formula (1.24) says that f € By = Ho,1 if and only if f' € H,. Namely, differentiation
“shifts” the space corresponding to A = 0 to the one corresponding to A = 2. This
shifting technique is developed in [Y3] in order to get integral formulas for the inner
products in certain spaces Hy with A < p — 1. The general idea is to obtain such
integral formulas via “partial integration in the radial directions”, see [Ri], [Go], and
[FK2], Chapter VII. (For the open unit ball of C?, the simplest (i.e. rank-one) non-
tube Cartan domain, cf. [A3], [Pel]).

Finally, we describe the relationship between the invariant inner product and the
Riesz distribution. The Riesz distribution was introduced in [Ri] for the Lorentz
cone, i.e. the symmetric cone associated with the Cartan domain of type IV (the “Lie
ball”). It was studied in [Go] for the cone of symmetric, positive definite real matrices
(associated with the Cartan domain of type IIT) and for a general symmetric cone in
[FK2], chapter VII. Let Q be the symmetric cone associated with the Cartan domain
of tube type D. For a € C with Ra > (r —1)% let R, be the linear functional on the
Schwartz space S(X) of X defined via

1 a—d -
—Fg(a)/gf(a:)N(a:) dx.

Then R, is a tempered distribution satisfying O Ry = Ra—1, Ra*Rg = Rat, Ro =
d, i.e. Rj is the fundamental solution for the “wave operator” Oy := N (%). These
formulas permit analytic continuation of o — R, to an entire meromorphic function.
It is very interesting to find the explicit description of the action of R, for general «,
but this is still open. What is known is that the Riesz distribution R, is represented
by a positive measure if and only if « € W(D).

Ra(f) =

Writing the inner products (-,-), in conical polar coordinates (1.11), we get for
A>p—1
To(A)

<f>g>x = FQ(%)FQ()\ — %)

L F@) NG =27 da 45,9 € (D),

where (fg)(z) := [, f(k(z?)) g(k(x?)) dk. Thus

Ta(N)

<f>g>x = FQ(Q)

(Raoe*(£9)) (e),
where the convolution of functions v and v on €2 is

(uxv)(z) = / i )

Also, the inner product (-,-),, A > p — 1, in the context of the tube domain
T(Q) := X +iQ (holomorphically equivalent to D) is

(g i=e) [ ( [ fas s da:) Ny 7 dy.
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See section 6 for the details. Thus
(fr9), =772 PTa(A) Ry _4 ((f §)b) ’

where (f §)°) = [y flz+iy) g(z + iy) dz, ye Q.

In view of these formulas the problem of obtaining an explicit description of
the analytic continuation of the maps A — (f,g), is equivalent to the problem of
determining the analytic continuation of the maps A — Ry _a(u).

2 G(Q)-INVARIANT DIFFERENTIAL OPERATORS

Let © be the symmetric cone associated with the Cartan domain of tube type D,
i.e. the interior of the cone of squares in the Euclidean Jordan algebra X. In this
section we study G(Q)-invariant differential operators that will be used later for the
invariant inner products. The ring Diff(Q2)%(?) of G(Q)-invariant differential opera-
tors is a (commutative) polynomial ring C[Xy, Xa, ..., X,], [He], [FK2]. By [FK2],
Proposition IX.1.1, Q is a set of uniqueness for analytic functions on Z (namely, if
an analytic function on Z vanishes identically on €, it vanishes identically on Z).
Similarly, @ N D = QN (e — Q) is a set of uniqueness for analytic functions on D.
Thus, if f,g and ¢ are polynomials on Z so that d¢(g)(z) = f()g(x) = q(z) for
every x € Q, then 9;(g)(2) = f(:£)g(2) = q(2) for every z € Z. We begin with the

0z
following known result [FK2], Proposition VII.1.6.

LEMMA 2.1 For every s = (s1,582,...,8.) € C" and £ € N, we have
d
Né(%) Ns(z) = ps(€) Ns—i(z), Vo€,
where s
(i)s I'o . a
ps(f) == o+ = —v+( =),
“ (s rg(s . JHIHO —I)3)
and p
Pofs) N(0) Ny(x™) = (~1)" Ta(s +1) Nora(e™).

Let N be the norm polynomial of the JB*-subalgebra V; :=3" .\ .. Zik,
where Z; i, are the Peirce subspaces of Z associated with the ﬁxed frame {e;}’_,. For
every s = (81,...,5,) € C" let

NZ(x) := Ny (x)%7°2 Ny (x)*27% ... N (z)*, z€Q,

s T

and

*

8™ 1= (S, Sp—1, Sr—2, .+ ., 51)-

Then we have Ns(z~!) = N*. () for x € Q, [FK2],Proposition VIL.1.5.

DEFINITION 2.1 For £ € N and A € C let Dy(\) be the operator on C*°(QY) defined

by
o) N () N (). (21)

d

Dg()\) =Nr~—
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In the special case of the Cartan domain of type II the operators D;(\) have been
considered by Selberg (see [T], p.208). The operators Dy(\) were studied in full
generality in [Y3], see also [FK2|, Chapter XIV. Notice that by Lemma 2.1 we have

Fa(s+A+9)

DN = = 55

Ne. (2.2)

In section 4 below we will extend Dy () to a polynomial differential operator on
Z,ie. Dy(N) = Qealz, %) for some polynomial Qg x.

LEMMA 2.2 The operator Dy(X) is K -invariant, i.e.
DN (f o k) = (De(N)f) ok ¥f € C=(Q), Vk € K.

PRrOOF: We have N (kz) = x(k)N(z) for every z € Z. Since the operator Oy = N ()

is the adjoint of the operator of multiplication by N with respect to the inner product
(-,+) -, K-invariance of (-,-), implies Oy (f o k) = x(k)(On f) o k. It follows that

4 _ 0

L+A—

De(AN)(f(k2)) x(k)

) (N (k) £ (k2)

— -4 0

= XN ! (VLW ) k)

NEA ) (N D)) () = (DAND).

Using (2.2) and the fact that QN D = QN (e — N) is a set of uniqueness for analytic
functions on D, we obtain the following result.

COROLLARY 2.1 The spaces Py are eigenspaces of Dy(\) with eigenvalues

Fo(m+ X+ Y)

pem(A) = Fo(m+ A)

(2.3)

Thus for every analytic function f on D with Peter-Weyl expansion f =" - fm,

Nf = Z ?‘Q 1’:1_—1—1_ )fm (A) (£,8,...,0) Z (+) Jm fm- (2.4)

m>0 m>0
Indeed, for every signature m and every k € K,

Fo(m+ X +2)
Fo(m+X)

Since P = span{Nm o k;k € K}, (2.4) follows from the continuity of Dy()\) with
respect to the topology of compact convergence on D.

De(\)(Nim 0 k) = (De(\)Nim) 0 k = Nun 0 k.

COROLLARY 2.2 Let A€ C\P(D), L€ N, and w € D. Then

De(A\) (s w) ™ = (Mee,...e) B w) =T, (2.5)
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ProoF: Using (1.16) and Corollary 2.2, we get

DN h(w) ™ = > (NmDe(A) K-, w)

m>0

A4+ Om
Wity 3 W S o)

m>0

N0 Z A+ Om Km(-,w) = (N e,....0) h(-, w) A0, =

m>0

Notice that the assumption that A is not in P(D) is used in the above proof to ensure
that (A\)m # 0 for every m > 0. This is due to the fact that the zero set of the
polynomial (\)y, is

Z(()m) =Uj_1 {N — Kk k=0,1,...,m; — 1}, (2.6)

while P(D) = Uiy (Aj = N) = Um>0 Z((-)m)- Similarly, for each m > 0 the zero
set of the polynomial defined by (2.3) is given by

Z(u&m(-)) = U§:1 {)\J — k; m; <k< m; + 0 — 1}. (27)

The multiplicities of the zeros are equal to the number of their appearances on the
right hand side of (2.7).

COROLLARY 2.3 Let A € C, £ € N be so that {m > 0; (AN =0} C {m > 0; (A +
O)m =0}. Then (2.5) holds.

PRrOOF: Notice first that (X)e,...0)(A +€)m = (M)me for all A € C, £ € N, and
m > 0. Hence, using the fact that {m; (A + )y # 0} C {m; (A)m # 0}, we get for
every w € D

DeWh(,w) ™ = De(A) Y NmKm(-,w)
Mm#0

= (Nwt,...0 Z A+ O)mEKm(-,w)
(M) m#0

= Nty D, A+ OmEm(-,w)
(A+£)m7#0
= (Ne.ph(,w) OO, [

For A € P(D) let ¢ = q(X) be as in (1.18), and for 0 < j < ¢ consider S;(\) and
Mg-)‘) as in (1.19).

LEMMA 2.3 Let A\, and ¢ = q(\) be as above, and choose an integer £ so that A+ £ >
4 — X\ +1. Then

T

(1) dega((-)ee,...0)) = q-
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228 ARAZY AND UPMEIER

(1) For every j =0,1,2,...,q and every m € S;(A) \ S;-1(N), dega(te,m) = ¢ — 3.
() If 0<j<gq and m e S;_1(N\), then degx(pem) >q—j+1.
ProoF: Using (2.6) it is clear that

gAdm)=q¢ & N-mi+1<AVji & MN-m+1<A

Since A\, +1 > A+¢, we see that m = (¢, ¢, .. ., {) satisfies the above condition, namely
dega((-)e,...00) = a(A, (6., €)) = ¢. This establishes (i). Next, m € SV \ 5%, is
equivalent to ¢(A\,m) = j. By the argument given above, ¢(A\,m+¢) = ¢g. Since
degx(f/g) = degr(f) — dega(g), we get

degx(te,m) = degx <()ﬂ> _

()m
= dega(()m+e) = dega((-)m) = g(A, m +£) —g(A, m) =g —j.
This yields (ii). Finally, (iii) follows by similar computations. ]

Let A € P(D), £ € N, and ¢ = ¢()) as above. For every m > 0 and v € N we

define
1 0

B m(A) == (a—g)uue,m(@m:x

v!
Using Lemma 2.3 (ii), we have
COROLLARY 2.4 (1) Ifm € S;(A)\ Sj—1(N\) then

r ; mi+€—1

miaN =111, k=),
i=1

7 mj-i-é—l

k—m, ranges over all non-zero terms. In particular,

where the product ]
W) £ 0.
(11) Ifme S;_1(A\) then :“Z,_n{()‘) = 0.

DEFINITION 2.2 For XA € C and v,{ € N let Dj/()) be the operator on C*°(D) defined
by

1
DY = 2 (5" (DO . 2.9
Notice that if f = 3 ofm is analytic in D, then Dy(\)f :=

Zmz() Mz,m()‘) fm
By [FK2], Chapter VI the group G(2) admits an Iwasawa decomposition G(Q2) =

NAL, where L is the group defined via (1.6), and N A is a maximal solvable subgroup
of G(Q) (called the triangular subgroup with respect to the frame {e;}7_,) which acts
simply transitively on @ and for which all the conical functions Ng, s € C", are
eigenfunctions:

Ns(7(x)) = Ns(7(e)) Ns(x), VT € NA, VreQ. (2.9)
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LEMMA 2.4 The operators De(\) are G(Q)-invariant, i.e. De(N)(fop) = (De(N)f)o
p, VfeC>®(Q), Vo e GQ).

PROOF: By the L-invariance of Dy(\) (see Lemma 2.2) it is enough to verify the
N A-invariance of Dy()) for functions f of the form f = Ng o £ for some s € C" and
£e L. Let T € NA, and decompose £ o7 uniquely as £o7 = 7/ o ¢’ with 7/ € NA and
¢ € L. Then, using (2.2) and (2.9), we get

DiN(for) = Di(A)(Nsolor) = De(A)(Naor ol)

= (D¢(M\)(Nso7")) ol = Ns(7'(e))(De(N)Ns) o £/

;oo La(s+A+1¢) ,  Ta(s+X+4) ;o
= _— :7]\[5
Ns(7'(e)) To(s + N Ngof Tols+ V) ot ol
Fa(s+A+4) Fa(s+A+9)
= 7]\[5 = - =
To(s ) oloT To(s + 0 for
= (DeN)f)or. ]

COROLLARY 2.5 The operators Dj(X) are G()-invariant.

3 INTEGRAL FORMULAS VIA THE SHIFTING METHOD

In this section we develop general shifting techniques (introduced in [Y3], for the case
of integer shifts). The simplest case where this technique is applied is the case of the
Dirichlet space D = H,1 over the unit disk D (see Section 2). For any o € C and
B € C\ P(D) we define an operator S, g on H(D) via

Saﬂ(z fm) = Z % Jm-

m>0 m>0

Theorem 5 of [A4] and the known estimate

Egm ~ [0+ 17", vayeR
m j=1

(an easy consequence of (1.9) and Stirling’s formula) ensures that S, g is continuous
on H(D). For g € P(D) we define operators Sq. 3,5, 0 < j < ¢(8), on the space of
analytic functions on D of the form f =3 $;(8) fm by

. ; (@)m
Soz,ﬁ, f = hm(f - B)J‘S’a,ﬁf = N fm,
e mesjw);%l(m (B)ms

where (8)m,; are defined by (1.21). Again, S, g ; is continuous in the topology of
H(D). Also, So.5,0 = Sa,3-
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230 ARAZY AND UPMEIER

PROPOSITION 3.1 Let o, 3 > (r —1)5. Then (f,g), = (Sa,pf,9). for every f,g €
Hp.

PROOF: By (1.17) the operator 5’575 : Hg — Ho defined by

S = X ()

m>0 m>0

1
is a surjective isometry, and || f[|% = [|S2 ﬁfﬂi = (Sa.8f, [).- Now the result follows
by polarization. B

In a similar way one proves the following result.

PROPOSITION 3.2 Let o > (r —1)§ and let 8 € P(D). Then for every 0 < j < q(B)
and oll f,g € Hgp,;,

(£,9)8,5 = (Sa,p,if: 9)a- (3.1)

The operators S, g,; allow the computation of the invariant hermitian forms
(f,9)5,; by “shifting” the point 3 to the point . This is the “shifting method’. One
typically chooses either a = % or a > p— 1, so the forms (f, g), , can be computed
by the integral-type inner products of H?(D) or L2(D, j1,). In order for the shifting
method to be useful, one has to identify the operators S, g ; as differential or pseudo-
differential operators. Essentially, this is our aim in the rest of the paper. Yan’s paper
[Y3] deals with the case where £ := o — f is a sufficiently large natural number. The

following result is a minor generalization of a result of [Y3].

THEOREM 3.1 Let A > A\, = % —1 and let £ € N. Then for all f,g € Hx
(f:9)5 = aX O(De(N) f,9) 5100 (32)

where Ta()) 1
a(\ ) = e = :
A9 Fa(A+£0)  (Nee,...0

We include a short proof for the sake of completeness.

PROOF: Let f,g € 1, withexpansions f =) <, fm and g = > -, gm respectively.
Then - -

D gh = 5 S (o),

_ FQ()‘+€) <fm7gm>}- _ -1
- FQ()\) mzzo ()\)m - a()‘7€) <f7g>>\' [ ]

COROLLARY 3.1 Let A > A\, = % —1, and £ € N be so that A+ > p—1. Then
Hoe = L2(D, pase), and for every f,g € L2(D, piage),

{(f,9), = aX 0) c(A+ f)/ (De(N)(2) 9(2) h(z, 2)* 77 dm(z).

D
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Our main result in this section is a generalization of both Theorem 3.1 and the
other results of [Y3] to the case of invariant hermitian forms associated with the pole
set P(D) = Uj_;(A\; — N). Since W(D) C P(D), this covers cases not studied in
[A1].

THEOREM 3.2 Let A € P(D), ¢ € N and assume that A+ € > £ = X\, + 1. Let
4=q(\), 0< j <q, andv=q—j. Then for all f,g € M,

(£,9) 5, = DL ) i (3.3)

where v = (A, £) is the non-zero constant

7i= 25 (et eon- (3.4)
In particular, if X+4€>p—1, then
(fi9)x, =7 c(A+10) /D(DZ(A)f)(Z) g(2) dm(2). (3.5)

Moreover, if A\, — X € N and £ is chosen so that \+0 =2 = X\, + 1, then

T

), =7 /S (DY N)E) 90 do(€). (3.6)

We shall also give a new proof of the following known result (see [FK1], Theorem
5.3) and of a part of Theorem 1.4 above, based on our analysis of the structure of
zeros of the polynomials (-)m. Recall that H ; is said to be unitarizable if (-,-) ; is
either positive definite or negative definite.

THEOREM 3.3 Let A\, 4,q, and j be as in Theorem 3.2. Then Hy ; is unitarizable if
and only if either

(a) j=q and A\, — A €N, or

(b) 5 =0 and A € Wa(D) = {\;}j_;.

For the proof of Theorems 3.2 and 3.3 we consider separately the cases j = 0,
j=q,and 1 <j3<qg-—1.

CASE 1: j=0. Since A € P(D), there is a smallest k € {1,2,...,r} and a unique
s € N so that A\ = A\ — s. We claim that Sp(A) = {m > 0;m; < s}. Indeed,

if m > 0, then Hf:_ll T:"(;l()\ +v — X)) # 0, by the minimality of k. The term
mp—1

HT:’“'O_I()\ +v—X) =] (v—s) is non-zero if and only if my <s. If my <s
and k£ < n < r then

mpg—1 mg—1

[T O+v=2)= ] Gk =)+ (@ —5)#0

v=0 v=0
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because m,, < my < s. This establishes the claim. Notice that since A +£¢ > A\, + 1,
we have (A + £)m > 0 for any m > 0. Also, degx((-)(e,....ey)) = ¢ by Lemma 2.3. Tt
follows that for m € Sp(A), degx(pe,m) = ¢, and

1. 0 1 a)q<(§+€)m

q'(8§) tem(§) ey = a(a—g T Om (f)(&e,...,e)) o

A +0Oml 0.,  tOm
= o0 e Ot e = Ty

=

~Q

%\

Nt
|

Hence, for f,g € Hx o,

<Dg()‘)f>g>x+z = Z uZm()\) %

meSy ()\)

S fn(l/\)gz = Yf,9) 10
meSy(A)

This proves Theorem 3.2 in case j = 0. If A € Wy(D), i.e. A = A, and s = 0,
then (A)ym > 0 for every m € Sp(\), namely 0 = my = mgy; = -+ = m,. If
A € P(D)\ Wy(D), then A = Ay — s with 1 < s. In this case (A)m assumes both
positive and negative values as m ranges over Sp(A). Indeed, if m and n are defined
by m; =n;=0for 1 <i<k-—1land k<i<r,and my =0, ny =s— 1, then (A\)m
and (\)n have different signs. Thus (-, ), , is not definite (positive or negative), and
thus H,0 is not unitarizable. This proves Theorem 3.3 in case j = 0.

CASE 2: j=q. In this case v = ¢ — j = 0. Also, Lemma 2.3 yields degx(te,m) =0
if meS;(\) and degx(pe,m) > 1 if me S;_1(N). It follows that for f,g € Ha,q,

<D€()\)f’g>x+z = Z M&m()\)m

meS, (A) (At Om
Now,
_ o 4+ Om -~ Oy A+ Om
pem®) = I g, o0 =R Om BT T T,

where 7 is the non-zero constant defined in (3.4). It follows that

(DN 9 =7 D, f“"gm = Yf, 9.,

meS, (\) ) m.q

This proves Theorem 3.2 in case 7 = q. To prove Theorem 3.3 in this case, assume
first that A = A\, — s for some s € N. We claim now that

Sqg(A)\ Sg=1(A) ={m > 0;m, > s+ 1}. (3.7)

Indeed, if m, > s+ 1 then [[/"g'(A+u—A)=0. If A€ X\ —N, then
Hm’_l()\—i—u Ar) =0 because m; > m, > s+ 1. Thus degx((-)m) = ¢. Conversely,
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if degx(()m) = g, then in order that HmT_l()\ +u—Ar) =0 it is necessary that
s <'m, — 1. This establishes (3.7).

Next, let m € S;(A), and let 1 <7 <7 besothat A€ A\; —N,say A=\, —k;.
Then

m;—1 ki—1 m;—1
lim(€ -3 H E+u=2)=J[O+u=2) JI O+u=2)=rm6i
u=0 u=k;+1

with 6; #0 and v;m > 0. f A ¢ X\, — N welet 5, =]]
Yim =1, ,(A+u—2X;)>0. Then

A+u—2X)#0 and

u<A;—A

(MNm,q = lim H% m i

Hence, all the numbers {(A)m,q}mes, (1) have constant sign (equal to sgn([];_; 5)),
and thus M 4 is unitarizable. Assume now that A ¢ A, — N. Then, necessarily, the
characteristic multiplicity a is odd and A € A\,._1 — N. Writing A = A,._1 — s, s € N,
it is clear by the above arguments that

Sg( M)\ Sg—1(A) ={m > 0; m,_1 > s+ 1}.

Let m = (s+1,s+1,...,s+1,1)and n = (s+1,s+1,...,5+1,0). Then m,n € S;(A)
and (MN)m,q = A—=Ar)(A)n,q- Thus (A)m,q and (A)n,q have different signs, and so Hy 4
is not unitarizable. This proves Theorem 3.3 in case j = q.

CAsSE 3: 1<j<q-—1. Put v =q—j. As before, £ € N is chosen so that A + ¢ >
Ar + 1, and this guarantees that degx((-)m+¢) = ¢ and (A + £)y > 0 for all signatures
m > 0. Let f,g € Hy ;. Then

<DZ()\)f7 g))\-l-@ = Z Mz,m()‘) %

mes; (V)

Ifme SJ()\) \ Sj_l()\), then

degx(pe,m) = degx <(()’)n:> =q—j=v

y Coem(©) L EFOmE= AT )y A+ Om
= ey T e 0w Wy

If m € S;_1()\), then degx(ptem) > q—j+1=v+1,and so puy,,(A) =0. Thus

A+ Om (fm; gm) s
A4+ Om

(D{N s 9>A+z = 7 Z

Mm.i
meS; (M\S;-1(\) (Nm,s

= v > Uoms Gmm)r W9

Mm.i
meS; (M\S;-1(\) (Nm,s
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This proves Theorem 3.2 in case 1 < j < ¢ — 1. To prove Theorem 3.3 in this case
we need to show that as m varies in S;(A\) \ S;—1(A), (A)m,; assumes both positive
and negative values. Notice first that there exists a unique pair (k, s) of integers with
1 <k < s<rsothat \y — A and A; — A are positive integers and

me S;(AN)\Si—1(A) <= mp > —A+1 and ms < A5 — A

In fact, s = k4 1 if the characteristic multiplicity a is even, and s = k + 2 if a is
odd. Next, \s = A=A — A+ (s —k)§ > 1. Define m, nby m; =n; = Ay —A+1
if 1<i<k m=n=01i k+2<i<r,and mgy; =0, ngr1 = 1. Then
m,n € S;(A)\ S;—1(A) and (A)n,j = (A)m,;(A — As). Thus (A)n,; and (A)m,; have
different signs, and so H, ; is not unitarizable. This proves Theorem 3.3 in case
1<j<gqg-1. [ |

A special case of Theorem 3.2 is the following essentially known result.

COROLLARY 3.2 Let A € P(D) be so that s = s(A) := £ — X € N. Then

(1) Hax,q is unitarizable, and

) =7 /S N*©) (03 )(€) 9(8) do(€), Vf,g € Hag

Thus, an analytic function f on D belongs to Hy q if and only if (Nsc’?]s\,)l/Qf €
H2(S).

(11) Moreover, if £ € N is chosen so that A+ > p — 1, then

(f9)5, =7 /D(De()\)f)(z) 9(2) h(z, 7P dm(z), Vf,g € Haq

Consequently, an analytic function f on D belongs to Hyq if and only if
(De(N)2f € L3 (D, pave)-

In the last statement (Dg()))'/2 is the positive square root of the positive operator
Dy (N), see Corollary 2.1 Indeed, part (i) follows from Theorem 3.2 with j = ¢, v =
¢q—Jj=0,¢=sand Ds(\) = N°0%. In this case Hys = Ha is the Hardy space
H?(S) on the Shilov boundary S. Corollary 3.2 (i) for \ € V\T/'d(D) was proved in
[A2]. The proof of part (ii) is similar.

The case where A € P(D) and s := ¢ — X\ € N (i.e. the highest quotient of the
composition series of UM-invariant spaces is unitarizable) is of particular interest.

THEOREM 3.4 Let A € P(D) and assume that s :== £ — X\ € N. Then, for each
» € Aut(D) and f € H(D)

(UM () f) =TT N () (03 f). (3-8)

Namely, the operator 0% intertwines the actions UM and UP=2) of Aut(D). More-
over,

(f:9)x, =1 ONF,0%9),_s Vg€ Hag (3.9)
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where

r ; s—1

d
-1._(Z — )\
i = (Do TLTL, 0400 (3.10)
j=
and the product H'i;z ranges over all non-zero terms. In particular, if A < 1, then

(905, =cre(p =) /D(af\,f)(z) Ox9)(2) h(z,2)~* dm(z), Vf g€ Hag (3.11)

PROOF: (3.8) is proved in [A1], Theorem 6.4. For the proof of (3.9) and (3.11) we
define an inner product on the polynomials modulo M((Zi)l by

[f,9] == (ONf,ONG)p—x, [19 € Hnrg

We claim that [-,-] is UM-invariant. Indeed, using (3.8) we see that for every ¢ €
Aut(D) and polynomials f and g,
TN () f,UN ()] = (03U (0)f), 03UV (2)9))p-x

TP M) (0% £), UP M (0)(0%9))p—r
= (Onf,089)p-r = [f 9]

Since polynomials are dense in H 4, the fact that its inner product is the unique
UM-invariant inner product (see [AF], [A1]) implies that

<f7g>)\,q =cC [f)g]7 Vf,g € HA#Z'

The value (3.10) of ¢; is found by taking f = g = N?, and using the facts that
<N87NS>.7: = (d)(s,s,...,s)7 [NS7NS] = (8}9\INS)2 = <NS7NS>_%-‘7 and

T

: (N*,N*)F (V®, N*)F
N°,N*%), , =1 — ) = pan : n
< M 513;(5 ) ) I, 150N +u— )

EXAMPLE: In the special case where A = 0 and s := % € N, Ho,q is the generalized
Dirichlet space, and formula (3.11) is the generalized Dirichlet inner product

(Fr)ons = €160 — N) /D (0% 1)(2) g (@) dm(=), Vf,q € Ho,.

4 THE EXPANSION OF THE OPERATORS Dy ()

Yan’s operators Dy(A) = N %_Ac’?]{,N M=% and their derivatives play an important
role in the previous section. In this section we obtain an expansion of Dy()) in powers
of A. This expansion will exhibit Dy()) as a polynomial in z, %, and A, showing that
Dy () is a differential operator (with parameters A and ¢) in the ordinary sense. It
also facilitates the computation of the derivatives

DY) = (G De)

Il
v l&=A
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needed in formulas (3.3), (3.5) and (3.6) for the forms (f,g), ;. Another conse-
quence will be that for any r distinct complex numbers a1, ..., a, the operators
D;(a1),...,Di(a,) are algebraically independent generators of the ring of invariant
differential operators on the cone €, a result obtained independently also by Koranyi
and Yan (see [FK2], Chapter XIV). We shall work in the framework of the cone Q,
but all the results will be valid for Z, because € is a set of uniqueness for analytic

functions on Z.

EXAMPLE 4.1. Let D € C%, d > 3 be a Cartan domain of rank r = 2 (called the Lie
ball). The associated JB*-algebra Z = C9, called the complex spin factor, is defined
via
2w = (z1w1 — 2w qw +wd), 2F = (7L 7)),

where z = (z1,2'), = (22,23,...,24), and z - w := Z?Zl zjwj. The unit
of Z is e := (1,0,0,...,0), and the canonical frame is {e1, ez}, where e; :=
%(1,2’,0,0, .., 0), 62 = é(l, —i,0,0,...,0). The norm polynomial and the asso-
ciated differential operator are given by

d

d
1
N(z)::z-zzg zJQ and Oy = N(—=— :ZE
0z

=1

2

bw

respectively, since (z|w) = 2z - W is the normalized inner product. Since r = 2 and
a = d — 2, the Wallach set is

W(D) = Wa(D) UW.(D), Wa(D) = {o,?}, W.(D) = (%,oo).

One can show that D is given by

D=

d n
D={ze 2z (Zl%’lQ)Q— IN()*) < 1—Z|Zj|2}- (4.1)

For every a € C

0

A 0
N® = 20Nz, + N*
(2aN*2 + N5

8_,2,3 8zk

2

o— o— 8 a— o 8
2aN*"! +4aN lzkawa(a— N®"222 4+ N 5

. d .
Since R=35_, zjaizj, we obtain
52

) (—;NWHﬂNW%+N%N

J

On N% =

e
HM@.

It follows that for every a € C and £ € N,

d—2
Nl_o‘é)NNO‘ = NOy + aR+ Oé(Oé + T)I = NOon + (Oé)(LQ)R + (Oé)(1,1)1- (4.2)
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Since
De()) = (N%_’\E?NNH’\_%) (N%_’\_IE?NN“’\_%) o (N%“_e_’\é)NN“’\_%) :

we finally obtain

14
Dy(N) = [[(Now + (A — g +HDR+A—145)\— g +)I). (4.3)

=1

Note that the factors on the right hand sides of (4.2) and (4.3) commute, since they
are G(Q)-invariant, and the entire ring of G(Q)-invariant operators is commutative.
Also, the operators R and NOy are K-invariant. Hence the factors on the right hand
sides of (4.2) and (4.3) are multipliers of the Peter-Weyl decomposition of analytic
functions on D (see Corollary 2.1).

Consider a general Cartan domain of tube-type D C C?% with rank r. Let Q be
the associated symmetric cone in the Euclidean Jordan algebra X and fix a frame
{e1,...,e,} of pairwise orthogonal primitive idempotents in X, whose sum is the unit
element e. For 1 < v < r, let ¢, := ¢1, be the spherical polynomial associated with
the signature 1, := (1,1,...,1,0,0,...,0), where there are v “1”’s and r — v “0”’s.
Put also ¢o(2z) = 1. Let {A,}]_, be the differential operators on €2 defined via

(8)1(@) = 6 Co) (f(Plat)a)) (14)

|z=e

where for b € X, P(b) is defined via (1.1). Recall that P(b) € G() for every b € Q,
and that Q = {P(b)e;b € Q} since P(a?)e = a. Moreover, the L-invariance of the
¢,’s and the “polar decomposition” for €2 imply that

(@) = 0N (fW@) . acn (4.5)

|z=e

for every ¢ € G(Q) for which ¢(e) = a. This implies that the operators {A,}!,_, are
G(Q)-invariant, namely

Ay(forp) =(Avf)od, VY EG(Q), VfelC™Q).
We remark that (4.4) and (4.5) are equivalent to
AV |y =6, (17 (y) €Y = 6, (P(a?)y) €Y, a,yeQ, (4.6)
where ¥ € G(?) C GL(X) satisfies ¢(e) = a, ¥* is the adjoint of ¢ with respect to

the inner product (-,-) on X, and A, differentiates the coordinate z. Notice also that
the operators A, can be written as

0
Au = me ’ )
c (x aa:)

where m = (1,1,...,1,0,...,0) (v “ones” and r — v zeros), and ¢y, is an appropriate
constant.
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For v = 0,1, r it is easy to compute A, . Clearly, Ao = I. Since N is L-invariant,
¢ = N. Using (4.6) and (1.3), we find that

A, = NOy.

Also, ¢1(x) = Ltr(z) = L (z,e). Indeed, using Ni(z) = (z,e1) and the fact that L is

r

transitive on the frames, we get

bi(@) = /L<€a:,el)d€: %il/wa,eMe

1/L<ex,e>de= 1/L<x,ee>de= oo

r r
Using the fact that tr(P(a?)y) = (P(a2)y,e) = (y, P(a?)e) = (y,a), Va,y € Q, we
find that
A; = -R,
r

where Rf(z) := %f(ta:)lt:l is the radial derivative.

Our main result in this section is the expansion of D;(\) = N FA N N1TA-1,
This result was obtained independently by A. Kordnyi, see [FK2], Proposition
XIV.1.5.

THEOREM 4.1 For every A € C,

Di()) = Z <Z> H (A=) A, (4.7)

v=0 j=v+1

PROOF: For z € , the function o — N(x)® is entire in a.. Hence both sides of (4.7)
are entire in A, and it is therefore enough to prove (4.7) for A with R\ < 0. Let
a = A — A. Since RA > A, we get for every x € Q)

1
FQ (Oé)

N(z)= = /Q == N (D) dpuo(b),

where dpg (t) := N(t)~#dt is the G(Q)-invariant measure on Q. Fix a,y € Q and put
fy(z) := ¥, Then

(N*TIONNT*f,)(a)

~ N(a)**! d eyt o

- NG /Q 09 N (1) dpiy (£) foca
N(a)a-Irl a,y—t a

= Ao [ NG = ON )" duatt)
fy(a)

—
e}

= o~ (e.P(a®)t) a3y — VO dua(d).
(oz)/Q N(P(a?)(y —t))N(P(a?)t)* dua(t)
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Letting b = P(a?)y, the substitution ¢ := P(a~2)P(b2)r gives

(V0NN (@) = JEDN ()N [ e OIN e = NG dua(r),

Now, the well-known “binomial formula”

T

N(e+z) =Y C) 6u(z), v€X (4.8)

v=0

(which follows from Theorem 1.2 and the knowledge of the norms of the ¢,’s) and
the fact that for every s € C" and b € Q)

1
FQ (S)

/Q e~ 6,(r) dpua(r) = da(b7) (4.9)

(which follows from the analogous formula for the conical functions), imply

14
v=0

[N =N dur) =32 (1) [ 000, 1a(r) dntr)

T

_ Zo (Z) Ta(L, +a) 61, 1a(b7) = N(B)™ 3 (fj) To(L, +a) 6,(b71).

v=0
We claim that for every be Q and 1 <v <r,
¢ (b71) = ¢ (D) N(b) . (4.10)

Indeed, using (4.8) we have N(e +tb~1) =37 (7) ¢, (b") t¥, as well as

v

N(e+tb™") = NP 7)(b+te)) = N(b)"'t" N(e+t'b)
= N@®)'t ") ) .
(i) o

Comparing the coefficients of ¢ in the two expansions, we obtain (4.10). It follows
that

(N“FLONN~f,)(a

- LR S () Tt + ) 60

v=

pia S (1) Pt o)

v=0

I
;ﬁ
—

IS
S—
(-
N
3
N~
Il N
—
>~
<
|
Q
S—
<
3
|
S
—
Y
—
S

[N
S—
N4
S—
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Comparing this with (4.6), we conclude that

Netl gy N—@ — Z <Z> f[(Aj —a) A, = Z <1:> ﬁz(xj —a) A

v=0 j=1 k=0

Using the relations a = A\, — X and % =1+ A, we obtain (4.7). n
REMARK: The “binomial formula” (4.8) yields that for every v = 1,2, ..., r and every
zeX,

o= X wne () =sw(]),

1<i1<in<...<i, <r

where A = (A1, A2, ..., A.) is the sequence of eigenvalues of z, and S, is the elemen-
tary symmetric polynomial of degree v in r variables.

Combining the definition Dy(\) = i_:lo Dy (A + k) with Theorem 4.1, we obtain
COROLLARY 4.1 For every A € C and £ € N,

-1 r T
pN=T]> <Z> I & +k—x) A (4.11)
k=0

v=0 j=v+1

For any signature m > 0 let A, be the differential operator associated with the
spherical polynomial ¢, via

(Amf)(@) i= $m(-) f(P(a?)) , acQ. (4.12)

Equivalently,
Ame@’y)m:a = ¢m(P(a?)y) eV ac Q. (4.13)

Again, one can replace in (4.12) and (4.13) P(a2) by any ¢ € G(Q) satisfying ¥(e) =
a. Hence the operators Ay, are G(€)-invariant, namely

Am(fot) = (Amf) oy, Ve G(Q).

THEOREM 4.2 For every A € C and £ € N,

Dy(A) = Z To(2 * d o~ Am
m>0 a(f +40—m*) To(f —£—2) ($)m
(4.14)
d @ (—f)m dm
=(==A=0,..¢ Am.

r () mZ N (Do
Here m* := (m,,myp_1,...,m1), dm = dim(Pw), and the summation Zm>0(€)
extends over all m = (my,ma,...,m,) € N" with £>m; >mg>...>m, >0.
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PROOF: The general binomial formula (1.15) and the relations

fm 2 _ (Pm
Km(z,€) = = [¢mllr = -5
[N " dm
(see [FK2], Chapter XI) imply for £ € N and z € X
© dm
Ne+z)=c Z T %m(7), (4.15)

2 D D

0

where ¢ := (%)(5757“,7@, and m* and Zm>0( are as in Theorem 4.2. Indeed, by

(1.15),
—1)Iml
N(e+ x)é - Z (_g)m(l)idm

d
m>0 (F)m

From this (4.15) follows by the fact that (—{)ym = 0 if m; > £, whereas in case my < ¢,

Gm (7).

() 1yl = (Dittet)
(%)K—m*
As in the proof of Theorem 4.1, it is enough to prove that for every a € C with
Ra > A\, and every £ € N,

@ —a (5) Q)yp—_m=* dm
NN~ =c ) 5)7(1 Am. (4.16)
m>0 (;)é—m* (;)m

From this one obtains (4.14) by the substitution « = £ — £ — X. To prove (4.16), fix
a,y € Q and let f,(z) :=e®¥). Then

(N 0% N2 f,)(a) = %ﬁj” [ e Ny =0 NO" dualt)
N fy(a) o) Ne — )l N(u)® v
= SR [ e N ) N o),
by the substitutions b= P(a2)y and u= P(b~2)P(a?)t. Using (4.15), (4.9), and
$m(z ") = ¢t (z) N(z)~* (4.17)

(a consequence of [FK2], Proposition VII.1.5), we obtain

(VO N ) (a) = 1 5 TR (o).

With the change of variables n := ¢ — m*, the fact that dy, = dn (use (4.17) or the
general formula for dy, in [U1]), the definition (4.12), and
a —a @) (a)g—n- d

(N 0 N 1) (0) = fya) 30

DRI (_‘)‘n n-(P(a?)y),

we obtain (4.16). m
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COROLLARY 4.2 The operators {Ag};_, are algebraically independent generators of
the ring Dif( Q)¢ of G(Q)-invariant differential operators on Q.

PRrOOF: Comparing the two expansions (4.11) and (4.14) of D;()), we see that
A € C[Al, AQ, ey Ar]

for every signature m > 0. Since {@m}m>0 is a basis for the space of spherical
polynomials, the one-to-one correspondence between spherical polynomials and the
elements of Diff(Q2)¢(?) (see [FK2], Chapter XIV) implies that {Am}m>o is a basis
of Diff(Q)¢(Y). Thus Diff(Q)*) = C[A;, As, ..., A,]. Since the minimal number of
algebraic generators of Diff(Q)¢(?) is r = rank(Q) [Hel, it follows that Aq, Aa, ..., A,
are algebraically independent. ]

The divided differences of a C''-function f on R are defined by

f(to) — f(t1)

W(to, t1) :=
f (07 1) t()—tl

for tg # t1, and fIU(tg,to) := f'(to). The higher order divided differences of a smooth
enough function f are defined inductively by

M (ko te, . tn) i= g (b1, tn),

where g(z) = f"U(to,t1,...,tn_9,2). Then fl(to,t1,...,t,) is symmetric in
t(),tl,...,tn, and
1 dr
b, ) = = —f(t).
f ( » Y ) ) n! dtnf( )

Moreover, if f is analytic in a domain D C C, then
1 f(©)
f[”l] t07t17'--7tn :_/ n d§
( )= 2 e Tl 1)

for all tg,t1,...,t, € D and every Jordan curve I' in D whose interior contains
to,t1,...,tn and is contained in D. The divided differences of vector-valued maps
are defined in the same way and have analogous properties. For convenience we put

also flO(t) := f(1).

THEOREM 4.3 Letay, s, ..., a, € C be distinct. Then {D1(«a;)}}_, are algebraically
independent generators of Dif(Q)¢(?). Moreover, for £ =1,2,...,r,

v

A= DIV At A/ <7"> (4.18)

where DET_K] (Me, ..., Ar) are the divided differences of order r — ¢ of D1()\), evaluated
at (Aey, Aoty -0y Ar)e
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PROOF: Let hi(z) := (}) [Tk yi( =), 0 <k <r. Then hLm] (0, X1,y Tm) =0

whenever m > r — k, and hE:_k} (zo,x1,...,x,—) = () for all choices of
Zo, %1, ..., Tr—k. By Theorem 4.2, Dy (o) = >} _o hi(a) Ag. Hence, for 1 < ¢ <r,

14
DEI‘—@] (Oé(, Qg1 Oér) — Z hL”‘_e] (ae, Qpt1y.- -y Oé'r) Ak;.
k=0

Solving this system of equations for the Ay’s, we see that Diff(Q)¢(®) =
C[A1, Ag, ..., A coincides with the ring generated by the operators

{DQT_K] (oo, o1,y ar) by_y- If the {a;}7_; are distinct, then
D" Ny, aps1,...,ar) € C[Di(e1), Di(az),.. ., Di(ay)].
Hence,
DIH(Q)G(Q) = C[Al, AQ, ey Ar] = C[Dl (041), Dl(ag), ey Dl(OéT)].

The operators { D1 (a;}_, are algebraically independent, since Diff(Q)¢) cannot be
algebraically generated by less than r elements. If o; = A; for j =1,2,...,r, then

hLT_e](Oég,...,Oér) =0 for k < £. Thus, for £ =1,2,...,7,

T— T— T
Dg g (Oég,Oég.H, .. .,Oér) = hg g (Oég,Oég.H, .. .,OéT) Ag = <€> Ag. |

REMARK: The first statement in Theorem 4.3 was proved independently also by A.
Kordnyi [FK2] and Z. Yan [Y1]. Our result is slightly stronger, giving the exact
formula (4.18).

Combining Theorems 3.2 and 4.2 (or, 4.1) we obtain integral formulas for the
invariant hermitian forms (-, ) j, A € P(D), 0 < j < g(\).

COROLLARY 4.3 Let A € P(D), ¢ € N and assume that A + £ > % =\ + 1. Let

g=q(\),0<j<gq, andv =q—j. Consider the G(Q)-invariant differential operator
(£) dm

Thj=7Y. emNb) —5o— Am, (4.19)

m>0 (F)m

where 7 is given by (8.4), and for every m > 0 with my < ¢

L2y (FFQ(§+€)FQ(§—§—“‘*) ) _ (4.20)
=2

Tl

cm(N0) = —
0= \Ta@ - my T =09
Then T} ; is defined on all analytic functions on D, and for all f,g € Hy ;

<f7 g>)\,j = <T>\7J'f? g>>\+z' (4'21)

In particular, if A\+€>p—1or A4+ { = % then we have

(g = /D (T 1)) 7@ durse(z) and (f,g); = /S (T2; 1)(©) 908 do()

(4.22)
respectively.
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The case A = A, is particularly simple, since then % — A = 1, and we can use
(4.7) rather than (4.14).

COROLLARY 4.4 Let D be a Cartan domain of tube type and rankr > 2 in C¢, d > 3.
Then

r—1 r—v T
(Frghano = <BZ <7“> H A AL, g>H2(S)’ where 3 := H)\i. (4.23)
V=0 i=2 i=2

v

PROOF: In this case ¢ = ¢(\) =1, =0,and v = ¢ —j = 1. We choose ¢ =1, so
A+ L= %. In order to apply Theorem 3.2 we use Theorem 4.1, and compute

T T

Di(),) = %Dl(f)lézA = a% (Z <Z> IT €—x) A,,>

v=0 1=v+1 le=An
r—1 r r—1 r—1 r r—v
-3 () Mo-wa=-X () IIxa
v=0 1=v+1 v=0 =2

Using this, (4.23) follows from

ea(fe) CHeoue

i=1 i=1 =2

EXAMPLE 4.2. Let D be the Cartan domain of rank r = 2 in C? (the Lie ball), d > 3.
Then

(£:9)aa, = (g REDF9) s (1.2

Namely, in this case A = Ay = d;22, g=qA)=1,7=0,and v =¢q—j = 1. With
=1, A+{= % =X+1= % we get by using Theorem 3.2 and Corollary 3.2,

d—2
2

(F:9 s, = WD) 9),

d—2 2
’7<(R+ Tl)f’g>H2(s) = <(mR+I)f7g>H2(S)'

Since the Shilov boundary S of D is given by

d
S = {eie(xl,img,ixg, .o ixzq);0 € R, Za:? =1} = St gd-t

Jj=1

the unique K-invariant probability measure on S is do(e?(z1,i2')) = Ldvy_y(z),
where v4_1 is the unique O(d — 1)-invariant probability measure on S%~!. Thus

(4.24) provides a very concrete formula for the inner product (-,-) ,_, .
—z

DOCUMENTA MATHEMATICA 2 (1997) 213-261



INVARIANT INNER PRODUCTS 245

5 INTEGRATION OVER BOUNDARY ORBITS OF Aut(D)

In this section we obtain formulas for the invariant inner products in terms of inte-
gration over an orbit of Aut(D) on the boundary dD. We focus on the inner products
(Vg0 = (s ->%, and conjecture that our method can be generalized for the deriva-
tion of similar formulas for the inner products (-, '>>\j,0 = (, -)Aj, A= (- 13,
j = 3,4,...,7, in terms of integration on an appropriate boundary orbit. (Notice
that the case j =1 is trivial, since Ay = 0 and Ho o = Ho = C1).

In order to describe the facial structure of a Cartan domain of tube-type D C C?
[Lo], [A1], let S; be the compact, real analytic manifold of tripotents in Z of rank
£ =1,2,...,r. The group K acts transitively and irreducibly on S;. Let o, be the
unique K-invariant probability measure on Sy given by

/Slfdag:/Kf(k(vg)) dk, (5.1)

where vy is any fixed element of Sy. For any tripotent v let Z = Z1 (v)+Z1 (v)+ Zo(v)
be the corresponding Peirce decomposition. Then D,, := DNZy(v) is a Cartan domain
of tube-type, which is the open unit ball of the JB*-algebra Zy(v). If v € Sy then the
rank of D, is 7, := r — {, its characteristic multiplicity is a, := a if £ < r — 2 and
a, =01if £ =r — 1, and the genus is p, = p— £a. The set v+ D, is a face of the
closure D of D. For any function f on D let f, be the function on D, defined by

fo(2) == flv+2), z€D,. (5.2)

The fundamental polynomial “h” of Zy(v) is defined by
hy(z,w) := h(z,w), z,w € Zy(v). (5.3)
For £ =1,2,...,7, /D := Uyes, (v + D,) is an orbit of G: 9D = G(vy). If v € S,
is a maximal tripotent, then D, = Zy(v) = {0}. Hence §,D = S, = S is the Shilov

boundary. In particular, S is a G-orbit. The only tripotent of rank 0 is 0 € Z, and
D = Dy is also a G-orbit. Thus the decomposition of D into G-orbits is

D=DuU LTJ OyD.
(=1

For every tripotent v € Z and A > p, — 1 consider the probability measure p,  on
D, defined via

/ fdpy = cv7>\/ f(2) ho(z, 2)2 P2 dmy(2), (5.4)
D, D,

where m, is the Lebesgue measure on D, and ¢,  is the normalization factor. Simi-
larly, one defines a probability measure o, on the Shilov boundary S, of D,, via

/S o= /K ()
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where v’ is any tripotent orthogonal to v and K, :={k € K;k(Z,(v)) = Z,(v)}, v =
0,1/2,1, so that K,(v') = S,. The combination of y, » and o, yields K-invariant
probability measures gy on 9D, 1 <{<r—1, A>p—~La—1, via

- fdpey = /Sz </DU fu(2) duv,,\(z)> doy(v).

Next, consider the “sphere bundle” By, 1 < ¢ < r, whose base is Sy and the fiber
at each v € Sy is v + S, (where S, := 0,_¢D,, is the Shilov boundary of D,). The
group K acts on By naturally, and this action is transitive. The combination of the
measures o, v € Sy and oy yields K-invariant probability measures v, on By via

[ g /S l ( /S e+ dov(s)) dory(v).

For v € Sy, consider the symmetric cone €2, in Zy(v), and let A@, Ag’), s AS’_)K be
the canonical generators of the ring Diff(€2,)%(?*) as in section 4. We also denote

AW =1, A = (AP AW AW and A = (j— 1)%, 0<j<r

CONJECTURE: For every2 < j <1 and every A > X;j_1 there exists a positive function
pix € C([0,00)771), so that the inner product (-, -)Aj = (-, )., 1S given by

25,0
<f>g>>\j :/S <pj7)\(A(v))fU7g'U>’H>\(Du) dUT—j+1(U)' (5.5)
r—j+1

Moreover, if A= Xj_1+1 = dim(D,,)/rank(D,), then p; := p;  is a polynomial with
positive coefficients.

If X is chosen appropriately then (5.5) becomes an integral formula for (f, g) .
For instance, if A = A\j_; + 1 in (5.5), then we have H(D,) = H*(S,), and (5.5)
becomes

ton = [ ([ @)@ 5@in©)) do s (59)
Also, if A > (j —2)a+1in (5.5) then Hx(D,) = L2(Dy, fiv), and (5.5) becomes
ta = [ ([ @06 @ @) dosa). 60

Note that the integral in (5.7) can be expressed as an integral on 0,_ ;11D with respect
to dpr—j11,x. Similarly, (5.6) is an integral on B,_;41 with respect to vp_;41.
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INTEGRAL FORMULAS FOR (f,g),,, VIA INTEGRATION ON &,_1D

a/2

a

In what follows we shall establish (5.5) for j =2 (i.e. A2 = §) in two important
special cases, namely for Cartan domains of type I and IV. Our method suggests an
approach for the general case. For j = 2 (5.5) becomes

Fahy = [ o @Er R o)y o (5.8)

where py(z) = p2 a(x) € C*°([0,00)) is a positive function, A§”) = R, where R
is the localized radial derivative (i.e. the radial derivative in Zy(v)), and D, =D =
{z € C;|z| < 1}. We will show that in our two cases

L'z +A)
pa(z) = m q(x),

where ¢(x) is a polynomial with positive rational coefficients. In particular, for A =
1,2,..., pa(x) itself is a polynomial with positive rational coeflicients. If A is chosen
appropriately, then (5.8) becomes an integral formula analogous to (5.6) or (5.7). For
A =1, (5.8) becomes

oy = [ Ao )0 (B o 00) (5.9

r—1

and for A > 1, (5.8) becomes
gy = [ o @@ 00 (5.10)

LEMMA 5.1 The right hand side of (5.5) is K-invariant. Consequently, the right
hand sides of (5.6), (5.7), (5.8), (5.9), and (5.10) are K -invariant.

PROOF: Let £ =r — j + 1, and note that for each fixed smooth function f the maps
Sedv— Agv)(fv), 1 <i<j—1, are K-invariant, in the sense that

AFO (f) ok =AYN((Fok),), VkeK, YveS,.

From this it follows that if v, € Sy is any fixed element, then

/S DIAA) fu, 90) s, o, d02(0)
[4

_ /K (B3 A(BTD)(F 0 R)ars (90 o)y o, -

The K-invariance of the right hand side of (5.5) follows from the invariance of the
Haar measure dk. |

Since Mé%) => o Pimo,p0,.) and

<f7g>% = Z M)

()
m=(m,0,...,0),0<m<oco 2/m
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in order to establish (5.8) it is enough, by the K-invariance of both sides, to find
positive functions py(z) € C*°([0,00)) so that (5.8) holds for the functions f(z) =
g(z) = Nj™(z), m > 0. This is equivalent to

v m m m!
[ dos@)oa (BN s (V7))o = (1)
Sr_1 (§)m
Fix a frame ej,eq,...,e, in Z. Then Nyi(z) = (z,e1), where (-,-) is the unique K-

invariant inner product on Z for which (v,v) = 1 for every minimal tripotent v. Let
e :=ex+es+...+e.. Then for z = k(€ey + €') with k € K and € € T, we have

Ni"(2) = (Ek(er) + k(e),e1)™ = <TZ> (K(ex), 1) (k(e'),en)™ " &

£=0

Thus, for v = k(e’), m > 0 and any continuous function f we have

FEROINPY ) =3 ( ) ),en)! (h(e'), e1)™* £() €.
‘=
Let us define
Im.e ::/ |(k(el),el)|2€ |(k(e'),el)|2(m_€) dk, 0</4<m< . (5.12)
K

It follows that the function py should satisfy

|

S
/&1dor_l(v)<pA(R<”>)(N{")v,(N1 o Zm( ) 5 PO,

Thus (5.11) becomes

m 2
3" e <m> G=— m=0,1,2,..., (5.13)
= ¢ (%)

where the numbers

2!
= — ), £=0,1,2,... 5.14
ae ()\)é pA( ) ( )

do not depend on A. The infinite system of linear equations (5.13) in the unknowns
{ge}?2, corresponds to the lower triangular matrix A = (am,e)5y j—o, Where ame =

Im.e (TZ)2 for m > ¢, and a, ¢ = 0 for m < £. Since amm > 0 for m =0,1,2,

there exists a unique solution {g¢}7°, to (5.13). There are many smooth functions
which interpolate the values {g;}7°,. We will show that g, > 0 for every ¢ > 0, and
prove that {g¢}7°, can be interpolated by a polynomial of degree r — 1 with positive
coefficients. For Cartan domains of type I and IV, we will solve the system (5.13) by
calculating explicitly the numbers J,,, , and applying powers of the difference operator

5(f)@) :==f(t) = f(t—1), teR.
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If f is defined only on [0,00) then we define 6(f) := 6(F'), where F(t) := f(t) for
0 <tand F(t) =0 for 0 > ¢. Similarly, 6 can be defined on two-sided sequences (i.e.
on functions on Z) or on sequences (i.e. functions on N). The powers of § are defined
inductively by §*t! := § o 6™.

CASE 1: CARTAN DOMAINS OF TYPE I. Let D = D(I,,) :={z € M, ,(C); | 2| < 1}.
The rank of D is 7, the dimension is d = 72, the genus is p = 27, and the characteristic
multiplicity is a = 2. To every k € K there correspond u, w € U(r) (the unitary group)
so that det(u) = det(w), and

k(z) = uzw*, z € D. (5.15)

Thus [, f(k(z)) dk = fU(T) fU(T) f(uzw*) dudw, where dk is the Haar measure of
K. Choose the canonical frame of matrix units e; :=e;;, j =1,2,...,7, and denote

— T . /. _ — T .
e=> ,ejande =e—e1 =3 ,€;.

PROPOSITION 5.1 Let D = D(I,.,). Then for every integers m,£ with 0 < £ <m <
00, we have

7 =12 (m =0 (m— L+ —2)!

mot (P)m (m+7—1)! '

(5.16)

PROOF: Let k € K be given by (5.15). Then (k(e1),e1) = u11wr,1 and (k(¢'),e1) =
> =g u1,wr ;. Thus, for 0 < £ <m < oo,

Jm,é = / / |U171|2€|U)171|2€| Zu17jw17j|2(m_e) du dw.
U(r) JU(r) j=2

This integral can be written as an integral on the product of the unit spheres 0B, C
C" with respect to the U(r)-invariant probability measure o

Toa= [ [ VPR A do(e) doti,
oB,. JoB,
where & := (&2,...,&) and ' := (2, ...,7n,). Now, by the U(r)-invariance,
| I dote)
OB,
P [ lepier P dote)
0B,

_ m— m_py Z(m — £)!
I 12O el oy = |20 A= O
(D) (T)m

It follows by using [Ru], 1.4.5, that

N(m —¥¢)! B
Imp = fm — H1 / In12(1 = |m|*)™ ¢ do(n)
(T)m OB,

— MT— 15 _ p\ym—~L+r—2
= o ( 1)/0t(1 t)ymHT=2 gt
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- W(T—I)B(ﬁ—i-l,m—é—i-r—l)
(r—1)(M2(m — Ol (m —L+1—2)!
(M)m(m+r—1)! '

COROLLARY 5.1 For D = D(I,.,) the system of equations (5.13) is equivalent to the
system

m _9 _1 2
qug:(T—Q)!<m+r ) m=0,1,2,.... (5.17)

r—1
£=0

(a:) of degree

PROPOSITION 5.2 For every r > 2 there exists a polynomial q(z) =
=0,1,2,..., where

r — 1 with positive rational coefficients, so that q(€) = g4 for £
{qe}72, is the unique solution of (5.17).

For small values of r it is easy to solve (5.17) explicitly by applying powers of §. Thus,
1

@) =2r+1, g¢(z) =32 +3x+1, and q(z)= 3(10373 + 1522 + 11z + 3).
The proof in the general case requires more preparation. Define

fa(x):=(z+1), :Ha:—i—j n>1, and g,(z Ha:—l—j , n>0. (5.18)

j=1 7=0
Then g, (z + 1) = fuy1(x)?, and
S f)@)=nn—1)---(n—k+1) for(x), k>0, (5.19)

where ¢ is defined by §(f)(x) := f(z) — f(z — 1). Indeed, (5.19) is trivial for k = 0.
For k =1 and all n we have

5@ = 1@ +9) - T[e+i -0 =]+ @+n-2) =nfie)

Assuming (5.19) for k, let n > k and compute 6**1(f,)(z) = n(n — 1) -- (n —k+
1) 0(fa-r)(@)=nn—=1)---(n—k+1)(n — k) fn_k—1(x). This establishes (5.19).
Next, define an operator o, analogous to 4, via

(of)(z) = f(z)+ f(x —1), z€R.

Clearly, 0 = 0§, and both ¢ and § commute with all the translation operators

(ref)(@) = f(z + ).

Denote by P, the set of polynomials in one variable with non-negative coefficients.
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LEMMA 5.2 Let f(z) be a polynomial and let n,m € N. If §"f € P, then
5"+ij/2f € Py for every integer 0 < j < m.

PROOF: Since § commutes with translations, we may assume that n =0 and m = 1.
It is therefore enough to check that i /ka € Py for every k € N. This follows from
the binomial expansion:

1 1 k . .
k k k —25 k—25—1
Ve — 2\ = 274 IR [ |
om0z = (x + 2) (x 2) Z <2j+1> T

LEMMA 5.3 Let f(z) be a polynomial and let n € N. Assume that o™ I f €
Py forevery 0<j<mn. Then §7¢" 7 ((z+c)*f(z)) € Py for every k € N,
c>35 and 0<j5 <n.

PROOF: Again, since § and o commute with translations, it is enough to assume that
k = 1. We shall prove the assertion by induction on n. The case n = 0 is trivial since
P4 is closed under sums and products. Assume that n > 0 and that the assertion

holds for n — 1. A computation yields
—1
5 ((a: + g)f(a:)) = (z+

n
2

J6H)() + 5(0)(@) (5.20)
and 4 L

o ((@+5)f@) = @+ 50 )@) + 500 (@). (5.21)
If 0 < j < n then using (5.20) we get

n—1
2

P (@4 @) =9 a0 (@ PEN6H() + 5len)E) )

By assumption,
g D=0 = 5 1gn=U-Df P = for0<j<n.

Similarly, ' ' ' '
§lgn=D-U-U5f = §ign=if e P, for0<j<n.

Thus, by the induction hypothesis on n — 1,

. . —1
§i-1gn=1)=(-1) <(a: + ) )5f(a:)> €Py, for0<j<n.

Next, using (5.21) we get

n—1

7 (1@ + @) =om (@4 " Hos@) + o7

By assumption, 0" 13 f(z) € Py and §‘c" 1o f(z) € Py for 0 < ¢ <n — 1. Thus,
by the induction hypothesis, ‘0"~ ((z + 251)o f(z)) € P4 for 0 < £ <n—1, and
in particular o ((z + 251)o f(x)) € P4. It follows that o™ ((z + 2)f(z)) € P+
This completes the induction step. [
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LEMMA 5.4 Let g,(x) be the polynomial defined by (5.18). Then §'c?g, € Py when-
ever v+ 7 <n.

PROOF: We proceed by induction on n. The case n = 0 is trivial, since go(z) =
2?2 € P,. Assume that n > 0 and that 6°c7g,, 1 € Py whenever i +j <n—1. A
computation yields

69a(2) = 2(n + 1)z + “5—) gn-1() (5.22)

and
n—1 n+1

5 )2+ ( 5 )2>gn-1(a:). (5.23)

Now assume i +j < n. If i > 0, (5.22) yields

ogn(z) = 2 <(a: +

o . . , , -1
57 gn(x) = 6" oI (0gn(z)) = 2(n + 1)6" 107 <(a: + nT)gn_l(a:)> ,
and by induction hypothesis and Lemma 5.3
i—1_j n—1
00’ ( (@ + —5—=)gn-1(2) ) € Py,

so that §'o’g, € P. If i = 0 and 0 < j < n, then (5.23) implies

79ule) = 1 o) =207 (0 + B+ (52 ) 5 (@)

The polynomial 07~ 'g, 1 belongs to P, by the induction hypothesis. Also, the
induction hypothesis (6°c7~1g,,_1 € P4 whenever i + j < n) and Lemma 5.3 imply

that
n—1

§igi =1 <(a: + )gn_l(a:)> € P, whenever i+ j <n.

In particular, o/~ ((z + 251)gn—1(z)) € P4. Hence og, € PL V0 <j<n. ]

COROLLARY 5.2 (1) d7g, € Py for all j,n € N satisfying 0 < j < n.
(1) &7 ((x 4 B)gn(x)) € Py for all j,n,m € N satisfying 0 < j <n+m.
(111) 87 f,(x)%* € Py for all j,n € N satisfying 0 < j <n + 1.

PROOF: (i) is a special case of Lemma 5.4, and (ii) follows by (i) and Lemma 5.2.
Since f,(x)? = gn_1(x + 1), (iii) follows from Lemma 5.2 with m = 2. ]

REMARK The result in part (iii) of Corollary 5.2 is best possible in the sense that
8" 2(£2)?) need not be in P,. Indeed, 6°(f7)?) is not in Ps.
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PROOF OF PROPOSITION 5.2: In terms of the polynomials (5.18), the system of
equations (5.17) with unknowns g has the form

gfr—Q(m —0) q = %, m 2> 0. (5.24)

Applying powers of the operator § with respect to the variable m and using (5.19),
we get by induction on k that

o (Zm(m—e) qe> =2 =3) (k-1 frasm 0 a
£=0

=0
for 0 <k <r —2 (here fo(z) =1). From this it follows that

61 (i fr—2(m —1¥) qg> =(r—2)!q¢n, m>0.
=0

Applying "1 to both sides of (5.24), Corollary 5.2 (iii) implies that there exists
a polynomial ¢(z) of degree r — 1 with positive rational coefficients so that ¢, =
g(m), Ym >0. ]

THEOREM 5.1 Let D = D(I,.,). Then for every f,g € Ha(D) and A > 0 we have

Py = [ s R o)y o

where px(x) :=T(x+ ) T\)"1T(z+1)"! q(x), and q(x) is the polynomial of degree
r — 1 with positive rational coefficients as in Proposition 5.2.

CASE 2: CARTAN DOMAINS OF TYPE IV. Let D C C%, d > 3, be the Cartan domain
of rank r = 2 (see Examples 4.1 and 4.2), and fix a frame {e1,e2}. Since a = d — 2,

(5.13) becomes
m 2 |
S ) Imea= g mz0, (5.25)

o\t (5= Dm

where for 0 </ <m
It = [ |(k(er).ex) P (hlea),en) P
K
Without computing the numbers J,, ¢ explicitly we show that

Ime = Imm—e, 0<0<m. (5.26)

Indeed, let k' € K satisfy k'(e;) = e and k/(e2) = e;. Then, by invariance of the
Haar measure dk,

I = /K|(k(kl(el))>61)|2€|(k(k'(eg)),e1)|2(m—5) dk

/ |(k(62)7 el)|2€|(k(€1), el)|2(m_€) dk = Jm,m—é-
K
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THEOREM 5.2 The polynomial

4
glz)=-z+1= x+1
a

d—2

satisfies q(£) = q¢ for every £ > 0, where {qr}32, is the unique solution of (5.25).
Therefore, for every A > 0 and every f,g € ’H%(D),

18y = [ OAE) 80, A 0),

where the functions px, 0 < A < 00, are given by

Fx+A) 4

== (- 1). 5.27
In particular, for X = 1,2,... px is a polynomial of degree \ with positive rational
coefficients.
PROOF: We claim first that
m 2 |
(?) Tng =~y m >0, (5.28)
£=0 (3)m

Indeed, it is clear that

Interchanging the order of integration and using the transitivity of K on the frames,
we get

m 2

m m!
S (77) dme= [ ke e ah = NP, = s w0
i K @ (Pm

by using the well-known fact that ||(-,2)™||% = m!(z, 2)™ for every z € Z and m > 0.
Using (5.26) and (5.28) we see that

£ - S0 () e

£=0
o m\ > m-m! o m\ >

= Z(m—€)<€> Jm7g= a —Z€<€> Jm7g.
£=0 (§)m £=0

Thus

Combining (5.28) and (5.29), and using the fact that (), = (%)m (%Zm), we get
for m >0
m 2
m 4 4 m-ml! m! m!
Jm7g(—€+1)=— + =0
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In view of (5.14), this completes the proof. ]

—large THE COMPUTATION OF (f,g) _, BY INTEGRATION ON 01D

p—1
We conclude this section with the derivation of a formula for (f,g),_, via inte-

gration on 01 D

—1

PROPOSITION 5.3 Let F € C(D). Then

Jim, [ PEdne) - [ ( [ Fow duv,p_mw)) do(v),  (5.30)

where the measures i, ,—1 are defined by (5.4).

ProOF: Using (1.13) and (1.14) as well as (1.22), (1.23), and (1.9), we can write

T

/DF(z)d,u,\(z) = coc()\)/r FHw(t)* [ —t) dt

= CQC()\)/O w(tl)(l—tl))\_pdtl,

where
W(t1) :=/ F#(ty,t) H (ti —t;) H (1—t;) P at,
(0,637 1<i<j<r j=2

and ¢(A) = ¢p(A) is given by (1.22). Here t' := (ta,ts,...,t), dt’ := dtadts ...dt,,
and [0, tl)T_1 ={t' e R"" Lty > t3 > ... > t, > 0}. Since ¥ € C’([ 1]), we have

lime o ( e [l p(t)(1 —t)=? dt) (1), Since limyyp 1 TA—p+1)(A—p+1) =1
and ¢(p—1) = 0, we get

im [ P dm(z) = bu()

Ap=1Jp
— b/ Frt) ] -t JJa—t)*t at,
0,17

2<i<j<r j=2

where b := ¢y ¢/(p — 1). Using the definitions (5.1), (5.3) and the fact that for v € Sy
the genus of D, is p — a, we have (with the obvious meaning of the constants)

/s1 </D Fow) d“w—l(ﬂ})) doy (v)
=cp,, (P—1) /K (/D

Fie(ey) (k(8)) h(k(8), k(€)™ dm(’f(é))) dk

€1
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= cDel (p - 1) CO(Del)

x/ / / F(k(er +K'( tj%ej dk")) | w(t')* H(l—tj)“—1 dt' | dk,
K [0,1);*1 K j=2

e1 j=2

where K., := {k € K;k(e1) = e1} and w(t') := [[yc; ;<. (ti — t;)*. Interchanging
the order of integration, and using the fact that &’ (eJ = ¢; and the invariance of the
Haar measure dk, we see that the last expression is equal to

T

cp,, (p—1) CO(Del)/ FALE) w(t)* J](1—t)* " dt',

(0,17 j=2

Comparing the computations for the left and right hand sides of (5.30), we see they
are proportional. Taking F'(z) = 1, the proportionality constant is 1. [

COROLLARY 5.3 The constant co = co(D) in the formula (1.12) is

)7‘—2

d a
T (%
CO(D) = r—1 ) q 3 r—1 a\2 '
(L= €5) T(r 3) 1= T(¢5)
PROOF: Define v, =0, vy :=e1+ ... +er—g, £ =1,2,....r — 1, and v := ¢co(Dy,)-
Then the above proof (with r replaced by ¢) yields

e _ Doy, (E—Dat+1) r(t-Da+i(g)

Y- cp,, (€ =1a+1) CT((e-1)%+1) %(%)

for £ =2,3,...,r. Therefore, using the easily proved fact that v; = m, we get

C()(D) = Y= ’Y%Nl ZT_; R % Y
o r q=1)a+1 F(%) _ 1 4 F(%)’I‘—Q 1 | .
=2 D=1z +1HIE) =1 05) T(r ) [, T(€5)?

Proposition 5.3 allows the computation of the inner products (f,g), , by inte-
grating over the boundary orbit 9;(D) = G(e1) of G.

THEOREM 5.3 Let f,g € Hp—1. Then

oot = | (f o)) diopa(w) ) dor(0), (5.31)

PROOF: It is enough to establish (5.31) for polynomials f and g, and this case follows

from Proposition 5.3 with F(z) = f(z) g(2). [
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6 INTEGRAL FORMULAS IN THE CONTEXT OF THE ASSOCIATED SIEGEL DOMAIN

In what follows we shall use the fact [FK2] that D is holomorphically equivalent to
the tube domain
T(Q) =X +1iQ

via the Cayley transform c : D — T(Q), defined by c(z) := i(e + 2z)(e — 2)~1. For
A € W(D) the operator VN f := (foc™1)(Jc™ )P maps the space Hy = Ha(D) iso-
metrically onto a Hilbert space of analytic functions on T'(2), denoted by H(T'(Q2)).
We will denote (f, g)3, (r(q)) simply by (f,g)x. It is known that the reproducing
kernel of H(T'(?)) is

K (z,w) = <N(z 2“’)) _A, 2w € T(Q). (6.1)

Recall that for A > p — 1 we have H(D) = L2(D, ), where p, is the measure on
D defined via (1.23). Using the facts that h(c™!(w), ¢ (w)) = 4"| N (w + ie)| 2N (v)
and J(c Y (w) = (20)IN(w +ie)"P, Yw € T(Q), we get by a change of variables
that

HA(T(Q)) = LA(T(Q), vy) = L*(T(R), v») N {analytic functions},

where
dva(z) :=c(N)dx N2y)* Pdy, z=z+iy, z€ X, y €, (6.2)

and c()) is defined by (1.22). In this case V(*) extends to an isometry of L2(D, uy)
onto L2(T(2),vy).

In this section we obtain integral formulas for the invariant inner products in
the spaces H(T(Q)). Using the isometry VN : H,(D) — HA(T(Q)) one obtains
integral formulas for the inner products in the spaces Hy (D). Our results are essen-
tially implicitly contained in [VR], where the authors determine the Wallach set for
Siegel domains of type II, using Lie and Fourier theoretical methods. The Jordan-
theoretical formalism allows us to formulate our results in a simpler way, avoiding
the Lie-theoretical details. Since the Fourier-theoretical arguments in our proofs are
contained in[VR], we omit all proofs.

For A > (r — 1)§ consider the measure o) on Q defined by doi(v) :=
Bx N(v) 7> dv where Sy := (21)"2Tg()).

PROPOSITION 6.1 Let A > (r — 1)§ and let f be a holomorphic function on T(Q).
Then the following conditions are equivalent:

(1) f e HA(T(2));

(1) The boundary values f(z) := limosy—o f(x +iy) exist almost everywhere on X,
and the Fourier transform f of f(x) is supported in Q and belongs to L*(2, o).

Moreover, the map f +— f is an isometry of Ha(T(Q)) onto L2(2, 7).

Proposition 6.1 yields the following result.
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THEOREM 6.1 Let A > (r—1)5 and let f,g € HA(T(Q)). Then

(f, g>HA(T(Q)) = <f> §>L2(Q,gx) = % /Q f(t)% N(t)%"\ dt.

The group GL(Q) := {p € GL(X); ¢(2) = Q} acts transitively on Q . It acts
also on the boundary 99, but this action is not transitive. The orbits of GL(2) on
0f) are exactly the r disjoint sets

O :=GL(Q)(ex) = {z € Q; rank(z) =k}, k=0,1,...,r—1,

where {ci,...,c.} is a frame of pairwise orthogonal primitive idempotents, ey := 0,
and ey := 2521 cj, k=1,2,...,7r—1. Consider the Peirce decomposition X, =
X,(ex) = {z € X;epx = va}, v = 0,5,1. Let Q(k) be the symmetric cone of
Xi(ex), and let ') be the associated Gamma function. Let GL(2) = LNqA be
the Iwasawa decomposition. Then NqA(er) = {z € 0rQ; Ni(z) > 0} is an open
dense subset of 9,2, and every x € NqA(ex) has a Peirce decomposition of the form
T=z1+21+2(e— ek)(a:%(a:%azl_l)) [La2]. Let us define a measure vy on 9, with
support NqA(ex) by

dvi(z) = Nk(xl)k%_% dzidz,. (6.3)

It has the following fundamental properties (see[VR] and [La2]).

THEOREM 6.2 Let 1 < k <r —1. Then the measure vy satisfies
[ e dne) = NG e, (6.4)
NQA(ek)
where v == (2m)k =3 Cow(k%), and
dvi(o(z)) = Det(p)*3)/ % duy(z), Vo € GL(Q). (6.5)

Since (2 is a set of uniqueness for analytic functions on T'(Q2), (6.4) implies by analytic
continuation

* —k3
/ e—(%,w) dl/k(a?) = Y 9—k% <N(Z .’U) )) , Vz,w € T(Q)
NQA(ek) L

—k%

Thus (N (2= )) is positive definite, and so k% is in the Wallach set W (D) =
W(T(42)).

By complexification, GL() is realized as a subgroup of Aut(7'(£2)) which nor-
malizes the translations 7,.(z) := z + z, i.e.

Tt =Tow), Yz EX, Ve GLQ).

Let G C Aut(T(2)) be the semi-direct product of X and GL(2). It acts transitively
on T(). Let N C G be the semi-direct product of X and Ng. Then the Iwasawa
decomposition of Aut(T(2))o is KAN. For

d
ap =<+ k2 k=0,1,2,...,7r—1
r 2
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let Hop = Haw(T(Q)) be the Hilbert space of analytic functions on T'(2) whose
£\ Tk

reproducing kernel is Ko, (2, w) := (N(%)) . Note that a1 = p — 1 and for

k = 0 we have ag = % and vg = dg, the Dirac measure at 0.

THEOREM 6.3 Fork=0,1,...,7r—1 H,, (T(Q)) consists of all analytic functions f
on T(Q) for which

By = esp [ ([ it )P de) ants)  (66)
teQ JNg A(er) \JX
is finite, where

Lo(ay)27% (2m)~(@Hk—E)8).
Lo (k3)

Moreover, for every f,g € Ha, (T(2)),

Br =

(Vs = B _lim ( [ fa+ity+0) @ T 0) da:) v ().

Q5t—0 NQA(ek)
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INTRODUCTION

Index theory and K-Theory have been close subjects since their appearance [1, 4].
Several recent index theorems that have found applications to Novikov’s Conjecture
use algebraic K-Theory in an essential way, as a natural target for the generalized
indices that they compute. Some of these generalized indices are “von Neumann
dimensions”-like in the L?—index theorem for coverings [3] that, roughly speaking,
computes the trace of the projection on the space of solutions of an elliptic differ-
ential operator on a covering space. The von Neumann dimension of the index does
not fully recover the information contained in the abstract (i.e., algebraic K-Theory
index) but this situation is remedied by considering “higher traces,” as in the Connes—
Moscovici Index Theorem for coverings [11]. (Since the appearance of this theorem,
index theorems that compute the pairing between higher traces and the K—Theory
class of the index are called “higher index theorems.”)

In [30], a general higher index morphism (i.e., a bivariant character) was defined
for a class of algebras—or, more precisely, for a class of extensions of algebras—that is
large enough to accommodate most applications. However, the index theorem proved
there was obtained only under some fairly restrictive conditions, too restrictive for
most applications. In this paper we completely remove these restrictions using a
recent breakthrough result of Cuntz and Quillen.

In [16], Cuntz and Quillen have shown that periodic cyclic homology, denoted
HP,, satisfies excision, and hence that any two—sided ideal I of a complex algebra A
gives rise to a periodic six-term exact sequence

(1) HPo(I) = HPo(A) —— HPo(A4/1)
5| |o
HP,(A/I) —— HP1(4) - HP4(I)

similar to the topological K—Theory exact sequence [1]. Their result generalizes earlier
results from [38]. (See also [14, 15].)

If M is a smooth manifold and A = C*°(M), then HP,(A) is isomorphic to the de
Rham cohomology of M, and the Chern—Connes character on (algebraic) K—Theory
generalizes the Chern—Weil construction of characteristic classes using connection and
curvature [10]. In view of this result, the excision property, equation (1), gives more
evidence that periodic cyclic homology is the “right” extension of de Rham homology
from smooth manifolds to algebras. Indeed, if I C A is the ideal of functions vanishing
on a closed submanifold N C M, then

HP. (I) = (M, N)

and the exact sequence for continuous periodic cyclic homology coincides with the
exact sequence for de Rham cohomology. This result extends to (not necessarily
smooth) complex affine algebraic varieties [22].

The central result of this paper, Theorem 1.6, Section 1, states that the Chern—
Connes character

ch : KM8(A) — HP;(A),

where ¢ = 0,1, is a natural transformation from the six term exact sequence in
(lower) algebraic K—Theory to the periodic cyclic homology exact sequence. In this
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formulation, Theorem 1.6 generalizes the corresponding result for the Chern character
on the K—Theory of compact topological spaces, thus extending the list of common
features of de Rham and cyclic cohomology.

The new ingredient in Theorem 1.6, besides the naturality of the Chern—Connes
character, is the compatibility between the connecting (or index) morphism in alge-
braic K—Theory and the boundary map in the Cuntz—Quillen exact sequence (Theo-
rem 1.5). Because the connecting morphism

Ind : K¥8(A/1) — K3%(1)

associated to a two-sided ideal I C A generalizes the index of Fredholm operators,
Theorem 1.5 can be regarded as an abstract “higher index theorem,” and the com-
putation of the boundary map in the periodic cyclic cohomology exact sequence can
be regarded as a “cohomological index formula.”

We now describe the contents of the paper in more detail.

If 7 is a trace on the two—sided ideal I C A, then 7 induces a morphism

Ty ! Kglg(l) — C.

More generally, one can—and has to—allow 7 to be a “higher trace,”

while still getting
a morphism 7, : K¥(I) — C. Our main goal in Section 1 is to identify, as explicitly
as possible, the composition 7, o Ind : K3'¥(A4/I) — C. For traces this is done in

Lemma 1.1, which generalizes a formula of Fedosov. In general,
T« o Ind = (07).,

where 0 : HP®(I) — HP*(A/I) is the boundary map in periodic cyclic cohomology.
Since 0 is defined purely algebraically, it is usually easier to compute it than it is to
compute Ind, not to mention that the group K3'8(I) is not known in many interesting
situations, which complicates the computation of Ind even further.

In Section 2 we study the properties of 0 and show that O is compatible with
various product type operations on cyclic cohomology. The proofs use cyclic vector
spaces [9] and the external product x studied in [30], which generalizes the cross-
product in singular homology. The most important property of 0 is with respect to
the tensor product of an exact sequence of algebras by another algebra (Theorem 2.6).
We also show that the boundary map 0 coincides with the morphism induced by the
odd bivariant character constructed in [30], whenever the later is defined (Theorem
2.10).

As an application, in Section 3 we give a new proof of the Connes—Moscovici
index theorem for coverings [11]. The original proof uses estimates with heat kernels.
Our proof uses the results of the first two sections to reduce the Connes—Moscovici
index theorem to the Atiyah—Singer index theorem for elliptic operators on compact
manifolds.

The main results of this paper were announced in [32], and a preliminary version
of this paper has been circulated as “Penn State preprint” no. PM 171, March 1994.
Although this is a completely revised version of that preprint, the proofs have not
been changed in any essential way. However, a few related preprints and papers have
appeared since this paper was first written; they include [12, 13, 33].

I would like to thank Joachim Cuntz for sending me the preprints that have
lead to this work and for several useful discussions. Also, I would like to thank the
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Mathematical Institute of Heidelberg University for hospitality while parts of this
manuscript were prepared, and to the referee for many useful comments.

1. INDEX THEOREMS AND ALGEBRAIC K—THEORY

We begin this section by reviewing the definitions of the groups K&® and K3'¢ and of
the index morphism Ind : K3'(A/I) — K28 (1) associated to a two-sided ideal I C A.
There are easy formulas that relate these groups to Hochschild homology, and we
review those as well. Then we prove an intermediate result that generalizes a formula
of Fedosov in our Hochschild homology setting, which will serve both as a lemma in
the proof of Theorem 1.5, and as a motivation for some of the formalisms developed in
this paper. The main result of this section is the compatibility between the connecting
(or index) morphism in algebraic K—Theory and the boundary morphism in cyclic
cohomology (Theorem 1.5). An equivalent form of Theorem 1.5 states that the Chern—
Connes character is a natural transformation from the six term exact sequence in
algebraic K—Theory to periodic cyclic homology. These results extend the results in
[30] in view of Theorem 2.10.
All algebras considered in this paper are complex algebras.

1.1. PAIRINGS WITH TRACES AND A FEDOSOV TYPE FORMULA. It will be conve-
nient to define the group Kglg(A) in terms of idempotents e € M (A), that is, in
terms of matrices e satisfying e? = e. Two idempotents, e and f, are called equivalent
(in writing, e ~ f) if there exist x,y such that e = xy and f = yz. The direct sum of
two idempotents, e and f, is the matrix e® f (with e in the upper—left corner and f in
the lower—right corner). With the direct—sum operation, the set of equivalence classes
of idempotents in My, (A) becomes a monoid denoted P(A4). The group Ki'8(A) is
defined to be the Grothendieck group associated to the monoid P(A). If e € My (A)
is an idempotent, then the class of e in the group K3'%(A) will be denoted [e].

Let 7 : A — C be a trace. We extend 7 to a trace Mo (A) — C, still denoted
7, by the formula 7([a;;]) = >, 7(ai;). If e ~ f, then e = 2y and f = yx for some
2 and y, and then the tracial property of 7 implies that 7(e) = 7(f). Moreover
T(e® f) = 7(e) + 7(f), and hence 7 defines an additive map P(4) — C. From the
universal property of the Grothendieck group associated to a monoid, it follows that
we obtain a well defined group morphism (or pairing with 7)

(2) Kglg(A) > [e] — 7.([e]) = 7(e) € C.

The pairing (2) generalizes to not necessarily unital algebras I and traces 7 : [ —
C as follows. First, we extend 7 to IT™ = I 4 C1, the algebra with adjoint unit, to be
zero on 1. Then, we obtain, as above, a morphism 7, : Kglg (I") — C. The morphism
7. : K3'8(I) = C is obtained by restricting from K2'8(I*) to K&'8(I), defined to be
the kernel of Kglg (It)— Kglg (C).

The definition of K?lg (A) is shorter:

Ki'%(4) = lim GL, (4)/[GLy(4), GLy(A)].
In words, K?lg (A) is the abelianization of the group of invertible matrices of the form

1+ a, where a € My (A). The pairing with traces is replaced by a pairing with
Hochschild 1—cocycles as follows.
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If ¢ : A® A is a Hochschild 1-cocycle, then the the functional ¢ defines a morphism
Oy K?lg (A) — C, by first extending ¢ to matrices over A, and then by pairing it
with the Hochschild 1-cycle u ® u~t. Explicitly, if u = [a;;], with inverse u=! = [b;],
then the morphism ¢, is

3) Ki5(4) 3 [u] — ¢u([u)) = Z ¢(aij, bji) € C.

The morphism ¢, depends only on the class of ¢ in the Hochschild homology group
HH;(A) of A.

If0 -1 — A— A/I — 0 is an exact sequence of algebras, that is, if I is a
two—sided ideal of A, then there exists an exact sequence [26],

Ind
Ki#(1) = Ki5(4) = Ki'®(4/1) — K35(1) — Kg#(A4) = K§#(4/T),
of Abelian groups, called the algebraic K—theory exact sequence. The connecting (or
index) morphism
Ind : K{"(A/I) — K§¥(I)

will play an important role in this paper and is defined as follows. Let u be an
invertible element in some matrix algebra of A/I. By replacing A/I with M,,(A/I), for
some large n, we may assume that u € A/I. Choose an invertible element v € M>(A)
that projects to u @ u~! in My(A/I), and let eg = 1@ 0 and e; = vegv~!. Because
e1 € My(I"), the idempotent e; defines a class in K&8(I1). Since e; — eg € My(I),

the difference [e1] — [eo] is actually in K&'8(I) and depends only on the class [u] of u
in K¥'8(A/I). Finally, we define
(4) Ind([u]) = [e1] — [eo]-

To obtain an explicit formula for e;, choose liftings a,b € A of v and v~ ! and let
v, the lifting, to be the matrix

| 2a—aba ab—-1
YT 1-ba b ’

as in [26], page 22. Then a short computation gives

2ab — (ab)?  a(2 — ba)(1 — ba)
(5) er= [ (1 — ba)b (1 — ba)? ] :

Continuing the study of the exact sequence 0 - I — A — A/I — 0, choose an
arbitrary linear lifting, [ : A/I?> — A. If 7 is a trace on I, we let

(6) ¢r(a,b) = 7([l(a), 1(b)] - I([a; b]))-

Because [a, 2y] = [az, y] + [ya, 2], we have 7([A, I?]) = 0, and hence ¢, is a Hochschild
1-cocycle on A/I? (i.e., ¢, (ab, c)—d-(a, bc)+¢, (ca,b)). The class of ¢, in HH (A/1?),
denoted 07, turns out to be independent of the lifting . If A is a locally convex
algebra, then we assume that we can choose the lifting [ to be continuous. If
7([4, I]) = 0, then it is enough to consider a lifting of A — A/I.

The morphisms (7). : K¥¥(4/I?) — C and 7. : K3'¥(I?) — C are related
through the following lemma.
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LEMMA. 1.1. Let 7 be a trace on a two-sided ideal I C A. If
Ind : K¥8(A/1%) — K38(1?)

is the connecting morphism of the algebraic K—-Theory exact sequence associated to
the two-sided ideal I? of A, then

T« o Ind = (07).
If 7([A, I]) = 0, then we may replace I? by I.

Proof. We check that 7, o Ind([u]) = (97)«([u]), for each invertible u € M, (A/I?).
By replacing A/I? with M, (A/I?), we may assume that n = 1.

Let [ : A/I? — A be the linear lifting used to define the 1-cocycle ¢, representing
07, equation (6), and choose a = I(u) and b = I(u~!) in the formula for e, equation
(5). Then, the left hand side of our formula becomes

(7) 7 (Ind([u])) = 7((1 = ba)?) — 7((1 — ab)®) = 27([a,b]) — 7([a, bab]).
Because (1 — ba)b is in 12, we have 7([a, bab]) = 7([a, b]), and hence
e(Ind([u])) = 7e([er] — [eo]) = 7(e1 — €0) = 7([a, b]).

Since the right hand side of our formula is

(07« ([u]) = (07) (w,u™") = 7([U(w), U(u™")] = I([u, u™"])) = 7([a, b)),

the proof is complete. O

Lemma 1.1 generalizes a formula of Fedosov in the following situation. Let B(#)
be the algebra of bounded operators on a fixed separable Hilbert space H and C,(H) C
B(H) be the (non-closed) ideal of p—summable operators [36] on H:

(8) Cp(H) = {A € B(H), Tr(A*A)P/? < co}.

(We will sometimes omit H and write simply C, instead of C,,(#).) Suppose now that
the algebra A consists of bounded operators, that I C C;, and that a is an element
of A whose projection u in A/T is invertible. Then a is a Fredholm operator, and, for
a suitable choice of a lifting b of u~!, the operators 1 — ba and 1 — ab become the
orthogonal projection onto the kernel of a and, respectively, the kernel of a*. Finally,
if 7 = T'r, this shows that

Tr, ( Ind([u])) = dimker(a) — dimker(a™)

and hence that T'r, o Ind recovers the Fredholm index of a. (The Fredholm index
of a, denoted ind(a), is by definition the right-hand side of the above formula.) By
equation (7), we see that we also recover a form of Fedosov’s formula:

ind(a) = Tr{(1 = ba)") — Tr((1 - b))

if b is an inverse of a modulo C,(#H) and k > p.

The connecting (or boundary) morphism in the algebraic K—Theory exact se-
quence is usually denoted by ‘0’. However, in the present paper, this notation be-
comes unsuitable because the notation ‘0’ is reserved for the boundary morphism in
the periodic cyclic cohomology exact sequence. Besides, the notation ‘Ind’ is supposed
to suggest the name ‘index morphism’ for the connecting morphism in the algebraic
K-Theory exact sequence, a name justified by the relation that exists between Ind
and the indices of Fredholm operators, as explained above.
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1.2. “HIGHER TRACES” AND EXCISION IN CYCLIC COHOMOLOGY. The example of
A = C®(M), for M a compact smooth manifold, shows that, in general, few mor-
phisms Kglg (A) — C are given by pairings with traces. This situation is corrected by
considering ‘higher-traces,” [10].
Let A be a unital algebra and
n—1

(9) bl(a() ®...Q an) = Z(—l)ia() ®...0a;04;41 Q... an,
=0

bap®...®ay) =b(a0®...®a,) + (—1)"ana0 ® ... ® an_1,
for a; € A. The Hochschild homology groups of A, denoted HH, (A), are the homology
groups of the complex (A ® (A/C1)®",b). The cyclic homology groups [10, 24, 37]

of a unital algebra A, denoted HC, (A), are the homology groups of the complex
(C(A),b+ B), where

(10) C(A) =P A® (4/C1)5" 2",
k>0

b is the Hochschild homology boundary map, equation (9), and B is defined by

(11) Blag®...®an) =5y t'(a0®...® ay).

k=0
Here we have used the notation of [10], that s(a) ® ... ®a,) =1®a ®...® a, and
tag®...0a,) =(-1)"a, ®ag® ... ® ap_1.

More generally, Hochschild and cyclic homology groups can be defined for “mixed
complexes,” [21]. A mized complex (X,b, B) is a graded vector space (X,)n>0, en-
dowed with two differentials b and B, b: X, — &,,_1 and B : X, — X, 41, satisfying
the compatibility relation 4> = B? = bB+ Bb = 0. The cyclic complez, denoted C(X),
associated to a mixed complex (X, b, B) is the complex

Cn(X) =X, 0, 2D 4...= @Xn—le
k>0

with differential b + B. The cyclic homology groups of the mixed complex X are the
homology groups of the cyclic complex of X':

HC, (X) =H,(C(X),b+ B).
Cyclic cohomology is defined to be the homology of the complex
(C(X) = Hom(C(X),C), (b+ B)'),
dual to C(X). From the form of the cyclic complex it is clear that there exists a
morphism S : Cp(X) — Cr—a(X). We let
Crn(X) =lim Cppyar(X)
—

as k — o0, the inverse system being with respect to the periodicity operator S.
Then the periodic cyclic homology of X (respectively, the periodic cyclic cohomology

of X), denoted HP,(X) (respectively, HP* (X)) is the homology (respectively, the
cohomology) of C,,(X) (respectively, of the complex li_r>n Crni2k(X)).

If A is a unital algebra, we denote by X' (A) the mixed complex obtained by
letting X,,(A) = A® (A/C1)®" with differentials b and B given by (9) and (11). The
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various homologies of X'(A) will not include X as part of notation. For example, the
periodic cyclic homology of X is denoted HP, (A).

For a topological algebra A we may also consider continuous versions of the
above homologies by replacing the ordinary tensor product with the projective tensor
product. We shall be especially interested in the continuous cyclic cohomology of A,
denoted HP}  ,(A). An important example is A = C*°(M), for a compact smooth

cont

manifold M. Then the Hochschild-Kostant-Rosenberg map
(12) X : A®n+1 5 aw®a ®...0a, — (n)agda; .. .da, € Q" (M)
to smooth forms gives an isomorphism

HP{*" (C™(M)) ~ D HpE" (M)
k

of continuous periodic cyclic homology with the de Rham cohomology of M [10, 24]
made Zy—periodic. The normalization factor (n!)~! is convenient because it trans-
forms B into the de Rham differential dpg. It is also the right normalization as far
as Chern characters are involved, and it is also compatible with products, Theorem
3.5. From now on, we shall use the de Rham’s Theorem

pr(M) ~H'(M)

to identify de Rham cohomology and singular cohomology with complex coefficients
of the compact manifold M.

Sometimes we will use a version of continuous periodic cyclic cohomology for
algebras A that have a locally convex space structure, but for which the multiplication
is only partially continuous. In that case, however, the tensor products A®"*! come
with natural topologies, for which the differentials b and B are continuous. This is
the case for some of the groupoid algebras considered in the last section. The periodic
cyclic cohomology is then defined using continuous multi-linear cochains.

One of the original descriptions of cyclic cohomology was in terms of “higher
traces” [10]. A higher trace—or cyclic cocycle-is a continuous multilinear map ¢ :
A®ntl s C satisfying ¢ o b = 0 and ¢(a, ... ,an,a0) = (—=1)"¢(ag, ... ,a,). Thus
cyclic cocycles are, in particular, Hochschild cocycles. The last property, the cyclic
invariance, justifies the name “cyclic cocycles.” The other name, “higher traces” is
justified since cyclic cocycles on A define traces on the universal differential graded
algebra of A.

If I C Ais atwo-sided ideal, we denote by C(A, I) the kernel of C(A) — C(A/I).
For possibly non-unital algebras I, we define the cyclic homology of I using the
complex C(I™, I). The cyclic cohomology and the periodic versions of these groups are
defined analogously, using C(I*, I). For topological algebras we replace the algebraic
tensor product by the projective tensor product.

An equivalent form of the excision theorem in periodic cyclic cohomology is the
following result.

THEOREM. 1.2 (Cuntz—Quillen). The inclusion C(I",1) < C(A,I) induces an iso-
morphism, HP*(A, I) ~ HP*(I), of periodic cyclic cohomology groups.
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This theorem is implicit in [16], and follows directly from the proof there of the
Excision Theorem by a sequence of commutative diagrams, using the Five Lemma
each time.?

This alternative definition of excision sometimes leads to explicit formulae for 9.
We begin by observing that the short exact sequence of complexes 0 — C(A,I) —
C(A) — C(A/I) — 0 defines a long exact sequence

..« HP™(A, I)« HP™(A)« HP"(A/I) = HP" (4, 1)« HP" }(A) « ..

in cyclic cohomology that maps naturally to the long exact sequence in periodic cyclic
cohomology.

Most important for us, the boundary map & : HP™(A,I) — HP"™(A/I) is
determined by a standard algebraic construction. We now want to prove that this
boundary morphism recovers a previous construction, equation (6), in the particular
case n = 0. As we have already observed, a trace 7 : I — C satisfies 7([4, I?]) = 0,
and hence defines by restriction an element of HCY(A, I?). The traces are the cycles of
the group HC®(I), and thus we obtain a linear map HC®(I) — HC°(A, I?). From the
definition of 9 : HP®(A, I) — HP!(A/I), it follows that 9[7] is the class of the cocycle
@(a,b) = 7([l(a),1(b)] = ([a, b])), which is cyclically invariant, by construction. (Since
our previous notation for the class of ¢ was 97, we have thus obtained the paradoxical
relation J[r] = d7; we hope this will not cause any confusions.)

Below we shall also use the natural map (transformation)

HC" — HP" = lim HC""*".

—00
LEMMA. 1.3. The diagram
HC(I) —— HC(A, I?) —2— HC! (A/I?) —— HCY (A/])

NG \‘/ NG NG

HP(I) —== HP°(A, I?) —2~ HP'(A/I?) ==— HP'(A/I)

commutes. Consequently, if T € HC(I) is a trace on I and [1] € HP°(I) is its class
in periodic cyclic homology, then d[t] = [07] € HP'(A/I), where Ot € HC'(A/I?) is
given by the class of the cocycle ¢ defined in equation (6) (see also above).

Proof. The commutativity of the diagram follows from definitions. If we start with a
trace 7 € HC%(I) and follow counterclockwise through the diagram from the upper—
left corner to the lower—right corner we obtain J[r]; if we follow clockwise, we obtain
the description for J[7] indicated in the statement. O

1.3. AN ABSTRACT “HIGHER INDEX THEOREM”. We now generalize Lemma 1.1 to
periodic cyclic cohomology. Recall that the pairings (2) and (3) have been generalized
to pairings

K¥8(4) @ HC*"T(A) — C, i=0,1.
[10]. Thus, if ¢ be a higher trace representing a class [¢] € HC*"*(A), then, using the
above pairing, ¢ defines morphisms ¢, : K?lg (A) — C, where ¢ = 0,1. The explicit

formulae for these morphisms are ¢.([e]) = (—1)"%(%6,6, ...,e),ifi=0ande

2] am indebted to Joachim Cuntz for pointing out this fact to me.
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is an idempotent, and ¢.([u]) = (—=1)"n!¢w(u,u=  u, ... ,u™t), if i = 1 and u is an
invertible element. The constants in these pairings are meaningful and are chosen so
that these pairings are compatible with the periodicity operator.

Consider the standard orthonormal basis (e, ),>0 of the space [?(N) of square
summable sequences of complex numbers; the shift operator S is defined by Se, =
en+1- The adjoint S* of S then acts by S*eg = 0 and S*e,+1 = ey, for n > 0. The
operators S and S* are related by S*S = 1 and SS* = 1—p, where p is the orthogonal
projection onto the vector space generated by eg.

Let T be the algebra generated by S and S* and C[w,w~}] be the algebra of
Laurent series in the variable w, Clw, w™!] = {ZZV:_N arwk, ay € C} ~ C[Z]. Then
there exists an exact sequence

0— My (C) = T — Clw,w™'] =0,

called the Toeplitz extension, which sends S to w and S* to w™?.

Let C{a,b) be the free non-commutative unital algebra generated by the symbols
a and b and J = ker(C({a,b) — Clw, w™1]), the kernel of the unital morphism that
sends a — w and b — w~'. Then there exists a morphism vy : C(a,b) — T, uniquely
determined by 1g(a) = S and 1o (b) = S*, which defines, by restriction, a morphism
¥ J = Mo (C), and hence a commutative diagram

0 =~ J =~ C(a,b) ——= Clw,w™ ] ——=0

¥

" |

NG \

0 —— M« (C) =T = Clw,w ] ——=0

LEMMA. 1.4. Using the above notations, we have that HC*(J) is singly generated by
the trace 7 =Tr o).

Proof. We know that HP(Clw,w™!]) ~ C, see [24]. Then Lemma 1.1, Lemma
1.3, and the exact sequence in periodic cyclic cohomology prove the vanishing of the
reduced periodic cyclic cohomology groups:

HC (T) = ker(HP*(T) — HP*(C)).

The algebra C(a,b) is the tensor algebra of the vector space Ca @ Cb, and hence

the groups HC (T(V)) also vanish [24]. It follows that the morphism )y induces
(trivially) an isomorphism in cyclic cohomology. The comparison morphism between
the Cuntz—Quillen exact sequences associated to the two extensions shows, using
“the Five Lemma,” that the induced morphisms ¢* : HP* (M, (C)) — HP*(J) is
also an isomorphism. This proves the result since the canonical trace T'r generates
HP* (M (C)). O

We are now ready to state the main result of this section, the compatibility of the
boundary map in the periodic cyclic cohomology exact sequence with the index (i.e.,
connecting) map in the algebraic K—Theory exact sequence. The following theorem
generalizes Theorem 5.4 from [30].

THEOREM. 1.5. Let 0 — I — A — A/I — 0 be an exact sequence of complex
algebras, and let Ind : K3'8(A/I) — K&¥5(I) and @ : HP°(I) — HPY(A/I) be the
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connecting morphisms in algebraic K—-Theory and, respectively, in periodic cyclic co-
homology. Then, for any ¢ € HP®(I) and [u] € K¥*8(A/I), we have

(13) @« (Ind[u]) = (9¢)+[u] .

Proof. We begin by observing that if the class of ¢ can be represented by a trace
(that is, if ¢ is the equivalence class of a trace in the group HP®(I)) then the boundary
map in periodic cyclic cohomology is computed using the recipe we have indicated,
Lemma 1.3, and hence the result follows from Lemma 1.1. In particular, the theorem
is true for the exact sequence

0— J —Cla,b) = Clw,w™ ] — 0,

because all classes in HP?(.J) are defined by traces, as shown in Lemma 1.4. We will
now show that this particular case is enough to prove the general case “by universal-
ity.”

Let u be an invertible element in M, (A/I). After replacing the algebras involved
by matrix algebras, if necessary, we may assume that n = 1, and hence that u is
an invertible element in A/I. This invertible element then gives rise to a morphism
n : Clw,w™!] — A/I that sends w to u. A choice of liftings ag,bp € A of u and
u~! defines a morphism vy : C(a,b) — A, uniquely determined by 1o(a) = ap and
¥o(b) = bp, which restricts to a morphism ¢ : J — I. In this way we obtain a
commutative diagram

0 —— J —— C{a,b) —— Clu,w1] ——0
P

Yo n

1 \%

0——1 - A — A/I -0

NG

of algebras and morphisms.

We claim that the naturality of the index morphism in algebraic K—Theory and
the naturality of the boundary map in periodic cyclic cohomology, when applied to
the above exact sequence, prove the theorem. Indeed, we have

. o Ind = Ind on, : K¥'8(Clw, w™1]) — K3'8(I), and
doy* =n*0d: HP*(I) — HP**(Clw,w™")).

As observed in the beginning of the proof, the theorem is true for the cocycle ¢¥* ()
on J, and hence (¢*(¢))«(Ind [w]) = (00¢* (¢))«[w]. Finally, from definition, we have

that 7, [w] = [u]. Combining these relations we obtain
px(Ind[u]) = ¢.(Indon.[w]) = @« (s o Indw]) = (" (¢))«(Ind [w]) =
= (904 (p))«[w] = (1" 0 0(p))«[w] = (80)« (n:[w]) = (90)[u].
The proof is complete. O

The theorem we have just proved can be extended to topological algebras and
topological K—Theory. If the topological algebras considered satisfy Bott periodicity,
then an analogous compatibility with the other connecting morphism can be proved
and one gets a natural transformation from the six-term exact sequence in topological
K-Theory to the six-term exact sequence in periodic cyclic homology. However, a
factor of 2 has to be taken into account because the Chern-Connes character is not
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directly compatible with periodicity [30], but introduces a factor of 2mi. See [12] for
details.

So far all our results have been formulated in terms of cyclic cohomology, rather
than cyclic homology. This is justified by the application in Section 3 that will use this
form of the results. This is not possible, however, for the following theorem, which
states that the Chern character in periodic cyclic homology (i.e., the Chern—Connes
character) is a natural transformation from the six term exact sequence in (lower)
algebraic K—Theory to the exact sequence in cyclic homology.

THEOREM. 1.6. The diagram

K38 (1) —— K28(4)—— K28(A /1)~ K% (1) —— K&'%(4) —— K3¥(A/T)

N S

HP; (I)—— HP; (A)—— HP; (A/I)—2— HP((I)—— HP((A)—— HPo(A/I),

W NG

in which the vertical arrows are induced by the Chern characters ch : K?lg — HP;,
fori=20,1, commutes.

Proof. Only the relation ch o Ind = 0 o ch needs to be proved, and this is dual to
Theorem 1.5. O

2. PRODUCTS AND THE BOUNDARY MAP IN PERIODIC CYCLIC COHOMOLOGY

Cyclic vector spaces are a generalization of simplicial vector spaces, with which they
share many features, most notably, for us, a similar behavior with respect to products.

2.1. CYCLIC VECTOR SPACES. We begin this section with a review of a few needed
facts about the cyclic category A from [9] and [30]. We will be especially interested
in the x—product in bivariant cyclic cohomology. More results can be found in [23].

DEFINITION. 2.1. The cyclic category, denoted A, is the category whose objects are
A, = {0,1,...,n}, where n = 0,1,... and whose morphisms Homp (A, Ay,) are
the homotopy classes of increasing, degree one, continuous functions ¢ : S1 — St
satisfying ©(Zn+1) S Zim+1-

A cyclic vector space is a contravariant functor from A to the category of complex
vector spaces [9]. Explicitly, a cyclic vector space X is a graded vector space, X =
(Xn)n>0, with structural morphisms d}, : X,, — Xn—1, s+ Xn = Xy, for 0 <
i < mn, and t,y1 @ X, — X, such that (X,,d},s’) is a simplicial vector space
([25], Chapter VIII,§5) and t,,41 defines an action of the cyclic group Z, 1 satisfying
ddtn1 = di and sOt,1 = 12,587, ditni1 = tudi b, and shtpq1 = tpyosh ' for
1 <4 < n. Cyclic vector spaces form a category.

The cyclic vector space associated to a unital locally convex complex algebra A
is A% = (A®"*1), 50, with the structural morphisms

5t (ap® ... ®an) = ao®...®a;R1R0;11® . . . Qan,
di(a®...0a0,) = ap® . ..R0;0;11®...®a,, for 0<i<n, and
di(ap®...Qa,) = 4pap® . ..®0;4;+1Q ... Qlp_1,
tnt1(ap®...Qan) = ap ® ag ® A1 . .. @y _1.
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If X = (X,)n>0 and Y = (¥,,)n>0 are cyclic vector spaces, then we can define
on (X, ® Y,,)n>o0 the structure of a cyclic space with structural morphisms given by
the diagonal action of the corresponding structural morphisms, s, d!, and t,1, of
X and Y. The resulting cyclic vector space will be denoted X x Y and called the
external product of X and Y. In particular, we obtain that (A®B)% = A% x B! for all
unital algebras A and B, and that X x C% ~ X for all cyclic vector spaces X. There
is an obvious variant of these constructions for locally convex algebras, obtained by
using the complete projective tensor product.

The cyclic cohomology groups of an algebra A can be recovered as Ext—groups.
For us, the most convenient definition of Fxt is using exact sequences (or resolutions).
Consider the set E = (M})}_, of resolutions of length n + 1 of X by cyclic vector
spaces, such that M, =Y. Thus we consider exact sequences

E: 0-Y=M,—-M,—1—---—My—X =0,

of cyclic vector spaces. For two such resolutions, E and E’, we write E ~ E’ whenever
there exists a morphism of complexes F — E’ that induces the identity on X and
Y. Then Ext}(X,Y) is, by definition, the set of equivalence classes of resolutions
E = (My)y_, with respect to the equivalence relation generated by ~. The set
Ext} (X,Y) has a natural group structure. The equivalence class in Ext} (X,Y") of
a resolution E = (M)}, is denoted [E]. This definition of Exzt coincides with the
usual one—using resolutions by projective modules—because cyclic vector spaces form
an Abelian category with enough projectives.

Given a cyclic vector space X = (X,)n>0 define b0’ : X, — X,_1 by
b = Z?:—Ol(—l)jdj, b=V+(-1)"d,. Let s_1 = s ot, 11 be the ‘extra degeneracy’ of
X, which satisfies s_10'+b's_1 = 1. Alsolet € = 1—(=1)"tp11, N = 37 (=1)"t], 4
and B = es_1 N. Then (X, b, B) is a mixed complex and hence HC, (X), the cyclic ho-
mology of X, is the homology of (®x>0Xrn—2k, b+ B), by definition. Cyclic cohomology
is obtained by dualization, as before.

The FExt—groups recover the cyclic cohomology of an algebra A via a natural
isomorphism,

(14) HC™(A) ~ Ext} (A% C%),
[9]. This isomorphism allows us to use the theory of derived functors to study cyclic
cohomology, especially products.
The Yoneda product,
Ext} (X,Y) @ Exty (Y, Z) 2 €®( — (o€ € ExtV ™ (X, Z),

is defined by splicing [18]. If E = (My)}}_, is a resolution of X, and E' = (M})*, a
resolution of Y, such that M,, =Y and M) = Z, then E’ o FE is represented by

0—>Z=M,, - M, 1 —>-—= My——=M,1 —--—=M—X—0

I
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The resulting product generalizes the composition of functions. Using the same no-
tation, the external product E x E’ is the resolution
n+m
ExE =| Y M xM
k+j=1 -0

Passing to equivalence classes, we obtain a product
Ext?(X,Y) ® Ext}(X1,Y1) — Ext?™ (X x X1,Y x V1).

If f: X — X' is a morphism of cyclic vector spaces then we shall sometimes denote
E'o f = f*(E'), for E' € Ext}(X’,C").

The Yoneda product, “o,” and the external product, “x,
and are related by the following identities, [30], Lemma 1.2.

” are both associative

LEMMA. 2.2. Letz € Ext}(X,Y), y € Ext)'(X1,Y1), and T be the natural transfor-
mation ExtXL"’" (X1 xX, V1 xY)— ExtXH’" (X x X1,Y x Y1) that interchanges the
factors. Then

xxy=(idy xy)o(xxidx,)=(—=1)"" (z X idy,) o (idx X y),
idx x (yoz) = (idx x y)o (idx X z),
rxy=(-1)""r(yxx), and xXides =z = ids X 2.

We now turn to the definition of the periodicity operator. A choice of a generator
o of the group Ext3 (C%, C"), defines a periodicity operator

(15) Exth(X,Y) >z — Sz =z x 0 € Exti (X, Y).

In the following we shall choose the standard generator o that is defined ‘over Z’,
and then the above definition extends the periodicity operator in cyclic cohomology.
This and other properties of the periodicity operator are summarized in the following
Corollary ([30], Corollary 1.4)

COROLLARY. 2.3. a) Let x € Ext}{(X,Y) and y € Ext}'(X1,Y1). Then (Sz) xy =
S(z x y) =z x (Sy).

b) If x € Exty(CY, X), then Sz = o o x.

¢) If y € Ext}(Y,Ct), then Sy =yoo.

d) For any extension x, we have St = o X x.

Using the periodicity operator, we extend the definition of periodic cyclic coho-
mology groups from algebras to cyclic vector spaces by

(16) HP'(X) = lim Ext}"*" (X, ch),

the inductive limit being with respect to S; clearly, HP?(Af) = HP*(A). Then Corol-
lary 2.3 a) shows that the external product x is compatible with the periodicity
morphism, and hence defines an external product,

(17) HP'(A) x HPY(B) -2 HP'*7 (A @ B),

on periodic cyclic cohomology.
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2.2.  EXTENSIONS OF ALGEBRAS AND PRODUCTS. Cyclic vector spaces will be used
to study exact sequences of algebras. Let I C A be a two—sided ideal of a complex
unital algebra A (recall that in this paper all algebras are complex algebras.) Denote
by (A, I)! the kernel of the map A" — (A/I)f, and by [A, I] € Ext} ((A/1)%, (4, 1))
the (equivalence class of the) exact sequence

(18) 0— (A, 1) — A" = (4/)F =0

of cyclic vector spaces.
Let HC'(A, I) = Exty ((A, )%, C%), then the long exact sequence of Ext-groups
associated to the short exact sequence (18) reads

---— HC'(A/I) — HC(A) — HCY(A, I) — HC"" (A/I) — HCT(A) —- -

By standard homological algebra, the boundary map of this long exact sequence is
given by the product

HC'(A,I) 3¢ — £o[A,I] e HCT(A/T).

For an arbitrary algebra I, possibly without unit, we let I* = (I'*,I)%. Then
the isomorphism (14) becomes HC"(I) ~ Ext’y (I°,C%), and the excision theorem in
periodic cyclic cohomology for cyclic vector spaces takes the following form.

THEOREM. 2.4 (Cuntz—Quillen). The inclusion jra : I° — (A, I)% of cyclic vector
spaces induces an isomorphism HP*(A, I) ~ HP*(I).

It follows that every element & € HP*(I) is of the form £ = & o j1,4, and that
the boundary morphism 84 7 : HP*(I) — HP*™'(A/I) satisfies

(19) Oa,1(€oojr,a) =& o [A ]

for all & € HC(A, I) = Ext’ ((4,1)%,C"). Formula (19) then uniquely determines
Or,4.

We shall need in what follows a few properties of the isomorphisms j; 4. Let B
be an arbitrary unital algebra and I an arbitrary, possibly non—unital algebra. The
inclusion (I ® B)™ — I'" ® B, of unital algebras, defines a commutative diagram

0—— (I® B)) — (I® B)** ~Ct——=0
ni,B \ ‘
0——I" x Bf ~(I*®B)——pt —0

with exact lines. The morphism 7; g, defined for possibly non-unital algebras I, will
replace the identification A% x B¥ = (A ® B)", valid only for unital algebras A.

Using the notation of Theorem 2.4, we see that ;B = jigp 1+op, and hence,
by the same theorem, it follows that 17 g induces an isomorphism

HP*(I" x B¥) 3 a = aonrp € HP*(I ® B).
Using this isomorphism, we extend the external product
® : HP*(I) @ HP*(B) — HP*(I ® B)
to a possibly non-unital algebra I by
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HP'(I) ® HPY(B) = lim Ext}"(I", C*) ® lim Ext} "™ (B*, C%)
— —
5 1lim ExtiH 21 x BY, C%) = HP*(I” x BY) ~ HP*Y (I @ B).
—

This extension of the external tensor product ® to possibly non-unital algebras will be
used to study the tensor product by B of an exact sequence 0 - I — A — A/T — 0
of algebras.

Tensoring by B is an exact functor, and hence we obtain an exact sequence

(20) 0-I®B—-A®B— (A/I)® B—0.
LEMMA. 2.5. Using the notation introduced above, we have the relation
[A® B,1® B] = [A,I] xidp € Ext}((A/I ® B)*,(A® B,I® B)").
Proof. We need only observe that the relation A* x B% = (A x B)% and the exactness
of the functor X — X x B" imply that (A,I)! x B = (A® B,I ® B)". O

2.3. PROPERTIES OF THE BOUNDARY MAP. The following theorem is a key tool in
establishing further properties of the boundary map in periodic cyclic homology.

THEOREM. 2.6. Let A and B be complex unital algebras and I C A be a two-sided
ideal. Then the boundary maps

Or.4 : HP*(I) — HP**1(A/T)
and

d19B.40p : HP*(I ® B) — HP*"'((A/I) ® B)

satisfy

O1¢B,42B(E®C) =01.4(8) ®C
for all ¢ € HP*(I) and ¢ € HP*(B).
Proof. The groups HP*(I) is the inductive limit of the groups Extk™"(I”,C¥) so ¢
will be the image of an element in one of these Ext—groups. By abuse of notation, we
shall still denote that element by £, and thus we may assume that £ € Extlfx (I, CH),
for some large k. Similarly, we may assume that { € Extﬂ(Bh,(Ch). Moreover, by
Theorem 2.4, we may assume that & = &y o jir a, for some & € Ext ((4, ), Ch).

We then have

0r,A§)®@ (=0 ojra) x (=

= (& oA, I]) x ¢ by equation (19)

= (idew X €) o ((é0 0 [A, 1)) x idp) by Lemma 2.2

= (ides x ¢) o (& x idp) o ([4,1] xidg) by Lemma 2.2

= ((o x () o[A® B,I ® B] by Lemma 2.2 and Corollary 2.3
= 0OagBieB((§0 X () °jioB.A0B) by equation (19).

By definition, the morphism j; 4 introduced in Theorem 2.4 satisfies
(21) JieB,AagB = (jr,.A x idB) o n1 5.
Equation (21) then gives
Or,4(§) ® ¢ = 9r9B,498((§ X ) onr.B)

in Ext’/*!((A/I ® B)!, C"). This completes the proof in view of the definition of the
external product ® in the non-unital case: £ ® ¢ = (£ x ¢) o0y, B. O
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We now consider crossed products. Let A be a unital algebra and I'" a discrete
group acting on A by I' x A 5 (v,a) — a,(a) € A. Then the (algebraic) crossed
product A x I consists of finite linear combinations of elements of the form a~y, with
the product rule (ay)(by1) = aay(b)yy1. Let 6(ay) = ay®~y, which defines a morphism
§: AxT —» AxT ®C[]. Using ¢, we define on HP*(A x I') a HP*(C[I'])-module
structure [28] by

HP*(A » T') ® HP*(C[[]) -2 HP*((A % T') ® C[T]) - HP*(A x ).

A T—invariant two-sided ideal I C A gives rise to a “crossed product exact se-
quence”

0—>IxIT—5AXxT = (A/I)xT =0

of algebras. The following theorem describes the behavior of the boundary map of this
exact sequence with respect to the HP*(C[I'])-module structure on the corresponding
periodic cyclic cohomology groups.

THEOREM. 2.7. Let T be a discrete group acting on the unital algebra A, and let 1
be a I'-invariant ideal. Then the boundary map

Orur axr : HP*(I x T) — HP*T'((A/I) x T)
is HP*(C[I])-linear.

Proof. The proof is based on the previous theorem, Theorem 2.6, and the naturality
of the boundary morphism in periodic cyclic cohomology.
From the commutative diagram

0 =IxT = AxT =~ (A/I)»T

NG W W

0 ——= (IxT)®CI] ——= (A xT)®C[[] —= (A/I) x T ® C[[] — 0,

we obtain that 6*9 = 06* (we have omitted the subscripts). Then, for each z €
HP*(C[[]) and ¢ € HP*(I x I'), we have {x = 0*(£ ® x), and hence, using also
Theorem 2.6, we obtain

O(x) = 0(6"(§ @) = 07(A(§ ® ) = 67((9¢) ® x) = (0€) .
The proof is complete. O

For the rest of this subsection it will be convenient to work with continuous
periodic cyclic homology. Recall that this means that all algebras have compatible
locally convex topologies, that we use complete projective tensor products, and that
the projections A — A/I have continuous linear splittings, which implies that A ~
A/I & I as locally convex vector spaces.  Moreover, since the excision theorem
is known only for m-algebras [13], we shall also assume that our algebras are m—
algebras, that is, that their topology is generated by a family of sub-multiplicative
seminorms. Slightly weaker results hold for general topological algebras and discrete
periodic cyclic cohomology.

There is an analog of Theorem 2.7 for actions of compact Lie groups. If G is
a compact Lie group acting smoothly on a complete locally convex algebra A by
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a: G x A— A, then the smooth crossed product algebrais A x G = C*°(G, A), with
the convolution product *,

fox fi(g) = /G fo(hyan(f (h~"g))dh,

the integration being with respect to the normalized Haar measure on G. As before,
if I C Ais a complemented G-invariant ideal of A, we get an exact sequence of smooth
crossed products

(22) 0>1IxG—-AxG— (A/]) xG—0.

Still assuming that G is compact, let R(G) be the representation ring of G. Then
the group HP*(A x G) has a natural R(G)-module structure defined as follows (see
also [31]). The diagonal inclusion A x G — M, (A) x G induces an isomorphism in
cyclic cohomology, with inverse induced by the morphism

Lo M, (AxG)f = (AxQG)
n

of cyclic objects. Then, for any representation © : G — M, (C), we obtain a unit
preserving morphism

e AXG = M, (AxG),
defined by p-(f)(9) = f(g)n(g) € C>*(G, M, (A)), for any f € C*(G, A). Finally, if
m € R(G), we define the multiplication by 7 to be the morphism

(Tr o pr)* s HPE, (A % G) — HP?,, (A % G).

cont
Thus, mx =z o1 o .
THEOREM. 2.8. Let A be a locally convex m—-algebra and I C A a complemented

G—invariant two-sided ideal. Then the boundary morphism associated to the exact
sequence (22),

012G, axG + HP e (I x G) — HPIL((A/]) % G),
is R(G)-linear.
Proof. First, we observe that the morphism Tr : M, (A)% — A% is functorial, and,
consequently, that it gives a commutative diagram

0 - X = M, (A x G)f —— (M, (A/I) x G)f ——0

| \ NG

0—— (AxG,IxG) — (A% G)f — ((A/I) x G)f

=0

where X = (M, (A x G), M,,(I x G))! and whose vertical arrows are given by Tr.
Regarding this commutative diagram as a morphism of extensions, we obtain
that

(23) Tro[Mp(A) xG,M,(I) xG]=[AxG,IxG]oTr.
Then, using a similar reasoning, we also obtain that
(24) [M,(A) x G, M,(I) x G]opr = pro[AxG,TxG|.

Now let £ € HP(,, (I x G), which we may assume, by Theorem 2.4, to be an
element of the form & = &0 jrxq, axa, for some & € Ext) (AxG,Ix G)%,CY). Using
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equations (23) and (24) and that the inclusion j = jrxg,axa, by the naturality of pr,
is R(G)-linear, we finally get

O(m) = O (& © 7)) = O(ro) © j) =
= O oTrouro0j)=E&oTrou,o[AxG,IxG]=
= &o[Mp(AXG),My(IxG)|oTrop, =0&)oTropu, =md§)

The proof is now complete. |

In the same spirit and in the same framework as in Theorem 2.8, we now con-
sider the action of Lie algebra cohomology on the periodic cyclic cohomology exact
sequence.

Assume that G is compact and connected, and denote by g its Lie algebra and
by H.(g) the Lie algebra homology of g. Since G is compact and connected, we
can identify H.(g) with the bi-invariant currents on G. Let 4 : G x G — G be
the multiplication. Then one can alternatively define the product on H,(g) as the
composition

H.(g) ® H.(g) = HP},(C™(G)) ® HP? o (C™(G))
% HP?,, (C%(G x G)) 45 HP?,,, (C™(@)) ~ H.(g).

We now recall the definition of the product H.(g) ® HP.  .(A) — HP, .(4).
Denote by ¢ : A — C*(G, A) the morphism ¢(a)(g) = a4(a), where, this time,
C>(G, A) is endowed with the pointwise product. Then x x ¢ € HP?,  (C®(G)RA)
is a (continuous) cocycle on C®(G, A) ~ C=(G)®A, and we define z¢ = ¢*(z ® £).
The associativity of the x-product shows that HP}  ,(A) becomes a H,(g)-module

cont
with respect to this action.

THEOREM. 2.9. Suppose that a compact connected Lie group G acts smoothly on a
complete locally convex algebra A and that I is a closed invariant two-sided ideal of
A, complemented as a topological vector space. Then

d(x€) = z(9¢),
for any x € Hy(g) and £ € HP] . (I) .

cont

Proof. The proof is similar to the proof of Theorem 2.8, using the morphism of exact
sequences

0—— (A, I) =~ Af ~ (A/T)" 0
0 ; )‘( ; C’°°((\/¥,A)”—>C°°(G\,/A/I)“—>O
where X = (C=(G, A),C>(G,I))". O

2.4. RELATION TO THE BIVARIANT CHERN—CONNES CHARACTER. A different type
of property of the boundary morphism in periodic cyclic cohomology is its compat-
ibility (effectively an identification) with the bivariant Chern-Connes character [30].
Before we can state this result, need to recall a few constructions from [30].

Let A and B be unital locally convex algebras and assume that a continuous
linear map

B:A— BH)SB
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is given, such that the cocycle £(ag,a1) = B(ag)B(a1) — B(apar) factors as a compo-
sition ARA — Cp(H)®B — B(H)®B of continuous maps. (Recall that C,(H) is the
ideal of p-summable operators and that & is the complete projective tensor product.)
Using the cocycle ¢, we define on Eg = A ® C,(H)®B an associative product by the
formula

(a1, 71)(az, ¥2) = (a1a2, B(a1)r2 + z18(az) + (a1, az2)).
Then the algebra Eg fits into the exact sequence

(25) 0— Cp(H)®B — Eg — A — 0.
An exact sequence
(26) [E]: 0—Cy(H)®B = E — A — 0.

that is isomorphic to an exact sequence of the form (25) will be called an admissible
exact sequence. If [F] is an admissible exact sequence and n > p — 1, then [30,
Theorem 3.5] associates to [E] an element

(27) ch?"TY([E]) € Ext3"Fl (Af, BY),

A,cont

which for B = C recovers Connes’ Chern character in K-homology [10]. (The sub-
script “cont” stresses that we are considering the version of the Yoneda Ext defined
for locally convex cyclic objects.)

Let Tr : C1(H) — C be the ordinary trace, i.e., Tr(T) = >, (Ten, e,) for any
orthonormal basis (e,)n>0 of the Hilbert space . Using the trace Tr we define
Tr, € HC*™(C,(H)), for 2n > p — 1, to be the class of the cyclic cocycle

n!
(28) Tryp(ag,a1,-..,a2,) = (—1)"mTr(a0a1 .. Q2p).

The normalization factor was chosen such that Tr,, = S"Try = S"Tr on C1(H). We
have the following compatibility between the bivariant Chern-Connes character and
the Cuntz—Quillen boundary morphism.

Let HP? ;. 3 £ — &disc € HP}.. := HP™ be the natural transformation that “for-
gets continuity” from continuous to ordinary (or discrete) periodic cyclic cohomology.
We include the subscript “disc” only when we need to stress that discrete homology
is used. By contrast, the subscript “cont” will always be included.

THEOREM. 2.10. Let 0 — Co(H)®B — E — A — 0 be an admissible exact se-
quence and ch3" T ([E]) € Ext3“F! (A% BY) be its bivariant Chern—Connes character,

A,cont

equation (27). If Try, is as in equation (28) and n > p — 1, then
A(Trn ® E)dise = (€ 0 chi" T ([E]))aise € HPIT(A),
for each & € HPY . (B).

cont

This theorem provides us—at least in principle-with formulze to compute the
boundary morphism in periodic cyclic cohomology, see [29] and [30], Proposition 2.3.

Before proceeding with the proof, we recall a construction implicit in [30]. The
algebra RA = @j20A®j is the tensor algebra of A, and rA is the kernel of the map
RA — AT. Because A has a unit, we have a canonical isomorphism AT ~ C ¢ A.
We do not consider any topology on RA, but in addition to (RA)®, the cyclic object
associated to RA, we consider a completion of it in a natural topology with respect

DOCUMENTA MATHEMATICA 2 (1997) 263-295



HIGHER INDEX THEOREMS 283

to which all structural maps are continuous. The new, completed, cyclic object is
denoted (RA)",,, and is obtained as follows. Let RjA = ®F_yA®7. Then
(RA):

cont,n

= lim (RpA)®"H1,
k—o00
with the inductive limit topology.

Proof. We begin with a series of reductions that reduce the proof of the Theorem to
the proof of (29).

Since [E] is an admissible extension, there exists by definition a continuous linear
section s : A — FE of the projection 7 : E — A (i.e., 7 0 s = id). Then s defines a
commutative diagram

0 ~=rA = RA = At =0
® P TA
0——C,®B - F ~ A =0,

where the right hand vertical map is the projection At ~C @ A — A.
By increasing ¢ if necessary, we may assume that the cocycle & € HPZ . (B)

cont
comes from a cocycle, also denoted &, in HC? (B). Let

61 = (Trn 0 g)disc € HCq+2n (CP®B) = ch+2n (CP®B)

disc
be as in the statement of the theorem.
We claim that it is enough to show that

(29) O(¢"&1) 0 ja = (€ 0 chi" T ([E)))disc,
where j4 = A% — (A"’)h is the inclusion.

Indeed, assuming (29) and using the above commutative diagram and the natu-
rality of the boundary morphism, we obtain

(& 0 chI"H([E]))aise = O(p*€1) 0 ja = m4(0€1) 0 ja = 061 o ma 0 ja = Oy,

as stated in theorem, because w4 0 j4 = id.

Let jra.ra : (rA)® < (RA,rA)" be the morphism (inclusion) considered in The-
orem 2.4. Also, let & € HCG,..((RA,rA)") = Ext} ((RA, rA)%, C) satisfy

(30) &0 jrara = ¢*61 € HC o ((rA)’) = Ext}((rA)”, C%).
(In words: “£; restricts to p*& on (rA)*.”) Then, using equation (19), we have
(31) O(p™&1) = &2 0 [RA, T A.

The rest of the proof consists of showing that the construction of the odd bivariant
Chern-Connes character [30] provides us with &; satisfying equations (30) and (32):

(32) & 0 [RA, A0 ja = (€0 chI" 1 ([E]))disc-

This is enough to complete the proof because equations (31) and (32) imply (29) and,
as we have already shown, equation (30) implies equation (31). So, to complete the
proof, we now proceed to construct &2 satisfying (30) and (32).

Recall from [30] that the ideal rA defines a natural increasing filtration of
(RA)h by cyclic vector spaces:

cont
(RA) . = Fo(RA) o D F_1(RA): . D ...,
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such that (rA4)” C F_1(RA)%,,, = (RA,rA). If (rA); is the k—th component of the
cyclic vector space (rA)” (and if, in general, the lower index stands for the Z —grading
of a cyclic vector space) then we have the more precise relation

(33) (rA). C (F_n_1(RA)! )k, fork>n.

cont

It follows that the morphism of cyclic vector spaces

Fo=TroF_,_1(¢): F_p_1(RA), . — B"

cont
(defined in [30], page 579) satisfies 7, = Tr o ¢ on (rA)%, for k > n > p— 1. Fix then
= ¢+ 2n, and conclude that & = Ty, ® Eqjsc € HCIH2" (Cp@)B) satisfies

k
(34 P & =" (Trn ® 5) = &disc © S" T,
on (rA) c F_n_1(RA)!__., because T, restricts to S"T'r on C1(H). Now recall the

cont?’
crucial fact that there exists an extension

Co™M(RA) € ExtRcont(F-1(RA) ongs Fon—1(RA)0n)

cont’ cont

~—

that has the property that C2"(RA) oi = S", if i : F_,_1(RA)" . — F_1(RA)"  is
the inclusion (see [30], Corollary 2.2). Using this extension, we finally define

£y = (£ 07y 0 CP(RA))disc € Ext?(F_1(RA),,,,Ch).

cont’
Since & has order k = ¢ + 2n > 2n > n, we obtain from the equations (33) and
(34) that & satisfies (30) (i.e., that it restricts to p*&; on (rA)% C F_n_1(RA).,),
as desired.
The last thing that needs to be checked for the proof to be complete is that &,
satisfies equation (32). By definition, the odd bivariant Chern-Connes character ([30],
page 579) is

(35) ch2"TY([E]) = 7 0 ch?"TH(RA) 0 j 4,

where ch?" 1 (RA) = Ci"T(RA) = C2"(RA) o qo(RA), and ja : A% — (AT)% is the
inclusion (see [30], page 568, definition 2.4. page 574, and the discussion on page
579). Moreover ¢o(RA) is nothing but a continuous version of [RA, r A], that is

qO(RA)diSC = [RA7TA]7
and hence
62 © [RA> TA] © .jA = (6 o 7~—n o gn(RA) o Q()(RA) o .jA)disc = (6 o Ch%n-'_l([E]))disc-

Since & satisfies equation (30) and (32), which imply equation (29), the proof is
complete. 0

For any locally convex algebra B and ¢ € HP*(B), the discrete periodic cyclic
cohomology of B, we say that £ is a continuous class if it can be represented by
a continuous cocycle on B. Put differently, this means that & = (4isc, for some
¢ € HP .(B). Since the bivariant Chern—Connes character can, at least in principle,
be expressed by an explicit formula, it preserves continuity. This gives the following

corollary.

COROLLARY. 2.11.  The periodic cyclic cohomology boundary map O associated to
an admissible extension maps a class of the form Tr, ® &, for £ a continuous class,
to a continuous class.
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It is likely that recent results of Cuntz, see [12, 13], will give the above result for
all continuous classes in HP*(C,®B) (not just the ones of the form T'r,, ® &).

Using the above corollary, we obtain the compatibility between the bivariant
Chern—Connes character and the index morphism in full generality. This result had
been known before only in particular cases [30].

THEOREM. 2.12. Let0 — Cp(H)®B — E — A — 0 be an admissible exact sequence
and ch?"T1([E]) € Ext3" "' (A%, BY) be its bivariant Chern—Connes character, equation
(27). If Try is as in equation (28) and Ind : K3'8(A) — K3'5(C,(H)®B) is the
connecting morphism in algebraic K -Theory then, for any ¢ € HPY (B) and [u] €
K¥8(A), we have

(36) (Trn ® ¢, Ind[u]) = (chi" " ([E]) o, [u]).

3. THE INDEX THEOREM FOR COVERINGS

Using the methods we have developed, we now give a new proof of Connes—Moscovici’s
index theorem for coverings. To a covering M — M with covering group I', Connes
and Moscovici associated an extension

0—Cht1 ®CI'] — Ecyy — C®(S*M) — 0, n=dimM,

(the Connes—Moscovici exact sequence), defined using invariant pseudodifferential
operators on M; see equation (45). If ¢ € H*(I') C HPZ,,;(Ch4+1 ® C[I']) is an even
cyclic cocycle, then the Connes—Moscovici index theorem computes the morphisms

s olnd : K?lg(C’OO(S*M)) — C,

where Ind is the index morphism associated to the Connes—Moscovici exact sequence.
Our method of proof then is to use the compatibility between the connecting mor-
phisms in algebraic K—Theory and J, the connecting morphism in periodic cyclic
cohomology (Theorem 1.5), to reduce the proof to the computation of 9. This com-
putation is now a problem to which the properties of 0 established in Section 2 can
be applied.

We first show how to obtain the Connes—Moscovici exact sequence from another
exact sequence, the Atiyah—Singer exact sequence, by a purely algebraic construc-
tion. Then, using the naturality of 0 and Theorem 2.6, we determine the connecting
morphism ¢y of the Connes—Moscovici exact sequence in terms of the connecting
morphism Od4g of the Atiyah—Singer exact sequence. For the Atiyah—Singer exact
sequence the procedure can be reversed and we now use the Atiyah-Singer Index
Theorem and Theorem 1.5 to compute Jag.

A comment about the interplay of continuous and discrete periodic cyclic co-
homology in the proof below is in order. We have to use continuous periodic cyclic
cohomology whenever we want explicit computations with the periodic cyclic coho-
mology of groupoid algebras, because only the continuous version of periodic cyclic
cohomology is known for groupoid algebras associated to étale groupoids [7]. On the
other hand, in order to be able to use Theorem 1.5, we have to consider ordinary (or
discrete) periodic cyclic cohomology as well. This is not an essential difficulty because,
using Corollary 2.11, we know that the index classes are represented by continuous
cocycles.
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3.1. GROUPOIDS AND THE CYCLIC COHOMOLOGY OF THEIR ALGEBRAS. Our com-
putations are based on groupoids, so we first recall a few facts about groupoids.

A groupoid is a small category in which every morphism is invertible. (Think of
a groupoid as a set of points joined arrows; the following examples should clarify this
abstract definition of groupoids.) A smooth étale groupoid is a groupoid whose set of
morphisms (also called arrows) and whose set of objects (also called units) are smooth
manifolds such that the domain and range maps are étale (i.e., local diffeomorphisms).
To any smooth étale groupoid G, assumed Hausdorff for simplicity, there is associated
the algebra C°(G) of compactly supported functions on the set of arrows of G and
endowed with the convolution product ,

(foxf)@) = Y. fo(Nh(vg).
r(v)=r(9)

Here r is the range map and r(y) = 7(g) is the condition that y~! and g be compos-

able. Whenever dealing with C°(G), we will use continuous cyclic cohomology, as
in [7]. See [7] for more details on étale groupoids, and [35] for the general theory of
locally compact groupoids.

Etale groupoids conveniently accommodate in the same framework smooth man-
ifolds and (discrete) groups, two extreme examples in the following sense: the smooth
étale groupoid associated to a smooth manifold M has only identity morphisms,
whereas the smooth étale groupoid associated to the (discrete) group I' has only one
object, the identity of I'. The algebras CS°(G) associated to these groupoids are
Cg° (M) and, respectively, the group algebra C[I']. Here are other examples used in
the paper.

The groupoid R; associated to an equivalence relation on a discrete set I has I
as the set of units and exactly one arrow for any ordered pair of equivalent objects.
If T is a finite set with k elements and all objects of I are equivalent (i.e., if Ry is
the total equivalence relation on I) then C°(Ry) ~ M (C) and its classifying space
in the sense of Grothendieck [34], the space B Ry, is contractable [17, 34].

Another example, the gluing groupoid Gy, mimics the definition a manifold M
in terms of “gluing coordinate charts.” The groupoid Gy is defined [7] using an open
cover U = (Uy)aer of M, ie., M = UyerU,. Then Gy has units G, = UaerUs x {a}
and arrows

g&” ={(z,0a,08),a,8€ I,z €U, NUg}.

If R; is the total equivalence relation on I, then there is an injective morphism
l: Gy — M x Ry of étale groupoids.

Let f : Gi — G- be an étale morphism of groupoids, that is, a morphism of
étale groupoids that is a local diffeomorphism. Then the map f defines a con-
tinuous map, Bf : BGs — BGi, of classifying spaces and a group morphism,
frr @ HPL((C(G1)) — HPL . (C(G2)). If f is injective when restricted to
units, then there exists an algebra morphism ¢(f) : C°(G1) — C°(G2) such that
frr =u(f)".

The following theorem, a generalization of [7], Theorem 5.7. (2), is based on the
fact that all isomorphisms in the proof of that theorem are functorial with respect to
étale morphisms. It is the reason why we use continuous periodic cyclic cohomology
when working with groupoid algebras. Note that the cyclic object associated to
C(G), for G an étale groupoid, is an inductive limit of locally convex nuclear spaces.
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THEOREM. 3.1. If G is a Hausdorff étale groupoid of dimension n, and if o is
the complexified orientation sheaf of BG, then there exists a natural embedding
® : H*""(BG,0) — HP! . (C®(G)). Here “natural” means that if f : Gi — Go
is an étale morphism of groupoids, then the diagram

H*+n (B g27 02) — HP:ont (C::)o (QQ))

(Bf)” frr

[/ [/

H*"" (B G1, 01) — HP(,(C2°(G1)),
whose horizontal lines are the morphisms ®, commutes.

For discrete groups, Theorem 3.1 recovers the embedding
H*(T') =H"(BT,C) — HP}_.(C[))

cont
of [8, 20].

For smooth manifolds, the embedding ® of Theorem 3.1 is just the Poincaré
duality—an isomorphism. This isomorphism has a very concrete form. Indeed, let
¢ e H"_i(M ,0) be an element of the singular cohomology of M with coefficients in
the orientation sheaf, let n € H-(M) be an element of the singular cohomology of M
with compact supports (all cohomology groups have complex coefficients), and let

X HPS™ (O3 (M) = @y HUZ (M) = @ HE (M)

be the canonical isomorphism induced by the Hochschild-Kostant-Rosenberg map x;,
equation (12). Then the isomorphism ® is determined by

(37) (@(£),m) = (€ Ax(n), [M]) € C,
where the first pairing is the map HP? . (C°(M)) @ HPS™(C°(M)) — C and the

second pairing is the evaluation on the fundamental class.

Typically, we shall use these results for the manifold S*M, for which there is
an isomorphism H*~!(S* M) ~ HP, . (C>(5*M)), because S*M is oriented. (The
orientation of S*M is the one induced from that of T*M as in [5]. More precisely
B* M, the disk bundle of M, is given the orientation in which the “the horizontal part
is real and the vertical part is imaginary,” and S*M is oriented as the boundary of
an oriented manifold.) The shift in the Zo-degree is due to the fact that S*M is odd

dimensional.

3.2.  MORITA INVARIANCE AND COVERINGS. Let M be a smooth compact manifold
and q : M — M be a covering with Galois group I'; said differently, M isa principal
I—bundle over M. We fix a finite cover U = (Uy)aer of M by trivializing open
sets, i.e., 71 (Uy) = Uy x I'and M = UU,. The transition functions between two
trivializing isomorphisms on their common domain, the open set U, N Ug, defines a
1-cocycle v,s that completely determines the covering g : M — M.

In what follows, we shall need to lift the covering q : M — M to a covering
q: S*M — S*M , using the canonical projection p : S*M — M. All constructions
then lift, from M to S*M, canonically. In particular, V,, = p~1(U,) is a finite
covering of S*M with trivializing open sets, and the associated 1-cocycle is (still)
Yas- Moreover, if fo : M — BT classifies the covering ¢ : M — M, then f = foop
classifies the covering S*M — S*M.
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Suppose that the trivializing cover V = (V,,)acr of S*M consists of k open sets,
and let Y ¢2 = 1 be a partition of unity subordinated to V. The cocycle identity
YaBY3s = Yas €nsures then that the matrix

(38) P = [PaVapPslaser € Mi(C™(M)) ® C[I)

is an idempotent, called the Mishchenko idempotent; a different choice of a trivializing
cover and of a partition of unity gives an equivalent idempotent.
Using the Mishchenko idempotent p, we now define the morphism

A: C®(S* M) — M (C*(S*M))® C[I]
by A(a) = ap, for a € C*°(S5* M); explicitly,
(39) Aa)(z) = a(z)p(z) = [a(z)pa(r)ps(2) © Yap]-

Because the morphism A is used to define the Connes—Moscovici extension, equation
(45) below, we need to identify the induced morphism

\* L HPY, (C(S* M) ® C[T]) — HP?

cont cont (Coo (‘S’* M))
The identification of A, Proposition 3.3, is based on writing A\ as a composition of
three simpler morphisms, morphisms that will play an auxiliary role. The next few
paragraphs before Proposition 3.3 will deal with the definition and properties of these
morphisms.

We define the first auxiliary morphism ¢(g) to be induced by an étale morphism
of groupoids. Let Gy be the gluing groupoid associated to the cover V = (Vi )acr
of S*M. Using the cocycle (Yag)a,ser associated to V that identifies the covering

S*M — S*M , we define the étale morphism of groupoids g by

gV 2 (x7a7/3) i> (x7a7/377a6) € gV X F>

which induces a morphism ¢(g) : C°(Gy) — C°(Gy) @ C[I'] and a continuous map
Bg:BgV —>B(gy X F) :Bgy x BT.

The projection t : Gy — S*M is an etale morphism of groupoids that induces a
homotopy equivalence B Gy, — S* M and hence also an isomorphism

trr : HP o (CF(S™M)) = HP (o, (C(Gy))-

cont
By definition, t7, = Tr o ¢(1)*, where | : Gy — S*M x Ry is the natural inclu-
sion considered also before, and T'r is the generic notation for the isomorphisms
Tr : HP.(M,(A)) ~ HP,(A), induced by the trace. In particular, ¢(I)* is also an
isomorphism.
Using the homotopy equivalence Bt of BGy and S*M, we obtain a continuous
map

ho : S*M — S*M x BT,
uniquely determined by the condition hg o Bt = (Bt x id) o Bg.

LEMMA. 3.2. The map ho defined above coincides, up to homotopy, with the product
function (idg«pr, f), where f: S*M — BT classifies S*M — S*M.

Proof. Denote by p; and ps the projections of S* M x BT onto components. The map
p1 © hg is easily seen to be the identity, so hg = idg«as X b1 where hy : S*M — BT is
induced by the non-étale morphism of topological groupoids Gy > (z,a, 5) = Yag € T.
In order to show that h; coincides with f, up to homotopy, it is enough to show
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that the principal I-bundle (i.e., covering) that h; pulls back from BT to S*M is
isomorphic to the covering S *M — M.

Let Gy be the gluing groupoid associated to the cover U = (Uy)aer of M. It is
seen from the definition that Gy, — T factors as Gy, — Gy — I', where the function
Gy — T acts as (m, o, 3) = Yas- Thus we may replace S* M by M everywhere in the
proof. .

Since the the covering M — M is determined by its restriction to loops, we
may assume that M is the circle S'. Cover M = S! by two contractable intervals
Ip N I; which intersect in two small disjoint neighborhoods of 1 and —1: IyNI; =
(2,27 U(=2,—2"1) where z € S’ and |z — 1] is very small. We may also assume that
the transition cocycle is the identity on (2,27 !) and v € T on (—z,—271) (we have
replaced constant I'—cocycles with locally constant I'-cocycles). The map h; maps
each of the units of G;; and each of the 1-cells corresponding to the right hand interval
(2,271) to the only 0-cell of BT, the cell corresponding to the identity e € I'. (Recall
that the classifying space of a topological groupoid is the geometrical realization of the
simplicial space of composable arrows [34], and that that there is a 0 cell for each unit,
a 1-cell for each non-identity arrow, a 2-cell for each pair of non-identity composable
arrows, and so on). The other 1-cells (i.e., corresponding to the arrows leaving from
a point on the left hand side interval) will map to the 1-cell corresponding 7. This
shows that, on homotopy groups, the induced map Z = m;(S') — I' = 71 (BI') sends
the generator 1 to . This completes the proof of the lemma. O

We need to introduce one more auxiliary morphism before we can determine \*.
Using the partition of unity >, ¢2 = 1 subordinated to V = (V,)aer, we define
v:C®(S*M) — C(Gy) by

v(H)(@,a, 8) = f(z)pa(z)ps(z),

which turns out to be a morphism of algebras. Because the composition

O (S* M) 5 C=(Gy) Yh (S M x Ry) = My,(C®(S*M))
is (unitarily equivalent to) the upper—left corner embedding, we obtain that the mor-

phism v* : HP.  (C(Gy)) — HP. . (C>*(S5*M)) is the inverse of tr,.
We are now ready to determine the morphism

\* : HPY, (C(S* M) ® C[T]) — HP?

cont cont

(C*>(S*M)).
In order to simplify notation, in the statement of the following result we shall identify
HP} (M (C>*(S*M)) ® C[I']) with HP} . (C*°(5*M) ® C[I']), and we shall do the

cont cont
same in the proof.

ProrosITION. 3.3. The composition
H*~1(S*M x BT;C) — HP?,,(C*(S* M) ® C[T]) 2
— HP},

font(C%(S" M) = H* (8" M; C)
is @1 oX* 0o ® = (id x f)*.

Proof. Consider as before the morphism [ : Gy, — S*M x Ry of groupoids, which
defines an injective morphism of algebras ¢(I) : C>°(Gy) — C°(S*M x R;) =
M, (C*°(S8*M)), and hence also a morphism

L(1) ®id = o(l x id) : C®(Gy x T) < C(S*M x Ry x T') = My,(C™(S* M)) ® C[T].

DOCUMENTA MATHEMATICA 2 (1997) 263-295



290 VicTor NISTOR

Then we can write
A=l xid)ow(g)ov,
where ¢ : Gy — Gy x T is as defined before: g(z, o, 8) = (x, o, 3, Yag)-
Because v* = (t7,)~!, we have that ® ! ov* 0o ® = (Bt)*~!, by Theorem 3.1.
Also by Theorem 3.1, we have ¢(g)*o® = ®o (Bg)* and (I X id)* o ® = ®o (Bl xid)*.
This gives then

P loNo® =3 tor odo(Bg) o(Blxid)* = (Bt)* todo(Bg)*o(Blxid)* = hj.
Since Lemma 3.2 states that hg = id x f, up to homotopy, the proof is complete. [I

3.3. THE ATIYAH—SINGER EXACT SEQUENCE. Let M be a smooth compact man-
ifold (without boundary). We shall denote by ¥*(M) the space of classical, order
at most k pseudodifferential operators on M. Fix a smooth, nowhere vanishing den-
sity on M. Then W°(M) acts on L?(M) by bounded operators and, if an operator
T € ¥°(M) is compact, then it is of order —1. More precisely, it is known that order
—1 pseudodifferential operators satisfy Y=!(M) C C, = C,(L*(M)) for any p > n.
(Recall that Cp(H) is the ideal of p—summable operators on H, equation (8)).

It will be convenient to include all (n + 1)-summable operators in our calculus,
so we let Egq = U0 (M) 4 Cp41, and obtain in this way an extension of algebras,

(40) 0= Chny1 — Eag =% C®(S*M) — 0,

called the Atiyah-Singer exact sequence. The boundary morphisms in periodic cyclic
cohomology associated to the Atiyah-Singer exact sequence defines a morphism

das : HP*(Cpy1) — HP*TH(C>(S* M)).
Let Tr, € HP? . (Cny1) be as in (28) (i.e., Trp(ao,- .. ,a2,) = CTr(ag .. .aa,), for

cont
some constant C), and denote
(41) J(M) = 9as(Tryn) € HPL,,(C>(S*M)) C HPY(C™(S*M)),

which is justified by Corollary 2.11.

We shall determine J (M) using Theorem 1.5. In order to do this, we need to
make explicit the relation between ch, the Chern character in cyclic homology, and
Ch, the classical Chern character as defined, for example, in [27]. Let E — M be a
smooth complex vector bundle, embedded in a trivial bundle: E C M x CV, and
let e € My(C*(M)) be the orthogonal projection on E. If we endow E with the
connection edpge, acting on I°(E) C C*°(M)", then the curvature {2 of this con-
nection turns out to be Q = e(dpgre)?. The classical Chern character Ch(E) is then
the cohomology class of the form T'r(exp(5%)) in the even (de Rham) cohomology
of M. Comparing this definition with the definition of the Chern character in cyclic
cohomology via the Hochschild-Kostant-Rosenberg map, we see that the two of them
are equal-up to a renormalization with a factor of 2m. (If &€ € H*(M) = @, H* (M)
is a cohomology class, we denote by & its component in H* (M).) Explicitly, let
X : HPSO™(C(8* M) ~ @®rez HT2#(S* M) be the canonical isomorphism induced
by the Hochschild-Kostant-Rosenberg map ¥, equation (12), then

(42) X(ch(€)) =Y (2m)™ Ch(€)2m—s € H™ (M)

k€eZ

for i € {0,1} and ¢ € K¥8(C>(M)). (Note the ‘—").

DOCUMENTA MATHEMATICA 2 (1997) 263-295



HIGHER INDEX THEOREMS 291

PROPOSITION. 3.4. Let T(M) € H*"(S*M) be the Todd class of the complexifi-
cation of T*M, lifted to S*M, and ® : H™*(S*M) — HP., . (C>(S*M)) be the
isomorphism of Theorem 3.1. Then
J(M) = (=1)" Y _(2m0)" (T (M)2x) € HP,p (O (5" M)).
k

Proof. We need to verify the equality of two classes in HP. ,(C>(S*M)). It is

hence enough to check that their pairings with ch([u]) are equal, for any [u] €
K8(C>(5*M)), because of the classical result that the Chern character

ch : K¥8(C®(S* M)) — HP™™ (C*°(S* M)

is onto.
If Ind is the index morphism of the Atiyah—Singer exact sequence then the Atiyah-
Singer index formula [5] states the equality

(43) Indfu] = (—1)"(Chlu], T(M)).

Using equation (41) and Theorem 1.5 (see also the discussion following that theorem),
we obtain that Ind[u] = (ch[u], J(M)). Equations (37) and (43) then complete the
proof. |

3.4. THE CONNES—-MOSCOVICI EXACT SEQUENCE AND PROOF OF THE THEOREM.
We now extend the constructions leading to the Atiyah—Singer exact sequence, equa-
tion (40), to covering spaces.

Let M be a smooth compact manifold and let £y = My (F) ® C[I'], which fits
into the exact sequence

(44) 0 — My(Cnt1) ® C[T] — E; 7% M, (C*°(S*M)) ® C[T] — 0.

Let T — M — M be a covering of M with Galois group I'. Using the Mishchenko
idempotent p associated to this covering and the injective morphism

A2 C%(S"M) — p(M(C*(S"M)) @ C[I)p,
equation 39, we define the Connes—Moscovici algebra Ecjs as the fibered product
Ecy ={(T,a) € pE1p® C®(S*M),00(T) = Aa)}.
By definition, the algebra E¢ s fits into the exact sequence
0 — p(Mi(Cpy1) @ C[I))p — Ecy — C°(S* M) — 0.

We now take a closer look at the algebra Ecas and the exact sequence it defines.
Observe first that p acts on (L?(M) ® I2(I'))* and that p(L*(M) ® I>(T))k ~ L?(M)
via a ['-invariant isometry. Since F; can be regarded as an algebra of operators on
(L*(M) ® I2(T'))* that commute with the (right) action of I', we obtain that Ecys
can also be interpreted as an algebra of operators commuting with the action of I' on
L? (1\7 ). Using also [11], Lemma 5.1, page 376, this recovers the usual description of
E¢ ) that uses properly supported I'-invariant pseudodifferential operators on M.

Also observe that “M}” is superfluous in My (C,+1) because My(Cpy1) = Cpy1;

[199%})

actually, even “p” is superfluous in p(My(Cr41) ® C[I'])p because
p(Mk(Cry1) ® C[T])p = Cpy1 ® C[T]
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by an isomorphism that is uniquely determined up to an inner automorphism. Thus
the Connes—Moscovici extension becomes

(45) 0 —>Cn+1®(C[F] — Ecom —>COO(S*M)) — 0,

up to an inner automorphism.

We now proceed as for the Atiyah—Singer exact sequence. The boundary mor-
phisms in periodic cyclic cohomology associated to the Connes—Moscovici extensions
defines a map

dcar : HP*(Cpyy ® C[T]) — HP*TH(C>®(S* M),
and the Connes—Moscovici Index Theorem amounts to the identification of the classes

o (Try, @ €) € HPIIL(C™(S*M)) c HP*TH(C*(5* M),

cont
for cocycles £ coming from the cohomology of T.
In order to determine Oc s (Try, ® £), we need the following theorem.

THEOREM. 3.5. Let Gy and Gy be smooth étale groupoids. Then the diagram

H+"(BG1,01) @ H (B Ga, 00) —— HP! (C2°(G2)) ® HPy (C2°(G2))

X ®

H*+n+m(B(g1 X g2)7 0) i HP:ont(Cgo(gl X g2))

is commutative. Here the left product x is the external product in cohomology and 01,
02, and 0 are the orientation sheaves.

P

Proof. The proof is a long but straightforward verification that the sequence of
isomorphisms in [7] is compatible with products.

Using [30], Proposition 1.5. (c), page 563, which states that the x-products are
compatible with the tensor products of mixed complexes, we replace everywhere cyclic
vector spaces by mixed complexes. Then we go through the specific steps of the proof
as in [7]. This amounts to verify the following facts:

(i) The Hochschild-Kostant-Rosenberg map x (equation (12)) transforms the
differential B® 1+ 1 ® B into the de Rham differential of the product.

(ii) By the Eilenberg-Zilber Theorem [25], the augmentation map e ([7] Proposi-
tion 4.2 (1)), and the isomorphism it induces, are compatible with products.

(iii) The chain map f in the Moore isomorphism (see [6], Theorems 4.1 and
4.2, page 32) is compatible with products. This too involves the Eilenberg-Zilber
theorem. O

We remark that the proof of the above theorem is easier if both groupoids are of
the same “type,” i.e., if they are both groups or smooth manifolds, in which case our
theorem is part of folklore. However, in the case we shall use this theorem—that of a
group and a manifold—there are no significant simplifications: one has to go through
all the steps of the proof given above.

LEMMA. 3.6. Let A: C®°(S*M) — Mp(C>(S*M)) ® C[I] be as defined in (39) and
Tr, € HP°(Cn11) be as in (28). Then, for any cyclic cocycle n € HP, . (C[T]), we
have

o (Tr, @) = X(J (M) @ n) € HPXHL (C°°(S* M)) € HP*TH(C™(S* M)).

cont
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Proof. Denote by 8 : HP} . (Cn4+1®C[I]) — HP*T(C*°(S* M®C[I])) the boundary
morphism of the exact sequence (44). Using Theorem 2.6, we obtain

O (Trn ®@n) = das(Trn) ®n =T (M) ®n € HPIL(C®(S*M) @ C[T]) C
HP* T (C*>(S* M) ® C[T)).

Then, the naturality of the boundary map and Theorem 2.10 show that Ocpr = A*00;.
This completes the proof. O

Let T(M) € H®*"(S*M) be the Todd class of TM ® C lifted to S*M and Ch
be the classical Chern character on K—Theory, as before. Also, recall that Theorem
3.1 defines an embedding ® : H*(BT') = H*(I") — HP} . (C[T']) = HP*(C[I]).

We are now ready to state Connes—Moscovici’s Index Theorem for elliptic sys-
tems, see [11][Theorem 5.4], page 379, which computes the “higher index” of a matrix
of P of properly supported, order zero, I'-invariant elliptic pseudodifferential operators

on M, with principal symbol the invertible matrix u = o¢(P) € M,,(C>(S*M)).

THEOREM. 3.7 (Connes—Moscovici). Let M — M bea covering with Galois group
I' of a smooth compact manifold M of dimension n, and let f : S*M — BT the

continuous map that classifies the covering S*M — S*M. Then, for each cohomology
class € € H*(BT) and each [u] € K*(S*M), we have
: (="
+(Ind[u]) =
& (tndlu]) = (5

where £ = Tr, ® ®(&) € HP*(C,11 ® C[T)).

(Ch(u) NT(M) A [, [S™M]),

Proof.  All ingredients of the proof are in place, and we just need to put them together.
Let £ € H*(BT) and £ = Tr, ® ®(£) be as in the statement of the theorem. Then

(=1)"& (Ind[u]) =

= (-1)"(dcnmé), [u] by Theorem 1.5

= (=" (M (T (M) ® ®(€))), [u] by Lemma 3.6

= ()" (A o ®(®~H(T(M)) x€)),[u] by Theorem 3.5

= (—1)"(®o (id x f)* (@~ HT(M)) x ), [u] by Proposition 3.3
= (=1)™(@(™H(T (M) A £7€), ch([ul))

= (=)™~ H(T(M)) A f*€) Ax(chlul), [S*M]) by equation (37)

= 3 @2m)P T (M)A f*EAx(chlu])2j—1,[S*M]) by Proposition 3.4
= (2m0) " U T (M)ak A f*E A Choj_1[u], [S*M]) by equation (42)
= (2m) "YU Chlu] AT (M) A f*£,[S*M]).

The proof is now complete. |

For ¢ = 0 and ¢ = 1 € H(BT) ~ C, we obtain that 7 = ®(¢) is the von
Neumann trace on C[I'], that is 7(3_ a,7y) = a., the coefficient of the identity, and the
above theorem recovers Atiyah’s L?>~index theorem for coverings [2]. The reason for
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obtaining a different constant than in [11] is due to different normalizations. See [19]
for a discussion on how to obtain the usual index theorems from the index theorems
for elliptic systems.
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ABSTRACT. Let F be a field of characteristic different from 2, ¢ a quadratic
F-form of dimension > 5, and D a central simple F-algebra of exponent 2.
We denote by F (v, D) the function field of the product X, x Xp, where
Xy is the projective quadric determined by 1 and Xp is the Severi-Brauer
variety determined by D. We compute the relative Galois cohomology group
H3(F(¢, D)/F,Z/27) under the assumption that the index of D goes down
when extending the scalars to F(¢). Using this, we give a new, shorter
proof of the theorem [23, Th. 1] originally proved by A. Laghribi, and a new,
shorter, and more elementary proof of the assertion [2, Cor. 9.2] originally
proved by H. Esnault, B. Kahn, M. Levine, and E. Viehweg.

1991 Mathematics Subject Classification: 19E15, 12G05, 11ES81.

Let 1 be a quadratic form and D be an exponent 2 central simple algebra over a field
F (always assumed to be of characteristic not 2). Let X, be the projective quadric
determined by 1, Xp the Severi-Brauer variety determined by D, and F (v, D) the
function field of the product Xy x Xp.

A computation of the relative Galois cohomology group

H3(F(y, D)/F) % ker (H*(F, 2/2Z) — H¥(F(¢, D), Z./2Z))
plays a crucial role in obtaining the results of [8] and [10] concerning the problem of
isotropy of quadratic forms over the function fields of quadrics.

The group H*(F (¢, D)/F) is closely related to the Chow group CH*(Xy x Xp)
of 2-codimensional cycles on the product Xy X Xp. The main result of this paper is
the following theorem, where both groups are computed assuming dim > 5 and the
index of D goes down when extending the scalars to the function field of v:

THEOREM 0.1. Let D be a central simple F-algebra of exponent 2. Let v be
a quadratic form of dimension > 5. Suppose that ind Dp(yy < indD. Then
Tors CH*(X,, x Xp) = 0 and H*(F (¢, D)/F) = [D]U H'(F).

A proof is given in §8. The essential part of the proof is Theorem 6.9, dealing
with the special case where D is a division algebra of degree 8. This theorem has two
applications in the theory of quadratic forms. The first one is a new, shorter proof of
the following assertion, originally proved by A. Laghribi ([23, Th. 1]):
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COROLLARY 0.2. Let ¢ € I*(F) be an 8-dimensional quadratic form such that
ind C(¢) = 8. Let ¢ be a quadratic form of dimension > 5 such that ¢y is isotropic.
Then there exists a half-neighbor ¢* of ¢ such that 1 C @*.

The other application we demonstrate is a new, shorter, and more elementary
proof of the assertion, originally proved by H. Esnault, B. Kahn, M. Levine, and E.
Viehweg ([2, Cor. 9.2]):

COROLLARY 0.3. Let ¢ € I*(F) be any quadratic form such that ind C(¢) > 8. Let A
be a central simple F-algebra Brauer equivalent to C(¢) and let F(A) be the function
field of the Severi-Brauer variety of A. Then ¢pay ¢ I*(F(A)). In particular, ¢p(a)
is not hyperbolic. Moreover, if dim¢ = 8 then ¢p(a) is anisotropic.

Our proofs of Corollaries 0.2 and 0.3 are given in §7.

An important part in the proof of Theorem 6.9 is played by the formula of
Proposition 4.5, which is in fact applicable to a wide class of algebraic varieties.

A computation of the group H?(F (¢, D)/F) in some cases not covered by The-
orem 0.1 is given in [8] and [10].

1. TERMINOLOGY, NOTATION, AND BACKGROUNDS

1.1. QUADRATIC FORMS. Mainly, we use notation of [24] and [30]. However there is
a slight difference: we denote by (a1, ..., a,)) the n-fold Pfister form

(1,—a1) ® - ®(1,—an) .

The set of all n-fold Pfister forms over F' is denoted by P,(F); GP,(F) is the set of
forms similar to a form from P, (F).

We recall that a quadratic form v is called a (Pfister) neighbor (of a Pfister form
), if it is similar to a subform in 7 and dim ¢ > %dim 7. Two quadratic forms ¢ and
¢* are half-neighbors, if dim¢ = dim ¢* and there exists s € F* such that the sum
¢ Ls@* is similar to a Pfister form.

For a quadratic form ¢ of dimension > 3, we denote by Xy the projective variety
given by the equation ¢ = 0 and we set F(¢) = F(X4).

1.2. GENERIC SPLITTING TOWER. Let v be a non-hyperbolic quadratic form over F'.
Put Fy f £ and Yo def Yan- For i > 1 let F; def Fi_1(vi-1) and def ((Vie1)F; )an-
The smallest h such that dim~, < 1 is called the height of 7. The sequence
Fo, Fi, ..., Fy, is called the generic splitting tower of v ([21]). We need some properties
of the fields Fi:

LEMMA 1.3 ([22]). Let M/F be a field extension such that dim(yas)en = dim~s.
Then the field extension M Fs/M is purely transcendental.

The following proposition is a consequence of the index reduction formula [25].

PROPOSITION 1.4 (see [6, Th. 1.6] or [5, Prop. 2.1]). Let ¢ € I?(F) be a quadratic
form with ind(C(¢)) > 2" > 1. Then there is s (0 < s < h(¢)) such that dim¢s =
2r + 2 and ind C(¢s) = 2.

COROLLARY 1.5. Let ¢ € I?(F) be a quadratic form with ind(C(¢)) > 8. Then there
is s (0 < s < h(p)) such that dim ¢5 = 8 and ind C(¢s) = 8. O
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1.6. CENTRAL SIMPLE ALGEBRAS. We are working with finite-dimensional associa-
tive algebras over a field. Let D be a central simple F-algebra. We denote by Xp
the Severi-Brauer variety of D and by F(D) the function field F(Xp).

For another central simple F-algebra D’ and for a quadratic F-form 1 of dimen-

sion > 3, we set F(D', D) Y F(Xp x Xp) and F(¢, D) < F(Xy x Xp).

1.7. GALOIS COHOMOLOGY. By H*(F) we denote the graded ring of Galois coho-
mology
H*(F,7)2Z) = H*(Gal(Fuep/F), Z)2Z).

For any field extension L/F', we set H*(L/F) def ker(H*(F) — H*(L)).

We use the standard canonical isomorphisms H(F) = Z/27Z, H' (F) = F*/F*?
and H?(F) = Bry(F).

We also work with the cohomology groups H"(F,Q/Z(i)), i = 0,1,2 (see e.g.
[12] for the definition). For any field extension L/F, we set

H*(L/F,Q/Z(i)) * ker (H*(F,Q/Z(i)) — H*(L, Q/Z(1))) .
For n = 1,2, 3, the group H"(F') is naturally identified with

Torsy H"(F,Q/Z(n — 1)) .

1.8. K-THEORY AND CHOW GROUPS. We are mainly working with smooth algebraic
varieties over a field, although the smoothness assumption is not always essential.

Let X be a smooth algebraic F-variety. The Grothendieck ring of X is denoted
by K(X). This ring is supplied with the filtration “by codimension of support” (which
respects multiplication); the adjoint graded ring is denoted by G*K(X). There is a
canonical surjective homomorphism of the graded Chow ring CH*(X) onto G*K(X);
its kernel consists only of torsion elements and is trivial in the 0-th, 1-st and 2-nd
graded components ([32, §9]). In particular we have the following

LEMMA 1.9. The homomorphism CH'(X) — G'K(X) is bijective if at least one of
the following conditions holds:

e i=0,1, or2,
o CH'(X) is torsion-free.

Let X be a variety over F' and E/F be a field extension. We denote by ig/p
the restriction homomorphism K(X) — K(Xg). We use the same notation for the
restriction homomorphisms CH*(X) — CH*(Xg) and G*K(X) — G*K(Xg). Note
that for any projective homogeneous variety X, the homomorphism ip/p: K(X) —
K(Xg) is injective by [27].

1.10. OTHER NOTATIONS. We denote by F' a separable closure of the field F. The
order of a set S is denoted by |S| (if S is infinite, we set |S] def 00).
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2. THE GROUP Tors G*K(X)

LEMMA 2.1. Let X be a variety over F and E/F be a field extension such that
the homomorphism ig/p : K(X) — K(Xg) is injective and the factor group
K(Xg)/ig/r(K(X)) is finite. Then

|G*K(Xg)/ip/r(G*K(X))]
|ker(G*K(X) - G*K(Xg)| = .
|K(XE)/ip/r(K(X))]
Proof. The proof is the same as the proof of [15, Prop. 2]. O

LEMMA 2.2. Let X be a variety, i be an integer, and E/F be a field extension such
that the group G'K(Xg) is torsion-free. Then

ker(G'K(X) — G'K(Xg)) = TorsG' K (X) .

Proof. Since G'K(Xp) is torsion-free, one has ker(G'K(X) — G'K(Xg)) D
Tors G' K (X).

To prove the inverse inclusion, let us take an intermediate field Ey such that
the extension Ey/F is purely transcendental while the extension E/Ej is algebraic.
The specialization argument shows that the homomorphism G*K (X) — G'K(Xg,)
is injective; the transfer argument shows that ker(G'K(Xg,) — G'K(Xg)) C
Tors G'K (Xg, ). Therefore ker(G'K(X) — G'K(Xg)) C Tors G'K(X). O

LEMMA 2.3. Let X be a smooth variety, i be an integer, and E/F be a field extension
such that the group CH'(Xg) is torsion-free. Then

o CHZ:(XE) ~ G'K(Xg) (and hence the group G'K(Xg) is torsion-free),
o CH'(Xp)/igr(CH (X)) ~ GK(Xg)/inr(GK(X)).

Proof. The first assertion is contained in Lemma 1.9. The canonical homomorphism
CH'(Xg) — G'K(Xg) induces a homomorphism

CH'(Xp)/ip/r(CH'(X)) = G'K(XE)/ip/r(G'K(X))

which is bijective since CH'(Xg) — G*K(Xg) is bijective and CH'(X) — G'K(X)
is surjective. U

PROPOSITION 2.4. Suppose that a smooth F-variety X and a field extension E/F
satisfy the following three conditions:

e the homomorphism ig/p : K(X) — K(Xg) is injective,

o the factor group K(Xg)/ig/r(K(X)) is finite,

o the group CH*(Xg) is torsion-free.

Then
| Tors G* K (X)| = G"K(Xp)/ip/r(G"K(X))| _ |CH'(Xg)/ip/r(CH"K(X))|
K (Xg)/ip/r(K(X))] K (Xp)/ip/r(K(X))|
Proof. Tt is an obvious consequence of Lemmas 2.1, 2.2, and 2.3. O
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3. AUXILIARY LEMMAS
For an Abelian group A we use the notation rk(A4) = dimg(A4 ®z Q).

LEMMA 3.1. Let Ay C A, By C B be free Abelian groups such thattk Ag =tk A=r4,
rk By =tk B =rp. Then

TA

A®z B
By

Ao ®z By

A
=4

TB ‘B

Proof. One has
(A8 B)/(A0® B) = (4/A0) & B = (A/Ag) ® L™ = (A/Ao)"™,
(Ao ® B) /(Ao ® By) ~ Ay ® (B/By) ~Z™ ® (B/By) ~ (B/By)"™ .

Therefore,
TA

A
=4

A® B
By

Ao ® By

| A®B| |A @B
T |Ao®@ B| | Ay ® By

TB ‘B

The following lemma is well-known.

LEMMA 3.2. Let A be an Abelian group with a finite filtration A = F°A D F'A D
.- D FFA =0. Let B be a subgroup of A with the filtration FPB = BN FPA. Let
G*A = ®p20 FPA/FPHLA and G*B = ®p20 FPB/FPTIB. Then

e |A/B|=|G*A/G*B|,

e if A is a finitely generated group then rk G*A = rk A. O

In the following lemma the term “ring” means a commutative ring with unit.
g g

LEMMA 3.3. Let A and B be rings whose additive groups are finitely generated Abelian
groups. Let I be a nilpotent ideal of A such that A/I ~ 7. Let R be a subring of
A®yz B and Ag be a subring of A such that Ag®1 C R. Then the following inequality
holds

TA

A®z B < A
R ~ |Agr
where T4 =1tk A and rg = rk B.

"B A®z B
R+(I®ZB)

Proof. Let us denote by Br the image of R under the following composition AR B —
(A/I) ® B~7Z® B ~ B. Obviously,
A®z B | B
R+ (I KRz B) o Br
For any p > 0 we set FPA = {a € A|3Im € N such that ma € I?}. Clearly,
Tors(A/FPA) =0, and so A/FP is a free Abelian group. Therefore all factor groups
FPA/FPHLA (p=0,1,...) are free Abelian. Since A/I ~ Z, it follows that F'A4 = I.
Thus A/F'A ~ Z. Since I is a nilpotent ideal of A, there exists k such that I* = 0.
Then F*A = 0. Thus the filtration A = F°A D F'A D F2A O ... is finite and

results of Lemma 3.2 can be applied.

Let FPAr ¥ RNFPA, FP(A® B) < im(FPA® B — A® B), and FPR Y RN
FP(A®B). If K is one of the rings A, Agr, A® B, or R, we set GPK ef FPK/FPHK

and G*K < @, FPK/FPH K. Obviously, FPK - FIK C FPHK for all p and g.
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Therefore, K = F°K > F'K D --- D FPK D ... is a ring filtration. Hence, the
adjoint graded group G*K has a graded ring structure. Since the additive group of
B is free, we have a natural ring isomorphism G*A ® B ~ G*(A® B).

Since Ag ® 1 C R, we have G*Ar ® 1 C G*R. Clearly G°(A® B) = (A/I) ® B,
and GYR coincides with the image of the composition R - A® B — (A/I) ® B.
By definition of Bg, one has G'R = 1g-4 ® Bg (here 1g+4 denotes the unit of the
ring G*A). Therefore 1g:4 ® B C G*R. Since G*Ar ® 1 C G*R, 1g+4 ® Br C
G*R, and G*R is a subring of G*A ® B, we have G*Ar ® Bg C G*R. Therefore
|G*(A® B)/G*R| < |(G*A® B)/(G*Ar ® Br)|. Applying Lemmas 3.1 and 3.2, we
have

‘A@B‘_‘G*(A(X)B) <‘ G*"A® B _‘G*A TB.‘ETA_
R G*R ~ |G*Ar ® Bgr G*Ag Bgr

_ A|™® B TA_ AP A®z B s

_‘A_R ‘B_R _‘A_R "R+(I®ZB)

4. ON THE GROUP CH*(X x Y)
Let X be a smooth variety. We denote by FPCH"(X) the group

P (X) .
i2p
Let Y be another smooth variety. For a subgroup A of CH*(X) and a subgroup B
of CH*(Y), we denote by AKX B the image of the composition A ® B — CH"(X) ®
CH*(Y) — CH*(X x Y).
The following assertion is evident (see also [20, §3] or [11]).

PROPOSITION 4.1. Let X and Y be smooth varieties over F'. Then

e the natural homomorphism CH"(X x Y) — CH*(Yp(x)) is surjective,
o the kernel of the homomorphism CH*(X xY') — CH*(Yp(x)) contains the group
FICH"(X) K CH*(Y).

O
COROLLARY 4.2. If the natural homomorphism CH*(X) @ CH*(Y) — CH"(X x Y)
is bijective and CH*(Y) is torsion-free, then the homomorphism CH*(X xY) —
CH" (Yr(x)) induces an isomorphism

CH*(X xY)
FICH*(X) K CH (V)

— CH* (YF(X))

Proof. Since CH*(X)®CH*(Y) ~ CH*(X xY) and CH*(X)/F!CH*(X) ~ CH’(X),
the factor group CH*(X x Y)/(F'CH*(X) X CH*(Y)) is isomorphic to CH’(X) ®,
CH*(Y) ~ Z ®; CH*(Y) ~ CH*(Y). Thus, it is sufficient to prove that the ho-
momorphism CH*(Y) — CH*(Yp(x)) is injective. This is obvious since CH*(Y') is
torsion-free. O
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COROLLARY 4.3. Let X andY be smooth varieties and E/F be a field extension such
that the natural homomorphism CH* (Xg) ® CH*(Yg) — CH*(Xg x Yg) is bijective
and CH*(YE) is torsion-free. Then there exists an isomorphism

ZE/F(CH*(X X Y)) + .FICH*(XE) X CH*(YE) - iE(X)/F(X) (CH*(YF(X)))

Proof. Obvious in view of Corollary 4.2. O

REMARK 4.4. It was noticed by the referee that the conditions of Corollary 4.3 (which
appear also in Proposition 4.5) hold, if the variety Yz possess a cellular decomposition
(see e.g. [13, Def. 3.2] for the definition of cellular decomposition). In the case of
complete varieties X and Y, this statement follows e.g. from [19, Th. 6.5]. In the
present paper, we shall apply Corollary 4.3 only to the case where Yg is isomorphic
to a projective space.

PROPOSITION 4.5. Let X and Y be smooth varieties over F and E/F be a field
extension such that the following conditions hold

e CH*(Xg) is a free Abelian group of rank rx,

e CH*(Yg) is a free Abelian group of rank ry,

e the canonical homomorphism CH*(Xg) ®z CH*(Yg) — CH*(Xg x Yg) is an

isomorphism.
Then
CH*(Xg X Yg) CH*(Xg) |7 _ CH"(Ye(x)) X
ip/r(CH" (X x Y))‘ " lig/r(CH' (X)) inx)/rx) (CH (Yr(x)))

P’I“OOf. Let A = CH*(XE), AR = ZE/F(CH*(X)) and I = ®p>0 CHP(XE)
F'CH*(XE). Let B = CH*(Yg). By our assumption, we have CH*(Xg x Yg) ~
A ®z B. We denote by R the image of the composition CH* (X x Y) - CH"(Xg ®
Yg) ~ A®y B. Clearly, all conditions of Lemma 3.3 hold. Moreover,

CH"(Xg X Yg) A®z B CH*(Xg) A
i/r(CH' (X X Y)) ‘ ) ‘ R T ) ‘ B ‘A_R |
By Corollary 4.3 we have
A®zB | CH*(Ye(x))
R+ (I ®z B) ‘ i)/ reo (CH (Yr(x))) ‘ -
To complete the prove it suffices to apply Lemma 3.3. O

5. THE GROUP Tors CH?(Xy x Xp)
The aim of this section is Corollary 5.6.

PROPOSITION 5.1 (see [14, §2.1]). Let ¢ be a (2n + 1)-dimensional quadratic form

over a separably closed field. Set X def Xy and d ©f imX = 2n — 1. Then for all
0 < p < d the group CHP(X) is canonically isomorphic to 7 (for other p the group
CHP(X) is trivial). Moreover,

e if 0 < p<mn, then CHP(X) = Z - h?, where h € CH'(X) denotes the class of a
hyperplane section of X;
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o ifn <p<d, then CH?(X) = Z - l4_p, where l4_, denotes the class of a linear
subspace in X of dimension d — p, besides 2y, = h?.

COROLLARY 5.2. Let ¢ be a (2n + 1)-dimensional quadratic form over F and let
X =Xy. Then

e CH*(Xy) is a free Abelian group of rank 2n,

e if 0 <p<n then |CH"(Xp)/ip, p(CH(X))| =1,

e ifn <p<2n-—1then |[CH’(Xp)/ip,r(CH(X))| <2,

o |CH(Xp)/ip,p(CH"(X))| < 27. O

PROPOSITION 5.3. Let D be a central simple F'-algebra of exponent 2 and of degree 8.
Let E/L/F be field extensions such thatind Dy, = 4 andind Dg = 1. Let Y = SB(D).
For any 0 < p < dimY = 7, the group CH?(Yg) is canonically isomorphic to Z.
Moreover, the image of the homomorphism ig,r, : CH?(Yy) — CHP(YE) ~ Z contains
1ifp=0,4;2ifp=1,2,5,6;4 if p=3,T7.

Proof. Since deg D = 8 and ind D = 1, Yg is isomorphic to P%. Hence, the group
CHP(Yg) = CHP(PY) (where p = 0,...,7) is generated by the class h? of a linear
subspace ([4]).

The rest part of the proposition is contained in [16, Th.]. For the reader’s con-
venience, we also give a direct construction of the elements required. The class of
Y7, itself gives 1 € i/, (CH’(YZ)). Let & be the tautological line bundle on the pro-
jective space P4 ~ Y. Since exp D = 2, the bundle ¢®? is defined over F and, in
particular, over L. Its first Chern class gives 2 € i/7, (CH'(Y2)). Since ind Dy, = 4,
the bundle £¢#4 is defined over L. Its second Chern class gives 6 € i/ (CH?(Yz)).!
Thus 2 € ig/r,(CH?*(Y7)). The third Chern class of ¢4 gives 4 € ig/r,(CH?(Y7)).
The fourth Chern class of (%4 gives 1 € g/, (CH*(Y7)). Finally, taking the product
of the cycles constructed in codimensions 1, 2, and 3 with the cycle of codimension
4, one gets the cycles of codimensions 5, 6, and 7 required. [l

COROLLARY 5.4. Under the condition of Proposition 5.3, we have

|CH* (Vi) fig 1, (CH* (Y1,))] < 256 .
7
Proof. T] |CHP(Yg)/ig/s (CHP(Y,))| <1-2-2-4-1-2-2-4 =256 O
p=0

PROPOSITION 5.5. Let D be a central division F-algebra of degree 8 and exponent 2.
Let ¢ be a 5-dimensional quadratic F-form. Suppose that Dp(y) is not a skewfield.
Then Tors G*K (X, x Xp) = 0.

Proof. Let X = Xy and Y = Xp. Corollary 5.2 shows that CH* (X ) is a free abelian
group of rank rx = 4 and |CH"(Xp)/ip,p(CH"(X))| < 22 = 4.

Since D is a division algebra of degree 8 and Dp(y) is not division algebra, it
follows that ind Dp(x) = 4. Applying Corollary 5.4 to the case L = F(X), E = F(X),
we have |CH" (Yp(x))/ir(x)/rx) (CH" (Yr(x)))| < 256.

In fact, it is enough only to know that the Grothendieck classes of the bundles £®2 and ¢4 are
in K(Yr) what can be also seen from the computation of the K-theory.
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Since Yz = SB(Df) ~ P%, the group CH*(Y) is a free Abelian of rank ry = 8
and CH"(Xp)®CH"(Yp) ~ CH*(Xp xYF) (see [3, Prop. 14.6.5]). Thus all conditions
of Proposition 4.5 hold for X, Y, E = F and we have

CH*(XF X Yp)
ip,r(CH (X xY))

< 48.956% = 248,

Using [29, Th. 4.1 of §8] and [33, Th. 9.1], we get a natural (with respect to
extensions of F') isomorphism

KX xY)~K((F*®x C)@p (F** x D)) ~
~ K(FXIQ X C><4 X D><12 X (C ®F D)><4)

where ¢ % Co(%) is the even Clifford algebra of 1. Note that C is a central simple
F-algebra of the degree 22. Since Dy is not a skew field, [25, Th. 1] states that
D ~ C ®p B with some central division F-algebra B. Therefore, ind C = deg C = 22
and indC ® D = ind B = deg B = 2. Hence

K(Xp XYF)

- = (ind C)* - (ind D)2 - (ind C @ D)* = 22:4+3:124+14 _ 948
(KX vy |~ (€ nd DY )

Applying Proposition 2.4 to the variety X x Y and E = F, we have
CH"( Xz xYp)/ip,p(CH* (X XY 248
T (3 1) = [ X 2 V) g (CHE X X V)] _ 20
|K(Xp x Yp)/ip/p(K(X xY))| 2

Therefore, TorsG*K(X xY) =0. O

=1.

Applying Lemma 1.9 we get the following

COROLLARY 5.6. Under the condition of Proposition 5.5, the group CH?(X, x Xp)
is torsion-free. O

6. A SPECIAL CASE OF THEOREM 0.1

In this section we prove Theorem 0.1 in the special case where D is a division algebra
of degree 8.

PROPOSITION 6.1 ([1, Satz 5.6]). Let v be a quadratic F-form of dimension > 5. The
group H3(F()/F) is non-trivial iff 1 is a neighbor of an anisotropic 3-Pfister form.

PROPOSITION 6.2 (see [28, Prop. 4.1 and Rem. 4.1]). Let D be a central division F -
algebra of exponent 2. Suppose that D is decomposable (in the tensor product of two
proper subalgebras). Then H3(F(D)/F) = [D]U HY(F).

PROPOSITION 6.3. If D and D’ are Brauer equivalent central simple F-algebras, then
the function fields F(D) and F(D') are stably equivalent.?

2Two field extensions E/F and E’/F are called stably equivalent, if some finitely generated purely
transcendental extension of E is isomorphic (over F') to some finitely generated purely transcendental
extension of E’.
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Proof. Since the algebras Dp(pry and D%.( p) are split, the field extensions
F(D,D')/F(D') and F(D,D')/F(D)

are purely transcendental. Therefore each of the field extensions F'(D)/F and

F(D')/F is stably equivalent to the extension F(D,D’)/F. O

COROLLARY 6.4. Fiz a quadratic F-form 1 and integers i,j € Z. For any central
simple F-algebra D, the groups H'(F(D)/F), H(F(D)/F,Q/Z(35)), H (F(¢, D)/F),
HY(F(y,D)/F,Q/Z(35)) only depend on the Brauer class of D. O

PROPOSITION 6.5. Let D be a central simple F'-algebra of exponent 2 and let ¢ be a
quadratic F-form. The group H3(F (i, D)/F,Q/Z(2)) is annihilated by 2.

Proof. Let 1y be a 3-dimensional subform of 1. Clearly,
H*(F(y, D)/F,Q/Z(2)) € H*(F (4o, D)/ F,Q/Z(2)) .

Therefore, it suffices to show that the latter cohomology group is annihilated by 2.
Replacing 1o by the quaternion algebra Cy(1)), we come to a statement covered by
[7, Lemma A.8]. O

COROLLARY 6.6. In the conditions of Proposition 6.5, one has
H*(F(y, D)/F,Q/Z(2)) = H*(F (4, D)/F) . .

PROPOSITION 6.7. Let D be a central simple F-algebra of exponent 2 and let ¢ be a
quadratic F'-form of dimension > 3. Suppose that ind Dp(y) < ind D. Then v is not
a 3-Pfister neighbor and there is an isomorphism

H?(F (¢, D)/ F)
H3(F(¢)/F) + [D]U HY(F)

~ TorsCHQ(Xw x Xp) .

Proof. By [9, Prop. 2.2], there is an isomorphism

HP(F(¢, D)/ F,Q/Z(2)) -
H3(F($)/F,Q/Z(2)) + H*(F(D)/F,Q/Z(2))
N Tors CH*(X,, x Xp)
B pry, Tors CH?*(X) + pr% Tors CH*(Xp)

By Corollary 6.6, we have H*(F (v, D)/F,Q/Z(2)) = H3(F (¢, D)/F); by [9, Lemma
2.8], we have H*(F (v)/F,Q/Z(2)) = H3(F(¢)/F); and by [7, Lemma A.8], we have
H3(F(D)/F,Q/2(2)) = H*(F(D)/F).

Let D’ be a division algebra Brauer equivalent to D. By Corollary 6.4, we
have H3(F(D)/F) = H*(F(D')/F); by [18, Prop. 1.1], we have Tors CH*(Xp) ~
Tors CH? (Xp/). Since D%.( ») is no more a skew field, there is a homomorphism of F-
algebras Co (1) — D’ ([34, Th. 1], see also [26, Th. 2]). Although the algebra Cy(v))
is not always central simple, it always contains a non-trivial subalgebra central simple
over F. Therefore, D’ is decomposable, what implies H3(F(D')/F) = [D]|U H*(F)
(Proposition 6.2) and Tors CH*(Xp/) = 0 ([17, Prop. 5.3]). Finally, the existence of
a homomorphism Cy(1p) — D’ implies that v is not a 3-Pfister neighbor; therefore
Tors CH?*(X,) = 0 ([14, Th. 6.1]). O
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COROLLARY 6.8. Let D be a central division F-algebra of degree 8 and exponent 2.
Let ¢ be a 5-dimensional quadratic F-form. Suppose that Dp(y) is not a skew field.
Then H3(F (¢, D)/F) = [D]U HY(F).

Proof. Tt is a direct consequence of Proposition 6.7, Corollary 5.6, and Proposition
6.1. O

THEOREM 6.9. Theorem 0.1 is true if D is a division algebra of degree 8.
Proof. Let 1y be a 5-dimensional subform of . Applying Corollary 6.8, we have
[D] U HY(F) ¢ H3(F(y,D)/F) C H*(F(¢o,D)/F) = [D] U HY(F). Hence
H?*(F(¢,D)/F) = [D]UH(F).

The assertion on Tors CH?(Xy, x Xp) is Corollary 5.6. g
COROLLARY 6.10. Let ¢ € I*(F) be a 8-dimensional quadratic form such that

indC(¢) = 8. Let D be a degree 8 central simple algebra such that c¢(¢) = [D].
Let ¢ be a quadratic form of dimension > 5 such that ¢p(y) is isotropic. Then

1) D is a division algebra;
2) Dpy) is not a division algebra;
3) H*(F(¢,D)/F) = [D]UH'(F). O
7. PROOF OF COROLLARIES 0.2 AND 0.3
We need several lemmas.

LEMMA 7.1. Let ¢ € I?(F) be a 8-dimensional quadratic form and let D be an algebra
such that c(¢) = [D]. Then ¢ppy € GP3(F(D)).

Proof. We have c(¢p(p)) = ¢(®)p(p) = [Dr(p)] = 0. Hence ¢pp(py € I*(F(D)). Since

dim ¢ = 8, we are done by the Arason-Pfister Hauptsatz. O
LEMMA 7.2. Let ¢, ¢* € I*(F) be 8-dimensional quadratic forms such that c(¢) =
c(¢*) = [D], where D is a triquaternion division algebra.® Suppose that there is a

quadratic form v of dimension > 5 such that the forms ¢py, p)y and ¢}.(¢7D) are
isotropic. Then ¢ and ¢* are half-neighbors.

Proof. Lemma 7.1 implies that ¢y, p), ¢}.(¢7D) € GP3(F(v, D)). By the assumption
of the lemma, ¢r(y py and ¢}.(¢7D) are isotropic. Hence ¢r(y p) and ¢}.(¢7D) are
hyperbolic. Thus ¢, ¢* € W(F (¢, D)/F).

Let 7 = ¢ L ¢*. Clearly 7 € W(F(y,D)/F). Since ¢(7) = ¢(§) + c(¢*) =
[D] + [D] = 0, we have 7 € I3(F). Thus €3(1) € H*(F (¢, D)/F). It follows from
Corollary 6.10 that e3(7) € [D] U H*(F). Hence there exists s € F* such that
e3(1) = [D] U (s). We have e3(7) = [D]U (s) = c(¢) U (s) = e3(d((s))). Since
ker(e® : I*(F) — H*(F)) = I*(F), we have 7 = ¢ ((s)) (mod I*(F)). Therefore
d+¢* =17 =0¢{s) =¢— s¢ (mod I*(F)). Hence ¢* + s¢p € I*(F). Hence ¢ and ¢*
are half-neighbors. O

The following statement was pointed out by Laghribi ([23]) as an easy conse-
quence of the index reduction formula [25].

3An F-algebra is called triguaternion, if it is isomorphic to a tensor product of three quaternion
F-algebras.
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LEMMA 7.3. Let v be a quadratic form of dimension > 5 and D be a division tri-
quaternion algebra. Suppose that Dp(y) is not a division algebra. Then there exists
an 8-dimensional quadratic form ¢* € I?(F) such that ¢ C ¢* and c(¢*) = [D]. O

Proof of Corollary 0.2. Let D be triquaternion algebra such that ¢(¢) = [D]. Since
ind C(¢) = 8, it follows that D is a division algebra. Since ¢p(y) is isotropic, Dp(y) is
not a division algebra. It follows from Lemma 7.3 that there exists an 8-dimensional
quadratic form ¢* € I?(F) such that ¢ C ¢* and c(¢*) = [D]. Obviously, all
conditions of Lemma 7.2 hold. Hence ¢ and ¢* are half-neighbors. |

LEMMA 7.4. Let D be a division triquaternion algebra over F'. Then there exist a field
extension E/F and an 8-dimensional quadratic form ¢* € I*(E) with the following
properties:

(i) Dg is a division algebra,
(i) ¢(¢*) = [Dg],

(iii) Pp(p) s anisotropic.

Proof. Let ¢ € I*(F) be an arbitrary F-form such that c¢(¢) = [D]. Let K =
F(X,Y,Z) and v = ¢x L (X,Y,Z)) be a K-form. Let K = Ky, K1,...,Kp;
Y0, Y1, - - - » Yn D€ a generic splitting tower of ~.

Since v = ¢ (mod I3(K)), we have c(y) = ¢(¢x) = [Dk]. Since K/F is purely
transcendental, ind Dg = ind D = 8. Hence ind C(v) = 8. It follows from Corollary
1.5 that there exists s such that dim~y, = 8 and indC(y;) = 8. We set E = Ej,
O* =1s.

We claim that the condition (i)—(iii) of the lemma hold. Since ¢(¢*) = c¢(vE)
c(¢pr) = [Dg], condition (ii) holds. Since [Dg| = ¢(¢*) = ¢(vs), we have ind Dg
ind C(;s) = 8 and thus condition (i) holds.

Now we only need to verify that (iii) holds. Let My/F be an arbitrary field
extension such that ¢y, is hyperbolic. Let M = My(X,Y, Z). We have ypr = dar L
(X,Y,Z)),,;. Clearly (X,Y,Z)) is anisotropic over M. Since ¢, is hyperbolic, we
have (yar)an = (X,Y,Z)),, and hence dim(yar)an = 8. Therefore dim(yar)an =
dim~s. By Lemma 1.3, we see that the field extension ME/M = MK /M is purely
transcendental. Hence dim(yag)an = dim(yar)an = 8. Since (¢3s5)an = (YME)an,
we see that ¢}, is anisotropic. Since ¢y is hyperbolic, it follows that [Dy] =
c(pnrr) = 0. Hence [Dysg] = 0 and therefore the field extension M E(D)/ME is purely
transcendental. Hence ¢7, B(D) is anisotropic. Therefore (bj‘E( D) is anisotropic. O

LEMMA 7.5. Let ¢, ¢* € I*(F) be 8-dimensional quadratic forms such that c(¢) =
c(¢*) = [D], where D is a triquaternion division algebra. Suppose that Pp(py S
anisotropic. Then ¢p(p)y is anisotropic.

Proof. Suppose at the moment that ¢r(p) is isotropic. Then letting v def ¢*, we see
that all conditions of Lemma 7.2 hold. Hence ¢ and ¢* are half-neighbors, i.e., there
exists s € F* such that ¢* + s¢ € I*(F). Therefore Pp(p) T SOF(D) € I*(F(D)).
Since ¢p(p) is isotropic, it is hyperbolic and we see that ¢ p) € I*(F(D)). By the
Arason-Pfister Hauptsatz, we see that (b}.( D) is hyperbolic. So we get a contradiction
to the assumption of the lemma. O
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PROPOSITION 7.6. Let ¢ € I?(F) be an 8-dimensional quadratic form such that
indC(¢) = 8. Let A be an algebra such that c(¢) = [A]. Then ¢pp(a) is anisotropic.

Proof. Let D be a triquaternion algebra such that ¢(¢) = [D]. Since ind C(¢) = 8,
D is a division algebra. Let E/F and ¢* be such that in Lemma 7.4. All conditions
of Lemma 7.5 hold for F, ¢g, ¢*, and Dg. Therefore ¢p(p) is anisotropic. Hence
®r(p) is anisotropic. Since [A] = c¢(¢) = [D], the field extension F(A)/F is stably
isomorphic to F(D)/F (Proposition 6.3). Therefore ¢p(4) is anisotropic. O

Proof of Corollary 0.3. Suppose at the moment that ¢p4) € I*(F(A)). Since
ind C(¢) > 8, it follows that dim¢ > 8. By Corollary 1.5 there exists a field ex-
tension E/F such that dim(¢g)en, = 8, indC(¢r) = 8. Since dim(dg)en = 8 and
dpa) € I*(E(A)), the Arason-Pfister Hauptsatz shows that ((#g)an)r(a) is hyper-
bolic. We get a contradiction to Proposition 7.6. |

8. PROOF OF THEOREM 0.1

By Proposition 6.7, there is a surjection
H(F(4, D)/ F)
[D]UH'(F)
Thus, it suffices to prove the second formula of Theorem 0.1.

Proving the second formula, we may assume that dimy = 5 (compare to the proof
of Theorem 6.9) and D is a division algebra (Corollary 6.4). Under these assumptions,
we can write down D as the tensor product Cy(¢) ®p B (using [25, Th. 1]). In
particular, we see that Co(t) is a division algebra, i.e. ind Cy(v)) = deg Co(v) = 4.

If degD < 8, then D ~ Cy(zp). In this case, ¥pp) is a 5-dimensional qua-
dratic form with trivial Clifford algebra; therefore v¢p(p) is isotropic; by this rea-
son, the field extension F(y,D)/F (D) is purely transcendental and consequently
H3(F(¢, D)/F(D)) = 0. It follows that

H*(F (4, D)/F) = H*(F(D)/F) = [D]UH'(F) ,

where the last equality holds by Proposition 6.2.
If deg D > 8, then ind B > 4. Applying the index reduction formula [31, Th.
1.3], we get

—» TorsCHQ(Xw x Xp) .

ind Co(¢) p(py = min{ind Co(¢), ind B} =4 .
Therefore ¢pp) is not a 3-Pfister neighbor and by Proposition 6.1 the group
H3(F(¢, D)/F (D)) is trivial. Thus once again
H*(F(y,D)/F) = H*(F(D)/F) = [DJUH'(F) .
Finally, if deg D = 8, then we are done by Theorem 6.9 and Proposition 6.7.
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ABSTRACT. We study Darboux and Christoffel transforms of isothermic
surfaces in Euclidean space. Using quaternionic calculus we derive a Riccati
type equation which characterizes all Darboux transforms of a given isother-
mic surface. Surfaces of constant mean curvature turn out to be special
among all isothermic surfaces: their parallel surfaces of constant mean cur-
vature are Christoffel and Darboux transforms at the same time. We prove
— as a generalization of Bianchi’s theorem on minimal Darboux transforms
of minimal surfaces — that constant mean curvature surfaces in Euclidean
space allow oo® Darboux transforms into surfaces of constant mean cur-
vature. We indicate the relation between these Darboux transforms and
Béacklund transforms of spherical surfaces.
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1 INTRODUCTION

Transformations play an important role connecting surface theory with the theory
of integrable systems. A well known example is the Backlund transformation of
pseudospherical (and spherical [1]) surfaces in Euclidean 3-space which “adds solitons”
to a given surface. In case of isothermic surfaces the Darboux transformation takes
the role of the Backlund transform for pseudospherical surfaces. Darboux transforms
of isothermic surfaces naturally arise in 1-parameter families (“associated families”)

IPartially supported by the Alexander von Humboldt Stiftung and by NSF grant DMS 93-12087.
2Partially supported by NSF grant DMS 93-12087.

DOCUMENTA MATHEMATICA 2 (1997) 313-333



314 U. JErOMIN, F. PEDIT

allowing to rewrite the underlying (system of) partial differential equation(s) as an
(infinite dimensional) integrable system [6], [4]. It is mainly for this reason that
Darboux transformations provoke new interest among contemporary geometers —
even though the subject was well studied around the turn of the century [5], [7]
and [2]. A key tool in the study of Darboux transforms of an isothermic surface in
Euclidean space is a careful analysis of the Christoffel transform (or dual isothermic
surface) of the surface — which may be considered as a certain limiting case of
Darboux transforms. In the present paper, we develop classical results further using
quaternionic calculus which makes definitions elegant and calculations more efficient.
Characterizations thus obtained turned out to be necessary in the development of the
corresponding discrete theory [10].

In the first part of the paper, we develop isothermic surface theory in codimen-
sion 2 — which is a more appropriate setting when using quaternionic calculus. When
restricting to codimension 1, all notions become classical. Here, we rely on the charac-
terizations of Darboux and Christoffel pairs in HP! given in [9]. The consequent use
of the quaternionic setup yields a new and unified description for these surface pairs
in R* = H. Even though the quaternionic calculus (as developed in [9]) provides a
setting to study the global geometry of surface pairs in Mobius geometry (cf.[11]) we
will restrict to local geometry in this paper, for two reasons: first, there are a number
of possible definitions of a “globally isothermic surface” whose consequences have not
yet been worked out. For example, definition 1 may well be read as a global defini-
tion but it is far too general to provide any global results. Secondly, Christoffel and
Darboux transforms of a (compact) surface generally do not exist globally. Moreover,
around certain types of umbilics they may not even exist locally. However, up to the
problem of closing periods, the results on constant mean curvature surfaces can well
be read as global results: here, the Christoffel transform can be determined without
integration which ensures its global existence (with branch points at the umbilics of
the original surface).

A central result is obtained by carefully analyzing the relation between Dar-
boux and Christoffel pairs: we derive a Riccati type equation describing all Darboux
transforms of a given isothermic surface. This equation is crucial for the explicit cal-
culation of Darboux transforms — in the smooth case (all the pictures shown in this
paper are obtained from this equation) as well as in the theory of discrete isothermic
nets [10]. Moreover, most of our remaining results are different applications of the
Riccati equation: first, we extend Bianchi’s permutability theorems for Darboux and
Christoffel transforms for the codimension 2 setup. We then discuss constant mean
curvature surfaces in 3-dimensional Euclidean space as “special” isothermic surfaces:
they can be characterized by the fact that their Christoffel transforms arise as Dar-
boux transforms®. Together with the Riccati equation, this provides more detailed
knowledge about the co® constant mean curvature Darboux transforms of a constant
mean curvature surface — whose existence is a classical result due to Bianchi [1].
Our new proof shows that any such Darboux transform has (pointwise) constant dis-
tance to the Christoffel transform. This fact provides a geometric definition for a

3While the notion of “Darboux pairs” is naturally a conformal notion (i.e. relates surfaces in
Mobius space) the notion of “Christoffel pairs” is a Euclidean one. This might explain the (untypical)
fact that constant mean curvature surfaces in Fuclidean space have a special position, not constant
mean curvature surfaces in any space of constant curvature.
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Figure 1: A Darboux transform of a torus of revolution

discrete analog of smooth constant mean curvature surfaces [10]. We conclude this
paper relating this 3-dimensional family with the Bianchi-Backlund transformation
for constant mean curvature surfaces discussed in [12] (cf.[1]).

2 DARBOUX PAIRS IN THE CONFORMAL 4-SPHERE

In 3-dimensional M&bius space (the conformal sphere S%) an isothermic surface may
be characterized by the existence of conformal curvature line coordinates around
each (nonumbilic) point?. Note that the notion of principal curvature directions
is conformally invariant — even though the second fundamental form is not. In
higher codimensions the second fundamental form (with respect to any metric in the
conformal class) takes values in the normal bundle. In order to diagonalize this vector
valued second fundamental form, i.e. simultaneously diagonalize all components of a

4 As mentioned earlier, there is a variety of possible definitions for isothermic surfaces which are
all equivalent away from umbilics — for example, any of the characterizations of isothermic surfaces
(cf.[9]) given in this paper could be used as (global) definitions instead of definition 1 (cf.[11]).

DOCUMENTA MATHEMATICA 2 (1997) 313-333



316 U. JErOMIN, F. PEDIT

basis representation, the surface’s normal bundle has to be flat®. This is an implicit
prerequisite in the following

DEFINITION 1 A (2-dimensional) surface in (4-dimensional) Mobius space is called
isothermic if around each (nonumbilic) point there exist conformal curvature line
coordinates, i.e. conformal coordinates which diagonalize the (vector valued) second
fundamental form taken with respect to any conformal metric of the ambient space.

In order to understand the notion of a “Darboux pair of isothermic surfaces” we
also have to learn what a “sphere congruence” is and what we will mean by “envelope
of a sphere congruence”:

DEFINITION 2 A congruence of 2-spheres in (4-dimensional) Mobius space is a 2-
parameter family of 2-spheres.

A 2-dimensional surface is said to envelope a congruence of 2-spheres if at each
point it is tangent® to a corresponding 2-sphere.

Note that the requirements on a congruence of 2-spheres in 4-space to be en-
veloped by two surfaces are much more restrictive than on a hypersphere congruence
[9]. Also, a congruence of 2-spheres in S* may have only one envelope — which gener-
ically does not occur in the hypersphere case. In the second half of the paper we will
concentrate on the more familiar situation in 3-space.

If, however, we have two surfaces which envelope a congruence of 2-spheres the
congruence will establish a point to point correspondence between its two envelopes
by assigning the point of contact on one surface to the point of contact on the other
surface. For a 3-dimensional ambient space it is well known [3] (cf. [7]) that two
cases can occur if this correspondence preserves curvature lines” and is conformal:
the congruence consists of planes in a certain space of constant curvature — in which
case the two envelopes are Mobius equivalent — or, both envelopes are isothermic —
in this case one surface is called a “Darboux transform” of the other (see [9], compare
[3] or [4]). These remarks may motivate the following

DEFINITION 3 If a congruence of 2-spheres (which is not a plane congruence in a
certain space of constant curvature) is enveloped by two isothermic surfaces, the cor-
respondence between its two envelopes being conformal and curvature line preserving,
the surfaces are said to form a Darbouz pair. FEach of the two surfaces is called a
Darboux transform of the other.

Before studying Darboux pairs in Euclidean space we will recall

3 A BASIC CHARACTERIZATION FOR DARBOUX PAIRS

In order to discuss (Darboux) pairs of surfaces in 4- (or 3-) dimensional Md&bius
geometry we consider the conformal 4-sphere as the quaternionic projective line [9]:

St~ HP' = {z - H|xz c H?}. (1)

5Since the principal directions of the (scalar) second fundamental forms with respect to any
normal vector are conformally invariant, as in the codimension 1 case, the flatness of the normal
bundle is a conformal invariant, too.

6 As usually done in the 3-dimensional case, we also want to allow the surface to degenerate.

7This is what is called a “Ribaucour sphere congruence”.
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Note that we consider the space H? of homogeneous coordinates of the quaternionic
projective line as a right vector space over the quaternions H.

Now, let (f, f) : M? — P be an immersion into the (symmetric) space of point
pairs® in S4,

Pi={(z,y) € S* x $* |z # y}. (2)
We may write the derivatives of f and f as®
df = fo+ fw, df = fo + f¢ (3)

where ¢, w, ¢, @ : TM — H denote suitable quaternionic valued 1-forms. Then, the
integrability conditions d?f = d?f = 0 for f and f — the Maurer Cartan equations
— read

0 = do+oNhp+oAw (Gauf} equation for f),

0 = dwtwAhep+oAw (Codazzi equation for ]i), (4)
0 = do+ONP+eA@ (Codazzi equation for f),

0 = dop+oNPpHwA@ (GauB equation for f).

Since the quaternions are not commutative ¢ A ¢ # 0 in general. Before continuing,
let us list some useful identities for quaternionic 1-forms: let o, 3 : TM — H be
quaternionic valued 1-forms and g : M — H be a quaternionic valued function; then

alNgB = aghp,
anB = -BAa, 5)
d(ga) = dgha+g-da,
dlag) = —aANdg+da-g,

where (a A B)(z,y) := a(z)8(y) — aly)B(x).

In this framework we are now able to state a basic characterization for Darboux
pairs of isothermic surfaces (for more details!® including a proof see [9]):

PROPOSITION 1 A pair of surfaces (f, f) : M? — P is a Darbouz pair if and only if
WAO=0Aw=0 (6)

where w,w : TM — H are defined by
df = fo + fw, df = fo + fo. (7)

It is easy to see that this characterization does not depend upon the choice
of homogeneous coordinates for the two surfaces: given a change of homogeneous
coordinates (f, f) — (fa, fa), a,a: M — H, we have

d(fa) = (fa)-(a~"pa+a~'da) + (fa) - (" wa), @
d(fa) = (fa)-(a"'@a)+ (fa)-(a"‘pa+ a 'da).

8The homogeneous coordinates of a pair of (different) points in IHP® form a basis of /2. Thus, P
e
normalized coordinates: the group GI(2, JH) may be replaced by a 15-dimensional subgroup SI(2, H)
which is a double cover of the group of orientation preserving Mobius transformations of S* [9].
9We will use “f” and “f” for the point maps into S* as well as for their homogeneous coordinates.
10Tn fact, this proposition states the connection between Darboux pairs and “curved flats” [8] in
the symmetric space of point pairs.

can be identified with the symmetric space . Sometimes it is more convenient to use suitably
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4 CHRISTOFFEL PAIRS OF ISOTHERMIC SURFACES IN EUCLIDEAN SPACE

Another observation is that introducing a real parameter into the Maurer Cartan
equations (4) we can obtain the Darboux pair equations (6) together with the original
integrability conditions as integrability conditions of a 1-parameter family of Darboux
pairs — the “associated family” of Darboux pairs'!:

: writing
dfr:fr@"i_fr(?gw)) dfr:fr(TQdJ)'i'fr@ (9)
with a parameter r € R the Gauf} equations for f, and fT become

0 = do+pAhp+rt-0Aw,
0 = dp+@dAP+rt-wAD (10)
while the Codazzi equations remain unchanged. This shows that if there exist surface
pairs — not necessarily Darboux — (f, fT) for more than one value of » > 0, then,
we have a whole 1-parameter family of Darboux pairs.

Assuming we have such a 1-parameter family (f;, fT) of Darboux pairs a special
situation will occur when r — 0. To discuss this, we assume ¢ = ¢ = 0 without loss
of generality: we have 0 = dy + ¢ A p and 0 = dp + ¢ A ¢ and thus at least locally
¢ = —daa™! and $ = —daa~' with suitable functions a,a : M — H. Rescaling by
those and applying (8) gives ¢ = ¢ = 0. Thus,

dfr = fr(r2w)7 dfr = fr(r2®)7 (11)

and after the rescaling (f, f) — (f%, fr) (or (f, f) — (fr, f%), respectively) we see
that f (or f) becomes a fixed point in the conformal 4-sphere — which should be
interpreted as a point at infinity. Thus, the other limit surfaces, fy and fo, naturally
lie in (different) Euclidean spaces. Identifying these two Euclidean spaces “correctly”
we obtain dfy = @ and dfy = & [9].

These two limit surfaces foc = fo and f§ := fo usually do not form a Darboux
pair — in general they do not even envelope a congruence of 2-spheres'?. But they
do form what is called a Christoffel pair:

DEFINITION 4 Two surfaces fy, fo : M? - R* = H in Euclidean 4-space are said to
form a Christoffel pair if they induce conformally equivalent metrics on M and have
parallel tangent planes with opposite orientations. Each of the surfaces of a Christoffel
pair is called a Christoffel transform or dual of the other.

Note that the two surfaces of a Christoffel pair are automatically isothermic; in
fact, isothermic surfaces can be characterized by the (local) existence of a Christoffel
transform [9]. The Christoffel transform of an isothermic surface is unique'® up to a

11 As we mentioned in a previous footnote (10) Darboux pairs are actually curved flats in the
symmetric space of point pairs — and curved flats arise in associated families.

12This might seem more natural if we remember that fy and fo take values in “different” Euclidean
spaces (cf. [4]). — However, one of these surfaces and the point at infinity (which are the remains
of the other surface) do form a (degenerate) Darboux pair.

I3Except in one case: Christoffel transforms of the 2-sphere appear in 1-parameter families. We
will discuss this case later (see page 324).
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homothety and a translation — so that in the sequel we will denote the Christoffel
transform of an isothermic surface f by f¢.

Finally, let us state a characterization of Christoffel pairs similar to that for
Darboux pairs:

PROPOSITION 2 Two surfaces fy, fo : M? = R* =~ H form a Christoffel pair if and
only if . .

dfo Ndfo=dfoNdfy=0. (12)
Both surfaces of a Christoffel pair are isothermic.

As for the characterization of Darboux pairs (page 317) a proof may be found
in [9]. However, in case of 3-dimensional ambient space we will present an easy proof
later (page 323) using some of the calculus we are going to develop.

Now we are prepared to study

5 DARBOUX PAIRS IN R*

Let (f, f) : M? — P denote a pair of surfaces with

df = fo+ fw, df = fo+ fo, (13)
as before. Assuming that f, f : M — H x {1} = H take values in Euclidean 4-space
we see that ¢ = —w and ¢ = —©, and hence

df =(f=f)w df =(f- o (14)
This allows us to rewrite condition (6) on f and f to form a Darboux pair'4 as
0=df A(f = ) 'df =df n(f = f)~"df. (15)

As a first consequence of these equations we derive the equations

0 = dn(f-N7dif-N" = F-HTAGE-PINd g
0 = dfn(f=NTff-HT = (F=HT - Adf
for any Darboux pair (f, f). Since (15) also implies
0=d[(f - /)" df(f = ) =dl(f = /) (f = ) (17)
we conclude that the Christoffel transforms f¢ and f¢ of f and f are given by
afe = (f-praff -7 (18)
afe = (f=Hdf(f=H"
Finally, if we fix the translations of f¢ and f¢ such that
(fe=foy=-H" (19)
— note that dm_l = d(f¢ — f¢) — we learn from the above characterization

(15) of Darboux pairs that f¢ and f¢ also form a Darboux pair (cf. [2]):

4 Hopefully, the reader will forgive our context dependent notation: f and f denote points in
HP! = §4, vectors in JH? or numbers in H = R*.
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THEOREM 1 If f,f : M? = R* form a Darbouz pair, then, their Christoffel trans-
forms f¢, f¢ : M? — R* (if correctly scaled and positioned) form a Darbouz pair,
too.

So far we learned how to derive the Christoffel transforms f¢ and f¢ of two
surfaces f and f forming a Darboux pair. But usually it will be much easier to
determine an isothermic surface’s Christoffel transform than a Darboux transform.
In the next section we will see that deriving Darboux transforms f and fc of two
surfaces f and f¢ forming a Christoffel pair'® comes down to solving

6 A RICCATI TYPE EQUATION

Solving (18) for df we obtain df = (f — f)df¢(f — f). This yields the following
Riccati type partial differential equation!® for g := (f — f):

dg = gdf®g —df. (20)

Using our characterization (12) of Christoffel pairs it is easily seen that this equation
is “completely” (Frobenius) integrable. Note that — in agreement with our previous
results — the common transform ¢¢ = g—! for Riccati equations yields

dg® = g°df g° — df°, (21)

showing that f¢ = f¢ + ¢¢ will provide a Darboux transform of f¢ whenever f + g is
a Darboux transform of f coming from a solution g of (20).

Since every Darboux transform f of an isothermic surface f provides a Christoffel
transform f¢ of f via (18) every Darboux transform comes from a solution of (20) —
if we do not fix the scaling of the Christoffel transform f¢. On the other hand every
solution g of (20) defines a Darboux transform f = f+g of f since df A g~ td(f+g) =
d(f +9) A g~'df = 0. This seems to be worth formulating as a

THEOREM 2 If f, f¢: M? — R* form a Christoffel pair of isothermic surfaces every
solution of the integrable Riccati type partial differential equation

dg = gdf°g— df (22)

provides a Darbouz transform f = f+g of f. On the other hand, every Darbouz
transform f of f is obtained this way — if we do not fiz the scaling of f€.

At this point, we should discuss the effect of a rescaling of the Christoffel trans-
form f¢ in the equation (20). For this purpose we examine the equations

dg = g (£r*df°) g — df (23)

15Note that the notation f¢ for a Darboux transform of f¢ makes sense because of our previous
theorem: we have j/c\c = fc.

16 The pictures in this paper were produced using Mathematica to numerically integrate this Riccati
type equation.
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Figure 2: Darboux transforms of the Catenoid when H® — oo

where r # 0 is a real parameter. For the derivatives of f and a Darboux transform

f = f + g of f this yields

df = fl-g7tdf] + f-lgtdf), (24)
af = f-lgridfegl + f-[Eridfegl.

Interpreting f, f : M? — H = H x {1} as homogeneous coordinates of the point pair
map (f, f) : M?> — P we may choose new homogeneous coordinates by performing a
rescaling (f, f) — (fr, f(rg)~!) to obtain'”

Cdlfr) = (fr)-lg i)+ [frg) 7Y [P, (25)
dif(rg)™"] = [fr]-[¥r2%df] + [f(rg)"]-[df g7"]-

Even though this system resembles very much our original system (9) which describes
the associated family of Darboux pairs, there is an essential difference: in (9) the
forms ¢, w, ¢ and & are independent of the parameter r whereas the forms g~ 'df and
df g—! in the system we just derived do depend on r. In fact, in the associated family
(fr, fr) of Darboux pairs obtained from (9) both surfaces, f, as well as f,, change
with the parameter r whereas the parameter contained in the Riccati equation just
effects the Darboux transform f = fr while the original surface f remains unchanged.
However, the original system (9) appears in the linearization of our Riccati equation®®
which indicates a close relation of these two parameters.

As a first application of this parameter which occurs from rescalings of the
Christoffel transform f¢ in our Riccati equation we may prove an extension of
Bianchi’s permutability theorem [2] for Darboux transforms:

_l’_
_l’_

THEOREM 3 Let ng : M? — H be two Darboux transforms of an isothermic surface
f:M?— H, R R L
dfip=ri2(fi2— f)df(fr2— f) (26)

where we fized any scaling for the Christoffel transform f¢ of f. Then, there exists
an isothermic surface f : M? — H which is an r1-Darbouz transform of f2 and an

17Note that this rescaling provides an SI(2, H) framing of the point pair map (f, f) [9].
18 Here, we would like to thank Fran Burstall for helpful discussions.
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ro-Darboux transform of fl at the same timel®:

df =ra1(f = f12) d}i,z(f — f12)- (27)

Moreover, the points off lie on the circles determined by the corresponding points of
f, f1 and fa, the four surfaces having a constant (real) cross ratio®°

o= =DTE R - (28)

To prove this theorem we simply define the surface f : M? — H by solving the
cross ratio equation®! (28) for f:

f=mhth-H"—rnff-N" - -7 (29)

Using this ansatz, it is a straightforward calculation to verify the Riccati equations
(27) which proves the theorem.

As indicated earlier, from now on we will concentrate on surfaces in 3-dimensional
Euclidean space R = ImH:

7 CHRISTOFFEL PAIRS IN R3

In this situation, much of our previously developed calculus will simplify considerably.
For example, we will be able to give an easy proof of our characterization of Christoffel
pairs and to write down the Christoffel transform of an isothermic surface quite explic-
itly. First we note that our characterizations (15) and (12) of Darboux and Christoffel
pairs of isothermic surfaces reduce to just ome equation: if f, f : M? = ImH both
take values in the imaginary quaternions,

df Ndf —df Adf,
df N(f=£)~rdf = —df AN(f— f)71df.
In order to continue we will collect some identities present in the codimension 1 case.

We may orient an immersion f : M? — R? = ImH by choosing a unit normal field
n: M? — S2. This defines the complex structure J on M via

(30)

df o J =ndf (31)
— note that since f and n take values in the imaginary quaternions
ndf = —(n,df) +n x df =n x df = —df n. (32)
The Hodge operator is then given as the dual of this complex structure:

1) = —no.J (33)

19Note, that this claim makes no sense before we fix a scaling for the Christoffel transforms flC,?
of fl,g. But, according to our “permutability theorem” for Christoffel and Darboux transforms
(theorem 1) there is a canonical scaling for flc 5 after we fixed the scaling of f¢.

20For a comprehensive discussion of the (cdmplex) cross ratio in R* = H see [10]. The idea for
the proof given in this paper actually originated from the discrete version of this theorem.

21Note that the denominator does not vanish as long as f; # fa. For ri = ro we get f = f.
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for any 1-form n on M.

With this notation we are now able to give a useful reformulation?? of the equation
arising in our characterizations of Darboux pairs and Christoffel pairs: ifn: TM — H
is any quaternionic valued 1-form we have

(df An)(x, Jx) = df (z) - (= *n(x) + nn(z)) (34)

for any z € TM. Consequently, df An = 0 if and only if

¥ =nn. (35)

This criterium shows that the space of imaginary solutions n : TM — ImH of the
equation 0 = df An is pointwise 2-dimensional®® — if i is an (injective) solution, then,
every other solution 7 is of the form

i=(a+bn)-n (36)

with suitable functions a,b : M — R. But one (imaginary) solution to the equation
0 = df A n is easily found: it is well known that

dxdf = —dnNdf = Hdf Adf (37)
where H is the mean curvature of f. Thus
df A (dn+ Hdf) =0 (38)

which gives an injective solution n = dn + H df away from umbilics of f.
At this point, we are ready to give the announced proof of our characterization
of Christoffel pairs (12) in the 3-dimensional case:

THEOREM 4 Two surfaces f, f¢: M? — R> = ImH form a Christoffel pair if and
only if
df ANdf¢=0. (39)

Generically, the Christoffel transform f¢ of f is uniquely determined by f up to
homotheties and translations of R3.

The fact that both surfaces of a Christoffel pair in 3-space are isothermic is
classical (see for example [5]) — and thus we omit this calculation.

Now, in order to prove this theorem we note that from the above we know that
f¢: M? — ImH satisfies (39) if and only if

«df¢ = ndfe. (40)

22 At this point we would like to thank Ulrich Pinkall for many helpful discussions — this criterium
is actually due to him.
23The space of solutions with values in the full quaternions is 4-dimensional as is easily seen: (36)
becomes
7= (a+bn) n+ (xa+ na)
with an arbitrary real 1-form o : TM — R.
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But this equation means that in corresponding points f and f¢ have parallel tangent
planes and that the almost complex structure induced by f¢ with respect to n¢ := —n
is just J — the same as that induced by f with respect to n. Thus,

df A dfe =0 (41)

if and only if f, f¢ : M? — R3 have parallel tangent planes with opposite orientations
and they induce conformally equivalent metrics, i.e. they form a Christoffel pair.

Now assume we have not just one but two Christoffel transforms f¢ and f¢ of an
isothermic surface f : M2 — R3. Then we know from (36) that

df¢ = (a+bn)-df. (42)
The integrability condition for f¢ reads
0 =da Adf° +db A *df¢ +bHf A df° (43)

showing that a = const and b = 0 since df°A df€ takes values in normal direction while
all other components are tangential — provided that f¢ is not a minimal surface?*.
This concludes the proof.

With (38) it also follows that

dn+ Hdf = (a+ bn)df° (44)
for suitable functions a,b: M — R. Similarly, we obtain
—dn + HCdf® = (a° + b°n)df (45)

by interchanging the roles of f and f°¢. Adding these two equations yields a = H¢,
a® = H and b = b° = 0 since the forms df, ndf, df¢ and n df° are linearly independent
(over the reals). As a consequence, we have a quite explicit formula relating the two
surfaces of a Christoffel pair:

Hedf® = dn + H df. (46)

This equation shows that whenever one of the surfaces of a Christoffel pair is a
minimal surface the other is totally umbilic (namely, a scaling of its Gaul map) and
vice versa. This brings us back to our previous problem of the uniqueness of Christoffel
transforms: assume we have a Christoffel pair (f,n) consisting of a minimal surface
f and its Gaul map n. Then all the pairs

(a / (cos(t) + sin(t)n) - df , n) (a7)

with real constants a and t will also form Christoffel pairs. Up to homotheties (given
by a) this will run us through the associated family of minimal surfaces (given by t)
reflecting the fact that associated minimal surfaces have the same Gaufl map?°.
Another fact that can be derived from (46) is that the (correctly scaled and
positioned) Christoffel transform of a surface of constant mean curvature H # 0 is its

24The case of minimal Christoffel transforms will be discussed below.
25However, choosing “curvature lines” for the Gaufl map will fix the minimal surface [9].
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Figure 3: A Darboux transform of the Catenoid
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parallel surface f + %n of the same constant mean curvature H¢ = H. Note that this
parallel surface induces a conformally equivalent metric on the underlying manifold
M? and consequently it is also a Darboux transform of the original surface? — the
enveloped sphere congruence consisting of spheres with constant radius ﬁ Later, we
will see that constant mean curvature surfaces in Euclidean space can be characterized
by the fact that their Christoffel transforms are Darboux transforms too. Thus, in
the remaining part of this paper we will study constant mean curvature (H # 0 or
H = 0) Darboux transforms of

8 SURFACES OF CONSTANT MEAN CURVATURE

Using the reformulation (35) of our characterizing equation (15) of Darboux pairs we
conclude that for any Darboux transform f = f + g of f : M? — R?

xgdf =ngdf (48)
where we used the fact that ¢~! = —#g for g € ImH. Consequently, the normal
field n of f is given by?”

. gng 1
n= W = W(|9|2n —2(n,9)9) (49)
since we must have xdf = —ndf.

Thus, if the normal field of a Darboux transform f of an isothermic surface
f: M? = ImH equals that of its Christoffel transform,

i =n¢ = —n, (50)

then g = an for a suitable constant a € R (remark that a has to be constant in order
to obtain parallel tangent planes of f and f). With (46) we conclude

Hdf + dn = H°df¢ = H°(df + dg) = H°df + H°a dn (51)

which implies that either one of the surfaces is minimal and the other is totally umbilic,
or, H= H® = é which means that f and f = f¢ form a pair of parallel constant
mean curvature surfaces.

Together with our previous remark (page 326) this leaves us with the following
characterization of constant mean curvature surfaces:

26Note that in order to obtain g = 7 as a solution of our Riccati type equation (20) the Christoffel
transform df° of f has to be scaled such that H¢ = % — then, the Riccati equation is equivalent
to (46). This means that the parallel constant mean curvature surface appears at a well defined
location in the associated family.
27Note that with this formula we easily see that f is the second envelope of a sphere congruence
enveloped by f:
2(g,n)f + lgI*n = 2(g,n) f + |g|*P.

The second fundamental form of f is quite complicated, but at least, when introducing frames it
can be seen that it has the same principal directions as the second fundamental form of f¢. Since
f also induces the conformally equivalent metric |df|2 = |g|*|df¢|? we get half of a proof for our
characterization (15) of Darboux pairs in the case of 3-dimensional ambient space.
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THEOREM 5 The (correctly scaled and positioned) Christoffel transform f¢ of an
isothermic surface f : M? — R3 is also a Darbouz tmnsformf of f if and only
if f is a surface of constant mean curvature H £ 0. In this case f = f€ is the parallel
surface of constant mean curvature.

In order to study constant mean curvature Darboux transforms of constant mean
curvature surfaces in general we have to calculate the mean curvature of a Darboux
transform f of an isothermic surface. We will eventually derive the existence of a 3-
parameter family of constant mean curvature Darboux transforms of a constant mean
curvature surface, all of them having (pointwise) constant distance from the parallel
constant mean curvature surface of the original surface. There are several ways to do
so: we could calculate the second fundamental form of f — which is not convenient
because this second fundamental form looks quite difficult — or, we could use (37)
to directly calculate H with the help of our Riccati type equation (20). This second
way is quite straightforward but not very interesting. So, we will present another way
which grew out of discussions with Ulrich Pinkall?®: observing that if d f = —gdf°yg,
the integrability condition for f becomes

0=g(dgg~' Ndf°—df*ANdgg™')g, (52)

i.e. the reality of the form df¢ A dgg~!. Since the volume form %dfc A * df¢ induced
by f€ is a basis of the real 2-forms on M this may be reformulated as

1
0=df*A(dgg™* — §U * df°) (53)
with a suitable function U : M — R. With (35) we obtain the equivalent equation
ndg — xdg = U df°g (54)

— the “Dirac equation” with reference immersion f¢.
Using this equation we may calculate the mean curvature H of f in terms of the

function U via 1
—(U—Hdf Ndf (55)

dxdf = oL

since
xaNx3=aAf (56)

for any two 1-forms a, 3 : TM — H on a Riemann surface and hence
1 1
*df° N dg = 5(*dfc ANdg — *df° Nxxdg) = §dfc A (n°dg — xdg). (57)

Substituting our Riccati equation (20) into the Dirac equation yields U = 2(n, g) and
consequently

H

1 (&
W@(n, g9)—H°). (58)

28The Dirac equation (54) which we will discover on our way can be considered as a replacement
for the Cauchy Riemann equations in a generalized “Weierstraf representation” for surfaces in IR3.
Given an immersion f : M2 — IR3 this generalized “Weierstraf} representation” will provide us with
any immersion f which induces the same complex structure on M.
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Figure 4: Darboux transforms of the Catenoid when H¢ — 0

Now we assume the mean curvature H of our original surface f to be constant
— and consequently H€ is constant too — and rewrite this equation as

0 =hy(g) == Hlg|> = 2(n, g) + H". (59)

Taking the derivative of this function h¢e where C' denotes any constant and assuming
H*¢ to be constant yields

dhc(g) = —2(df, g) - ha(g) — 2(df, g) - (C — H) (60)

where we got rid of dn by using (46). This shows that whenever we choose an initial
value g(po) = go for a function g : M? — ImH such that hg(go) = 0 the trivial
solution hy = 0 will be the unique solution to the above (linear and homogeneous:
C = H) differential equation. Thus our Riccati type equation (20) will produce a
Darboux transform f = f + g of constant mean curvature H = H out of a surface of
constant mean curvature (H # 0 or H = 0).

To conclude let us study the geometry of the condition hy(g) = 0: for a minimal
surface this simply says that the points f (p) of f = f+g always lie in distance %H ¢ off
the tangent planes f(p) +d, f(T, M) of f. Since we also have the freedom of rescaling
the Christoffel transform f¢ of f we end up with a 3-parameter family of minimal
Darboux transforms of a minimal surface (cf. [2]). A minimal Darboux transform
of the Catenoid is shown in figure 3. Sending H¢ — t+o0o — note that in case of
surfaces of constant mean curvature the associated family of Darboux pairs may be
parameterized by H¢ — the Darboux transforms look more and more like the original
surface (Fig. 2) while sending H¢ — 0 the Darboux transforms approach a planar
surface patch — the best compromise between the Catenoid’s Christoffel transform
and a minimal surface (Fig. 4).

In case of a surface of constant mean curvature H # 0 we may reformulate the
condition hy(g) =0 as

|Hg—n|>=1- HH (61)

showing that the points f (p) lie on spheres centered on the parallel surface f + %n

and with constant radius %\/ 1 — H¢H. Since the radius has to be real to provide real
Darboux transforms we see that we have to have H°H < 1 which restricts the range of
the parameter H¢ to aray H¢ < % containing 0 (without loss of generality we assume
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H >0). As H® - —o0 and H® — 0 we obtain the original surface and its Christoffel
transform, respectively. But now, we obtain the Christoffel transform a second time
— as a Darboux transform when H¢ = %, i.e. when the spheres hp(g) = 0 collapse
to points. Figures 5 and 6 show constant mean curvature Darboux transforms of the
cylinder.

To summarize the results we found in this section we formulate a theorem gen-
eralizing Bianchi’s theorem on minimal Darboux transforms of minimal surfaces [2]:

THEOREM 6 Any surface of constant mean curvature (H # 0 or H = 0) in Euclidean
3-space allows a 3-parameter family of Darboux transforms into surfaces of the same
constant mean curvature.

In case of a minimal surface all its minimal Darbouz transforms have (pointwise)
constant normal distance from the original surface while,

in case of a surface of constant mean curvature H # 0, all the constant mean
curvature Darbouz transforms have (pointwise) constant distance from the parallel
constant mean curvature surface of the original surface.

Having a second look at the Darboux transform of the cylinder shown in figure
5 we recognize a strong similarity to Ivan Sterling’s “doublebubbleton” [12]. This
suggests a relation between our constant mean curvature Darboux transform and

9 THE BIANCHI-BACKLUND TRANSFORM OF CONSTANT MEAN CURVATURE SUR-
FACES

We may supply any surface f : M? — R3 of constant mean curvature H = % with
conformal coordinates (z,y) : M? — R? such that

I e (dz? + dy?),

II = e“(sinh(u)dz? + cosh(u)dy?) (62)

— reflecting the fact that every surface of constant mean curvature is isothermic.
Then, a new surface of constant mean curvature — a “Bianchi-Backlund transform”
of the original surface — can be obtained as f = f + g where

2
sinh(8) cosh(8 + ¢)

[ denoting a real parameter and ¢ + i) = 0 being given by the linear system

g= (cosh(B)e™"[costp fr — sintf,] — sinh pn), (63)

0; +iuy, = sinhBsinh@ coshu 4+ cosh [ coshfsinhu (64)
10y +u; = —sinh /3 cosh@sinhu — cosh 3sinh 6 cosh .

In fact, this transformation is obtained by applying two successive Backlund trans-
forms to the surface of constant Gaufl curvature [1] which is parallel to the original
surface of constant mean curvature and then, taking the (correct) parallel surface of
constant mean curvature [12]. In this construction, the second Béacklund transform
has to be matched to the first one such that the resulting surface of constant Gauf3
curvature is a real surface again.
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Figure 5: A Darboux transform of the cylinder
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Fixing the scaling of the Christoffel transform f¢ of f such that H® = H = 1,
i.e. f¢= f+ 2n, it is an unpleasant but straightforward calculation to see that our
Riccati type equation

sinh?(3 .
) eyg — af (65)

is equivalent to the above linear system (64) defining the function 6. Thus we have:

dg = g(

THEOREM 7 Any Bianchi-Backlund transform of a surface of constant mean curva-
ture is a Darboux transform.

Analyzing the effect of the three parameters (8 and initial values for ¢ and )
contained in the Bianchi-Bicklund transform on the function g : M — R? at an initial
point we find that any solution of our Riccati equation (20) with a positive multiple
of the parallel constant mean curvature surface f + 2n as Christoffel transform f¢
can be obtained via a Bianchi-Bécklund transform?®. Those constant mean curva-
ture Darboux transforms of a constant mean curvature surface where the Christoffel
transform is taken a negative multiple of the parallel constant mean curvature surface
(see Fig. 6) seem not to occur as Bianchi-Backlund transforms.

29Hereby, we also have to allow singularities ¢ — co to obtain vertical values of g too.
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Figure 6: Another Darboux transform of the cylinder

DOCUMENTA MATHEMATICA 2 (1997) 313-333



THE DARBOUX TRANSFORM 333

REFERENCES

1]

L. Bianchi: Vorlesungen tiber Differentialgeometrie; Teubner, Leipzig 1899 (An-
hang zu Kapitel XVII: Zur Transformationstheorie der Fléchen mit constantem
positiven Kriimmungsmass, pp.641-648)

L. Bianchi: Ricerche sulle superficie isoterme e sulla deformazione delle
quadriche; Annali Mat. 11 (1905) 93-157

W. Blaschke: Vorlesungen tber Differentialgeometrie III; Springer, Berlin 1929

F. Burstall, U. Hertrich-Jeromin, F. Pedit and U. Pinkall: Curved flats and
Isothermic surfaces; Math. Z. 225 199-209

E. Christoffel: Ueber einige allgemeine Figenschaften der Minimumsfidchen;
Crelle’s J. 67 (1867) 218-228

J. Ciedlinski: The Darbouz-Bianchi transformation for isothermic surfaces; Diff.
Geom. Appl. 7 (1997) 1-28

G. Darboux: Sur les surfaces isothermiques; Comptes Rendus 128 (1899) 1299-
1305, 1538

D. Ferus, F. Pedit: Curved flats in symmetric spaces; Manuscripta Math. 91
(1996) 445-454

U. Hertrich-Jeromin: Supplement on Curved flats in the space of point pairs
and Isothermic surfaces: A quaternionic Calculus; Doc. Math. J. DMV 2 (1997)
335-351

U. Hertrich-Jeromin, T. Hoffmann, U. Pinkall: A discrete version of the Darbouz
transform for isothermic surfaces; to appear in A. Bobenko, R. Seiler, Discrete
integrable Geometry and Physics, Oxford Univ. Press, Oxford 1997

G. Kamberov: Holomorphic quadratic differentials and conformal immersions;
Preprint (1997)

I. Sterling, H.C. Wente: FEzistence and Classification of Constant Mean Curvature
Multibubbletons of Finite and Infinite Type; Indiana Univ. Math. J. 42 (1993)
1239-1266

Udo Hertrich-Jeromin Franz Pedit

Dept. Math. & Stat., GANG Dept. Math. & Stat., GANG
University of Massachusetts University of Massachusetts
Ambherst, MA 01003 (USA) Ambherst, MA 01003 (USA)
jeromin@math.umass.edu pedit@math.umass.edu

DOCUMENTA MATHEMATICA 2 (1997) 313-333



334

DOCUMENTA MATHEMATICA 2 (1997)



Doc. MATH. J. DMV 335

SUPPLEMENT ON CURVED FLATS IN THE SPACE
OF POINT PAIRS AND ISOTHERMIC SURFACES:

A QUATERNIONIC CALCULUS

UbpO HERTRICH-JEROMIN*

Received: September, 25, 1997
Revised: December 4, 1997

Communicated by Ursula Hamenstadt

ABSTRACT. A quaternionic calculus for surface pairs in the conformal 4-
sphere is elaborated. It introduces a rich algebraic structure and allows
the use of global frames while, at the same time, incorporates the classical
“geometric” model of Mobius geometry providing geometric clarity. This
way, it provides the foundation for the development of new techniques in
Mobius differential geometry.

A field where the quaternionic calculus already proved particularly useful is
the geometry of transformations of isothermic surfaces: in the second half of
the paper, the relation of Darboux and Christoffel pairs of isothermic sur-
faces and curved flats in the symmetric space of point pairs is discussed and
some applications are sketched. In particular, a new viewpoint on relations
between surfaces of constant mean curvature in certain spaces of constant
curvature, and on Bryant’s Weierstrass type representation for surfaces of
constant mean curvature 1 in hyperbolic 3-space is presented.

1991 Mathematics Subject Classification: (Primary) 53A10, (Secondary)
53A50, 53C42.

Keywords: Isothermic surface, Darboux transformation, Christoffel trans-
formation, Goursat transformation, Curved flat, Constant mean curvature,
Weierstrass representation.

* Partially supported by the Alexander von Humboldt Stiftung and NSF Grant DMS93-12087.

DOCUMENTA MATHEMATICA 2 (1997) 335-350



336 UbpO HERTRICH-JEROMIN

1. INTRODUCTION

It is well known that the orientation preserving Mobius transformations of the “con-
formal 2-sphere” S? 22 ' U {oo} can be described as fractional linear transformations
2z QLI where g = (ai;) € SI(2,C). The reason for this fact is that the conformal
2-sphere S? =2 C'P! can be identified with the complex projective line. Introducing
homogeneous coordinates p = v,C, v, € C?, on €' P! the special linear group SI(2,0)
acts on ¢'P! by projective transformations — which are, for 1-dimensional projective
spaces, identical with Mébius transformations — via v, — Avyl' = v€. Thus, in
affine coordinates one has

(-2 ) ()= (55).
1 a1 a9 1 1

This (algebraic) model of Mobius geometry in dimension 2 complements the (“geo-
metric”) model commonly used in differential geometry: here, the conformal 2-sphere
(or, more general, the conformal n-sphere) is considered as a quadric in the real pro-
jective 3-space JRP3 and the group of Mdbius transformations is isomorphic to the
group of projective transformations of IRP? that map the “absolute quadric” S? onto
itself (cf.[3]). Equipping the space of homogeneous coordinates of IRP?3 with a Lorentz
scalar product that has the points of S? as isotropic (null) lines, the M&bius group
can be identified with the pseudo orthogonal group of this Minkowski space IR}.

Several attempts have been made to generalize the described algebraic model
to higher dimensions — in particular to dimensions 3 and 4, by using quaternions
(cf.[14],[15]): analogous to the above model, the conformal 4-sphere is identified with
the quaternionic projective line, S* = HP!, with SI(2, H) acting on it by Md&bius
transformations. In order to use such an “algebraic model” in M&bius differential
geometry, it is not enough to describe the underlying space and the Mé&bius group
acting on it, though. One also needs a convenient description for (hyper-) spheres since
the geometry of surfaces in Mobius geometry is often closely related to the geometry
of an enveloped sphere congruence (cf.[3]). For example, Willmore surfaces in $® can
be related to minimal surfaces in the space of 2-spheres in S2, and the geometry of
isothermic surfaces is related to that of “sphere surfaces” with flat normal bundle,
“Ribaucour sphere congruences”.

One way is to identify a hypersphere s C JHP! with the inversion at this sphere.
The problem with this approach is, that only the orientation preserving Mobius trans-
formations are naturally described in the algebraic model — but, inversions are ori-
entation reversing Mobius transformations. Adjoining the (quaternionic) conjugation
as a basic orientation reversing Mo6bius transformation and working with the larger
group of all Md&bius transformations, works relatively fine for 2-dimensional M&bius
geometry, but turns into a nightmare® in dimension 4 since the quaternions form a
non commutative field.

Another way is to identify a sphere s C S* = JHP! with that quaternionic her-
mitian form on the space JH? of homogeneous coordinates that has this sphere s as a

1) Identifying 2-spheres in S% C §* 2 JHP! with inversions in S* provides a solution in the codimension
1 case, though: as the composition of two inversions at hyperspheres, the inversion at a 2-sphere in S is
orientation preserving.
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null cone. After discussing some basics in quaternionic linear algebra we will follow
this approach — to obtain not only a description for the space of spheres but also to
establish the relation with the classical “geometric” model of M&bius geometry: the
space of quaternionic hermitian forms will canonically turn into a real six dimensional
Minkowski space, the classical model space.

This (second) way, we combine the advantages of both models for Mébius differ-
ential geometry: on one side, we introduce a rich algebraic structure which provides
a significant simplification of calculations and, at the same time, we also obtain a cal-
culus that will be more suitable to discuss the global geometry of surfaces in Mobius
geometry, as well as the geometry of discrete nets. On the other side, we keep a close
connection to the classical model of M6bius geometry which will make it easier to
understand the results geometrically. In particular, our calculus will provide an ideal
setting for the study of surface pairs, maps into the (symmetric) space of point pairs
in JHP' — in Mobius differential geometry, surfaces often occur naturally in pairs,
as envelopes of certain distinguished sphere congruences: for example, Willmore sur-
faces come in dual pairs as envelopes of their common central sphere congruences,
and isothermic surfaces permit pairings via Darboux (and Christoffel) transforms.

The latter will be examined in the remaining part of the paper, on one side
to see the calculus at work, on the other side to demonstrate some new results:
here, our quaternionic calculus provides very elegant characterizations for Darboux
and Christoffel pairs of isothermic surfaces that led to the discovery of the Riccati
type equation (cf.[11]) for the Darboux transformation of isothermic surfaces — an
equation that apparently cannot be derived in the classical calculus (cf.[2]). This is
one reason, why the presented calculus was necessary to develop the definition of the
discrete version of the Darboux transformation for discrete isothermic nets and the
(geometric) definition of discrete cmc nets (cf.[10]). The mentioned characterizations
rely on the relation between Darboux pairs of isothermic surfaces and curved flats in
the space of point pairs — since this space will turn out to be symmetric the notion
of curved flats makes sense. Although this relation was already established in [6] for
the codimension 1 case, it might be of interest to see that it also holds in the higher
codimension case?) of Darboux pairs in JHP! (cf.[13]). Even though our calculus
also provides a framework to discuss global aspects of isothermic surfaces (cf.[12]) we
will only focus on their local geometry: there is a variety of possible definitions of
“globally isothermic surfaces” whose degree of generality and whose consequences are
yet to be worked out. However, computer experiments seem to indicate that Darboux
(and Christoffel) transforms of isothermic surfaces only exist locally, in general. And,
worse, near certain types of umbilics even their local existence is not clear — resp.
depends on the chosen definition of a “globally isothermic surface” ...

In the last section, we study minimal and constant mean curvature surfaces in 3-
dimensional spaces of constant curvature. These are “special” isothermic surfaces, and
a suitable Christoffel transform in IR can be determined algebraically (in the general
case, an integration has to be carried out). Examining the effect of the spectral
parameter that comes with a curved flat, we obtain a new interpretation for the
relations between surfaces of constant curvature in certain space forms. In fact, these

2) Most recently, these results were generalized to arbitrary codimension using an extension of the
presented calculus [5].
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relations can be interpreted in terms of Bianchi’s “T-transformation” for isothermic
surfaces [2]. For example, the well known relation between minimal surfaces in the
(metric) 3-sphere and surfaces of constant mean curvature in Euclidean space, as
well as the relation between minimal surfaces in Euclidean 3-space and surfaces of
constant mean curvature 1 in hyperbolic 3-space are discussed. In case of the constant
mean curvature 1 surfaces in hyperbolic 3-space, a new form of Bryant’s Weierstrass
type representation [4] is given. In this context, the classical Enneper-Weierstrass
representation for minimal surfaces in Euclidean 3-space is described as a Goursat
type transform of the (multiply covered) plane — similar to the way certain surfaces
of constant Gauss curvature are described as a Backlund transforms of a line. Finally,
the classical Goursat transformation for minimal surfaces is generalized for isothermic
surfaces in Euclidean space.

2. THE STUDY DETERMINANT

Throughout this paper we will use various well known models [1] for the non commu-
tative field of quaternions:

H {a+v|ae R®ReH,v e R*~ImH}
{ao + a1i + azj + azk | ag, a1, a2, a3 € IR}
{etyjle,yeC}
{AeM(@2x2,C)|trA € R, A+ A* € RI}.

1111 1R 1R

Herein, we can identify i, j, k with the standard basis vectors of IR3 = ImIH: if

v,w € ImIH are two “vectors” their product vw = —v - w + v X w which is equivalent
to the familiar identities i> = j2 = k? = —1, ij = k = —ji, jk = i = —kj and
ki = j = —ik. Obviously, the first model will turn out particularly useful when

focusing on the geometry of 3-space while the decomposition IH =2 € + ' j will prove
useful in the context of surfaces, 2-dimensional submanifolds, since their tangent
planes (and normal planes) carry a natural complex structure. We will switch between
these models as it appears convenient.

As the quaternions can be thought of as a Euclidean 4-space, IR* = IH, the
(conformal) 4-sphere S* =2 IR*U{oo} can be identified with the quaternionic projective
line: S* = HP! = {lines through 0 in IH?}. Thus, a point p € S* of the conformal
4-sphere is described by its homogeneous coordinates v, € IH?; and its stereographic
projection onto Euclidean 4-space IR* = {v € IH? | vy = 1} is obtained by normalizing
the second component of v,.

Since the quaternions form a non commutative field, we have to agree whether
the scalar multiplication in a quaternionic vector space is from the right or left: in
this paper, JH? will be considered a right vector space over the quaternions. This
way, quaternionic linear transformations can be described by the multiplication (of
column vectors) with (quaternionic) matrices from the left: A(vA) = (Av)A. For a
quaternionic 2-by-2 matrix A € M(2 x 2, H) we introduce the Study determinant®
[1] (cf. Study’s “Nablafunktion” [14])

D(A) := det(4*A)
= |£l11|2|1122|2 + |£l12|2|£121|2 — (@11012822a21 + G21022012a11).

3) Note, that the notion of determinant makes sense for self adjoint matrices A € M(2 x 2, H).
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This is exactly the determinant of the complex 4-by-4 matrix corresponding to A
when using the complex matrix model for the quaternions. Thus, D clearly satisfies
the usual multiplication law, D(AB) = D(A)D(B), and vanishes exactly when A is
singular. The multiplication law implies that D is actually an invariant of the linear
transformation described by a matrix: D(U~1AU) = D(A) for any basis transforma-
tion U : H? — IH?. Also note that 0 < D(A) € R.

DEFINITION. The general and special linear groups of IH? will be denoted by

GI2,H) = {AeM(2x2, H)|DA) +#0}
SI(2,H) = {AeM(2x2 H)|DA) =1

With the help of Study’s determinant, the inverse of a quaternionic 2-by-2 matrix
A € Gl(2, H) can be expressed directly as

-1 _ 1 |a22|2&11 — 021022012 |a12|2(i21 — (11012022
D(A) '

- |a21|2&12 — 022021011 |a11|2(i22 — (12011021

Note also, that SI(2,H) is a 15-dimensional Lie group — it will turn out to be a
double cover of the identity component of the Mobius group of S%.

Considering D : H? x H?> — IR as a function of two (column) vectors we see
that D(v,v + w) = D(v,w) and D(v, wA) = |A\|?*D(v,w) — similar formulas holding
for the first entry since D is symmetric: D(v,w) = D(w,v). Reformulating our
previous statement, we also obtain that D(v,w) = 0 if and only if v and w are
linearly dependent® . Particularly, if v and w are points in an affine quaternionic line,
say the Euclidean 4-space {v € IH? | vy = 1}, then D(v,w) = |v; — w1|? measures the
distance between v and w with respect to a Euclidean metric. This fact can be used
to express the cross ratio of four points in Euclidean 4-space (cf.[10]) in terms of the
Study determinant®):

o3 3)e(s )
2 1 1 1 1
|DV(h17 h27 h37 h4)|

B D<h2 h3>D<h4 h1>-
1 1 1 1

The expression on the right hand is obviously invariant under individual rescalings of
the vectors which shows that the cross ratio is, in fact, an invariant of four points in
the quaternionic projective line JHP!.

3. QUATERNIONIC HERMITIAN FORMS

will be a key tool in our calculus for Mobius geometry: any quaternionic hermitian
form s: H? x H? — H,

S(U,wl)\+UJ2M) = 7(U,w1))‘+5(v,w2)ﬂ
s(A+vap,w) = As(vi,w) + fs(va, w)
s(w,v) = s(v,w),

V)

4 Al these properties are also easily checked directly, without using the complex matrix representation
of the quaternions.

5) For a more complete discussion of the complex cross ratio of four points in space consult [10].
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is determined by its values on a basis (e1,e2) of H?, s;; = s(ei,e;). Since s is
hermitian, s11, s22 € IR and so; = 515 € JH, the quaternionic hermitian forms on IH?
form a 6-dimensional (real) vector space. Clearly, GI(2, IH) operates on this vector
space via (4, s) — As :=[(v,w) — s(Av, Aw)], or, in the matrix representation of s,
via (A4, s) — A*sA. A straightforward calculation shows that det(As) = D(A)det(s).
This enables us to introduce a Lorentz scalar product

(s,8) := —det(s) = |s12]® — 5115922

on the space IR$ of quaternionic hermitian forms, which is well defined up to a scalef)
(or, the choice of a basis in JH?). Fixing a scaling of this Lorentz product, the special
linear transformations act as isometries on IR¢ — SI(2, IH) is a double cover of the
identity component” of SO;(6), which itself is isomorphic to the group of orientation
preserving M&bius transformations of S*. Thus, restricting our attention to Euclidean
4-space {e1h+ey | h € IH}, the orientation preserving Mébius transformations appear
as fractional linear transformations (cf.[14],[15])

<h> s <a11 a12> <h> - <(a11h+a12)(a21h+a22)_1>
1 a1 as9 1 - 1 )

If s # 0 lies in the light cone of IR}, (s,s) = 0, then the corresponding quadratic
form v — s(v,v) annihilates exactly one direction vIH C IH?: 0 = s(v,v) vanishes iff
0 = |s11v1+51202|% or 0 = |s21v1 482202 |? since at least one, s11 or s22 does not vanish.
Hence, we can identify a point p = vIH € IHP"® of the quaternionic projective line —
the 4-sphere — with the null line of quaternionic hermitian forms in the Minkowski
IRS that annihilate this point. In homogeneous coordinates, this identification can be

given by®)
V1 |1)2|2 —V1Vo
V= — _ = Sy. 1
() (— |v1|2> v o
Note, that with this identification, (s,,s) = —s(v,v) for any quaternionic hermitian
form s € RY. If s = s, is an isotropic form too, then (s,, s,) = —D(v, w).

If, on the other hand, (s,s) = 1 we obtain — depending on whether s;; = 0 or
s11 # 0 in the chosen basis (e1, e2) of H? —

s=( 0 or s—l L S
S \-n 2 “r\-m |m*-r?

with suitable n resp. m € IH and d resp. » € IR: the null cone of s is a plane with unit
normal n and distance d from the origin or a sphere with center m and radius r in
Euclidean 4-space {e1h + ez | h € IH}. Consequently, we identify the Lorentz sphere
S} C IRS with the space of spheres and planes in Euclidean 4-space, or with the space
of spheres in S* — as the readers familiar with the classical model (cf.[3]) of Mobius
geometry might already have suspected. The incidence of a point p € §* = IHP! and
a sphere s C S%, i.e. s € S7, is equivalent to s(p,p) = 0 in our quaternionic model.
A key concept in

6) At this point, we notice that the geometrically significant space is the projective 5-space IRP® with
absolute quadric Q@ = {IRz| (z,z) = 0}, not its space of homogeneous coordinates, IRS.

7 Using a basis of quaternionic hermitian forms, it is an unpleasant but straightforward calculation to
establish a Lie algebra isomorphism s[(2, H) <> 01(6).

8) Note the analogy with the Veronese embedding.
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4. MOBIUS DIFFERENTIAL GEOMETRY
is that of (hyper-) sphere congruences and envelopes of sphere congruences:

DEFINITION. An immersion f : M — S* is called an envelope of a hypersphere
congruence s : M — S? if, at each point p € M, f touches the corresponding sphere

s(p): f(p) € s(p) and dp f(T, M) C Ty()s(p)-

According to our previous discussion, the first condition — the incidence of f(p) and
the corresponding sphere s(p) — is equivalent to s(f, f) = 0 in our quaternionic model.

1 —
Calculating, for a moment, in a Euclidean setting —i.e. s = 1 . ‘m‘QT 2 ) — we
find s(f, df) + s(df, f) = 2(f —m) - df . Thus?,

LEMMA. An immersion f : M — IHP' envelopes a sphere congruence s : M — S} if
and only if s(f, f) =0 and s(f,df) + s(df, f) = 0.

Before going on, we introduce the symmetric space of point pairs: given two (distinct)
points of the quaternionic projective line JHP!, we may identify these points with a
quaternionic linear transformation P which maps a (fixed) basis (e1, e2) of IH? to their
homogeneous coordinates — or, in coordinates, with a matrix having for columns the
homogeneous coordinates of the two points. This linear transformation P is obviously
not uniquely determined by the two points in JHP': any gauge transform P - H of
P with H in the isotropy subgroup K := {H € GI(2,HH) | He; = e;\, Hes = eapu}
determines the same point pair. Thus, the space P of point pairs in the conformal 4-
sphere IHP' is a homogeneous space, P = GI(2, IH)/K. Moreover, the decomposition
gl(2,H) =t @ p with

£

{X €gl(2, H)| Xey =e1 )\, Xea = eau} @)
{X €gl(2, H)| Xey = ex\, Xea = eyu}

is a Cartan decomposition since [¢, € C € [¢,p] C p and [p, p] C € so that P is, in fact,
a symmetric space.

Now, if F = (f,f) : M — GI(2, H) is a framing (lift) of a point pair map
M — P, a simple calculation using (1) shows that

Ff:(g ?) and Ffz(é 8)

if the relative scaling of f and f is chosen such that F takes values in the special linear
group SI(2,H). Since SI(2, H) acts by isometries on the space RS of quaternionic
hermitian forms, for any sphere congruence s : M — S} containing the points of f

_ 0 S0
Fs= <S() 0)

9) Note, that with the identification (1) of points in IHP® with isotropic quaternionic hermitian forms,
s(f,df) + s(df, f) = —(s,df) which gives the link with the classical model of Mobius geometry.

and f , we have
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with a suitable function s : M — S® C IH taking values in the unit quaternions.
Passing to another set of homogeneous coordinates by means of a gauge transfor-
mation (f, f) — (fA, fA) results in s — AsoA. Thus, depending on a given sphere
congruence s, we may fix the homogeneous coordinates of f and f such that sg =1 —
leaving us with a scaling freedom (f, f) — (f\, fA~1) with A\ € IH. A second sphere
congruence 5 (orthogonal to the first one) can be used to further fix the scalings via
So =i up to A € €. Giving a complete set of four accompanying orthogonal sphere
congruences and fixing a third one, §, to satisfy 5§y = j leaves us with the familiar
real scaling freedom, A € IR (cf.[3]). These choices of accompanying spheres, and
accordingly these choices of homogeneous coordinates for a point pair map (f, f ) are
the only aspect of the presented calculus that will generally not work globally.
Writing down the derivatives df = fp + fw and df = fﬁ + fgb of f and f, we

obtain the connection form

$:=F 'dF = <$ :ﬁ) :TM — gl(2, H)

of a framing F : M — GI(2,H). A gauge transformation (f, f) — (f), fA) of the
frame will result in a change

¢ ¥ ALoA A1 Al 0
<¢ ¢>H<X—1w X—hp&)*( 0 A—w&) (3)

of the connection form ®. The integrability conditions 0 = d?f = d2f yield the
Maurer-Cartan equation 0 = d® + ® A @ for the connection form: the Gauss-Ricci
equations for f resp. f,

0 = d<p+<p/\<p+1ﬁ/\1@ (4)
0 = dp+oNg+9PAY,

and the Codazzi equations,
0 = dYy+9PAp+oAY (5)
0 = dy+yYANp+pA.

Note, that since the quaternions are not commutative, generally o A ¢ # 0. Moreover,
d(Ap) = dAA @+ Ay, d(pX) = dp X —p Ad) and ¢ A p = —) A @ for any quaternion
valued 1-forms ¢ and v and function A : M — IH.

If s : M — IR} is a map into the vector space of quaternionic hermitian forms,
then its derivative, ds : TM — IR® is a 1-form with values in the quaternionic
hermitian forms. If F's = const, this derivative can be expressed in terms of the
connection form ® of F: since d(F's) = 0,

Fds=—F[s(.,®)+s(®?,.)] ~ —[Fs-®+ ®" - Fs] (6)

when using the matrix representation for quaternionic hermitian forms.
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5. CURVED FLATS AND ISOTHERMIC SURFACES

The concept of curved flats in symmetric spaces was first introduced by D. Ferus
and F. Pedit [9] as a natural generalization of developable surfaces: a curved flat
is an envelope of a congruence of flats in a symmetric space or, more technical, a
submanifold of a symmetric space (with semisimple isometry group) whose tangent
spaces are maximal abelian subalgebras in the tangent spaces of that symmetric space.
In [6] it was then applied to the geometry of isothermic surfaces in 3-space. To
demonstrate our quaternionic calculus at work, we are going to discuss curved flats
in the symmetric space P of point pairs in JHP!. As in the codimension 1 case, these
will turn out to be Darboux pairs of isothermic surfaces in 4-space: given a point pair
map (f, f) : M — P, we choose a framing F : M — SI(2, H) and write its connection
form ® = & + &, : TM — s[(2, H) = ¢ ®p. Then'?),

DEFINITION. A map (f, f) : M — P into the symmetric space of point pairs is called
a curved flat if @, A @, = 0.

Note, that the defining equation is invariant under gauge transformations (3) of F,
i.e. does not depend on a choice of homogeneous coordinates. Thus, the notion of a
curved flat is a well defined notion for a point pair map (f, f) M —P.

In order to understand the geometry of a curved flat (f, f) : M? — P in the
symmetric space of point pairs we will first express its connection form in a simpler
form, and then interpret it geometrically in a second step'!). We start with an

SI(2, H)-framing F : M? — SI(2, H) and write its connection form

o — <<P1+<P2j @14—1&]’)
Yir+v) p1+ @2

in terms of complex valued 1-forms. Using a rescaling (f, f) — (f\, fA) we can
achieve ¢; = 0; then, the curved flat equations read (we assume ¢ # 0) 1&1 =0
and ) A = 0. A rescaling (f, f) — (fA, fA™1) with a complex valued function
A results in (¥,1) — (A2, A=24)); as any 1-form on M? has an integrating factor,
we may assume dy = 0, i.e. Y = dw. Since 1& AN =0, 1& = a*dw with a suitable
function a : M — €. From the Codazzi equations, da A dw = 0 — thus, by a
holomorphic change z, = a? of coordinates, ¥y = a~2dz and 1& = a?dz, or, after
rescaling again with A = a, ¢ = dz and 1& = dz. Now, the Codazzi equations
also yield @2 Adz = @3 AdzZ and p2 A dZ = @3 A dz. Thus, p2 = q1dz — g2dz and
P9 = —q1dz+qodZ with suitable functions gy, go : M — €. This way, 02 A@s = P A,
such that dyp1 = d¢; from the Gauss-Ricci equations. With the ansatz @1 — 1 = 2a,
we find that a rescaling (f, f) — (f\, fA™!) with A = e® yields ¢ = ¢1. At the same
time, (¥, ¥) — (e1h, ")) with u = a + a. So, we end up with a connection form

o [+ (@dz - @2d2)j e"vdz j )
etdz j in+ (—q1dz + qod2)j

10) por simplicity of notation, we reduce the definition to the case under investigation.

1) Note that, from this point on, we will restrict to local geometry: as Darboux pairs of isothermic
surfaces generally only exist locally so do curved flats in the space of point pairs. Also, some of the
presented arguments require the dondegeneracy of the curvature line net of the surfaces.
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where v : M — R, q1,q2 : M — C and n : TM — IR is a real valued 1-form —
remember that we have chosen an SI(2, H)-framing from the beginning.

In order to interpret this connection form geometrically, we first note that all
sphere congruences

1 (0 ¢
sc::F1<c 0>:M—>Sf

with ¢ = e are enveloped by the two maps f and f:

_ 0 2[—Re(éq1)dz + Re(cqz)dz]j
Fdse = <2[Re(cq1)dz — Re(ege)dz]j 0 )

Thus, in the IR$-model of Mobius geometry, the s. can be viewed as common normal

fields of f and f. Using the identification (1) of points in JHP! and isotropic lines in
IR, we obtain

R 0 e'dzj A 0 —e "dzj
i = F <—e“dzj 0 and - df = F7 g 0

as the derivatives (6) of f and f . Calculating the induced metrics
(df,df) = e**|dz|> and (df,df) = e 2*|dz|?

of f and f, and their second fundamental forms with respect to s,

—(df,ds.) = e“[—2Re(cq1)|dz|? + Re(cqz)(dz? + dz?)),
—(df,ds.) = e “[—2Re(cqr)|dz|? + Re(eq)(dz® + dz?)],

we see that f and f have well defined principal curvature directions (independent
of the normal direction s.) which do correspond on both surfaces ({s.|c € S'} is a
“Ribaucour sphere pencil”), and that f and f induce conformally equivalent metrics
on M. Moreover, z : M — (' are conformal curvature line coordinates on both sur-

faces, i.e. both surfaces are isothermic. Consequently, (f, f) : M — P is a “Darboux
pair” of isothermic surfaces in 4-space'?):

DEFINITION. Two surfaces are said to form a Darboux pair if they envelope a (non-
trivial) congruence of 2-spheres (two orthogonal congruences of 3-spheres in 4-space)
such that the curvature lines on both surfaces correspond and the induced metrics in
corresponding points are conformally equivalent.

Conversely, if (f, f) : M — P envelope two congruences of orthogonal spheres, say
s1,8; : M — S}, then the connection form

o — <<P1 + p2J ) j )
Yj 1+ P2

12) s geometric description of Darboux pairs of isothermic surfaces can obviously be used to define
isothermic surfaces and Darboux pairs of any codimension — as the one below for Christoffel pairs can
(cf.[13]). Note, that the flatness of the normal bundle of a surface — which is necessary to make sense of
the notion of curvature lines — is a conformal notion, i.e. it is invariant under conformal changes of the
ambient space’s metric.
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with complex 1-forms 1,1 : TM — €. Assuming the curvature lines of f and f to
correspond, and their induced metrics to be conformally equlvalent we can introduce
common curvature line coordinates: ¥ = e“w and w =e “w, or w = e “w. In both
cases, from the Gauss-Ricci equations Re[d(p1 —@1)] = 0, so that after a suitable real
rescaling of f and f, Re(¢p1 — ¢1) = 0. Then, in the first case, the Codazzi equations
imply u = const: the sphere congruences enveloped by f and f lie in a fixed linear
complex, consequently f and f are congruent in some space of constant curvature
(cf.[3], [6]) — and are not considered to form a Darboux pair. In the other case, the
Codazzi equations yield dw = 0 — we have conformal curvature line parameters, i.e.
f and f are isothermic; we could also have concluded this from the fact that f and f
obviously form a curved flat:

THEOREM. A surface pair (f, f) : M? — P is a curved flat if and only if f and f
form a Darbouz pair. Two surfaces forming a Darboux pair are isothermic.

The &-part — see (2) — of the Maurer-Cartan equation of a GI(2, IH)-framing reads
0 =d®¢ + ®¢ A ®¢ + Py A @y Thus, for a curved flat, @y = H~'dH with a suitable

H:M — K: if X and ) are given by
AYdA = in+ (qudz — qodz)j and A"\ = in + (—qudz + qodz)j

then a gauge transformation (f, f) — (fA~1, fA~!) of our previous framing with
connection form (7) leaves us with

®= <X(eng)x1 A(e_udozj)XA) - <g g) '

The Codazzi equations for this new framing simply read dw = dw = 0 showing that
w=dfpand v =d fo with suitable maps fy, fo M — IH. Here, we identify the two
copies of the quaternions sitting in p = IH @ IH as the eigenspaces of ad¢ : p — b,

C= <é _? ), by means of the real endomorphism X — X™* of p. Note, that since

the 1-forms ALd\, A"1d\ : TM — ImHH take values in the imaginary quaternions,
|A| = |A| = 1. Consequently, the induced metrics of fo: M — IH and fo : M — H,
H =~ IR* considered as a Euclidean space, are

dfo - dfo = €**|dz|*> and dfy - dfo = e~ 2*|dz|%.

Moreover, with the common unit normal fields n, = —AcA~! of fo and fo, where
¢ = €'Y, their second fundamental forms become

[

eu
e[

_df() ' dnc
—dfo - dive

Re(cq1)|dz|? + Re(ega) (d2? + dz?)], (8)
Re(eq2)|dz|? + Re(cqr ) (dz? + dz?)].

-2
-2

Thus, fo and fo are two isothermic surfaces that carry common curvature line coor-
dinates — and, fo and fo have parallel tangent planes. Hence, we define®):

13) If fo, fo : M? — ImlIH, this definition yields the classical notion of a Christoffel pair (ct.[6]).
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DEFINITION. Two (non homothetic) surfaces fo, fo : M? — IH with parallel tangent
planes in corresponding points are said to form a Christoffel pair if the curvature lines
on both surfaces correspond and the induced metrics are conformally equivalent.

Conversely, if two surfaces fo, fo : M2 — IH carry conformally equivalent metrics
and have parallel tangent planes in corresponding points fo(p) and fo(p) then'®),

dfo = )\e“wj)\ I and dfo = +Xe” “wj)\ L or dfo = )\e_“wj)\_ with a real valued
function u, a complex 1-form v : TM — € and suitable quaternionic functions
MA: M — H — where |A| = |A| = 1 without loss of generality. In the first case, the
integrability conditions yield 0 = du A ¥ showing that u = const. Consequently, fo is
homothetic to fo — and fo and fo are not considered to form a Christoffel pair. In
the second case, dfy A d fo =d fo Adfy = 0. Hence, the surface pair fo, fo M—H
gives rise to a curved flat by integrating @ := < d(}o d(])”o ) — we obtain the following
THEOREM. Two surfaces fo,fo M? — H form a Christoffel pair if and only if
dfo A dfo = dfo Ndfy = 0. Two surfaces forming a Christoffel pair are isothermic.

Curved flats — or, Darboux pairs of isothermic surfaces — naturally arise in 1-
parameter families [9]: if ® = ®¢ + P, denotes one of the connection forms associated
to a curved flat (f, f) : M? — P, then, with a real parameter ¢ € IR, all the connection
forms

®, =Dy + 0?0, : TM? - sl(2, H) =t p (9)

are integrable and give rise to curved flats (f,, fg) : M? — P; in fact, if the connection
forms (9) are integrable for more than one value of ¢?, then the associated point pair
maps are necessarily curved flats. From (3), we learn that this 1-parameter family
of curved flats does not depend on the framing chosen to describe the curved flat
(f, f). Moreover, sending the parameter p — 0, and rescaling (fo> fg) = (07t fy, gfg)
or (fo, fg) — (ofo, g_lfg) at the same time, provides us with

(fo=0, fo=0) = <;0 ?) or  (fo=0, fo=0) = <é ]10>

Hence, we may think of the Christoffel pair (fo, fo) — that is, as before, associated
to a l-parameter family of curved flats by integrating

& — < 0 QQdfo>
¢ ’dfo 0
— as a limiting case for the Darboux pairs (f,, fg). Comparison with (3) shows that
the spectral parameter ¢ corresponds to the scaling ambiguity of the members of a
Christoffel pair: one of the surfaces of a Christoffel pair is determined by the other
only up to a homothety (and translation).
We will use those facts to discuss perturbation methods (cf.[16]) for the construc-

tion of constant mean curvature surfaces and, in particular, for Bryant’s Weierstrass
type representation [4] for

14) y¢ p is not an umbilic for either surface, it follows that the principal curvature directions of both
surfaces correspond. In case one of the surfaces is totally umbilic we need also to assume that the curvature
lines on both surfaces coincide — otherwise we might find two associated minimal surfaces.
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6. CONSTANT MEAN CURVATURE SURFACES

in hyperbolic space forms. We restrict our attention to codimension 1 by assuming
that our surfaces lie in a fixed conformal 3-sphere, say s1. Thus the connection form
(7) of a Darboux pair (f, f) : M? — IHP! takes the form

iln+ $(e"Hdz — e “Hdz)j| e tdzj
P = . . 1 — U TT =) - (10)
evdz j iln+ 5(e*Hdz — e “HdZ)j]

where the (real) functions H, H can be interpreted as the mean curvature functions of
the members f and fo of the limiting Christoffel pair: from (10) we see that a rescaling
(f, f) = (f, fA) will provide us with ® = 0, such that dfo, dfo : TM — ImIH. The
second fundamental forms (8) with respect to the remaining common normal field
n; = =M\~ = —f; become

—dfy-dn; =  He*|dz|* —

H(dz? + dz?)),
—dfo - dn He 2|dz|? — 1H

(d2?% + dz?)).

1
2
1
2

The Codazzi equations (5) yield n = §(—u.dz 4 uzdZ) and from (4) we recover the
classical Gauss equation 0 = u.; + (H%e** — H?2e2%) holding for both surfaces
fo and fo, and the classical Codazzi equations dH A e*dz = dH A e~ “dz. Hence,
H = const if and only if H = const, reflecting the fact that a pair of parallel constant
mean curvature surfaces, or a minimal surface and its Gauss map form Christoffel
pairs (cf.[11]).

Calculating the derivative of the sphere congruence s; enveloped by the two
surfaces f and f — which form the Darboux pair associated with the Christoffel pair

(fos fo) — we find

_ 0 (He'dz — He *dz)j\ - 5
Fdsl_((—He“dz—i—He‘“dz)j 0 =H- -Fdf+H-Fdf.
Hence, the vector N := s;—H f -H f is constant as soon as one of the mean curvatures,
H or H, is. In order to interpret this fact geometrically, we have to distinguish two
cases: R

If HH # 0, i.e. (fo, fo) is equivalent to a pair of parallel constant mean curvature
surfaces, then (N, %f} =1 and (N, Zf) =1 — and consequently (cf.[3]), the two
surfaces % 1, % f : M? — sy ~ S% C HP! can be interpreted as surfaces in the space
M3 = {y € R$|(N,y) =1, (s1,y) = 0,(y,y) = 0} of constant sectional curvature
k= —(N,N)=—(1— HH). Their induced metrics are

(d(Z0),d(F) = gze*|dz*  and  (d(Ff),d(F])) = gre"|dz]?

while, with the unit normal fields ¢t = s; — %f and t = s; — %f in that space My,
their second fundamental forms become

—(d(%f),dt) = (1 — LHH)|dz|* + (dz? + dz?)
—(d(%f),df) = fze (1 — LHH)|dz|* + (dz® + d2?)
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— showing that both surfaces have the same constant mean curvature 1 — %H H. As
a special case, H = 1 and H = 2, this provides the well known relation between
constant mean curvature surfaces in Euclidean space IR® and minimal surfaces in the
3-sphere S3.

If HH = 0, one of the surfaces fj or fo is a minimal surface, say H= 0, while the
other is homothetic to its Gauss map, say n = H fy. Now, the surface %f M2 — Mf\’,
lies in hyperbolic space, k = —1, while f is the hyperbolic Gauss map (cf.[4]) of & f
since (N, f) = 0, i.e. f takes values in the infinity boundary N € S of M3. As
before, the mean curvature of % f : M? — M3 is easily calculated to be constant
= 1. This is how Bryant’s Weierstrass type representation [4] for surfaces of constant
mean curvature 1 in hyperbolic 3-space H? can be obtained in this context: we write
the differential dfy = (i + gj)@;j(i + gj) of a minimal immersion fo: M2 - R?
(and its Christoffel transform, its Gauss map fo = (i + gj)i(i + gj)~! : M? — S?) in
terms of a holomorphic 1-form w : TM? — €' and the (meromorphic) stereographic
projection g : M — € of its Gauss map. Then, the constant mean curvature surface
f: M? — H?® (and its hyperbolic Gauss map f : M2 — N ~ S$2) are obtained by

integrating the connection form!®)
0 l(iJrgj)wj(iJrgj))
P = . N . N 2 , 11
<—2(Z+gj) tdgj(i+gj)7! 0 (1

to the framing (f, f) ~ F : M? — GI(2, H) where dF = F® — thus (locally)
characterizing Bryant’s Weierstrass type representation of surfaces of constant mean
curvature 1 in hyperbolic space as Bianchi’s T-transform [2] of minimal surfaces in
Euclidean space. In fact, introducing the spectral parameter (9), surfaces of constant
mean curvature ¢ in hyperbolic space forms of curvature k = —c? arise by “perturba-
tion” of minimal surfaces in Euclidean 3-space (cf.[16]).

Parametrizing a minimal surface patch fo in terms of curvature line parameters,
z = x + iy, the above representation of fu becomes the classical Enneper-Weierstrass
representation, i.e. w = %. Performing a Mobius transformation on the Gauss map
g (resp. fo — its Christoffel transform) and integrating the Enneper-Weierstrass rep-
resentation again (i.e. taking the Christoffel transform of the M&bius transformed
Gauss map) yields the classical Goursat transformation of the minimal surface patch.
But, a closer look at the connection form (11) suggests that the Enneper-Weierstrass
representation itself can be interpreted as a Goursat type transformation of a pla-
nar patch: considering gj, [ @j : M? — Cj as a (highly degenerate) Christoffel pair,
the corresponding minimal surface fo is obtained as a Christoffel transformation of
fo = ﬁ[(l — |g]?)i + 2gj], the stereographic projection of gj (“the” Christoffel
transform of [ @j) into S?. This Goursat type transformation can (obviously) be
generalized to arbitrary Christoffel pairs of isothermic surfaces: if fo, fo : M2 — H
form a Christoffel pair, then, for any (constant) a € IH, the quaternionic 1-forms

2(@a1g F @22)(i + 95) " j(wari — @22))
2j(mng F212)(i +9j)7" —(z114 — z124)
representation is obtained as xz* : M2 — H3 C {y € GI(2,0) |y = y*} = IR} where the scalar product on
H?3 is induced by the Lorentz scalar product |y|?> = —det(y) on IR}.

15) With the ansatz F = < , the common form of Bryant’s

DOCUMENTA MATHEMATICA 2 (1997) 335-350



CURVED FLATS AND ISOTHERMIC SURFACES 349

(a+ fo)Ydfola+ fo)~! and (a + fo)dfo(a+ fo) are closed — and consequently give
rise to a new Christoffel pair.
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ABSTRACT. The theory of theta functions for arithmetic groups I' that act
on the Drinfeld upper half-plane is extended to allow degenerate parameters.
This is used to investigate the cuspidal divisor class groups of Drinfeld mo-
dular curves. These groups are finite for congruence subgroups I' and may
be described through the corresponding quotients of the Bruhat-Tits tree by
I". The description given is fairly explicit, notably in the most important
special case of Hecke congruence subgroups I' over a polynomial ring.

1991 Mathematics Subject Classification: 11G09, 11G18, 11F11, 11F12

Keywords: Drinfeld modular curves, theta functions, cuspidal divisor class
groups

INTRODUCTION.

Drinfeld modular curves are the substitutes in positive characteristics of classical
modular curves. Like these, they have a rich structure where various mathematical
disciplines interact: number theory, algebraic geometry, (non-Archimedean) function
theory, representation theory and automorphic forms, and others. They encode im-
portant pieces of the arithmetic of global function fields, notably those related to
two-dimensional Galois representations and elliptic curves, in a way similar to the
correspondence ascribed to Shimura, Taniyama and Weil and partially proven by A.
Wiles.

By their very construction, these curves come equipped with a uniformization
through the Drinfeld upper half-plane 2, a one-dimensional rigid analytic symmetric
space. Hence many questions about such a curve Mt may be attacked by function
theoretic means, through the construction and investigation of analytic functions on
Q) (analogues of elliptic modular forms, or of theta functions) that satisfy functional
equations under T', the group that uniformizes Mpr =T\ Q.

Leaving aside Tate’s elliptic curves, the first appearance of non-Archimedean
uniformized curves is in work of Mumford [16] and of Manin-Drinfeld [14], where the
acting group I' is a Schottky group, that is, a finitely generated free group consisting
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of hyperbolic elements. For the corresponding Mumford curves, Gerritzen and van der
Put in their monograph [11] obtained a very satisfactory description of the minimal
model, the Jacobian, the Abel-Jacobi map, ...

A similar program for Drinfeld modular curves was started in [10], whose main
results were the construction of the Jacobian Jr of Mr through non-Archimedean
theta functions 6r(w,n, z) and, as an application, the analytic description of “Weil
uniformizations” of elliptic curves over global functions fields. Apart from the fact
that a Drinfeld modular curve is defined over a global field (which gives an abundance
of arithmetic structure), the crucial difference to Mumford curves is that My =T'\ Q
by construction is an affine curve, and has to be “compactified” to a smooth projective
curve Mt by adding a finite number of “cusps” of I'. Several natural questions (with
important arithmetical applications) arise, about the

e structure of the group C generated in the Jacobian Jr by the cusps;

e degeneration of the theta functions fr(w,n, z) if the parameters w,n € Q ap-
proach cusps of T';

o relationship between C and the minimal model of M.

It turns out that these questions have satisfactory answers in terms of the associated
almost finite graphs I'\ T, which can be mechanically calculated from the initial data
that define I'; e.g., from congruence conditions.

In order to give more precise statements, we now introduce some notation.

We start with a function field K in one variable with exact field of constants Fy,
the finite field with ¢ = p” elements. In K, we fix a place “c0”, and we let A C K
be the Dedekind subring of elements regular away from co. Then A is a discrete
and cocompact subring of the completion K.,. We finally need C, the completed
algebraic closure of K. By an arithmetic subgroup of GL(2, K), we understand a
subgroup commensurable with GL(2, A). Such a group I' acts with finite stabilizers
on ) = C — Ky, and Mr will be the uniquely determined algebraic curve whose
space of C-points is given by I' \ Q. The cusps are given as the orbits I'\ P!(K) on
the projective line P!(K). It is customary to recall here the obvious analogy of the
data K, A, K, C, , GL(2,A) with Q, Z, R, C, H = complex upper half-plane,
SL(2,7Z) (or rather H* = C — R and GL(2,7Z)), respectively.

In [10], we studied theta functions fr(w, n, z), which are defined as certain infinite
products depending on parameters w,n € ). These functions are meromorphic on
with zeros (resp. poles) at the orbits of w (resp. 7n); they transform according to a
character c(w,n) : ' — C*, have a nice behavior at the boundary 9Q = P!(K) of ,
and give rise to a pairing I' xI' — K on the maximal torsion-free Abelian quotient
T of I. The analytic space €2 has a canonical covering through standard rational
subsets of P!(C), the nerve of which equals the Bruhat-Tits tree 7 of GL(2, Ku).
There results a GL(2, K )-equivariant map A : © — T (R) that allows to describe
many properties of Mt and of related objects in terms of the graph I'\ 7. The main
results of the present paper go into this direction. They are:

e Theorem 3.8 and its corollaries, which give the link between theta functions,
cuspidal divisors on M, and harmonic I'-invariant cochains on T
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e the description, given in sections 4 and 5, of the cuspidal divisor class group
C(T) of Mt and of the canonical map from C(I") to @, (T') = group of connected
components of the Néron model of Jr at oo (here I' is assumed to be a congruence
subgroup);

e the determination of the subgroup generated by the 6r(w,n, z) (w,n € P1(K))
in the group of all theta functions for I' (Thm. 5.4), valid for Hecke congruence
subgroups I" of GL(2, A), where A is a polynomial ring.

These results depend on an extension of the theory developed in [10] to the case of
theta functions Or(w,n, z) whose parameters w,n are allowed to lie in the boundary
of €. This is carried out in section two: proof of convergence, functional equation,
behavior at the boundary. Roughly speaking, theta functions with degenerate pa-
rameters behave similar to those with w,n € €, and analytic dependence on the
parameters holds at least for the associated multipliers ¢(w,n). That part of the the-
ory, as well as the links (given in section three) with harmonic cochains on 7 and
cuspidal divisor groups on M, works in the context of arbitrary groups I' commen-
surable with GL(2, A), and may thus be used also for the study of non-congruence
subgroups. From section four on we specialize to congruence subgroups I" and use the
known finiteness of C(T') in this case (i.e., the analogue of Manin-Drinfeld’s theorem,
cf. [2], [5]) to express it through the graph I'\ 7. C(T') agrees (modulo finite groups
annihilated by g8 * — 1) with H/H, @ Hi", where H = H(T,Z)" is the group of
I'-invariant Z-valued harmonic cochains on 7, H, is the subgroup of cochains with
compact support mod I', and H .l its ortho-complement in H.

A refinement of the above in the important special case of Hecke congruence
subgroups I'g(n) over A = F [T is given in section five. Here we use in a crucial way
the known results (cf. [9]) about the structure of the graph I'g(n)\ 7. We conclude, in
section six, with a worked-out example (hopefully instructive), where the canonical
map cane, : C(I') — P (T) fails to be injective or surjective even for a Hecke
congruence group ' with prime conductor. The existence of a non-trivial kernel of
cang, is reflected in congruence properties of a corresponding “Eisenstein quotient”
of Jr, an elliptic curve in the example treated.

The notation of the present paper is largely compatible to that of [10], to which
it is a sequel. Thus without further explanation, for a group G acting on a set X and
z € X, G, is the stabilizer, Gz the orbit, G'\ X the set of all orbits, G* the maximal
Abelian quotient of G. We often write gz for g(x), g € G. As far as misconceptions
are unlikely, we do not distinguish between matrices in GL(2) and their classes in
PGL(2), and between varieties over C or K, their associated analytic spaces, and
their sets of C-valued points.

1. BACKGROUND [10].

(1.1) We let K be the function field of a smooth projective geometrically connected
curve € over F, (¢ = power of the rational prime p) and co € € a closed point fixed
once for all. Attached to these data, we dispose of

e the subring A of K of functions regular away from oo;
e the completion K, of K at oo;

e the completed algebraic closure C = Cy, of Ko;
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e Drinfeld’s upper half-plane @ = C — K, on which GL(2, K,) acts through

(ca)> = &5

e the Bruhat-Tits tree 7 of GL(2, K).

Recall that T is a (goo + 1)-regular tree (goo = 98 > = size of residue class field
F,(c0)) provided with a GL(2, K )-action and an equivariant map A from © to the
real points T (R) of T.

The group GL(2, K) acts from the right on the space K? of row vectors. For an
A-lattice (= projective A-submodule of rank two) Y — K2, we let GL(Y) = {y €
GL(2,K) | Yy=Y}.

(1.2) An arithmetic subgroup T' of GL(2, K) is a subgroup commensurable with
some GL(Y), i.e., I N GL(Y) has finite index in both I" and GL(Y'), and which
acts without inversion on 7. A congruence subgroup is some I' that satisfies
GL(Y,n) C T € GL(Y), where 0 # n C A is an ideal and GL(Y;n) is the kernel
of the reduction map GL(Y) — GL(Y/nY). According to [20] II Thm. 12, there
are “many” subgroups of finite index of GL(Y") that are not congruence subgroups,
although it is not easy to display examples.

Now fix some arithmetic subgroup I' as above. The following facts, in the case
of congruence subgroups, are proved and/or described in more detail in [10] I - IIT;
their generalization to arbitrary arithmetic subgroups is obvious .

(1.2.1) T acts with finite stabilizers on  and 7. Hence e.g. the quotient T \ Q
may be defined as an analytic space.

(1.2.2) T has finite covolume in GL(2, K,) modulo its center.

(1.2.3) The quotient I'\ T is (in an essentially unique fashion, loc. cit.) the union
of a finite graph and a finite number of half-linese — — — e — — —e — — —e--- the
ends of '\ T.

(1.2.4) There exists a smooth connected affine algebraic curve Mr/C (which may
even be defined over a finite field extension K’ C K, of K) whose set Mp(C) of C-
points agrees with I' \ Q as an analytic space. The Mt or their canonical smooth
compactifications Mr are what we here call Drinfeld modular curves.

(1.2.5) There are canonical bijections between the sets of

(A) ends of T'\ T,
(B) cusps Mr(C) — Mp(C) of Mr, and
(c) orbits T'\ P*(K) on the projective line P!(K).

In the sequel, we will not distinguish between (a), (b), (c) and label it by cusp(T).
Its cardinality is denoted by ¢ = ¢(T).

(1.2.6) The genus g = g(T') of Mt agrees with the number of dimg H1(T' \ 7, Q)
of independent cycles of the graph I'\ 7, which in turn equals the rank rk(I'®") of the
factor commutator group I'*® of T.

Let T = I'%/tor(I'%) = 79() and T'; be the subgroup of I' generated by the
elements of finite order. It follows from [20] I Thm. 13, Cor. 1 that

(1.2.7) (i) T'/Ty is free in g generators,

(ii) tor(I'?t) is generated by the image of T'y in I'®®, and
(iii) the canonical map T — (I'/T';) is an isomorphism.
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(1.3) Let X(7) and Y (7) be the sets of vertices, of oriented edges of T, re-
spectively. As in [10], H(T,Z) is the right GL(2, K )-module of Z-valued harmonic
cochains in 7, i.e., of maps ¢ : Y(7) — Z that satisfy ¢(€) = —¢(e) (€ = e oriented
inversely) and

(1.3.1) > ple) =0 (v e X(T)).

e€Y (T) with origin v

Further, H(T,Z)" denotes the TI-invariants in H(7,Z) and H,(T,Z)' C
H(T,Z)' the subgroup of those ¢ with finite support modulo I'. It follows
from (1.2.3) and simple graph-theoretical arguments that H,(7,Z)' is free Abelian
of rank g = g(I'), and is a direct factor of the free Abelian group H(7T,Z)' of rank
g + ¢ — 1. In fact, there is a canonical injection with finite p-free cokernel (loc. cit.
sect. 3, 6)

j! Hl(F\T,Z) if%ﬂ!(T,Z)F,

which turns out to be bijective in important cases.
(1.4) A holomorphic theta function for ' is an invertible holomorphic function
f 1 Q@ — C that for each v € T satisfies

f(yz) = cs(v) f(2)

with some cy() € C*, and is holomorphic non-zero at the cusps of I' ([10] 5.1). For
meromorphic theta functions, we allow poles and zeros on 2, but not at the cusps.
The homomorphism ¢y : I' — I'% — C* that maps 7 to c;(y) is the multiplier of
the (holomorphic or meromorphic) theta function f. The main construction of such
functions is as follows. Let w,n be fixed elements of 2, and put

(1.4.1) Or(w, 7, 2) = H <Z:1‘;> .

Note that the product is not over I' but over its quotient I' by its center (the latter
being isomorphic with a subgroup of A* = Fy), which acts effectively on Q. The
next theorem collects the principal properties of the 6r. In the case of congruence
subgroups T', it is the synopsis of several results proved in [10], mainly Thm. 5.4.1,
Thm. 5.4.12, Thm. 5.7.1 and their corollaries. The reader will easily convince himself
that the arguments given there apply verbatim to the case of general arithmetic
subgroups as defined in (1.2).

1.5 THEOREM. (i) The product (1.4.1) for 6(w,n, z) = r(w, n, z) converges locally
uniformly (loc. cit. (5.2.2)) in z € Q and defines a meromorphic theta function for
T. It is invertible (holomorphic nowhere zero) if the orbits Tw, I'n agree, and has its
only zeroes and poles at Tw, I'n, of order #T,, ﬁfn, respectively, if Tw # I'n.

(ii) The multiplier c(w,n,-): T — C of O(w,n,-) factors through T.

(iii) Given o € T', the holomorphic theta function us(z) = 0(w, aw, z) is well-defined
independently of w € Q, and depends only on the class of a in . Further, uas =
UaUg-

(iv) e(w,n, @) = Z"((Z)), and in particular, is holomorphic in w and 7.

(v) Let co( - ) = ¢(w, aw, -) be the multiplier of uq. The rule (o, B) — co(B) defines
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a symmetric bilinear map on T x T, which takes its values in K, — C*.
(vi) Let voo : KX — Z be the valuation and (o, 3) := —voo(ca(B)). Then (.,.) :
T xT — Z is positive definite.

As a consequence of (vi), the map ¢: T' — Hom(T', C*) induced by o — ¢, is
injective, and the analytic group variety Hom(T', C*)/¢(T) carries the structure of an
Abelian variety Jr defined over K.

1.6 THEOREM ([10] Thm. 7.4.1). Jr equals the Jacobian variety of the curve
Mr, and the Abel-Jacobi map with base point [w] € T'\Q = Mp(C) is given by [n] —
class of c¢(w,n, ) modulo ¢(T).

Again, the proof given in loc. cit. (including its ingredients (6.5.4) and (6.4.4)
carries over to the case of a general arithmetic I'.

2. THETA FUNCTIONS WITH DEGENERATE PARAMETERS.

(2.1) We show how functions 0r(w,n, z) with similar properties can be defined when
the parameters w, n are allowed to take values in

(2.1.1) QO =QUPY(K).

Here T is any arithmetic subgroup of GL(2, K) and T' < PGL(2, K) its factor group
modulo the center. For w,n € Q we define the rational function F(w,n, z) in z € P}(C)
as

= ifw#o00#n

-1
(1 %)_1 ifw=00,n#0,00
1—2 if n =00, w#0,00
2.1.2 w ’ ’
( ) 27! ifwu=00,n=0
z ifn=o00, w=0
1 ifw=n=o0.

Hence, up to cancelling, F(z) = F(w,n, z) has a simple zero at w, a simple pole at 7,
and is normalized such that F(co) = 1 (resp. F'(0) =1, resp. F(1) = 1) whenever
the first of these conditions makes sense. We further put

(2.1.3) br(w,n,2) = [[ FOw,m, 2),
vefl

which specializes to (1.4.1) if both w and 5 are in Q.

(2.2) Our first task will be to establish the locally uniform convergence of the
product. Welet “| . |”: C'— R>¢ be the extension of the normalized absolute value
on Ko to Cand “| . |;”: C — R>( the “imaginary part” map, i.e., |z|; = inf{|z—z]| |
x € K }. Besides several obvious properties, it also satisfies

det ~
2.2.1 i = T o5 %l
(2.2.1) e

forz€Q,y= (Zs) € GL(2, K,). We will perform the relevant estimates on the sets
(2.2.2) Up={2€Q | |z| <q%, Izl > ¢}

These are affinoid subsets of P}(C), and Q = |J _y U, is an admissible covering.

neN
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2.3 PROPOSITION. Let w,n € Q be fized. The product (2.1.3) for Op(w,n,2)
converges locally uniformly for z € Q and defines a meromorphic function on Q. If
both w,n are in P (K) or if ', = Iy, it is even invertible on Q. Otherwise, Or(w,n, z)
has zeroes of order #T,, at Tw, poles of order ﬁfn at I'n, and no further zeroes or poles
on €.

Proof. 1t is easily seen that the assertion is stable under replacing I'" by a com-
mensurable group. Since any T' is commensurable with GL(2, A), we may assume
I' = GL(2, A). Now for w,n € Q, the result is [10] Prop. 5.2.3. Hence suppose that
at least one of w and 7 lies in P!(K). Without restriction, w € P}(K), w # 7, and
w # 0o # 1. We need the following facts, which result from (2.2.1) and/or elementary
calculations:

(2.3.1) {y €T | yU, NU, # 0} is finite for each n € N;
o (N R (det v)(n—w)
(2.3.2) z=m (z=yn) (cw+d)(cn+d)

(y= () €T, yw # 0o # n);

(2.3.3) v = (Zs) and 7 = (‘cl,, s:) define the same element in oo \ T
o if and only if (¢/,d') = u(c, d) with some u € F};
(2.3.4) |z —yn| > q=* whenever z € U, yn & U,.

Combining (2.3.1) and (2.3.4) yields the existence of ¢;(n,w,n) > 0 such that

[det 4| [n—w]

(2.3.5) 2=
uniformly on U, for almost all v € T'.

S C1 (TL, w, 77)

In view of (2.3.2), we must estimate |(cw + d)(cn + d)| from below.
2.3.6 CraM. For given ¢y > 0, the number of classes of pairs (¢, d) as in (2.3.3)
(i.e., of classes of vy = (Zs) in oo \T") such that |(cw+d)(cn+d)| < ¢z holds, is finite.
Proof of claim. First, exclude the finite (!) number of pairs (¢, d) with cw+d =0
or cn+ d = 0. There exists c3(w) > 0 such that the non-vanishing elements cw + d of
the fractional ideal Aw + A C K satisfy

(2.3.7) lew + d| > c3(w).
Hence, if n € ), the claim follows from:

For any ¢4 > 0, the number of pairs (¢, d) with

(2.3.8) len + d| < ¢4 is finite.

If n € K, we consider the map (¢,d) — (cw +d,cn+d) from A x A to Koo X Ko,
which by w # 7 is injective. Its image is an A-lattice, which implies:

Given cs, cg > 0, the simultaneous inequalities
(2.3.9) lew + d| < c¢5, |en+ d| < ¢¢ are possible for
a finite number of pairs only.
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Since the possible values of |cw +d|, |en+ d| are discrete and bounded from below (cf.
(2.3.7)), the assertion (2.3.6) follows.
Next we observe:

If (¢, d) as above, n € N and ¢7 > 0 are fixed,
(2.3.10) then |z — yw| > ¢7 uniformly in z € U, for almost all
~v €T of the form v = (Zs)

Now (2.3.2) together with (2.3.5), (2.3.6) and (2.3.10) yields the following;:

Given € > 0 and n € N, almost all of the factors

of type 2 ::’;; that appear in (2.1.3) satisfy

(2.3.11)

E R | P
=2 -1 <

uniformly in z € U,.

It remains to verify the analogous statement for the other factors in (2.1.3). They are
of type

(a) (1- ;—n)_l if yw = o0, yn # 0,00
b e if yn = oo, 0,
(2.3.12) (b) (1-2%) ifym=o00,yw#0,00
(c) 271 if yw=o00,m=0
(d) z if vy = 00, yw = 0.

Now cases (c) and (d) can occur only finitely many times since I'soc N Ty is finite.
Cases (a) and (b) are similar, so we restrict to (b). Let vy be such that von = oo.
The other such elements of I' are the vy, where v € ', = {(gs) | a,d € F;, be A}.
Thus we have to show that (g Z)ww = Z%w + % tends with b to infinity in absolute
value, which is clear. Hence the product (2.1.3) converges uniformly on each U, to a
meromorphic function with the asserted divisor. [

From now on, we omit the subscript I" in 6(w, n, z) = Or(w, 7, 2).

2.4 PROPOSITION. For a € T', O(w, n, z) satisfies a functional equation

O(w,n, az) = c(w,n, a) O(w,n, 2)

with ¢(w,n, a) € C* independent of z € Q.

Proof. We let h(w,n,a) be the quotient of F(w,n,az) by F(a=lw,a 1n,2).
Since the two rational functions have the same divisors, h(w,n, ) is well-defined and
constant. Now

Ow,n,az) = []Flw,m, az)
~yel
= [1h(w,ym, @) - TTF(a™ yw, e, 2)
= [Ih(yw,yn, @) 0(w,n, 2),

whence the convergence of c(w,n, ) := H h(yw, yn, @) results from that of (w, n, z),

vefl
ie, from (2.3). O
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(2.5) The next step is to describe the behavior of §(w, 7, z) at the boundary, i.e.,
at s € PH(K) = Q — Q. As usual, possibly replacing I" by its conjugate yT'y~!, where
v € GL(2, K) satisfies yoo = s, it suffices to discuss the case s = co. The stabilizer
I'w in T is represented by matrices (8 11’) where a runs through a subgroup W, (of
order weo, say) of [y, and b through an infinite-dimensional Fj-vector space b C K
commensurable w1th a fractional A-ideal. In particular, b € C is discrete, which

ensures the convergence of the infinite product written below. Put
(2.5.1) teo(2) = €5 (2),

where e, : C — C'is the function

z)=z H (1-=

07£bEb

For the essential properties of such functions, see e.g. [12] I, IV. We need the obser-
vation:

(2.5.2) ey is F-linear, where F C Fy is the subfield generated by We,. Hence for
a € We, too(az) = a 1o (2) and t¥=(az) = t¥=(2).

It results from the fact that b is even an F-vector space.

(2.5.3) The subspace Q. = {z € Q | |z|; > ¢} of Q is stable under T, and
I {(é 11’) | b€ b}, and for a suitable ¢ > 0, o, identifies T% \ Q. = b\ Q. with a
small pointed ball B.(0) — {0} = {t € C' | 0 < |t| < e€}. Again for ¢ > 0, Ty, \ Q. is
an open subspace of I'\ < I' \ Q (since 7Q. N Q. # @ implies v € T, cf. (2.2.1)),
and t¥~ is a uniformizer around the point co. This allows to define holomorphy,
meromorphy, vanishing order at oo, ... for functions on €2, invariant under F“ or oo
(For more details, see e.g. [5] V or [10] 2.7.)

As results from (2.4) and (2.3), 6(w, 7, 2) is invariant under T'% and has neither
zeroes nor poles on b\ €., provided c is large (or € is small) enough. It has therefore
a Laurent expansion with respect to to,. Now the factors of type 2= W in (2.1.3) tend
to 1 uniformly in v if |z]; — o0, i.e., if |[tso(2)] — 0, hence they contrlbute 140(teo)
to the Laurent expansion. Therefore,

(2.5.4) 0(w,n, z) is invertible around to, = 0 if
e neither I'w nor I'n contains co.

(2.5.5) Suppose that oo € I'n # T'w. Without restriction, we may even assume n = co

The factors of type (b) and (d) in (2.3.12) yield

H H 1__ H H aw—i—b)

’YGFoo v€l oo yeloo v€loo
Yw= Yw#0 Yyw=0 Yw#0

writing v € T in the form (g 11’) as above. That product defines an entire function
f: C — C with its zeroes at the points zy of shape zy = aw + b, each of the same
order #{(g ) el | aw—l—b—zo}

Let first . Since an entire function is determined up to constants by its
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divisor, we have, using (2.5.2):

const. f(z) = H ep(z — aw)

aEWoo

[T(es(2) — aco(w))

a

[T+ olts)))

a

tooo (14 o(teo))-

Next, let . Then f has zeroes of order we, at the points of b, which gives
const. f(z) = ep(z)¥> =t "=.
It is straight from definitions that for a € W (i.e., (8(1)) € foo),
O(w,n,az) = 0(w,n, z)

holds. Hence, by (2.5.2), the Laurent expansion of 6(w,n, z) w.r.t. to is actually a
series in t%>. Therefore, under our condition oo € I'n # T'w, §(w,n, z) has a simple
pole at the cusp represented by oo w.r.t. its correct uniformizer t%>. Analogous
assertions hold if co € Tw # I'y, or if T'w = I'n (in which case the possible zeroes and
poles at the cusps cancel).

We collect what has been proven.

2.6 PROPOSITION. The function 6(w,n,-) has a meromorphic continuation to
the boundary P1(K) of Q. With respect to the uniformizer t¥s at the cusp [s] of Mt
represented by s € P*(K), it

has a simple zero, if s € Tw # I'n,
has a simple pole, if s € I'n # Tw,
is invertible, if Tw = I'n (whether or not s € Tw =Tn). O

Here of course, w; is the weight of [s], i.e., the size of the non-p part Wy of N (cf.
(2.5)).

2.7 COROLLARY. The holomorphic function uq(z) := 0(w, aw, z) on Q (w € Q,
a €T fizved) does not depend on the choice of w.

Proof. In view of (2.6), it suffices to verify this for z € Q. If the parameters w,n
are in £, we get as in [10] Thm. 5.4.1 (iv):

Olw,aw,z) H z—yw z —yan _H Z— yw z —yanm
0(n, an, z) L \z—qaw )\ z—m ) L\z—9n ) \z—qaw

yer ~yer

= O(w,n2)0(nw,z)=1

The reader will easily verify through a case-by-case consideration that the same can-
celling takes place if w, n are allowed to take values in P*(K). [

2.8 DEFINITION. A cuspidal theta function for ' is an invertible holomorphic
function f on Q that for each v € I' satisfies

fyz) = () f(2)
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with some ¢y (y) € C*, and is meromorphic at the cusps. This means that, compared
o (1.4), we allow zeroes and poles at the cusps.

The prototype of a cuspidal theta function is 6(w, 7, -), where both w and n are
in P*(K).

2.9 LEMMA.Let w,n € Q, a,y € L. The factors F( ., ., .) of (2.1.2) satisfy

F(yw,yn,az)  F(y 'az,y 'zw)
F(yw,ym,2)  F(ylaz,y 1zmn)

(identity of rational functions in z € P(C)).
Proof. We may assume that w # 7. Let

c,a—d

Diabed) = 5—/5=5 (

a,b,c,d € P(C))
be the cross-ratio which, through the usual conventions, delivers a well-defined element
of P}(C) if at least three of a, b, ¢, d are different. Going through the cases, it is easily
seen that F'(a,b,c)/F(a,b,d)= D(c,d,a,b), and hence the assertion follows from the
invariance of D(a,b,c,d) under projective transformations, in particular, under the
Klein group of order 4. [

2.10 COROLLARY. Let o € T be fized. The multiplier c(w,n,a) satisfies

c(w,m,a) = Z:((Z)) In particular, it is holomorphic on Q and at the cusps, considered

as a function in w with n fized (resp. in n with w fized).
Proof. Let w,n € §) be given. Then

(w n,az F(yw,ym, az)
c(w,n, @) H F

O(w,n,2) F(yw,ym, z)

H F(y laz Y lz,w) ~ ua(n)
F(y

“laz,y7lzn)  ua(w)

)

where the last equality follows from (2.7). O

2.11 COROLLARY. Let w,n € Q. The constant c(w,n, ) and the function ug
depend only on the class of a in T = I'? /tor(I'??).

Proof. By (2.10), the statement about ¢(w,n, @) follows from that on u,. But
U = O(w, aw, -) may be described with an arbitrary base point w € €, so the result
follows from (1.5) (iii). O

2.12 REMARK. As in Shimura’s book [21], we may provide Q with a topology
coming from the strong topology on P!(C). To do so, it suffices to describe a funda-
mental system of neighborhoods for s € P1(K). By the usual homogeneity argument,
we may even assume s = 0o, in which case the system of sets {oo} U Q. (c € N) is as
desired. It is then natural to expect that our theta functions satisfy

(2.12.1) lim  6(w,n, z) = (wo, N0, 2)

w—wo, N—10

with respect to that topology. This is easy to verify if e.g. all of wg, 19, z & Twe UT'ng
belong to . On the other hand, for w,n € Q, 8(w,n, z) is normalized such that it
takes the value 1 at z = oo, whereas (o0, 7, z) has a simple zero at z = oo if n & I'co.
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This rules out the possibility of (2.12.1) if one of the parameters wp, 19 belongs to the
boundary. The best we can hope for is the continuous dependence on parameters of
the multiplier instead of the theta functions themselves.

2.13 COROLLARY. Let wo,n9 € Q, a €. Then

w—>wlol,n717—>n0 c(w, n, Oé) - C(LU(), Mo, a))

where the double limit with respect to the topology defined in (2.12) is taken in arbitrary
order.

Proof. Apply (2.10). O

We finally note the observation, which is immediate from the product for
O(w,n,-): B

(2.14) The multiplier c(w,n,-) : I' — C* has values in K7 if both w,n are in
PY(K).

3. RELATIONSHIP WITH HARMONIC COCHAINS.

Recall Marius van der Put’s exact sequence ([24], [1])
(3.1) 0 — C* — 0q(Q)* — H(T,Z) — 0

of right GL(2, K )-modules, where the middle term is the group of invertible func-
tions on . As is explained in [10], the map r plays the role of logarithmic derivation.
We briefly sketch the construction of r, and refer to loc. cit. for details and notations.

Let f € Oq(2)* and e be an oriented edge of 7 with origin v and terminus w.
Then |f| is constant on the rational subdomains A=!(v) and A~ (w) of €2 determined
by v and w. Both of these are isomorphic with a projective line P*(C) with g + 1
disjoint open balls deleted. The value of r(f) on e is then

(3.1.1) r(f)(e) = log A1)
|f1a-1(0)

where here and in the sequel, log = log,  is the logarithm to base geo.

Let T' be any arithmetic subgroup of GL(2, K). We put O4(T") C 0.(T") for the
groups of holomorphic and cuspidal theta functions for I" as defined in (1.4) and (2.8),
respectively. We have a commutative diagram

o,T)/c* 2 H(T,zZ)"
il il

e.(I)/C* T H(T,Z),

(3.2)

where @ is derived from o — u, and the horizontal maps from r. Recall that j is
injective with finite prime-to-p cokernel ([10] 6.44; the proof given there applies to
general arithmetic groups), and is bijective at least if I has no prime-to-p torsion, or
if K is a rational function field, co the usual place at infinity, and I' is a congruence
subgroup of GL(2, A) [9].
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(3.3) Next, we let b € K, T, T, €p, too etc. be as in (2.5). The function ey is
invertible on © and so r(ep) is defined. The quotient graph I'% \ 7 = b \ 7 has the
following shape:

where the distinguished end points to co.

Since r(ep) € H(T,Z) is invariant under T , it follows from the way how edges
of T are identified mod b (see e.g. proof of Proposition 3.5.1 in [10]) that for edges
sufficiently close to oo, the function r(ep) grows by a factor ¢ for each step towards
oo. In view of (3.1.1), this allows to describe the growth of ey (z) (or the decay of
teo = €5 (2)) if 2 — oo in the topology introduced in (2.12). It is given by

(3.3.1) clqgglzl" <log lep(2)] < c'lqgglzl" (lz]: > 0)

for suitable constants 0 < ¢; < ¢}, ca > 0 depending on b. (These constants can be
made explicit if the need arises, see e.g. [7] for the case of A = F,[T].) Note that
multiplying z by the inverse 73! of a uniformizer 7., of K, corresponds to shifting
A(z) by one towards oo, using again the terminology of [10].

Similarly, if f € Og(Q)* is invariant under T, its logarithmic derivative r(f)
may be considered as a function on edges of b\ 7, which implies that f must satisfy
similar estimates

c3qSl*l <log |f(2)| < chgcl*h

for |z|; large. Hence, multiplying f(z) by a suitable power t*  of ¢, the resulting
tk_f(z) will be bounded around t., = 0, and f(z) is meromorphic at co. The same
reasoning applies to the other cusps. Thus:

(3.3.2) If f € Oq(Q)* is invariant under the unipotent radical T* of T'y then f is
meromorphic at the cusp represented by s € P*(K).

3.4 PROPOSITION. The maps Ty, and T in (3.2) are bijective.

Proof. For T, this is [10] 6.4.3. Injectivity of 7. follows directly from (3.1). Thus
let ¢ € H(T,Z)' equal r(f) with f € Oq(Q)*. Then f satisfies f(72) = cs(7)f(2)
for v € T'. The map v — ¢¢(7) is a homomorphism, which vanishes on p-groups of
type f’s‘ By (3.3.2), f is meromorphic at the cusps, and is therefore a cuspidal theta
function. [

(3.5) We let ©.(T") C O©.(T") be the subgroup of cuspidal theta functions f whose
multiplier ¢; : T% — C* factors over T = ' /tor(T'*?) = T'* /tor(I'*?). Since the
prime-to-p torsion of T'? is always finite ([20] I, sect. 2, Ex. 2), the inclusion

0.(')/0.,(I') <  Hom(tor(I'), C*)

(3.5.1) f — ¢y | tor(T®)
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shows that the index [©.(T) : ©,(T)] is always finite and not divisible by p. Note
that Hom(tor(T'*"), C*) is trivial if T’ has no prime-to-p torsion, as follows e.g. from
(1.2.7) (ii). Hence ©.(I') = ©,(T') in this case.

3.6 LEMMA. Let j: T — H(T,Z)" be the canonical inclusion. We have

J(T) = H\(T, Z)" nr(e(T)).

Proof. The inclusion of j(T') in r(©L(I")) comes from (1.5) (ii), i.e., the fact that c,
factors through I'. The opposite inclusion is [10] Cor. 7.5.3. O
(3.7) We next interpret the quotient r(©.L(I'))/j(T) as the group of cuspidal
divisors of degree zero on the curve M. Recall that cusp(T') = I' \ P}(K) is the set
of cusps, of order ¢ = ¢(T), and for each [s] € cusp(T'), ws = [['s : T¥] is its weight.
We put
Do := Doo(T) := Z[cusp(T)]

for the group of cuspidal divisors on M. At [s], each f € ©.(T) has an expansion
w.r.t. ts, and even w.r.t. ty if f € ©,(I'). We let ord[s(f) be the order of f w.r.t.
ts (which clearly depends only on the class [s] of s) and

ords f

S

(3.7.1) div(f) = Y [s] € Do ® Q.

[s]€cusp(T)

3.8 THEOREM. The map f+—— div(f) induces an isomorphism
T s r(OL(T))/4(T) =5 DL,

where D% < Do is the subgroup of divisors of zero degree.

Proof. For f € ©.(T), div(f) lies in Do, as follows from (2.5.2). Clearly, div
restricted to H,(7,Z)T (or more precisely, to those f such that r(f) € H,(T,Z)") is
trivial, hence div is well-defined. It is surjective by (2.6) and injective since, by (3.4)
and (3.6), r(©%(I')/4(T) is free Abelian of rank ¢(I') — 1. [0

3.9 COROLLARY. O.L(T') is the group generated by the constants C* and the
functions 0(w,n, ) with w,n € P1(K).

Proof. Obvious from (3.8), (3.6), (3.4), and (2.11). O

For what follows, we write @/, for ©,(T'), and abbreviate H (T, Z)" and H,(T,Z)"
by H and H,, respectively. Let [ be the least common multiple of the weights wj,
[s] € cusp(T).

3.10 COROLLARY. The index of (H, + r(©.))/H, —» r(©.)/j(T) — DY in
H/H, is a divisor of [7! H wg, and the quotient group is annihilated by ¢ — 1.

[s]€cusp(T)

Proof. We may extend div to a map from H/H, into the elements of degree zero
of @ w; 'Z[s] = Dog ® Q. The inverse image of DY, is precisely (H, + r(©L.))/H,,
as follows from (3.8). The assertion now results from chasing in the diagram

0 — DY, —  Dw L8z 0
(3.10.1) A A n
A A A

0 — (dw;1Z[s])? — ow'Z[s] — 17'Z — 0
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and noting that the wy are divisors of ¢ — 1. O
(3.11) Since H, is a space of functions with finite support on the edges of the
graph I'\ 7T, it is provided with a natural bilinear form

(,.): HxH — Q.

If T, is the stabilizer of e € Y/(T), the volume of the corresponding edge of I'\ T is
%ﬁ(fe)_l. Two remarks are in order.

(3.11.1) (.,.) as defined above is the restriction of the Petersson scalar product
on H,(T,C)Y, which is a space of automorphic forms. In fact, the restriction of (., .)
to T —» j(T) < H, agrees with the pairing (.,.) in (1.5) (vi) ([10] 5.7.1), and in
particular, takes its values in Z.

(3.11.2) There exists a natural extension of (., .) to a pairing labeled by the same
symbol

(,.): HHx H—Q.

It is characterized through its restriction to j(I') x r(©.), where it satisfies

(3.11.3) (r(ua),7(f)) = —voo(cs (@),
compare (3.2) and (1.5) (vi). Finally, we put
(3.11.4) Hi ={pe H(T,Z)" | (H,,¢)=0}.

Then H .l is a direct factor of H and “almost complementary” to H,, i.e.,
H/H & H .l is finite. We will see at once that this group is closely related to the
cuspidal divisor class group of Mr.

4. THE CUSPIDAL DIVISOR CLASS GROUP.

From now on, we assume that I' is a congruence subgroup of some GL(Y). The next
result follows from determining the divisors of certain modular units (analogues of
classical Weber or Fricke functions) and expressing them through partial zeta func-
tions. This has been carried out in detail in the special cases where

A) the base ring A is a polynomial ring F,[T] and I' C GL(2, A) is an arbitrary
congruence subgroup [2], or

B) the base ring A is subject only to the conditions given in (1.1), but I' = GL(Y) is
the full linear group of a rank-two A-lattice Y [5].

The proof of the general case (A and I without further restrictions) will follow e.g.
by combining the methods of [2] and [5]. The necessary ingredients are sketched in
[6] VI.5.13, but still some work has to be done to complete the argument. A rather
short proof which avoids the difficult calculations of loc. cit. will be given in [8].

4.1 THEOREM. Let T be a congruence subgroup of GL(2,K). The cuspidal
divisors of degree zero on My generate a finite subgroup C(T) of the Jacobian Jr of
Mr.

The corresponding result for classical modular curves has been proven by Manin
and Drinfeld [14]; a different proof has been given by Kubert and Lang [13]. Our aim
is now to give a more accurate description of C = C(T").
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4.2 PROPOSITION. Let f be a modular unit, i.e., a meromorphic function on M
with, its divisor supported by the cusps. Thenr(f) € Hi- = H,(T,Z)")*. Conversely,
if f € ©.(T) is such that v(f) € Hi- then fi~~1 is a modular unit.

Proof. Since f is invertible on Q, r(f) is defined, and r(f) € Hj" follows from
(3.11.3). Let f € @/, be such that r(f) € Hi-, and let x = ¢; be its multiplier. By
(4.1) there exists n € N and a modular unit g such that /g is holomorphic on 2
and at the cusps. From [10] 7.5.3 /g = const. u, for some a € T', hence x™ = cq.
Since 7(f)Lj(T'), we have |co(3)| = 1 for all 3 € T, which gives ¢, = 1. Therefore, x
has finite order, which by (3.9) and (2.14) is a divisor of goo — 1. O

(4.3) We let Py, be the divisors of modular units, i.e., the principal divisors on
M supported by the cusps. The map div(f) — r(f) identifies P, with a subgroup
of H .l — H, which by abuse of language will be labeled by the same symbol P,,. By
the above,

(4.3.1) (40 = 1)(H}" N7(67)) C P C Hi" N7 (67),
and the group C of cuspidal divisor classes is

(4.3.2) C = DY /Psx — r(©,)/(j(T) & Px).
We therefore have an exact sequence

(4.3.3) 0—U—C—V—0,

where U = E!L_ﬂ 7(0")/Ps is isomorphic with a quotient of (Z/(geo — 1)Z)*™) =1 and
V =r(0.)/(§(T) ® Hi- Nr(0.)) = H/H & Hi-. The following diagram displays the
inclusions.

(4.4) H =0,
‘ < Hom(tor(I'*), C*)
P(O)) NG
ot H, D%
(goo = 1) (H1 N7(O7)) C Poo CHY N1(O)) H,nr(6) = j(T)

4.5 REMARKS. (i) As follows from (1.2.7), the vertical inclusions are bijective if T

has no non-p torsion, in which case V.= H/H, ® E.L

(ii) In the general case, both U and the cokernel of V in H/H, @® H;i" have prime-to-p

order. Hence the p-parts of C and of H/H, & H .l always agree.

(iii) We know of no single example of a congruence group I' such that j(T') # H, =

H,(T,Z)F. The two groups agree at least if A = F,[T] (see [9]). However, there are

examples, given in the next section, where r(0’) and even r(0.) 4+ H, differs from H.
The description for the Jacobian Jr of Mr given in (1.6) is valid over each

complete subextension of C'/ K, in particular, over K, itself. We let ¢oo (') be the

group of connected components of the Néron model Jr of Jr/Kx.
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4.6 THEOREM. ¢oo(T) is canonically isomorphic with Hom(T',Z)/i(T), where
i: T < Hom(T',Z) comes from the pairing (.,.) on L.

Proof. Easy consequence of the construction of Jp ([10] sect. 7) and Mumford’s
results [17] on degenerating Abelian varieties. Details are given in [6] Cor. 2.11. The
assumption of A = F,[T] made in that paper is not used in an essential fashion. [

There is a canonical map cany from C = C(T") to ¢oo(T'), which to each divisor
class [D] associates the component of the reduction of [D] at infinity. Combining
what we know about these groups ((4.3), (4.4), (4.6)) yields the following description
of cang,.

4.7 COROLLARY. The map cans : C(I') — ¢oo(T') is given by

() = r(0L)/(i(T) ® P) — Hom(T,2)/i(T) = ¢oo(T)
class of r(f) +— class of (—ve 0 cf).

Here cf : T — K is the multiplier of f and v : K% — Z the valuation.
Obviously, the kernel of cans, is 5(T) @ (Hi- N r(©.,))/§(T) @ Ps, i.e., the group
U of (4.3.3). As we will see, cano, need neither be injective nor surjective.
We finally recall the fact that each congruence subgroup IV contains a congruence
subgroup I" without prime-to-p torsion. For such T', (4.5) (i) applies, and (4.7) becomes

o

(4.8) C(T) =5 H/H,® P ™% H/H, & Hi" — Hom(H,,Z)/i(H,) —> ¢oo(T).

Hence in this case, ¢oo(I') as well as the image ¢p<2°P(T") := can (C(I")) of the cuspidal
divisor classes may be described entirely in terms of the almost finite graph I\ 7.
Note that assertions similar to (4.6) - (4.8) are valid also in the case of a general
arithmetic group I' (i.e., without the assumption of being a congruence subgroup),
except for the finiteness of C(T'). By analogy with the number field case [18], that
latter is unlikely to hold.

5. THE CASE OF HECKE CONGRUENCE SUBGROUPS OVER A POLYNOMIAL RING.

We now assume that A equals the polynomial ring IF,[T'] and I is the Hecke congruence
subgroup T'y(n) = {(Zs) € GL(2,A) | ¢ =0 mod n} for a certain n € A. A lot
of material about these groups, including structural properties of '\ 7, formulae for
g(T), ¢(T") etc., may be found in [9]. Note in particular that (loc. cit., Thm. 3.3)

(5.1) H1(F\T,Z)§T%ﬂ! = H\(T,Z)".

(5.2) We start with a few examples that illustrate how cane : C(I') — ¢oo(I") may
be calculated. Let ¢ = 2. Apart from the general advantage that ¢(I') and ¢(T') are
then small, ¢ = 2 forces that

(5.2.1) the group U of (4.3.3) is trivial, hence

(5.2.2) cane, : C(I') is injective, and

(5.2.3) C(T) = H/H, ® Hi", due to (3.10).

5.3 EXAMPLES.

(5.3.1) T =T(n), n = T(T? + T + 1) € F,[T]. The graph '\ T looks:
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NWn.. = NE

@ | @

SW o+ " SE

Here - - - > indicates a cusp. Let 1,2 be the two cycles of length 4, oriented counter-
clockwise, and @1, @2, @3 the Z-valued harmonic cochains flowing from the SW, the
SE, the NE cusp, respectively, to the NW cusp, going the way round counter-clockwise.
Then {y1,72} and {71, 72, ¥1, P2, p3} are Z-bases of H, and H, respectively. With
respect to these bases, the pairing (.,.): H, x H — Z is given by

7 e || e | es
w4 [-1]2[1][1

| —-1]4 321

We get $éo(T) = ‘det (_‘i _41) ‘ = 15, and after an elementary computation, C(T") =

[H: H, ® H{‘] = 15, too. Hence cano, is bijective.

N.B. Jr splits into two elliptic curves with 3 resp. 5 rational points over K =
Fy(T'), which are therefore all “cuspidal” ([6] 4.4).

(5.3.2) Drawings of the graphs '\ T (I' = I'g(n)) for the next examples may be
found in [19]. For these, the matrix of (.,.) : Hy x H — Z and thus C and ¢o
may be calculated as above. We restrict to giving the results. In all cases, cany, is
bijective (which, however, is not typical: see (5.3.3)!).

| neF(T] [gI) [ ] cm)
T*(T +1) 1 6 Z/6Z
T3 1 4 Z7/AZ
T35+T+1 2 2 Z]7Z
(T*+T+1)2] 2 5 7.]27 x ZJ10Z
T? 3 6 |Z/27 x 7/8Z x Z/8Z

(5.3.3) T = Tg(n), where (i) n = T* + T3 + 1 or (ii) n = T* + T + 1, which both
are irreducible over Fy. In both cases, g(T") = 4, ¢(T") = 2, §C(T") = 5 (see also (5.6)).
However, ¢oo(T') 22 Z/27 x Z/80Z for (i) and ¢oo(T") =2 Z /457 for (ii). Hence can is
not surjective in these cases.

We let now again F, be an arbitrary finite field, n a monic polynomial of degree
din A =T,[T], and T = T'y(n). We give an intrinsic description of the group ©.(T")
of (3.5).

5.4 THEOREM. Let n have h different monic prime divisors in A. Then ©,(T)
has indez (g — 1)2"" in ©.(T).

Proof. Without restriction, we may assume q > 2.

(i) By (5.1) and (3.6), H, C 7(©.), hence 0./0/, = H/r(©.). Consider the commu-
tative diagram with exact rows:
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0 — r(@)/H — H/H, — H/r(©) — 0
(5.4.1) " l& I
0 —  Div% —>([ ]e@ o wiZ[s)? —  (PwliZ[s] JZ[s]))°— 0

The right hand arrow « is injective; it suffices therefore to calculate its image.

(ii) From [9] 2.15 we know that I' has precisely 2" cusps [s] with ws = ¢ — 1 (the
regular cusps), and for the other (irregular) cusps, ws = 1. Hence the lower right
group in (5.4.1) equals (Z/(q — 1)Z)790):0 the subgroup of elements of degree zero
in (Z/(q—1)Z)"9T) where reg(I") is the set of regular cusps. Using this identification,

a: r(0.)/r(6)) = H/r(6;) = (Z/(q — 1)Z) /")

associates with each r(f) € H the 2"-tuple (...,ordjf mod ¢—1,...).

(iii) We have to introduce some more notation. Suppose from now on that d :=
deg n > 2. (The case d = 1, which leads to g(I') = 0, ¢(I') = 2, I'\ T isomorphic
with a straight line --- — — —e— — —eo— — —e... iseasily dealt with directly. The
result follows in this case also from (5.7).)

Then to each cusp [s] there corresponds a maximal half-line hi[s] of '\ 7. We let e[y
be the first edge of hl[s], oriented away from [s], and call it the base edge of [s].

5.4.3 CLAIM. For each f € O., we have ordjy f = r(f)(e[).

For the proof of this fact, it suffices to verify r(ts)(ejs)) = 1, where ¢, is the
corresponding uniformizer, cf. (2.5). As usual, possibly replacing I" by a conjugate,
we may assume s = 0o, in which case the assertion is a consequence of

e Proposition 1.14 of [7],
e the way how vertices and edges of 7 are identified under I'o,
and the trivial but crucial fact:

o cach fractional ideal b of K has a direct complement of the form (n7,) in K.
Here 7o, is a uniformizer at oo, e.g. 7o = T 1.

(iv) Let ¢ € H = H(T,Z)". The harmonicity condition (1.3.1) for ¢ as a function
onI'\ 7 reads

(5.4.4) Z m(e)p(e) =0

e€Y (I\T)
o(e)=v

for each vertex v of I\ T, where the multiplicity m(e) (1 < m(e) < g+ 1) takes care
of the identification of edges of 7" modulo I'. Clearly, Z m(e) =q+1.

o(e)=v
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(v) The next statements result from the description of I' \ 7 given in [9]. As
usual, [0] and [oo] denote the cusps represented by (0 : 1) and (1 : 0), respec-
tively. Their corresponding half-lines hl[0] and hl[oc] in IT'\ 7 are connected by
a path ~ consisting of a sequence of d — 2 edges ej,...,eq_o of valence 3. The
edges e = €[], €1, €1, - - ., €4—2, €42, €[oc] €nter with multiplicity m(e) = 1 into (5.4.4),
whereas the d — 1 edges connecting hl[0] Uy U hl[oo] with the rest of T\ 7 have
multiplicity ¢ — 1, always with respect to vertices on 7. This is the picture:

(5.4.5)
€[0] €1 €d—2 €lo0]
Ol< — @ @ @ ver e ey
—_— —_—
hl[0] edges e with m(e) =¢—1 hl[oo]

(vi) By the above, for any ¢ € H we have
wle) =pler) =---=p(ea—2) = —p(e[s)) mod g — 1.

The group W of Atkin-Lehner-involutions (which acts on M1 as well as on I'\ T") acts
transitively on reg(I"), and some pair ([s], [s']) of regular cusps lies in the W-orbit of
([0], [o0]) if and only if [s'] = w[s], where w = w, is the total involution induced from
the matrix (gé) € GL(2, K). Hence for any ¢ € H € reg(T),

(5.4.6) o(efs)) = —¢(ew[s)) mod g—1

holds. On the other hand, it is obvious from (5.4.5) that for each pair ([s], w[s]) of w-
conjugate regular cusps there exists a harmonic cochain ¢ € H such that o(ey)) = 1,
¢(ew(s)) = —1. Hence the image of o in (Z/(g — 1)Z)"*9T)0 (see (5.4.2)) agrees with
the free Z/(q — 1)Z-submodule of rank 1 reg(I') = 2"~! defined by the congruence
condition (5.4.6), which finally yields the result. O

5.5 COROLLARY. With notations as in (5.4), the cokernel ¢oo/PSEP of cany :
C(T) — ¢oo(T) has order a multiple of (¢ — 1)2h71 . [Hi* - H nr(©.)].

Proof. With identifications as in (4.7), ¢S%? = r(0.)/H, & Hi- N r(0.) —
H/H,® H;" < ¢oo. The stated value is the index of ¢<**? in H/H, @ H;i". O

For the remainder of this section, we suppose in addition that n is prime. The
cuspidal divisor class group C = C(T") of T" = I'y(n) has been determined in [3] and,
with different methods, in [7]. The result is

5.6 THEOREM. In the above situation, C is cyclic of order

d
-1 . .
even and L= if d is odd.
e

qi—1
-1

if d=deg n is

Here ¢(I") = 2 with the two cusps [0] and [cc]. A meromorphic function f on Mt
with divisor §(C)([0] — [cc]) may be constructed as follows. Let A : @ — C be the
Drinfeld discriminant (see e.g. [7]) and A, (z) = A(nz). Then A/A,, is a modular
function (i.e., invariant) for I and div(A/A,) = (¢% — 1)([0] — [o0]) (loc. cit. (3.11)).
Let now

r = (¢>—1)(g—1) forevend
= (¢g—1)? for odd d.

Using the machinery of Drinfeld modular forms, it is further shown in [7] 3.18:
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5.7 THEOREM. A/A, admits an r-th root in Oq(Q)*, and r is mazimal with
this property.

(5.8) Let D, be such an r-th root. It transforms under I' through a certain
character wy, : I' — Fy < C™ of precise order ¢ — 1 (loc. cit. 3.21, 3.22). Therefore,
D4~! (but no smaller power of D,,) is -invariant, and it has the asserted divisor
#(C)([0] — [00]) on M. Put finally

(5.8.1) t:=ged(q — 1,4(C)).

Then yet

are(g= = B (0] _ o)

is an integral divisor, whose class generates the subgroup U; of order ¢ in C. A look
at (4.7) shows that U; is contained in the kernel of cans,, with which it must agree
in view of (5.7).

5.9 THEOREM. Let n be an irreducible monic polynomial of degree d in A =
F,[T], let T' =Tg(n) be the Hecke congruence subgroup, and t as given in (5.8.1).
(i) There is an exact sequence 0 — U; — C Al b0, where Uy is the unique
subgroup of order t in C = C(T).
(ii) The cokernel ¢poo/dL5P of cans, has order a multiple of t.

Proof. (i) has been shown. (ii) comes from (5.5), noting that [Hj- : Hi-Nr(©.)] =
(¢-1/t. O

Pairs (g, d) where ¢t > 1 are for example (4,3), (7,3), (13,3) with ¢ =3 and (3,4),
(5,4) with ¢ = 2. In the final section, we work out an example with (¢, d) = (7, 3).

6. AN EXAMPLE.

We consider in detail the case where n is a prime of degree 3 in A = F,[T]. The graph
I'\ T looks ([4] 5.3, " :=T'g(n)):

e e €[00
(6.1) 0] < —e@ o, o ] o ..h [o0)]

Here ------ » stands for ¢ edges é, indexed by = € F,. The multiplicities m(e) (see
(5.4.4)) of all drawn edges and their inverses are 1 except for éjp) and €[], which enter
with multiplicity ¢ — 1 into the harmonicity condition w.r.t. their origins. Hence e.g.

(¢ = De(€oc]) — p(e1) — p(eoc)) =0
for ¢ € H. The scalar product on H, = H,(T,Z)" is such that each pair {e,&} of

inversely oriented edges contributes volume 1 except for {ej,e;}, which has volume
g — 1. For each x € Fy, let ¢, be the unique element of H, with

‘Pm(é[w]) =-1, ‘Pm(éy) = Oz,y (y € Fq)-
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Let further ¢ € H be such that

Ylep)) =1 =1(e1) = —Y(eoo))

and 1 vanishes off the line from [0] to [00]. Next, let § € H be defined as

5= @t (¢ +q+1).

z€F,

Then, as is easily verified:

(6.2) (1) {¢s | * € Fy} is a basis of H,.
(i) {<pm | z € F,} U{e} is a basis of H.
(iii) H; =7Z6
(iv) ( 'V=H,+(q—1)Z¢ (use (5.4)!)
(v) Hlﬂr((a')—q L7 (t:=ged(g—1,¢>+q+1))
(Vi) Poo = (¢ —1)Z6 (see (4.3)).

Furthermore,

(6.3) (i) C=1(0,)/H, ® Pos — Z/(¢° + ¢+ 1)Z

¢ — ¢(eq))

(in accordance w1th (5.6)) and
(i) #(doo) = ¢ + ¢+ 1 = #(C) (from calculating the determinant of
(.,.): H x H — Z), but cans, : C — ¢ has kernel and cokernel each of
size t. (It is easy to show that in this case, ¢ is cyclic, too.)

(6.4) As is explained in [10], the splitting of the Jacobian J := Jy(n) of M
corresponds to the splitting of H,®Q under the Hecke algebra, which can be calculated
by the formulae in [4], or by the approach via modular symbols proposed in [23]. Let
now, more specifically

(6.4.1) ¢ = 7 and n = T3 — 2 € F7[T], which gives $(C) = 57 and ¢ = gcd(6,57) =
3. In that case, H, ® Q splits under the Hecke algebra into an irreducible piece of
dimension 6 and the eigenspace generated by (see [4], table 10.3)

(6.4.2) ¢ = aops with (ag,...,a¢) = (4,1,1,-2,1,-2,-2).
x€F;

This means, there exists an elliptic curve E/K, uniquely determined up to isogeny,
with good reduction outside of the two places co, (n) of K = F7(T'), multiplicative
reduction at (n) and split multiplicative reduction at oo, which has a “Weil uni-
formization” 7 : Mr — E, and whose reduction at (T' — x) has 8 + a, rational
points over A/(T — z) = F7. We have

(6.4.3) (p, ) = 39, m := min{(p,a) >0 | a € H,} =3, hence ([6] 3.19, 3.20)
deg m =39/3 = 13 and v (jr) = —3 for the j-invariant jg of E, 7 supposed to be a
“strong Weil uniformization”. Comparing with [4] table 9.3, case 3a and performing
the unramified quadratic twist to get split multiplicative reduction at oo yields the
following equation for E:

(6.4.4) Y2=X3+aX +b
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with @ = —3T(T2 +2), b = —2T7° + 373 + 1. It can be shown by routine methods
that (6.4.4) in fact yields the strong Weil curve in the given isogeny class, and that

(6.4.5) E(K) = {0, (3T?, +4(T? - 2))} = 7./37.

(We should note here that the equation given in [23] p. 289, dealing with the same
example, does not describe the isogeny factor E of J but its unramified quadratic
twist. Hence some conclusions derived there must be slightly modified.)

Similar to (4.7), there is a map cans g : Cg — ¢oo,r and a commutative
diagram

C T ¢u
(6.4.6) ! !

CE Canﬁ;E ¢oo,E7

where Cg is the image of the map C — E(K) derived from 7 and ¢, g the group
of connected components of E at oo, isomorphic with Z/mZ = Z/3Z. Further,
as results from the calculation of Hecke operators, C — E(K) is non-trivial, hence
C — Cg = E(K) =2 7/37Z,and FE is the quotient of J corresponding to the Eisenstein
prime number | = 3 ([15], [22]). Since, by (5.9), cany kills the subgroup of order ¢t = 3
in C, (6.4.6) forces cans, g to be trivial. In other words:

(6.4.7) The rational 3-division points (6.4.5) of E map to the connected compo-

nent of the Néron model at oo.
Of course, this is easy to see directly. An equivalent form of stating this fact is as
follows: Let f € ©.(T') be such that r(f) = §, and regard ¢ € H, & T as the class
of some element of I'. Then f% is a modular unit and, up to scaling, a 6-th root of
A/A,,. Tts third root f2 belongs to ©L(I") and transforms under I through a character
X = ¢y2, and x(yp) is a non-trivial third root of unity.

(6.5) The above example (and similar ones) suggests to refine the investigation
(begun in [3] and, much more deeply, in [22]) of the Eisenstein ideal, the Eisenstein
quotient of J etc., i.e., of data defined by means of the cuspidal divisor class group
C(T), by taking into account the Hecke module ¢ (I") and the map cany, : C(I') —

oo ().
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ABSTRACT. We show that there exists a C*-algebra B such that My(B) is
stable, but B is not stable. Hence stability of C*-algebras is not a stable
property. More generally, we find for each integer n > 2 a C*-algebra B
so that M, (B) is stable and M(B) is not stable when 1 < k < n. The
C*-algebras we exhibit have the additional properties that they are simple,
nuclear and of stable rank one.

The construction is similar to Jesper Villadsen’s construction in [7] of a
simple C*-algebra with perforation in its ordered Ky-group.

1991 Mathematics Subject Classification: 46L05, 46135, 19K14

Keywords: Stable C*-algebras, perforation in Ky, scaled ordered Abelian
groups.

1 INTRODUCTION

A C*-algebra A is said to be stable if A =2 A ® K, where K is the C*-algebra of
compact operators on a separable, infinite dimensional Hilbert space. The problem
of deciding which C*-algebras are stable relates to structure problems of simple C*-
algebras. For example, as shown in [3, Proposition 5.2], if all non-unital hereditary
sub-C*-algebras of a given C*-algebra A are stable, and if A is simple and not of type
I, then A must be purely infinite. It was also remarked in [3, Proposition 5.1] that an
AF-algebra is stable if and only if it admits no bounded (densely defined) traces, and
it was asked if a similar characterization might hold in general. In more detail, is a
C*-algebra A stable if and only if A admits no bounded (quasi-)trace and no quotient
of A is unital?

It is a consequence of the examples produced in this article that the answer to
this question is no. Indeed, let A be a C*-algebra such that Ms(A) is stable and A is
not stable. Then M>(A) admits no bounded (quasi-)trace, and no quotient of My (A)
is unital. This is easily seen to imply that A admits no bounded (quasi-)trace, and
that no quotient of A is unital.
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Jesper Villadsen gave in [7] the first examples of simple C*-algebras whose or-
dered Kjy-groups have perforation. As shown in Proposition 3.3, the examples con-
structed here must also have perforation in their Ky-group (at least when they admit
an approximate unit consisting of projections). We shall in this article make extensive
use of the techniques developed by Villadsen.

2 A PRELIMINARY RESULT

Let A be a C*-algebra and consider the set I'(A) consisting of those integers n > 1
where M,,(A) is stable. The result below shows that this set must be either empty,
N, or equal to {n,n+1,n+2,...} for some n > 2. Clearly, the empty set and N arise
as I'(A) for appropriate C*-algebras A. The main result of this article (Theorem 5.3)
shows that the remaining sets are also realized.

PROPOSITION 2.1 Let A be a o-unital C*-algebra, letn > 1 be an integer, and suppose
that M, (A) is stable. Then M,11(A) is stable.

Proof: By [3, Theorem 2.1 and Proposition 2.2] it suffices to show that one for all
positive elements a € M,,1(A) and alle > 0 can find positive elements b, ¢ € M, 11(A)
with ||la—b|| < e, ||be|| < e, and b ~ ¢ (i.e. b = z*z and ¢ = za* for some z € M,,11(A)).
To obtain this it suffices to find positive elements e, f € M, +1(A)T withe ~ f, e L f,
and ea close to a. Indeed, if e = z*z and f = za*, then set y = za'/2, and note that
y*y is close to a and that (yy*)(y*y) is small.

Now,
a1 z
a =
( z* as )’

where a; € M,,(A)", az € A" and z € M, 1(A). Let £ > 0, and let ¢.: RT — [0, 1]
be a continuous function which is zero on [0,£/2] and equal to 1 on [¢,00). Set

=0 e )

Then €’a is close to to a if € > 0 is small.

Since M, (A) is stable, we can find positive elements ey, f1, fo € M,(A4) and
es € A such that e; ~ f1, e2 ~ fo (in the sense that e; = x*z and fo = za* for some
x € My 1(A)), e1, f1, f2 are mutually orthogonal, e; is close to ¢.(a1), and e is close

to @ (az). Set
(e O _f{ fi+fa O
‘T ( 01 €2 ) ’ f B ( 1 0 2 0 ) -

Then ea is close to a, e ~ f, and e L f as desired. [J

3 STABILITY AND THE SCALE OF K|

We investigate in this section the connection between the scaled ordered group of a
C*-algebra and stability of matrix algebras over the C*-algebra. Recall that if A is a
C*-algebra, then

Ko(A)" ={lplo |pe P(A®K)} C Ko(4), Z(A)={[plo|p € P(A)} S Ko(A)",
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where P(A ® K) and P(A) denote the set of projections in A ® K, respectively, A.

One can in some cases see from the triple (Ko(A), Ko(A)T, 2(A)) if A is stable.
A (C*-algebra A is said to have the cancellation property if p+r ~ g+ r implies that
p ~ q for all projections p,q,7 € AQK withp L r and ¢ L r. If A has the cancellation
property, then [plo = [g]o in Ko(A) implies p ~ ¢ for all projections p,q € A ® K.
Recall also that A has the cancellation property if A is of stable rank one (see [1,
Proposition 6.5.1]).

PROPOSITION 3.1 Let A be a C*-algebra with the cancellation property and with a

countable approximate unit consisting of projections. Then A is stable if and only if
Y(A) = Ko(A)™T.

Proof: The “only if” part is trivial. To show the “if” part, assume that ¥ (4) =
Ko(A)T. By [3, Theorem 3.3] it suffices to show that for each projection p € A there
exists a projection ¢ € A with p ~ g and p L q. Let a projection p € A be given.
By the assumptions that A has an approximate unit consisting of projections, and
Y (A) = Ko(A)™, there exist projections e, f € A such that [e]o = 2[p|o = [p & plo,
e < fand p < f. Since A has the cancellation property, this implies that e ~ p & p,
which again implies that e = e; + ea, where e; ~ es ~ p. Now, [f — plo = [f — e1]o,
and so p~ e < f—e; ~ f—p. Hence p is equivalent to a subprojection g of f —p
as desired. [J

DEFINITION 3.2 A triple (G,GT,3) will be called a scaled, ordered abelian group if

(G, GT) is an ordered abelian group, and ¥ is an upper directed, hereditary, full subset
of GT, ie.,

(i) Ve, 20 € Xz € X ay <z, 29 < z,
i) VeGTVWyeX:z<y = z€3,
(iii) Ve e GT dJy e X Fk e N: z < ky.

Let (G,GT) be an ordered abelian group, and let ¥; and Y5 be upper directed,
hereditary, full subsets of GT. Define %1 4 3 to be the set of all elements 2 € G+ for
which there exist 1 € ¥ and 5 € ¥y with z < 27 + z5. Observe that ¥; + 35 is an
upper directed, hereditary, full subset of GT. Denote the k-foldsum X+ + --- &2
by kY. Using that 3 is upper directed we see that y € k*X if and only if 0 < y < kx
for some = € X.

If A is a stably finite C*-algebra with the cancellation property and with an
approximate unit consisting of projections, then (Ko(A), Ko(A)*,3(A)) is a scaled,
ordered abelian group. If A has these properties, then

(Ko(Mi(A)), Ko(Mi(A))", B(Mi(A))) = (Ko(4), Ko(A), k7 5(4)). (1)

Suppose that n > 2 and that (G,G*,X) is a scaled, ordered Abelian group
such that (n — 1)*Y # GT and n*Y = GT, and suppose that A is a C*-
algebra of stable rank one and with an approximate unit of projections such that
(Ko(A), Ko(A)T,2(A)) = (G,GT,X). Then it follows from Proposition 3.1 and (1)
that M, (A) is stable and M} (A) is not stable for 1 < k < n.

Recall that an ordered Abelian group (G,GT) is called weakly unperforated if
ng € G\ {0} for some n € N and some g € G implies g € G™.

DOCUMENTA MATHEMATICA 2 (1997) 375-386



378 MIKAEL R@RDAM

PROPOSITION 3.3 Let (G,GT,X) be a weakly unperforated, scaled, ordered, Abelian
group, and suppose that n° ¥ = GT for somen € N. Then ¥ = G+.

Proof: Let g be an element of GT, and choose a non-zero element v € GT. Since
n*Y = G, there is an element x € ¥ with nz > ng+wu. Now, n(z —g) > u > 0, and
this entails that z — g > 0, by the assumption that (G, G™") is weakly unperforated.
By the hereditary property of ¥ we get that g € ¥. Thus ¥ = G*. O

We give below an explicit example of a scaled, ordered Abelian group (G,G*,Y)
with X+ % = G* and ¥ # G*. Note that this ordered group necessarily must be
perforated (by Proposition 3.3 above).

It is not known if every (countable) scaled ordered Abelian group is the scaled
ordered Abelian group of a C*-algebra — the problem here lies in realizing the given
order structure, not in realizing the given scale. We can therefore not immediately
conclude from the example below that there exists a non-stable C*-algebra B where
M5 (B) is stable. Actually, it is not known (to the author) if the ordered Abelian
group constructed below is the ordered Ky-group of any C*-algebra.

EXAMPLE 3.4 Let Zy denote the group Z/27Z, and let Zg’o) denote the group of all
sequences t = (t;)32, with ¢; € Zy and where t; # 0 only for finitely many j. For

each t € Zg’o), let d(t) be the number of elements in {j € N | ¢; # 0}. Set
G =207y, Gy ={k)]dt) <k},  S={(k1)]d0) =k}

Then (G2, G4, ¥5) is a scaled, ordered Abelian group with ¥y # G§ and Yo 4 Xy =
G¥. To see this, let e; € Zg’o) be the element which is a generator of Zs at the jth

coordinate and zero elsewhere, set g; = (1,¢;) € GT, and set hj = g1 + g2 + -+ g;.
Then

Zg:G{xEG+|a§§hj}. (2)

j=1

The claims made about (Gz, G4, ¥5) are now easy to verify.

Notice that g + Yo # S 4 2o, since for example (3,e1 + e2) & Yo + Xp. This
was pointed out to me by Jacob Hjelmborg, and it shows that the sum of two scales
is not a scale in general. [J

EXAMPLE 3.5 Let n > 2 be an integer. Let Z%OO) be the Abelian group of all sequences
(tj)3, with t; € Zy, (= Z/nZ), and t; # 0 only for finitely many j. Let e; € 75 be
j=1

o0
j—1Tj, and set

a generator of the jth copy of Z,. Then each t € Z&"” isasumt=>
0 <r; <n and where r; = 0 for all but finitely many j. Set d(¢t) = >

rie; with

Gn=20Z, G ={(kt)]dt)<k}, Zp=J{zeG"z<n,

=1

where g; = (1,¢;) and h; = g1 +g2+---+g;j. Then (G, G\, ¥,) is a scaled, ordered,
Abelian group, (n —1)*%,, # G and n* %, = G;. O
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Adopt the following (standard) notation. If e € M, (A) and f € M,,(A) are projec-
tions, then let e® f denote the projection diag(e, f) € My ym(A). Write e ~ f if there
is an element v € M,, ,(A) with e = v*v and f = vv*, and write e 3 f if e ~ fo for
some subprojection fy of f. Denote the k-fold direct sume®ed---Pe by e® 1. If
A has the cancellation property (see the introduction to this section), and if e, f € A
are projections, then [e]o < [f]o if and only if e 3 f.

PROPOSITION 3.6 Let A be a C*-algebra, let n > 2 be an integer, and suppose that
A contains projections e, p1, p2,Ps, - .. that satisfy

(i) e® 1, ~p; ®1, for all j,
(ii) e is not equivalent to a subprojection of (p1 G p2® - D p;) @ lyp_1 for any j.

Set q; =p1@p2®---®p;, and embed all matriz algebras over A coherently into AR K
so that q; belongs to A® K for all j. Set

B =] g(A48K)q;. 3)

j=1

Then My(B) is not stable for 1 < k < n, but M,(B) is stable.
Let H be the subgroup of Ko(B) generated by the Ko-classes of the projections
e,P1,P2,P3,---. Assume that B has the cancellation property. Then

(H,HN Ko(B)", HN%(B)) = (G, G}, 30), (4)

where the triple on the right hand-side is the scaled, ordered, Abelian group defined in
Ezample 3.5.

Proof: Observe that

8

My(B) = | (77 @ 1k)(A® K)(g; ® 1i),

J

for each k, and that {g; ® 14}32, is an approximate unit for Mj(B).

To show that My (B) is not stable for 1 < k < n it suffices by Proposition 2.1 to
show that M,,_1(B) is not stable.

If M,,_1(B) were stable, then there would exist a projection ¢ € M,,_1(B) such
that ¢ ~ p1 ® 1,1 and ¢ L p1 ® 1,,_1. (This is rather easy to see directly, and one
can also obtain this from [3, Theorem 3.3].) Since {g; ® 1,—1 — p1 ® 1,,-1}2, is an
approximate unit for (1—p1 ® 1,—1)M,—1(B)(1 —p1 ® 1,,—1), there is a j, so that g is
equivalent to a subprojection of ¢; ® 1,1 —p1 ®1,—1 (= (P2 ®ps®- - Dp;) Q@ Lp—_1).
By assumption (i),

e e® ln ~ D1 ® ln j (pl ® ln—l) & (pl ® ln—l) j (pl ® ln—l) D q

N
S (p®pe@®@p) ®la-,

in contradiction with assumption (ii).
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We proceed to show that M, (B) is stable. By (i), ¢; ® 1,, is equivalent to the
direct sum of e ® 1,, with itself j times. It follows quite easily from this that M,,(B)
is stable. We can also use [3, Theorem 3.3] to obtain this conclusion by showing that
there for each projection p in M, (B) exists a projection ¢ in M, (B) with p ~ ¢ and
p L g. One can here reduce to the case where p is a subprojection of ¢; ® 1,, for some
j, and the result then follows from the fact that ¢2; ® 1, —q; ® 1, ~ ¢; ® 1,,.

Assume now that B has the cancellation property. To establish the isomorphism
(4), note first that n([p;lo — [e]Jo) = 0 by (i). Retaining the notation from Example
3.5, we define a group homomorphism ¢: G,, — H by ¢(1,0) = [e]o and ¢(0,¢e;) =

[pilo—le]o. ¢ is clearly surjective. For any (k,t) € G, witht = s

j=17j€5, 0 <1 <n,

o(k, Z [pJO_ ) (k d(t OJ’_ZTJ[pJ

It follows that o(k,t) > 0 if (k,t) > 0. Conversely, if (k,t) is not positive, then
k—d(t) < -1, and so

p(k,t) = (k —d(t))[elo + ZTJ [pilo < (n = 1)([p1]o + [p2]o + - + [pn]o) — [elo-

By (ii) and the assumption that B has the cancellation property, the element on
the right-hand side of this inequality is not positive. All in all we have shown that
©(k,t) > 0 if and only if (k,t) > 0. This entails that ¢ is injective and that ¢(G;}) =
HNKo(B)*.

Since {g;}$2, is an approximate unit for B, an element g € Ko(B) lies in ¥(B) if
and only if 0 S g S [gj]o for some j. Notice that ¢(h;) = [g;]o. Hence ¢(k,t) € £(B)
if and only if 0 < (k,¢) < h; for some j, and this shows that ¢(%,) = HNX(B). O

REMARK 3.7 Corollary 4.2 and Proposition 5.2 contain for each prime number n
examples of C*-algebras with projections e, p1,pa, ps3,... satisfying (i) and (ii) of
Proposition 3.6. The C*-algebras in Proposition 5.2 have the cancellation property
(being of stable rank one).

REMARK 3.8 One can replace condition (i) in Proposition 3.6 by a weaker condition
such as for example e 3 p; ® 1, for all j, and still obtain that the C*-algebra B
defined in (3) has the property that My (B) is not stable for 1 < k < n and M, (B) is
stable. However, with this weaker condition one would not have a description of the
scaled ordered group as in (4).

4 THE COMMUTATIVE CASE

We realize for each positive prime number n projections e, pi, pe2,ps, ... satisfying
conditions (i) and (ii) of Proposition 3.6, with respect to that n, inside a C*-algebra
which is stably isomorphic to a commutative C*-algebra. At the same time, Lemma
4.1 below, is a key ingredient in Section 5.

If 7: X3 — X5 is a continuous function, then 7* will denote the map from the
cohomology groups of X5 to the cohomology groups of X7, and the same symbol will
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be used to denote the map from vector bundles over X5 to vector bundles over Xj.
By naturality of the Euler class, e(7*(£)) = 7*(e(£)) for all complex vector bundles &
over Y.

The proof of Lemma 4.1 below is almost identical to the proof of [6, Theorem 3.4].
The statements of Lemma 4.1 and of [6, Theorem 3.4] are, however, quite different.
Therefore, and for the convenience of the reader, we include a proof of Lemma 4.1.

Let D denote the unit disk in the complex plane. Consider for each integer n > 2
the equivalence relation ~ on D given by: z ~ w if z = w or if |z| = |w| = 1 and
Z" =w". Put Y, =D/ ~.

LEMMA 4.1 Let n be a positive prime number, and put X = Y,*~1. There exists
a complex line bundle w over X with the following properties. Let m be a positive
integer, let w1, mo, ..., Tm: X™ — X be the coordinate maps, and set

I(Cm):ﬂiﬂ(w)@ﬂ;(w)@...@ﬂ]’;(w), 1<k<m,

which is a complex vector bundle over X™ of dimension k. Let 04 denote the trivial
complex vector bundle (over X or X™ ) of (complex) dimension d. Then

(i) nw =26,

(i) if (n — l)f,gm) @ 04, =0 P by, for some complex vector bundle n over X™, and
some positive integers di and ds, then di > ds, and

(iii) w ®n = 0, for some (n — 1)-dimensional complex vector bundle n over X.

Proof: Recall that H?(Y,,; Z) = Z/nZ. There is a complex line bundle ¢ over Y;, with
non-trivial Euler class e(¢) € H?(Y,;Z), and with n¢ 22 6,,. Let v1,va,...,vp_1: X =
Y"1 — Y, be the coordinate projections, and set

w=v1(() @) ®- - v, ().

Then w is a complex line bundle over X, and successive applications of the isomor-
phism n¢ 2 6,, = nb;, yield nw =2 6,,. Hence (i) holds, and (iii) is a trivial consequence
of (i).

To prove claim (ii) we first show that the Euler class, e((n — 1) ,(Cm)), is non-zero.
The Euler class of w is given by

e(w) =Y 5 (e(0)), (5)

cf. [4, Proposition V.3.10]. By the product formula for the Euler class, cf. [4, Propo-
sition V.3.10],

k
e((n — 1)) = [[ 75 (elw)™ ). (6)

j=1
Since e(¢)? € H*(Yy; Z) and H*(Y,,;Z) = 0, it follows from (5) and (6) that

n—1

o) = (n =TT vi(e(0)).

i=1
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Let p1,p2,.--,pp: X¥ — X and 7: X™ — X* be the projections maps. Then 7; =
pjom, and 7 : H?*(X*;Z) — H?*(X™;7Z) is an injection. The map

p: H*(Yn;2) @ H*(Yn; 2) @ - - @ H*(Yy; Z) — H* =D (X% 7)
given by

k n—1
w(E11 ®T12® @ Tpn—1) = H H pj o vi ) (@i 5),

j=11i=1

is injective by the Kiinneth formula. Now,

—
S
—~
[¢]
—~
&
~
3
|
—_
~—

e((n—1)g™) =

<.
Il
—_

|
—"
bﬁ*
—
—
S
I
—
~—
=
S,
—
@
—~
gy
~
~—
~—

<

I
-

|
-

k n—1

= (=)t (JT TT (o5 0 vi)(e(0)

j=114i=1
= (7" op)((n—1te(Q) ®e(() @ ®e(()).
The element e(¢) ® e(¢) ® - -+ ® e(¢) has order n in H?(Y,,;Z) ® H2(Yn;2) @ -+ ®
H?(Y,;Z). Because n is assumed to be prime, and because 7* o i is injective, we get
that e((n — 1)¢&™) # 0.
Assume (ii) were false. Then (n — l)f(m) >~ 5 @ 04, for some n and

some positive integers dy < dy. Hence (n — l)fl(cm) would be stably isomorphic to
1N ® 04,—q,- The Euler class is invariant under stable isomorphism, and the Euler
class of a trivial bundle (of dimension > 1) is zero, and so by the product formula we

get e((n — 1) ,(Cm)) = 0, a contradiction. O

George Elliott pointed out to me that one obtains the following corollary from Lemma
4.1:

COROLLARY 4.2 Let n be a positive prime number, let Z be the infinite Cartesian
product of Y, with itself. Then there exist projections e,p1,p2, D3, ... in My(C(Z))
satisfying

(i) e® 1, ~p; ®1, for all j,
(ii) e is not equivalent to a subprojection of (p1 ®p2 ®---®p;) @ ly_1 for any j > 1.

Proof: Let w be the complex line bundle over X = ¥,"~! from Lemma 4.1 and use
Lemma 4.1 (iii) to find a projection p € C(X, M,,(C)) = M,,(C(X)) that corresponds
to w. Identify Z with Hj’;l X, and let m;: Z — X, j € N, be the coordinate maps.
Put p; = pom; € C(Z,M,(C)) = M,(C(Z)), and let e € M,(C(Z)) be a one-
dimensional constant projection. It follows from Lemma 4.1 (i) that p; ® 1, ~e®1,
for all j. To see (ii), view M,,(C(Z)) as the inductive limit,

M (C(X)) = Mo (C(X?)) = Mn(C(X?)) = -+ = My (C(2)),
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so that e, p1,pa,...,pj € M,(C(X7)). Then, by Lemma 4.1 (ii), for each k and for
each m > k, e is not equivalent to a subprojection of (py ®p2 ® -+ D pr) ® 1,,—1 in
(a matrix algebra over) M, (C(X™)). This implies that (ii) holds. O

Combining Corollary 4.2 with Proposition 3.6 we get for each prime number n a
hereditary sub-C*-algebra B of C(Z)®K such that My (B) is not stable for 1 < k < n,
and M, (B) is stable. Proceeding as in the proof of Theorem 5.3 one can find such
examples B for all integers n > 2.

5 THE SIMPLE CASE

We use an inductive limit construction, like the one Villadsen used in [7], to obtain
projections as in Proposition 3.6 inside a simple C*-algebra.

Fix a positive prime number n. Let {k;}32, be a sequence of positive integers
chosen large enough so that

S-Tp) <o g

Define inductively another sequence of integers {mj}‘j’;l by mi =1 and mj; =
m;j (k}j +1).
Let Y,, = D/~ be as defined in Section 4, and put X = Y,»~!. Define inductively
a sequence of spaces {X;}72, by setting X1 = X and X;1 = ij x XM+t Set

Ay = My, (C1X,)) = 0K, Maosy (©).

Choose z; € X, appropriately (in a way which will be made precise later), and define
*-homomorphisms ¢;: A; = A;41 by

wi(H)(@) = diag((for])(x), (fomd)(),..., (fom] )(@), f(z;)), @€ Xj, [e€ A,

where 7'('{,7'('%, .. .,ﬂij: Xjp = ij x X™itt — X are the projections from the first
factor of X;41.
Let (A, pj: A; — A) be the inductive limit of the sequence

P1 P2 ¥3

/P P Iy

It will be convenient to have an expression for the composed connecting maps
@i Aj = A; for ¢ > j. For this purpose set

i—1 i—1 i1 i
kig=11kn  lj=TCn+ D) =] kn  mij= D makin, (8)
n=j n=j n=j n=j+1

(with the convention that k;; = 1). Then X; = Xfi'j x X™id, and the composed
connecting maps are up to unitary equivalence given by
@i, (f) (@)
= diag((f o m") (@), (f o m3y") (@), ..., (fomy) (=), flat?), f(x5?), ..., f(27)))).

(2%
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The maps 727, 757 . .,w};’ijj : X; = XJ].C” x X™ii — X are here the projections onto
the first k; ; coordinates of X, the set

URNS GNCR NN %)
Xj = {3717 , T ,...,xl;j}ng

is for i > j + 2 equal to X;_l U{mi? (2), mh (5), . . ., W}Cf] (x;)}, where each element
of the first set is repeated k; + 1 times, and Xj+1 = {z,}.

Choose ’ghe points ; € X; such that (J;Z;,, X7 is dense in X for each j € N.
Since each X7} is finite and since no X; has isolated points this will entail that [ J7Z, X7
is dense in X; for each j € N and for every i > j.

By [2, Proposition 1] and [7, Proposition 10] we get:

PROPOSITION 5.1 The C*-algebra A is simple and has stable rank one.
With the C*-algebra A and the prime number n as above, we have:

PROPOSITION 5.2 There exist projections e, p1,p2, D3, - .. in A so that
(i) pj®1l, ~e®1, foralj>1, and
(ii) e is not equivalent to a subprojection of (p1 ®p2 ®---®p;) @ ly_1 for any j > 1.

Proof: By Lemma 4.1 (iii) there exists a projection ¢ € A; = My.—1(C(X)) which
corresponds to the complex line bundle w. Let py, p2,..., pm, : X; = Xfi 1X XM —
X be coordinate projections corresponding to the last factor of X;. Set ¢; = g, set

qj:diag(qop17qop27'-'7qopmj) EA])

for j > 2, and set p; = p;(g;) € A. Let e; € Ay be a constant projection of dimension
1, so that e; corresponds to the trivial complex line bundle 6, and set e = py(e1) € A.

It follows from Lemma 4.1 (i) that ¢ ® 1,, ~ e; ® 1,,. This implies that ¢; ® 1,
is equivalent to a constant projection. Since ¢, 1(e1) ® 1, is a constant projection (in
M, (A;)) of the same dimension as g; ® 1,, we find that ¢; ® 1,, ~ ¢, 1(e1) ® 1, in
M, (A;). Hence

P ® Ly =p;(g; ® 1n) ~ pj(pja(e1) ® 1) =e® 1,
in M, (A).
For i > j, put
fij =vin1(q1) ® @i2(g2) ®- - ® @i ;(q;)-

Then p1 ©pa @ - ®p; = pi(fij), and fi; = ;i ;(fj;). Observe that X; = X%,
where d; =1 and d;11 = n;k; +m;1. By inspection of the formula for the composed
connecting maps ;,;, we find that the projection f; ; corresponds to the vector bundle

{gjj) ® 0.;, where c; = 21:1 myl;r, cf. (8). From this we get that the projection
5+ corresponds to the vector bundle &) @ 0y, . over X;, where a; ; = k; ;d; an
J ds to the vector bundle &%) @ 6y, | X;, where a;; = k; jd; and

bi; = Zi _1 Myli ., possibly after a permutation of the coordinates of X;.
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The trivial projection ¢; 1(e1) has dimension m; and corresponds therefore to
the trivial vector bundle 0,,,. Now,

1 1<
Ebi,j = Ezmrlzr

3
—

o0 o0 s 1
= Z(I_Hl-i-k) S aor

where the last inequality follows from (5). This shows that (n — 1)b;; < m;. By
Lemma 4.1 (ii), there exists no vector bundle n over X; such that

no emi = (Tl - 1)6((1?1]) @ e(n—l)bi,j (: (Tl - 1)(6((1?1]) D 9bi,j))7

or, equivalently, ¢; 1(e1) is not equivalent to a subprojection of f; ; ® 1,,_1. Since this
holds for all ¢ > j, e is not equivalent to a subprojection of (p1 ®p2 & --®p;) @ 1y_1,
and this completes the proof. [J

THEOREM 5.3 For each integer n > 2 there exists a C*-algebra B such that M, (B)
is stable, and My (B) is not stable for 1 < k < n. Moreover, B can be chosen to
be simple, nuclear, with stable rank one and with an approzimate unit consisting of
projections.

Proof: Consider first the case where n is prime. Let B be the C*-algebra defined in
display (3) in Proposition 3.6 corresponding to the C*-algebra A and to the projections
€,p1,D2,P3, - .. found in Proposition 5.2. Then B is a hereditary subalgebra of AQ I,
and since A is simple, nuclear and has stable rank one, it follows that B also has
these properties (see [5, Theorem 3.3] for the last claim). The sequence {g;}32; is an
approximate unit for B. By Proposition 3.6, M} (B) is not stable for 1 < k < n and
M, (B) is stable.

Suppose now that n > 2 is an arbitrary integer. Observe that all integers >
(n —1)? belong to the set

((n = 1)m,nm).

e

Choose a prime number p > (n — 1)%. Then there exists an integer m > 1 so that
(n —1)m < p < nm. By the first part of the proof there exists a C*-algebra D
with M,(D) stable and My (D) not stable for 1 < k < p. Set B = M,,(D). Then
B is simple, nuclear, and has stable rank one and an approximate unit consisting of
projections because D has these properties. Moreover, My(B) = My, (D), and so,
by Proposition 2.1, My (B) is stable if and only if km > p, which, by the choice of p
and m, happens if and only if £ > n. [
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