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ABSTRACT. We give a new proof for the existence of Klyachko models
for unitary representations of GL,(F) over a non-archimedean local
field F. Our methods are purely local and are based on studying
distinction within the class of ladder representations introduced by
Lapid and Minguez. We classify those ladder representations that
are distinguished with respect to Klyachko models. We prove the
hereditary property of these models for induced representations from
arbitrary finite length representations. Finally, in the other direction
and in the context of admissible representations induced from ladder,
we study the relation between distinction of the parabolic induction
with respect to the symplectic groups and distinction of the inducing

data.
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1. INTRODUCTION

Let G be a totally disconnected locally compact group and H a closed subgroup.
A smooth, complex valued representation (7, V') of G is called H-distinguished
if there exists a non-zero linear form ¢ on V such that ¢(7(h)v) = £(v) for all
he HandveV.
If 7 is irreducible, then such a linear form realizes 7 in a space of functions on
G, to wit,

m~{g—ln(g ) v eT} CC®G/H).

The class of H-distinguished representations plays an important role in the
harmonic analysis of the homogeneous space G/H (see [Ber88| for instance).
Furthermore, distinguished representations are crucial for the global theory of
period integrals of automorphic forms, have applications to the study of special
values of L-functions and to the description of the image of functorial lifts in
the Langlands program.

This paper continues the study of [OS08a] of distinguished representations of
GL,, over a non-archimedean local field F' with respect to Klyachko subgroups.
A Klyachko model is an induced representation Indg2 (1) of G = GL,(F).
Here, n = 2k +r, Hyy, , is the subgroup of G’ consisting of matrices of the form
(8 ff) where h € Spy (F), X € Makx,(F), u is an upper-triangular unipotent
matrix, and ¢ is the character of Hyy , trivially extending a non-degenerate
character on the upper-triangular unipotent matrices in GL,.(F'). For a fixed n,
as k varies, these models ‘interpolate’ between the well known Whittaker model
(the case k = 0) and, if n is even, the symplectic model (the case k = n/2).
When F is a finite field, they were introduced by Klyachko in [KIy83]. Together
they form a complete model in that case ([IS91]), that is, they satisfy

n/2
@,EZ/OJ Indf[%m(i/)) =D o

Klyachko models over non-archimedean local fields were first studied in [HR90]
where it was observed, among other things, that some irreducible represen-
tations do not imbed into a Klyachko model. In [OSO8b| it is proved that
the sum @,LJ;/OQJ Indg% _(¢) is multiplicity free. We shall say that an irre-
ducible representation 7 admits a Klyachko model if it can be embedded into
el mdg,, (v).

The main result in [OS08a] prescribes a Klyachko model for any irreducible
representation in the unitary dual of GL,(F) based on Tadi¢ classification.
This was achieved by first prescribing a Klyachko model to any Speh represen-
tation. For a general unitary representation, a hereditary property of Klyachko
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models for representations parabolically induced from the Speh representations
is applied.

Recently, Lapid and Minguez introduced a class of irreducible representations
of GL,, over a non-archimedean local field [LM14]. Inspired by their presen-
tation in the Zelevinsky classification scheme, they called them ladder repre-
sentations. (See §I0.T.T] for the definition). The class of ladder representations
contains the Speh representations, the building blocks of the unitary dual (see
Tadi¢ classification of the unitary dual of GL,(F) [Tad86]). Thus any ir-
reducible unitarizable representation of GL,,(F') is a product of some ladder
representations.

In [OS09] we found a connection between the Klyachko model and a partition
naturally obtained from the Langlands parameter of a representation. Inspired
by this relation, we hope to extend our study of Klyachko models to the entire
admissible dual. The present paper provides a collection of results regard-
ing distinction of representations of finite length with respect to the Klyachko
groups. In particular, in Theorem [[3]below we classify the distinguished ladder
representations in the context of Klyachko models over a non-archimedean local
field F' of characteristic different than 2. The special case, when G = GLg, (F)
and H = Sp,,,(F) is described in Theorem [[.2 below. These results, together
with the hereditary property established in Thereom [Tl below, recovers, using
only local methods, our recipe for the Klyachko model of any representation in
the unitary dual of a general linear group.

To help understand the motivation for our results and techniques, we mention
two general strategies that one could employ to approach the problem of clas-
sifying distinguished admissible representations in the context of a reductive
p-adic group. The first strategy is based on Langlands classification, the second
based on the notion of imprimitive representations.

We start with the strategy based on the Langlands classification and the no-
tion of standard modules. The smooth dual of G was classified by Langlands in
terms of tempered representations of Levi subgroups: Every irreducible smooth
representation of G is the unique irreducible quotient of a unique standard
module. Clearly, every non-zero H-invariant linear form on an irreducible rep-
resentation produces such a linear form on its standard module. A possible
strategy for classifying H-distinguished representations is based on the Lang-
lands classification:

(1) Classify all H-distinguished standard modules;
(2) Determine if an H-invariant linear form on the standard module de-
scends to one on the irreducible quotient.

To implement the first part of this strategy one can use the geometric lemma
of Bernstein and Zelevinsky to analyze distinction of induced representations.
We refer to [FLO12] and [Gurlh] for cases where a complete classification of
distinguished standard modules was achieved.
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Implementing the second step turns out to be subtler. An H-invariant lin-
ear form on a standard module will induce such a linear form on some ir-
reducible component. To determine whether the irreducible quotient admits
an H-invariant linear form is equivalent to determining whether one of the
H-invariant linear forms on the standard module descends to the irreducible
quotient. This problem can be approached by studying the distinction prop-
erties of the maximal proper submodule. However, in general, not enough is
known about its structure.
The second strategy is based on the concept of imprimitive representations. An
irreducible representation of G is called imprimitive if it is not parabolically
induced from any proper parabolic subgroup. Any irreducible representation
is induced from an imprimitive one. Thus an approach to the classification
problem of H-distinction on the smooth dual of G' could be:

(1) Classify all H-distinguished imprimitive representations

(2) Determine the relation between H-distinction and parabolic induction.

We now focus on the case where G = GL,,(F) or a product of general linear
groups. In this case, the second step might be more accessible. We further
propose to carry this step in two stages:

e HEREDITARY PROPERTY: Showing that H-distinction is compatible
with parabolic induction

e PURITY LEMMA: Showing that an H-distinguished representation that
is induced from a parabolic subgroup, must be induced from a distin-
guished representation of the Levi subgroup of that parabolic.

The second strategy is problematic even for GL, as the classification of im-
primitive representations is an open problem. Nevertheless, within the class
of ladder representations, the imprimitive representations are easy to describe
and one of the contributions of this work is to pursue this second approach for
the problem of distinction with respect to Klyachko models. Moreover, since
the maximal proper subrepresentation of the standard module associated to a
ladder representation has a particularly simple description we can implement
the steps in the first strategy for these representations. This makes distinction
problems for the class of irreducible representations parabolically induced from
the ladder representations more accessible.

1.1. MAIN RESULTS. To simplify our exposition we omit from the introduction,
the results whose formulation will require heavy notation. The interested reader
should look in the body of the paper for further results of interest.

We state our main results in the form of Theorem [T} Theorem and The-
orem Additionally we will formulate a conditional Theorem [[.4]

Theorem [[1] concerns the distinction of representations of finite length with
respect to Klyachko subgroups while Theorem (resp. Theorem [[3)) pro-
vides a classification of the distinguished ladder representations with respect
to the symplectic (resp. general Klyachko) subgroup. Theorem [[4] conditional
on a certain combinatorial assumption (Hypothesis [81]), provides a complete
classification of representations induced from ladder representations that are
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distinguished with respect to the symplectic group. Furthermore, assuming
Hypothesis R3], we provide a necessary consition for a standard module to be
distinguished by the symplectic group.

For the sake of notational simplification let us say that a smooth finite length
representation 7 of GL,,(F) is Sp-distinguished if n is even and 7 is Sp,,(F)-
distinguished.

We also require some of the notation and beautiful results of Zelevinsky [Zel80).
We recall that for an irreducible cuspidal representation p of GL,(F) and
integers a < b one considers the segment

A=A, =" ={vip:i=a,... b}

where v(g) = |det(g)| for g € GL,(F). We set b(A) = a for the beginning,
e(A) = b for the end and ¢(A) = b — a + 1 for the length of A. To A one
associates a representation Z(A) and a representation L(A) as follows: Z(A)
is the unique irreducible subrepresentation while L(A) is the unique irreducible
quotient of the Bernstein-Zelevinsky product v%p x --- x v’p. We remark that
the L(A)’s are the essentially square integrable representations.

To a multi-set m = {Aq,...,A;} (a set with possible repetitions) of segments
of irreducible cuspidal representations one associates an irreducible representa-
tion Z(m) and an irreducible representation L(m) as follows (see §6.1)): Z(m) is
the unique irreducible submodule of the product Z(A1) X Z(Az) X -+ x Z(Ay)
where we have arranged the segments A € m in a standard form (see J6.1.0)).
Analogously, the representation L(m) is the unique irreducible quotient of the
standard module \(m) = L(A7) x L(Ag) x -+ x L(A;). The Zelevinsky classi-
fication implies that the map m +— Z(m) is a bijection between the set of such
multi-sets of segments and the disjoint union of admissible duals of GL,,(F)
for all n, while the Langlands classification implies that the map m — L(m) is
a bijection between these sets.

THEOREM 1.1. (1) A NECESSARY CONDITION FOR Sp-DISTINCTION (see
Proposition [T3): If Z(m) is Sp-distinguished then ((A) is even for all
Aem.

(2) HEREDITARY PROPERTY FOR KLYACHKO MODELS (see Proposition
[[Z3): Let m; be representations of finite length and n; = 2k; + r;
be such that m; is (Hag, r,,)-distinguished for i = 1,...,t. Then
=11 X X7 18 (Hop r, )-distinguished where k = ky+---+k;, and
r=ry+---+r.

(3) REDUCTION TO CUSPIDAL LINES (see Proposition[I34]): Let m; be rep-
resentations of finite length, 1 = 1,...,t, such that their cuspidal sup-
ports, Supp(m;) and Supp(w;) are totally disjoint for all ¢ # j (see
42.3.3). Then m = m1 X -+ X m admits a Klyachko model if and only
if m; admits a Klyachko model for alli=1,...,t.

The Zelevinsky classification implies that any irreducible representation m of
GL,,(F) can be written as a product # = m; X --- X m; where the cuspidal
support Supp(;) is contained in a cuspidal line and those cuspidal lines are
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disjoint for ¢ # j. This is sometimes called a decomposition of 7 into a product
of irreducible rigid representations. Now, using Theorem [Tl @), the study
of distinction with respect to the Klyachko groups is reduced to the study of
distinction within the class of rigid irreducible representations.

We say that a rigid irreducible representation 7 = L(m) is a ladder represen-
tation if the multi-set of segments m = {Aq,..., A;} satisfies the conditions
b(A1) > -+ > b(Ay) and e(Aq) > -+ > e(Ay).

The next theorems provide the classification of distinguished ladder represen-
tations in terms of Langlands classification. We begin with Sp-distinguished
representations since the result is easier to formulate.

THEOREM 1.2. Sp-DISTINGUISHED LADDER REPRESENTATIONS (see Theorem
[10.3): Let L(m) be a ladder representation with m = {Ay,...,A;}. Then
L(m) is Sp-distinguished if and only if, t is even and Ag;—1 = vAg; for all
i=1,...,t/2.

The condition on m in Theorem is equivalent to the existence of a multi-set
of segments n such that m = n + vn. We call such m a multi-set of Speh type
(see §RO.T).

For the next theorem we need the notion of right-alignment (see §I4.2). For
segments A = [v9p, 1Pp] and A’ = [v% p, ¥ p] we say that A’ is right-aligned
with A and write A’ - Aifa > o’+1 and b = b'+1. When p is a representation
of GL4(F') we label this relation by the integer r = d(a — o/ — 1) and write
Al A

Our description of ladder representations distinguished with respect to Kly-
achko groups will be given in two steps. We will say that a ladder representation
m = L(m) is a proper ladderif for alli = 1,...,t—1 we have e(A; 1) > b(A;)—1.
The proper ladder representations are imprimitive and every ladder represen-
tation is a product of proper ladders in an essentially unique way. This decom-
position into proper ladders is explicit in terms of the underlying multi-set of
segments associated to the ladder representation.

THEOREM 1.3. LADDER REPRESENTATIONS DISTINGUISHED WITH RESPECT
TO KLYACHKO GROUPS (see Proposition [I].5 and Theorem [1].7):
(1) Let L(m) be a proper ladder representation of GL,(F) with m =
{A1,..., At} and let n =2k + .

o Ift is even then the representation L(m) is (Hay r, 1)-distinguished
if and only if Ay—o9; by, Ap—9;—1 for some r; (i =0,...,t/2—1)
andr =10+ +Tr2_1-

o Iftis odd, let s be such that L(Ay1) is an irreducible representation
of GLs(F). The representation L(m) is (Hag,, 1)-distinguished if
and only if N¢_o; Fr, At_9;—1 for some r; (i =0,...,(t —3)/2)
andr =ro+ - - +ry_3/+s.

(2) Let m =m X -+ X m be the decomposition of the ladder representation
7w into proper ladder representations w;, i = 1,...,t. Then ™ admits
a Klyachko model if and only if the proper ladder representations m;
admit Klyachko models for all i =1,...,t.
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Our last main result contains in its formulation a certain combinatorial prop-
erty of multi-sets of segments that we call Hypothesis (see §8). Roughly
speaking, it says that the restrictions imposed by the geometric lemma on Sp-
distinction of a standard module A(m) imply that m is of Speh type. For more
details see §1.2

THEOREM 1.4. (1) ON Sp-DISTINGUISHED STANDARD MODULES (see
Proposition [21)): Suppose A\(m) is rigid and Sp-distinguished. Assume
further that m satisfies Hypothesis [0 Then m is of Speh type. In
particular, if L(m) is Sp-distinguished and m satisfies Hypothesis
then m is of Speh type.

(2) DISTINCTION FOR IRREDUCIBLE PRODUCTS OF LADDER REPRESEN-
TATIONS (see Proposition [120): Assume Hypothesis holds true
for all multisegement. Let mwy,...,m be ladder representations such
that m = m X --+ X M s an irreducible representation. If w is Sp-
distinguished then m; is Sp-distinguished for all i =1,... k.

(3) PURITY OF SYMPLECTIC DISTINCTION WITHIN LADDER CLASS (see
Corollary [IZ.0): Let m and o be ladder representations such that
T =m X 7y 18 irreducible. If w is Sp-distinguished then w and wo are
Sp-distinguished.

We emphasize that Theorem [[4 (@) is unconditional. We further show in
Proposition that Hypothesis is satisfied by multi-sets that are in fact
sets. This yields the following unconditional result.

THEOREM 1.5. (see Corollary [32): Let AN(m) = L(A1) X --- x L(A;) be a
standard module such that A; # A; for all i # j. If X(m) is Sp-distinguished
then m is of Speh type.

1.2. PROOFS AND METHODS. Let us now elaborate a bit on the techniques
used in the proofs. The filtration of the geometric lemma allows us to study Sp-
distinction of induced representations from the parabolic subgroup P in terms
of the geometry of P-orbits on the symmetric space GLa,(F)/ Sps, (F). In
particular we show that an induced Sp-distinguished representation admits a P-
orbit which is relevant. Analyzing the relevant orbits together with the Jacquet
module calculations of segment representations allows us to prove Theorem
[T ). For Theorem [l (), we combine the theory of derivatives with a
meromorphic continuation technique of Blanc and Delorme. The first is used
to reduce the problem to the case of Sp-distinction and the second to construct
Sp-invariant linear forms on families of induced representations.

A key ingredient for the proof of Theorems and [[.4] is the necessary condi-
tion for a standard module to be Sp-distinguished provided by the geometric
lemma. This allows us to reduce the problem to a purely combinatorial one
on multi-sets of segments. We address it under a technical hypothesis that we
can prove only for certain multi-sets (in particular, whenever they are sets).
The hypothesis can be interpreted as a statement that certain orbits, of the
natural action of a parabolic subgroup P of GLa, (F') on GLa, (F)/ Sp,y, (F), do
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not contribute a non-trivial Sp,,, (F')-invariant linear form. Explicitly, assum-
ing the hypothesis we show that if a representation, irreducibly induced from
ladder representations, is Sp-distinguished then each ladder representation in
the inducing data also admits a symplectic model.

This partial result along with the description of the maximal proper subrepre-
sentation of the standard module associated to a ladder representation allows
us to finish the proof of Theorem

The proof of Theorem is obtained by using the explicit knowledge of the
structure of a Jacquet module of a ladder representation and the classification
of Sp-distinguished ladders given by Theorem

To prove Theorem [[L4 ) we apply a recent irreducibility result from [LM],
as well as the invariance of the class of ladder representations with respect
to the Zelevinsky involution, to construct an inductive set-up in the context
of representations irreducibly induced from ladder representations. We hope
that the techniques developed in doing so will be useful more generally. Most
notably, when we attempt to study distinction by other closed subgroups of
GL, (F) for representations that are irreducibly induced from ladders.

1.3. RELATED WORKS. We mention here a few works where the results or the
tools used have some intersection with the present work.

The present work began as an attempt to extend the distinction results of
[OS07] and [OS08al from the unitary dual of GL,,(F) to the admissible dual of
GL,(F).

We emphasize that in [OS07] and [OS08a] obtaining a model for a Speh repre-
sentation, in particular the classification of Speh representations admitting a
symplectic model, was based on the global theory of period integrals of Eisen-
stein series and their residues obtained in [Off06a] and [Off06b]. A novel aspect
of this work is that our method of proof is purely local, and therefore, indepen-
dently provides a local proof for the results of the aforementioned works. The
methods employed here are very different from those works and are, in fact,
closer in spirit to the techniques of [HR90], or to that of [Mit14] which studies
admissible representations distinguished with respect to a symplectic group in
small rank cases.

The focus on distinction problems within the class of ladder representations
was made in [FLOT2] and later in [Gur15] and Theorem [[.2]of the introduction
could be considered as an analogue to their results. A study parallel to our
study of the distinction problem for standard modules can be found in these
two references.

In [GOSS12] the existence of Klyachko models is proved for unitary represen-
tations of GL,,(R) and GL,(C). The methods there are parallel to those in the
works of the second and third author in the non-archimedean case. In particu-
lar, the proof of existence of those models for Speh representations was based
on the theory of periods of automorphic forms. Recently, in [GSSTH| a local
construction of these invariant functionals is provided, based on tools from the
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theory of distributions and D-modules. Some of the results of the present work
can be considered as a non-archimedean analogue of the main result of [GSSTH].

1.4. STRUCTURE OF THE PAPER. Let us now delineate the contents of this
paper. A large part of it (§2HI2]) concerns symplectic models.

After setting up the general notation for this work in §21 we recall some well
known results concerning GLay, (F)/ Sps, (F') in §8] especially the structure of
orbits of the natural action of a parabolic subgroup of GLg, (F'). Our main
tool for studying Sp-distinction of induced representations is an application of
the geometric lemma of Bernstein and Zelevinsky. This is recalled in §4

In 511 we obtain some immediate consequences for Sp-distinction of certain
induced representations. They come from contributions to the open and to the
closed orbits of the aforementioned action. In §5.2 we reduce the classification
of Sp-distinguished irreducible representations to those supported in a single
cuspidal line viz. the rigid representations.

In order to study distinction for rigid representations, we recall in 6] the seg-
ment notation of Zelevinsky and the classification of the admissible dual. In
g7 we provide a necessary condition for an irreducible representation to be
Sp-distinguished in terms of the Zelevinsky classification (see Proposition [TH]).
We then turn to the study of distinction of standard modules. A necessary
condition for a standard module (and for an irreducible representation) to be
Sp-distinguished is reduced in §9to a combinatorial problem. This problem is
formulated in §8 as Hypothesis

g8 is written in a way completely independent from the rest of the paper, is
accessible to any mathematician, and presents a problem with applications to
the study of Sp-distinction.

Our partial results suffice in order to obtain a complete classification of Sp-
distinguished ladder representations. This is Theorem 10.3

In T2 we obtain our results on Sp-distinction for the class of representations
irreducibly induced from ladder. These are conditional on Hypothesis [R.]]
Again these results require some purely combinatorial lemmas that we prove
in gIT1

In I3 we turn to the study of Klyachko models in general. We prove the
hereditary property with respect to parabolic induction (PropositionI3.3]) and
reduce the problem to rigid representations (Proposition [34]). Finally the
classification of ladder representation with a given Klyachko model is obtained
in 141

1.5. ACKNOWLEDGMENTS. The authors are grateful to Erez Lapid for sharing
with them his insights on ladder representations and irreducibility results.

2. NOTATION AND PRELIMINARIES

We set the general notation in this section. More particular notation is defined
in the section where it first occurs.

2.1. GENERALITIES. Let G be a totally disconnected, locally compact group.
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2.1.1. Let g be the modulus function of G with the convention that d¢(g)dg
is a right-invariant Haar measure if dg is a left-invariant Haar measure on G.

2.1.2.  Let H be a closed subgroup of G and ¢ a smooth, complex-valued repre-
sentation of H. We denote by Ind$ () the normalized induced representation.
It is the representation of G by right translations on the space of functions f
from G to the space of o satisfying

f(hg) = (6765 (m)a(h)f(9), heH, geG

and f is right invariant by some open subgroup of G. The representation of G
on the subspace of functions with compact support modulo H is denoted by
s 1G

indj; (o).

2.1.3. This paper is concerned with distinguished representations in the fol-
lowing sense.

DEFINITION 2.1. Let m be a smooth, complez-valued representation of G and
H a closed subgroup of G.

e We say that m is H-distinguished if there exists a non-zero H -invariant
linear form € on the space of 7, i.e., {(w(h)v) = £(v) for all h € H and
v in the space of m. We denote by Hompy (m, 1) the space of H-invariant
linear forms on .

e More generally, for a character x of H we say that w is (H,X)-
distinguished if the space Homp (mw, x) of H-equivariant linear forms
On T 1S Non-zero.

By Frobenius reciprocity we have a natural linear isomorphism
(1) Hom (r, x&}f&élm) ~ Homg (m, Ind% (x)).
2.1.4. We state the following simple observation.

LEMMA 2.2. Let m and o be smooth, complex-valued representations of G so
that o is a quotient of w, H is a closed subgroup of G and x is a character of
H. If o is (H,x)-distinguished then m is (H, x)-distinguished.

Proof. Note that composition with the projection m — ¢ defines an imbedding
Homy (0, x) < Homp (m, x). The lemma follows. O

The lemma allows us to reduce some distinction questions to induced repre-
sentations (e.g. using the Langlands classification). Its converse need not be
true.

2.1.5.  We record here another simple observation related to the converse prob-
lem, distinction of subquotients of a distinguished representation.

LEMMA 2.3. Let m be a smooth, complex-valued representation of G, H a closed
subgroup of G and x a character of H. Let 0 = 19 C my C --- C 7 = 7 be
a filtration of w by sub-representations. If w is (H, x)-distinguished, then there
exists i € {1,...,k} such that m;/m;—1 is (H, x)-distinguished.
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In particular, if w is of finite length and (H, x)-distinguished then there exists
an irreducible subquotient o of w that is (H, x)-distinguished.

Proof. If 0 # ¢ € Hompg(m, x) then there exists ¢ € {1,...,k} minimal such
that |, # 0. Thus, £ defines a non-zero element of Hom (7; /m;—1, x). Since a
finite length representation has such a finite filtration with irreducible quotients
the rest of the lemma follows. O

2.1.6. Let II(G) be the category of complex valued, smooth, admissible repre-
sentations of G of finite length and Irr(G) the class of irreducible representations
in II(G).

Let ¥ denote the contragredient of a representation 7 € II(G). Then (7V)Y ~
7 and 7 € Irr(G) if and only if 7V € Irr(G).

2.2. NOTATION FOR GL,,(F). Let F be a non-archimedean local field of char-
acteristic different than two. For n € N, let G,, = GL,,(F'). By convention, let
Gy be the trivial group.

2.2.1. Fixnandlet G = G,,. Let B=TxN be the standard Borel subgroup of
G consisting of uppertriangular matrices with its standard Levi decomposition.
Here T is the subgroup of diagonal matrices and N = N,, is the unipotent
radical of B.

2.2.2. A parabolic subgroup of G that contains B is called standard. Stan-
dard parabolic subgroups of G are in bijection with compositions of n. For a
composition & = (ny,...,n;) of nlet P, = M, x U, be the standard parabolic
subgroup of G consisting of block uppertriangular matrices with standard Levi
subgroup

M, = {diag(g1,..-,9%) : gi € Gn;, i=1,...,k} ~Gp, X -+ X Gy,
and unipotent radical U,.

2.2.3.  The Weyl group N (T')/T of G is isomorphic to the permutation group
S, of n elements. We identify it with the subgroup W = Wg of permutation
matrices in G. Let w, = (§; nt1—;) € W be the longest Weyl element. By
the Bruhat decompositon W is a complete set of representatives for the double
coset space B\G/B.

2.2.4. More generally, for a composition « = (ny,...,ng) of n, Wy, = WnN
My = Sy, X+ xSy, is the Weyl group of M. f P=M xU and Q =L xV
are standard parabolic subgroups of G with their standard Levi decompositions
then w — Pw(@ defines a bijection

W \W/W,, ~ P\G/Q.

Furthermore, every double coset in Wy, \W /W), contains a unique element of
minimal length. Denote by Wy the set of elements w € W that are of
minimal length in Wy, wWpr. Then ;W is a complete set of representatives

for P\G/Q.

DOCUMENTA MATHEMATICA 22 (2017) 611-657



622 ARNAB MITRA, OMER OFFEN, EITAN SAYAG

For every w € py Wy, the group
P(w) = M(w) x U(w) = M NwQuw™*

is a standard parabolic subgroup of M with its standard Levi decomposition,
where
M(w)=MNwLw™' and U(w)=MNwVw '

2.3. REPRESENTATIONS OF GL,, (F'). We recall some well known facts and set
the notation for representations of G,,. Let II be the disjoint union of II(G,,)
for all n € Z>o. Let Irr be the subset of irreducible representations in I and
Cusp be the subset of cuspidal representations in Irr.

2.3.1. Parabolic induction. Set G = G,,. Let P =M x U and Q = L x V be
standard parabolic subgroups of G with their standard Levi decompositions.
Assume further that @ is a subgroup of P. The functor ips r, : TI(L) — II(M) of
normalized parabolic induction is defined as follows. As noted above M NQ =
Lx (MNV)is astandard parabolic subgroup of M. For p € II(L) we consider
p as a representation of M N @ trivial on its unipotent radical M NV and set

inr,z(p) = indjrng(p).
The functor iy 7, is exact and we have

i, (p)” = in,2(pY).
Let &« = (ny,...,nk) be a composition of n. Assume that M = M, and let
pi €(Gy,),i=1,...,k. Then p=p; ® --- ® pi, € II(M). Set

p1 X - X pr = ic m(p)-

2.3.2. Jacquet module. The functor ips; admits a left adjoint, namely, the
normalized Jacquet functor ry, as : II(M) — II(L). For o € II(M), rp am(o) is
the representation of L on the space of V' N M-coinvariants of ¢ induced by the

action 55%/”2[0. It is also an exact functor and for o € II(M) and p € TI(L) we
have the natural linear isomorphism (Frobenius reciprocity):

(2) Homy (0,1, (p)) =~ Homp (rr ar(o), p).

Let 8; be the composition of n;, i = 1,...,k so that L = Mg, . g,. For
representations m; € II(G,,,), i = 1,...,k we have

(3) rLm(T @ @ Tk) =Ty, G, (T1) @ @ Ty, G, (Th)-

2.3.3. The cuspidal support. For every w € Irr there exist p1,...,pr € Cusp,
unique up to rearrangement, so that 7 is isomorphic to a subrepresentation of
p1 X -+ X pg. Let Supp(m) = {p; :i=1,...,k} be the support of =0

For 01,...,0k € Irr let Supp(oy ® - - - ® o) = UX_; Supp(0;). For any standard
Levi subgroup M of G and 7 € II(M) let {my,...,m} be the set of irreducible
components (subquotients) of 7 and set

Supp(m) = U_, Supp(;).

2The support is often considered as a multi-set. Only the underlying set is relevant to us.
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As a simple consequence of the geometric lemma of Bernstein and Zelevinsky
[BZ77, §2.12] and exactness we have

(4) Supp(ras,c(m)) € Supp(n), 7 € I(G).

2.3.4. Generic representations. Let i be a non-trivial character of F. We
further denote by ¥ = 1, the character of IN,, defined by
n—1
d(u) =Y uiit1), u=(ui;) € Ny
i=1
DEFINITION 2.4. A representation m € II(Gy,) is called generic if it is (Ny,v)-
distinguished.

3. NON-DEGENERATE SKEW-SYMMETRIC MATRICES AND PARABOLIC ORBITS

We recall here the analysis of double cosets and related data that are relevant
to the study of induced representations of GGg,, that are distinguished by the
symplectic group.

3.1. THE SYMMETRIC SPACE. Fix n € N and let G = Go,.

3.1.1. Let
H = H, =8p,,(F)={g9eG:'gJg=J}

JJn< w").
—w,

Note that H = G? is the group of fixed points in G of the involution # defined
by

where

0(g)=JtgtJt

3.1.2. For w € II(G,,), since n will not always be specified, we adopt through-
out the following convention. We say that 7 is Sp-distinguished if n is even
and 7 is Sp,, (F')-distinguished. If in addition 7 € Irr we say that 7 admits a
symplectic model (see ().

By a result of Gelfand and Kazhdan, [GK75], we have 7 ~ 7V for every 7 € Irr.
We therefore have

LEMMA 3.1. A representation m € Irr is Sp-distinguished if and only if © is
Sp-distinguished. O
3.1.3. Consider the symmetric space
X={zeG:a0(x)= I}

with the G-action

g x=gzi(g)".
Note that X J is the space of skew-symmetric matrices in G and

(9-2)J =g(zJ)'g.
Therefore X is a homogeneous G-space. The map (g + g-I2,) : G — X defines
an isomorphism G/H ~ X of G-spaces.
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3.1.4. For a subgroup @ of G and a @-invariant subspace Y of X we denote
by Q\Y the set of Q-orbitsin Y. Forx € X let Q, ={g € Q :g-x =z} be
the stabilizer in @Q of z.

Applications of the geometric lemma to the study of H-distinguished induced
representations of G require the study of orbits in X by the group from which we
induce. Since parabolic induction is central to the classification of Irr we recall
next the study of orbits in X under a standard parabolic subgroup P = M x U.
Of particular interest for these applications are choices of orbit representatives
x for which we can provide explicit description of the stabilizer M, and the
restriction to M, of 5113/25;m1.

We refer to [Off06al §3] and [Off06D, §3.1] for proofs of the results presented in

3.2 and §3.31
3.2. BOREL ORBITS IN X. We begin with the Borel orbits.

3.2.1. Note that both B and T are € stable. In particular § defines an invo-
lution on W that we continue to denote by 6. We have

0(w) = wonwwsy,", w € W.
It also follows that the map (B -z — BxB) : B\X — B\G/B is well defined.
By the Bruhat decomposition this defines a map from B\X to W. Since
0(BxB) = (BxB)~! it follows that every w in the image of this map satisfies

wh(w) = e (the identity element of W). We refer to such permutations as
twisted involutions.

3.2.2. Let

[wa,] = {wwe,w™ :w e W}
be the W-conjugacy class of the longest Weyl element. It is the set of involu-
tions without fixed points in W.

Note that the set of twisted involutions in W is precisely [way,|way,. In fact we
have (see [Off06al Proposition 3.2 and Corollary 3.3]):

LEMMA 3.2. The map (B-x+— B-a2NT): B\X — T\(X N N¢g(T)) and the
natural map from T\(X N Ng(T)) to [wap]wa, are both bijective. O

3.2.3. Fix a Borel orbit B -z € B\X. We may and do assume that z €
X N Ng(T) and let w € [wa,] be such that x € Twws,. Below is a description
of T,, and of the restriction to T, of 6113/26531 (see 8T Al for notation). Note first
that

Ty, = TN H = {diag(ai,...,an,a,",...,a7") :a; € F*,i=1,...,n}
and
—1/2 . _ _
(05 / 6B,M)(d1ag(a1,...,an,anl,...,al ) =lailp - lan| -
We summarize the relevant results.

LEMMA 3.3. For every orbit in B\X there exists a unique T € [wa,] and a
representative © € Ng(T') such that

(1) T, = {diag(a,...,a2,) € T : ar() = a;t,i=1,...,n}
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(2) (5;1/2531)(15) = [licr) lailp for every t = diag(as, ..., a2,) € T. O
3.3. P-OrBITS IN X. Let & = (n1,...,n,) be a composition of 2n and let
P =P, = M x U. Note that 0(P) = P, ) and 0(M) = wo, Mws,! =
M(’Ilk,...ﬂll)'

3.3.1. The P-orbits in X are in bijection with certain twisted involutions.
LEMMA 3.4. The map (P -z +— Px0(P)) : P\X — P\G/0(P) ~ uWyr

defines a bijection
P\X ~ MWO(M) N [’wgn]wgn.

3.3.2. Let

war s MWoan N [wapwan, — P\X
denote the bijection of Lemma [3.4l Recall that for w € » Wyarp

M(w) = M Nwd(M)w™!

is a standard parabolic subgroup of M.
LEMMA 3.5. For every w € prWo(ary N [wan]wan we have that 1pr(w) N M (w)w
is a single M (w)-orbit. In particular, it is not empty. O
3.3.3. Admissible orbits.

DEFINITION 3.6. We say that w € yWyary N [wan]wan (or the corresponding
P-orbit 1y (w)) is M-admissible if M (w) = M, i.e., if wwa, € Ng(M).

Thus, w € mWyarn N [wan|way, is M-admissible if and only if the intersection
uar(w) N Ng (M )way, is not empty. In particular ¢ps restricts to a bijection

(M Woary N [wan]wan N Ng(M)ws,) ~ (M — admissible orbits in X).

The P-orbits in X are studied in terms of certain L-admissible orbits for Levi
subgroups L of M. More precisely, to the P-orbit ¢5s(w) we associate a certain
M (w)-admissible orbit. We therefore begin by describing the relevant data for
M-admissible orbits.

Let

Sola] ={r€ S : 7% =e, Ney =Ni, @ = 1,...,k and n; is even if 7(i) = i}.

The admissible M-orbits are in bijection with Sa[]. Before we state the general
results we provide examples of prototypes of admissible orbits.

3.3.4. Assume that k = s+ 2t, n; = ngy1-4, ¢ = 1,...,t and n; is even for
i=t+1,...,t+ s, ie., ais of the form
a=Mn1,...,n,2my, ..., 2mg, Ny, ..., M)
Let
wN
v = diag(In, Jomy,...ma) I IN) = o rom) JteX
—wy
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where

,,,,, my) = diag(Jmy, -y Im,), N =mni+---+n; and m =my+---+ms.
Note that x.J, is a skew-symmetric matrix in Ng(M) and therefore P - z is
M-admissible.

For every d € N consider the involution g +— ¢* on Gy defined by g* =

wqtg~ w; . We have

M, = {diag(g1,.--,9t, h1,- - hsy g7y e ooy 97)
:glv'-'athGni;hl;-'-;hseHmj}

and
t
—1/2 . * *
(0p / op, )(diag(gi, .-Gt A1y ooy hsy gf s ooy 97)) = H|detgi|F.
i=1

3.3.5.  We now return to the general setting where « is any composition of 2n.

LEMMA 3.7. There is a bijection between the M -admissible P-orbits in X and
Sala] that satisfies the following properties. Let w € Wy N [wan]wa, N
Ne(M)way, and let 7 € Safa] correspond to wpr(w). Then, there exists x =
Tamw € X N Muw such that:

(1) M, = {diag(g1,---,9x) : gr(s) = g; if 7(i) # i and g; € H,, /5 if 7(i) =

i}

(2) (65"%3p,)(diag(g1, . 9)) = [Ticrs) ldet gil - 0
3.3.6. Every 7 € Si defines a unique w, € W such that for every g =
diag(g1,...,9k) € M we have

ngw;l = diag(g‘l’*l(l)a s agT*I(k))'

REMARK 3.8. In fact, the relation between w and T in the above lemma is
characterized by diag(w,, . . ., Wn, JWrWayp = W.

3.3.7. General orbits. Fix w € pWyary N [wan]wae, and let L = M(w) be the
standard Levi subgroup of M we associated with w. Let § = (f1,..., k) be
such that L = Mg where 8; = (m;1,...,m;k,) is a composition of n;. On the
set of indices

J={(,4):i=1,...,k, j=1,...,k}
we consider the lexicographic order (4,7) < (¢, ') if either ¢ < ¢/ or i = ¢/ and
j < j'. We further consider the partial order (i,7) < (¢, ;") if i <4’
Recall that by Lemmas B.4] and B3 X N Lw is an L-orbit. Note that w is
L-admissible. Furthermore, for x € X N Lw we have M, = L, and P, = Q,
where ) = Pj is the standard parabolic subgroup of G with Levi subgroup L.
We may therefore apply Lemma 3.1 with M replaced by L.
We consider S»[f] as a set of involutions on J, by identifying (J, <) with the
linearly ordered set {1,2,...,|J|}. Let 7 € S2[f] be the involution associated
with o7, (w). Since w € Wg( M) there are more restrictions on 7, it must satisfy

(5) i+ 1) <7(,5), i=1,....k j=1,.. .k —1.
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This implies in particular that for every ¢ there is at most one j such that
(6.5) = )
4. THE GEOMETRIC LEMMA

We recall here a special case of the geometric lemma [BZ77, Theorem 5.2] (see

also [BDOS|, Proposition 1.17]).

As in the previous section, fix n € N and let G = G9, and H = H,,. Let
a = (n1,...,nk) be a composition of 2n and let P = P, = M x U. Consider
the functor Resy oig ps from II(M) to the category of smooth representations
of H where Resy stands for restriction to H.

4.1. THE H-FILTRATION. For every o € II(M) we recall here the existence
of an H-filtration on Resy oig a(0) parameterized by P\X and explicate the
factors of the filtration.

4.1.1. By [BZ76, §1.5] (see also [BDO8, Lemma 3.1]) there is a linear ordering
MW@(]\/[) n [wgn]wgn = {wl, N ,wm} so that

X; = Uj—zle(wi)
isopenin X foralli=1,...,m.

4.1.2. The orbit of the identity tas(l2,,) = P - Iay, is closed in X and we may
assume that w,, = I5,. Furthermore, if n; is even for all i = 1,...,k then the
orbit P - x; where

Ty = Jin 22y T
is open in X and we may assume that 257 (w1) = P - xps. Furthermore, in this
case, wy is M-admissible.

4.1.3. Let o € II(M) and let V be the representation space of iz a(0). Set
Vi={p€eV:Supp(p) C X;}, i=1,...,m

then Vo :=0C V; C --- C V,, =V is a filtration of Resy(ig,am(0)). For

every i choose (by Lemma B3H) z; € 1pr(w;) N M (w;)w; and n; € G such that

n; - lon = ;.

For a subgroup A of a group B, b € B and a representation p of A we denote by

p? the representation of b=1Ab on the space of p defined by p®(b~'ab) = p(a).

By [Off06b] Proposition 3] we have

LEMMA 4.1. For everyi=1,...,m we have the isomorphism of representations
of H
Vi/Vior =indjy ap (05 (Resp,, (57 20))™).

4.1.4. Relevant orbits.

DEFINITION 4.2. We say that w; € yWoar N [wan]wan (or 1ar(w;)) is relevant

for o if
HomH(Vi/Vi_l, 1) #0.
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4.1.5. The following makes this property more explicit. By [Off06D, Corollary
1] we have

LEMMA 4.3. Fiz i and let w = w;, © = x4, n = n;, L = M(w;) and Q the

standard parabolic subgroup of G with Levi subgroup L. Then

Homp (indff, -1 p, , (05 (Resp, (03 20))"), 1) ~ Homp, (r1, (o), 35" *6q,)-
O

4.1.6. Combining Lemmas [Tl and we have

COROLLARY 4.4. Let w € pWyar) N [wan|wa,. With the above notation w is
relevant for o if and only if

Homy, (rz1(0), 85" %6, ) # 0.

|
4.1.7.  Finally, by choosing the orbit representative = as in Lemma 317 (where
M is replaced by L) we explicate the condition Homy,_(p, (5{21/25@”) = 0 for
certain pure tensor representations p € TI(L).
For a representation = € II(G,), let 7* € II(G,) be the representation on the
space of 7 defined by 7*(g) = m(¢*). By a result of Gelfand and Kazhdan
([GKTH]) we have 7* ~ 7V for all 7 € Irr. In the notation of §3.3.7 let

P = Que3,<)

and let 7 € S2[f] be the involution on J associated to w by Lemma 3.7 applied
with L replacing M. Assume that p, € Irr(G,,,) whenever 7(2) # ¢. Then by
Lemma 3.7 we have

(6) Homp, (p, 551/2(5@1) # 0 if and only if for all » € J we have
Py = Vpr(y) Whenever 1 < 7(2) and p, is H,, — distinguished if 7(2) = 2.
4.1.8. Combining Corollary 4] (@) and Lemma 23] we have

COROLLARY 4.5. Let w € yWy(ar) N [wan]wa,. With the above notation, if w

is relevant for o then there exists an irreducible component p = ®,¢(3,<)p. €
Irr(L) of rr m(o) such that

pv = Vpr(yy whenever v < 7(2) and p, is H,,-distinguished if 7(1) = 1.
]

5. FIRST APPLICATIONS OF THE GEOMETRIC LEMMA TO Sp—DISTINCTION

In this section we apply the contribution of the open and closed orbits of the
filtration defined in §4] in order to show that certain induced representations
are Sp-distinguished. We further apply §lto reduce the study of Sp-distinction
on Irr to representations supported on a single cuspidal line.

5.1. DISTINCTION AND RELEVANT ORBITS.
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5.1.1. The variant of the geometric lemma discussed in §l is often applied
to show that certain induced representations are not distinguished. This is
based on the following simple observation, which is an immediate consequence
of Lemma [Z3] (applied with G = H).

LEMMA 5.1. Let M be a standard Levi subgroup of G. If o € II(M) is such that
ig,m(0) is H-distinguished then there exists a P-orbit in X that is relevant to
. U

The reverse implication need not be true. However, there are two cases in
which the geometric lemma indicates distinction.

5.1.2.  Assume that n; is even for all i. Then the open P-orbit in X is ey (wy) =
P-xp (see YET2) and
My, = {diag(hl, .. .,hk) th; € Hni/27 1=1,..., k}

Let 0; € II(Gy,;) be H,, jo-distinguished and 0 # ¢; € Homp, , (04,1) for all
i=1,....k.Letc =01 ® - Qopand { =01 Q- R} eHomMmM(o,l). The
integral

(7) U(p) = @(narh) dh

/(HﬁanjmenM)\H
where 1y € G is such that np - Is, = xp, defines a non-zero linear form
¢ € Hompy (Vy1,1). Tt does not necessarily extend to an H-invariant linear form
on ig a(0), but it lies in a holomorphic family of linear forms that do extend
meromorphically.

Note that G,,, = G%wm is the fixed point group of the involution 6.,,(g) =
z0(g)ry; and that M = PN 0,,, (P). For A = (A1,...,\) € CF let o[\ be
the representation on the space of ¢ defined by

o[A(diag(g1, ..., gk)) = |det gl|;1 -+ |det gk|;’“ o(diag(g1, ..., gx))-

The representations i a(o[A]) can all be realized in the same space V and
then the H-filtration {V;}7_, is independent of A. The following follows from

[BDOS, Theorem 2.8].

LEMMA 5.2. With the above notation and assumptions, there is a non-
zero meromorphic function (A + £\) : CF — V* that satisfies {y €
Homp (i am(o[N]), 1) whenever holomorphic at A.

5.1.3. Hereditary property of Sp-distinction. This implies the hereditary prop-
erty of Sp-distinction.

COROLLARY 5.3. Assume that n; is even for alli =1,...,k. Let o; € TI(Gy,)
be H,,, jo-distinguished for alli =1,..., k. Then o1 x---Xoy, is H-distinguished.

Proof. This is immediate from Lemma by taking a leading term at A = 0
of /) at a complex line through zero in a generic direction. O
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5.1.4. Distinction by the closed orbit. When a closed orbit is relevant, the geo-
metric lemma directly implies distinction.

LEMMA 5.4. Let 01,...,0¢ € Irr, p1,...,ps € Il and assume that p; is Sp-
distinguished for i =1,...,s (allow the case s =0). Then

VoL X o+ X VTR X p1 X o+ X pg X O X =+ X 071
is Sp-distinguished.

Proof. Tt follows from Corollary B3] that p = p1 X - -+ X p, is Sp-distinguished.
Let G = G4, and M its standard Levi subgroup so that

O=V01Q  QUOL X PpRo X X0

is a representation of M. Then ig a(0) € II(G). Let P be the standard
parabolic subgroup with Levi subgroup M. Then the closed orbit P - I, is
relevant to o by ([@). By Y12 Hompy (V/Vin—1, 1) # 0 and therefore by Lemma
(applied with G = H), ig m(0) is Sp-distinguished.

O

5.2. REDUCTION TO CUSPIDAL Z-LINES. Let v = |det|, on G,, for any n € N.

5.2.1. For p € cusp let p” = {v"p : n € Z} be the Z-line through p. Denote
by < the order on p? induced by the standard order on Z (so that p < vp).

DEFINITION 5.5. A representation 7 € 11 is called rigid if Supp(w) C p? for
some p € Cusp.

5.2.2. Every element of Irr has a unique decomposition as a product of rigid
representations supported on disjoint cuspidal lines. Indeed, by [Zel80, Propo-
sition 8.6] we have

LEMMA 5.6. For every w € Irr there exist py, ..., pr € Cusp, so that pZ-ZﬂpJZ =0

for all i # j, and 1, ..., € Irr so that Supp(m;) C pZ and @ = 711 X -+ X
Tk O

5.2.3.  Another application of the geometric lemma will allow us to reduce the
question of Sp-distinction of irreducible representations to those supported on

a single cuspidal line. Indeed, if 7 = 7 X -+ X 7 is a decomposition as in
Lemma [5.6] then
(8) Homgy(m, 1) ~ Homgp, (71,1) @ - - - ® Homgp (7, 1).

Here, we write Homg, (7, 1) = Homgy,, ()(7,1) for any 7 € II(G2y,).
In fact, we prove ([®) for a slightly more general setting for which we need to
introduce some more terminology.
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5.2.4. Consider the graph £ with Cusp as the set of vertices and an edge
between p and vp for every p € Cusp.

For every finite subset V' C Cusp let &y be the induced graph on the set of
vertices V' and my the set of connected components of . Every connected
component A € my is of the form A = {v'p:i =a,...,b} for some p € Cusp
and integers a < b.

DEFINITION 5.7. We say that finite subsets V, V' C Cusp are totally disjoint
if either V. and V' are contained in disjoint cuspidal Z-lines or they satisfy
the following property. For every A € my and A’ € my, we have that either
vp < p forall p € A and p) € A orvp' < p for all p € A and p' € A'.
(Equivalently, AU A’ is not connected in Eyyy.)

As a consequence of [Zel80, Proposition 8.5] we have

LEMMA 5.8. Ifmy,...,m; € Irr are such that Supp(m;) and Supp(w;) are totally
disjoint for all i # j then m X -+ X m € Irr. O

5.2.5. We now show that () holds for totally disjoint decompositions as in
Lemma [5.8 The following is a small generalization of [Mit14, Lemma 3.4].

LEMMA 5.9. Let w1, ..., m € II be such that Supp(m;) and Supp(n;) are totally
disjoint for all i # j. Then m = m X -+ X m is Sp-distinguished if and only
if m; is Sp-distinguished for all i = 1,...,k. In particular, if = € Irr then (8)
holds.

Proof. The ‘only if” part follows from Corollary 5.3l We prove the ‘if” part. Let
0 =m®- -7k, n be such that m X - x 7, € II(G,,) and « the composition of
n such that o € TI(M,,). Set G = G,, and M = M,,. Assume that w1 X -+ X 7,
is Sp-distinguished.

By Lemma B o admits a relevant orbit, let w € p Wy N [wan|wa, be
relevant to o. Apply the notation of §3.37 By Corollary [£8] there exists an
irreducible component p of rz (o) that satisfies [@). Then p = ®,ec(3,<)
where p;1 ® -+ ® pik, is an irreducible component of ras, ... (m;) for all ¢ =
L,....k (see @)). In particular, Supp(p;,;) C Supp(ru,, c,, (mi)) € Supp(m;)
for all i (see @)).

Assume that there exists ¢+ € J such that + < 7(2) and let + = (4,5) and
(1) = (i',5'). Then p, ~ vp,) and by (@), i # i'. In particular, there
exists p' € Supp(pr(,)) € Supp(my) such that vp’ € Supp(p,) € Supp(m;).
This contradicts the total disjointness of Supp(m;) and Supp(mw;). Therefore,
7 is the trivial involution. Now (&) implies that w is M-admissible and ; is
Sp-distinguished for all ¢ = 1, ...,k as required.

The isomorphism () now follows from [HR90, Theorem 2.4.2] (local multiplic-
ity one for symplectic models). O

6. REPRESENTATIONS OF GL, (F)

Before we continue with further applications of the geometric lemma to Sp-
distinction, we need to introduce the segment notation of Zelevinsky, and the
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Langlands and Zelevinsky classifications of Irr. We refer to [Zel80] for the
results stated in this section.

6.1. SEGMENT REPRESENTATIONS. By a segment of cuspidal representations
we mean a set

[a,b)y ={v'pri=a,a+1,...,b}
where p € Cusp and a < b are integers. By convention, the empty set is also
considered a segment.

6.1.1. For a segment A = [a,b], as above, the representation vp x v**1p x
- x v?p has a unique irreducible subrepresentation that we denote by Z(A
and a unique irreducible quotient that we denote by L(A).

6.1.2. We remark that A — L(A) is a bijection between the set of segments
of cuspidal representations and the subset of essentially square-integrable rep-
resentations in Irr.

6.1.3. Also, Z(A) is the unique irreducible quotient and L(A) is the unique
irreducible subrepresentation of 1°p x - - - x v%t1p x v%. By convention, if the
segment A is empty, then both L(A) and Z(A) are taken to be the trivial
representation of the trivial group.

6.1.4. We denote by b(A) = v% the beginning, e(A) = v’p the end and
((A) = |A] =b—a+ 1 the length of A. Let vA = [a + 1,0+ 1](,).

6.1.5. Let A and A’ be segments of cuspidal representations. We say that A
precedes A’ and write A < A’ if both A and A’ are contained in some Z-line
p? C Cusp, b(A) < b(A'), e(A) < e(A’) and e(A) > b(A') — 1.

The segments A and A’ are called linked if either A < A’ or A’ < A. Equiv-
alently, A and A’ are linked if and only if neither of them is contained in the
other and their union is a segment.

6.1.6. For our conventions regarding multi-sets see §8.0.I Let O be the
set of multi-sets of segments of cuspidal representatons. An order m =
{A1,...,2A¢} € O on a multi-set m is of standard form if A; £ A, for all
1< .

Every m € O admits at least one standard order. Indeed, if for example
e(Ay) > - > e(Ay) then {Aq,..., A} is in standard form.

6.1.7. The Zelevinsky classification. Let m = {Ay,...,A;} € O be ordered in
standard form. The representation

((m) = Z(A1) x -+ x Z(Ay)
is independent of the choice of order of standard form. It has a unique irre-
ducible submodule that we denote by Z(m).

The Zelevinsky classification says that the map (m — Z(m)) : O — Irr is a
bijection.
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6.1.8. The representation
C(m) = Z(As) x -+ x Z(Ay).

is also independent of the choice of standard order on m and Z(m) is the unique
irreducible quotient of ¢(m).

6.1.9. The Langlands classification. Let m = {Aq,..., A} € O be ordered in
standard form. The representation

A(m) = L(Aq) x -+ x L(Ay)

is independent of the choice of order of standard form. It has a unique irre-
ducible quotient that we denote by L(m).

The Langlands classification says that the map (m — L(m)) : O — Irr is a
bijection.

6.1.10. The Zelevinsky involution. It follows from §6.1.7 and §6.1.9] that for
any m € O there exists a unique m* € O such that Z(m) = L(m?").

The function m — m’ is an involution on O. For 7 = Z(m) € Irr let 7* = L(m).
Then 7+ 7t is the corresponding involution on Irr.

6.1.11. For m € O let Supp(m) = {p € Cusp : p € A for some A € m} be the
support of m. (Note that Supp(m) = Supp(Z(m)) = Supp(L(m)).)
A multi-set m € O is called rigid if Supp(m) C p? for some p € Cusp. Let

0, ={m e O : Supp(m) C p"}

be the set of rigid multi-sets supported on p%.

6.1.12. Lemma reduces the study of Sp-distinguished representations in
Irr to those supported on a cuspidal Z-line.

From now on fix p € Cusp once and for all. We will study Sp-distinction of
certain rigid representations supported on p?.

7. A NECESSARY CONDITION FOR Sp-DISTINCTION OF Z(m)

In this section we show that if m € O, is such that Z(m) is Sp-distinguished
then all segments in m are of even length.

The main tool is the geometric lemma of §4l We also apply a result of Heumos
and Rallis that we first recall.

7.1. RESULTS OF HEUMOS AND RALLIS.

7.1.1. The following disjointness of models is [HR90, Theorem 3.2.2].

LEMMA 7.1. If m € Irr is generic then it is not Sp-distinguished. 0
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7.1.2. We also recall [HR90, Theorem 11.1] that provides first examples of
irreducible, Sp-distinguished representations that are not necessarily one di-
mensional.

LEMMA 7.2. Let A be a segment in Cusp. Then L({A,vA}) is Sp-
distinguished.

For the convenience of the reader, and since the proof below will be generalized
in the sequel, we recall here the argument given by Heumos and Rallis.
Recall that L({A,vA}) lies in an exact sequence

07— A{A,vA}) = vL(A) x L(A) = L{A,vA}) = 0

where 7 € Irr is generic. The representation vL(A) x L(A) is Sp-distinguished
by Lemma 0.4l whereas 7 is not Sp-distinguished by Lemma [T}l Therefore,
L({A,vA}) is Sp-distinguished.

REMARK 7.3. Representations of the form L({A,vA, ..., v LA}) are often re-
ferred to as Speh representations. In [OS0T], Lemma[7.3is generalized, showing
that the Speh representation L({A,vA, ..., v" LA}) is Sp-distinguished if and
only if n is even. This characterization of Sp-distinguished Speh representa-
tions was based on a global argument involving the period integrals of certain
Fisenstein series. In this paper we provide a local proof of a generalization.
Since Lemmas[71] and[T.4 will be applied in the sequel, we emphasize that their

proofs in [HRI0] are purely local.

7.2. ON Sp-DISTINCTION OF Z(m).

7.2.1. Let A = [a,b](,) be a segment in p”~. A special case of Remark [[3 says
that Z(A) = L({v*p}, {v**ip},...,{v*p}) is Sp-distinguished if and only if
£(A) is even. For the sake of completeness of our local proof, we now provide a
proof of the easy part of this equivalence. A local proof of the other implication
will be a part of Corollary [0.5

LEMMA 7.4. If the representation Z(A) is Sp-distinguished then ((A) is even.

Proof. Assume that Z(A) is Sp-distinguished. By Lemma 22} 1°p x --- x v%p
is also Sp-distinguished.

Let d be such that p € TI(Gq), G = Gyp—as1) and M = Mg .. 4) the standard
Levi subgroup of G so that 0 = 1?p®---®@v%p € II(M). By Lemma B} there
exists an orbit, relevant to o.

Since p is cuspidal, it follows from (@) that rz, (o) = 0 for every proper Levi
subgroup L of M. It therefore follows from Corollary L4 that an orbit relevant
to o is M-admissible.

Since all elements of Cusp are generic, it now follows from Lemma [Z.] and (@)
(for L = M) that there exists, in particular, an involution on A without fixed
points. Therefore £(A) is even. O
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7.2.2. This can be generalized to products of Z(A)’s, but we first need to
explicate their Jacquet modules. We start with the Jacquet module of Z(A)
itself.

Let A = [a,b](,) be a segment in Cusp. Recall the description of the Jacquet
module of Z(A) following [ZeI8(, §3.4]. Suppose that p € II(G4) and let n =
(b —a+ 1)d so that Z(A) € TI(G,). Let M = M, for a composition o =
(n1,...,ng) of n. Then rarq, (Z(A)) = 0 unless d|n;, i = 1,...,k in which
case

ra,Ga(Z(A) = Z(A1) ® - @ Z(Ay)

where A; = [a;,bi](py, a1 = a, a;41 =b;+1,i=1,...,k—1land d(b; —a; +1) =
ni,izl,...,k

7.2.3. Suppose that [ is a refinement of a composition « of n and let M = M,
and L = Mpg. For the parts of the compositions and the ordered index set J
we apply the notation of §3.3.7

Let Aq,..., Ay be segments of cuspidal representations so that o = Z(A;) ®
-+ ®Z(Ay) is an irreducible representation of M. It follows from (B]) and §7.2.2
that, whenever non-zero,

rLm (o) = z€(§<) Z(&)

where vy, ., (Z2(A) = Z(Ai1) ® -+ @ Z(A; k) is prescribed by §7.2.21
7.2.4.

PROPOSITION 7.5. Let m € O,. If C(m) is Sp-distinguished then Z(A) is Sp-
distinguished and, in particular, (L(A) is even for all A € m.
In particular, if Z(m) is Sp-distinguished then ((A) is even for all A € m.

Proof. Fix an order m = {Ay, ..., A;} so that b(Ay) < --- < b(Ay) and note
that {Ag,..., A1} is a standard order on m, i.e., that

C(m) ~ Z(Ay) X -+ x Z(Ay).

Let 0 = Z(A)®--- @ Z(Ag), G = Gy, and M = M, a standard Levi subgroup
of G such that Z(A1) x --- x Z(Ag) = ig.m(0). Assume that {(m) is Sp-
distinguished. By Lemma [E1] there exists w € nWy(ar) N [won]wa, that is
relevant to o.

We show that Z(A;) is Sp-distinguished for all i. Assume, by contradiction,
the contrary and use the notation of §3.37 It follows from Corollary .5 that
7 is not the trivial involution. Let ¢+ € J be minimal such that 7(z) # 2. Then
1 < 7(2) and it follows from (B) that = (¢,1) for some 1 < i < k. But then the
condition A, = VA, (from Corollary 3] contradicts our choice of order on
m and 723

It therefore follows that Z(A;) is Sp-distinguished and from Lemma [7.4] that
0(A;) is even for i = 1,... k. The last part of the proposition follows from
Lemma O
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Applications of the geometric lemma to the study of Sp-distinction of represen-
tations of the form A(m), m € O (standard modules) lead to certain combinato-
rial problems that we are only able to solve in special cases. In the next section
we formulate these problems and present the proofs for our partial results. The
section is written in such a way that it is independent of the rest of the paper
and elementary. The problem we raise is accessible to every mathematician.

8. MULTI-SETS OF SEGMENTS

We formulate an elementary problem on multi-sets of segments of integers that
has applications to representation theory. We are only able to provide a partial
solution.

8.0.1. By amulti-set f of elements in a set X we mean a function f : X — Zx>¢
of finite support. The support of f is also referred to as the set underlying f.
If f takes value in {0,1} then we identify f with its support and say that it is
a set. For example, for x € X the set of one element {x} is the characteristic
function of x.

Denote by |f| = cx f(x) the size of the multi-set f. By abuse of notation,

we sometimes write f = {x1,...,2;} where t = |f] and z € X equals x; for
exactly f(z) indices i. We refer to the presentation {x1,...,2:} as an order on
f.

We write « € f if = is in the support of f.

8.0.2. By a segment of integers we mean a set [a,b] = {a,a+1,...,b} where
a < b are integers. By convention, the empty set is a segment. Let Sgm denote
the set of all segments of integers. Consider the operation

via,b| =[a+1,b+1], [a,b] € Sgm

and define the following relation on Sgm. For [a,b], [¢’,b'] € Sgm we say that
[a, b] precedes [a’,b'] and write [a,b] < [@/,b] ifa <d/,b<b and b>a' — 1.
By a decomposition of [a,b] € Sgm we mean a k-tuple of segments
([a1,b1], ..., [ak, bk]) € Sgm”, k € N, such that by = b, ay = a and by, = a;—1,
i=1,...,k—1. The decomposition is called trivial if k£ = 1.

8.0.3. Let Oz be the set of multi-sets of segments of integers. We say that
a multi-set m = {Aq,..., Ay} is ordered in standard form if A; A A; for all
1< .
Given an ordered multi-set m = {A1 ..., A} € Oz, by a decomposition of m
we mean a decomposition of A; for alli =1,..., k. The decomposition is called
trivial if the decomposition of each A; is trivial.
It will be convenient to index a decomposition of an ordered multi-set as follows.
If (Ajq1,...,Aik) is the decomposition of A;, i = 1,...,k let (J,<) be the
linearly ordered set

J={(,4):i=1,...,k, j=1,...,k}
with the lexicographic order (i,7) < (i,j') if either ¢ < i’ or i = ¢ and
Jj < j'. We further consider the partial order (i,j) < (i’,5') if i < ¢’. Thus, a
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decomposition of an ordered multi-set m = {A;,..., Ax} € Oz produces a new
ordered multi-set {A, 112 € (7, <)}.

8.0.4. Relevant decompositions.

DEFINITION 8.1. Let m = {Ay,..., A} € Oy be an ordered multi-set. We say
that an ordered decomposition {A, : v € (J,<)} (of the order {A1,..., Ay} of
m) is relevant to {Aq,...,Ag} if there exists an involution T on J satisfying
the following properties:

1) 76,5 +1) < 7(,5), i=1,....k j=1,... ki — 1;

(2) (1) #1, 1€ 7;
(3) A, = vArq,) whenever v < 7(1).

8.0.5. The involutions 7 in the above definition must satisfy the following
property.

LEMMA 8.2. Let 7 be an involution on J satisfying conditions (@) and @) of
Definition[81. Then, there exist iy > --- > iy, > 1 such that 7(1,7) = (i;, k;,),
j=1,... k.

Proof. Let 7(1,7) = (i;,7;). The inequalities ¢; > --- > 4y, > 1 are immediate
from conditions (I)) and (2)) of Definition 81l If r; < k;, then, again by the same
condition, 7(ij,7; + 1) < (1,7) which is impossible. Therefore r; = k;;. O

8.0.6. Distinguished multi-set.

DEFINITION 8.3. A multi-set m € Oy is called distinguished if every standard
order of m admits a relevant decomposition.

8.0.7. Speh type. For m = {Ay,...,Ar} € Oz and n € Z let v"m =
{Vv" Ay, ..., v"Ar}. Tt is easy to see that the following conditions are equivalent
for m € Oy:

e m is of the form n + vn for some n € Oy;
e the trivial decomposition of m is relevant to some standard order of m;
e the trivial decomposition of m is relevant to any standard order of m.

DEFINITION 8.4. We say that m € Oy is of Speh type if it satisfies the above
equivalent conditions.

8.0.8. The main hypothesis. Consider the following property of a multi-set m €
Oy.

HypPOTHESIS 8.5. If m is distinguished then m is of Speh type.

Unfortunately, we do not have enough information to determine whether Hy-
pothesis is satisfied for all m € Oz. We therefore cautiously refrain from
stating it as a conjecture. We will prove that it holds in some special cases and
in particular when m is a set.
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8.0.9. In fact, for some of the representation theoretic applications we have
in mind it suffices to consider a slightly weaker property. For [a,b] € Sgm let
[a,b]Y = [=b,—a] and for m € Oy let m¥ € Oy be defined by m¥(A) = m(AY),
A € Sgm.

Consider the following property of a multi-set m € Og.

HYPOTHESIS 8.6. If m and m" are both distinguished then m is of Speh type.

8.0.10. In order to prove that a given multi-set m satisfies the Hypothesis
it is enough to show that if m is distinguished then the trivial decomposition
is relevant to some standard order. In particular, it is enough to show that for
some standard order, no non-trivial decomposition is relevant. We can only
prove Hypothesis for some special cases by proving this stronger version.
For this purpose we define a certain standard order on multi-sets.

8.0.11. For A = [a,b] let b(A) = a be the beginning and e(A) = b the end of
A.

For m € Oz let ¢ > .-+ > c¢s be such that we have the identity of sets
{c1,...,¢5} ={e(A) : A € m}. Let m[i] € Oz be defined by

m(A) e(A)=¢

0 otherwise

m[i](A) = {

fori=1,...,s so that
m=m[l]+ -+ m[s]
and all segments in the support of m[i] end at ¢;.

Note that any linear order on m that extends the relation, A < A’ whenever
A emfi] and A" € m[j] for all 1 <i < j < s, is in standard form.

8.0.12. In order to fix such an order, we need to linearly order each m[i]. We
make a particular such choice recursively.
Let m[1] be ordered by m[1] = {Aq, ..., Ax} where b(A1) < --- < b(Ay) and set
m[1]’ = m[1]. Suppose that m[1],.. m[z] are ordered and that m[ V... m[i]
are defined for some i < s. We order m[i + 1] and define m[i + 1]’ as follows
Set mfi + 1] = {Aq1, ..., Ak, A, ..., AL} where b(A1) < -+ < b(Ag), b(A]) >
<> b(Al) and min(m[i + 1], m[i]") = {A],..., Al } and let m[i + 1)) =
{A1,...,;A;}. Here min is the minimum of two Zx¢-valued functions (see

8.0.13.  We now prove that Hypothesis holds for sets.

PROPOSITION 8.7. Let m € Oy be a set. Then, no non-trivial decomposition
is relevant to the order on m defined in Y8012 In particular, Hypothesis
holds for m.

Proof. We prove the statement by induction on |m|. If |m| < 2 then it follows
from Lemmal@2lthat conditions (I]) and (2] of Definition [RJ]cannot be satisfied
by any non-trivial decomposition of m and the proposition is therefore true.
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Let m = {Aq,...,Ax} and assume by contradiction that there exists a non-
trivial decomposition {A, : ¢+ € J} that is relevant to {Aq,...,Ap}. Let 7
be the involution on J satisfying properties (), @), [B]) of Definition and
let 43 > --- > i, > 1 be given by Lemma B2 so that 7(1,5) = (ij, ki),
j=1,... k.

By the property of the order chosen e(A1) > e(A;, ) > -+ > e(A;,). The
condition (@) of Definition BI] implies that e(A;,) > e(A;) — 1 and b(4;,) >

- > b(A;,, ) = b(A1) — 1. Since the equahty e( in,) = e( ) contradicts the
order chosen on m[1] we must have e(A;, ) = (A ) =1, de, Ay = vTTA

and in the notation of 8011l ¢o = ¢ — 1 ‘and A, € m[2] for allj =1,..., k1.
Since m is a set, we get that A;, ¢ m[2]. Taking the order chosen on m[2]
into consideration, now implies that k; =1 = k;,.

Again since m is a set, it is easy to see that the order defined on
m — {A} — {A;,} by 80712 is that inherited from m, ie., the order
{AQ, ceey Ailfl, Ai1+1, ey Ak} Furthermore, T|3\{(1,1),(i1,1)} shows that
{A, 2+ € T\ {(1,1),(i1,1)}} is a non-trivial decomposition relevant to
{Ag, ..., A —1,Ai 41, -« -, Ag }. This contradicts the induction hypothesis. O

8.0.14. The same proof gives another family of multi-sets satisfying Hypoth-
esis

PROPOSITION 8.8. Let m € Oz and set m = m[1] + --- + m[s] as in §80T1
Assume that |[m[i]| <2 for alli=1,...,s. Then, no non-trivial decomposition
is relevant to the order on m defined in §Y8.0.12. In particular, Hypothesis
holds for m.

Proof. The first three paragraphs of the proof of Proposition 871 hold for any
multi-set and we apply the conclusions and the notation in this case. Since
|m[2]| < 2 we conclude that k; < 2. Furthermore, if k; = 2 then A;, = v 1Ay,
A;, = v 1Ay and m[2] = {A;,,A;,; }. But this shows that A;, ¢ m[2]" and
contradicts the order on m[2].

We therefore have ky =1 =Fk;,. Let n =m — {A1} — {A;; }. Again, it is easily
observed that the order on n defined in is the one inherited by m and
the proposition follows by induction as in the last paragraphs of the proof of
Proposition 817 O

P2

9. ON Sp-DISTINCTION OF STANDARD MODULES

The bijection [a,b] + [a,b](,) from segments of integers to segments in p”
induces a bijection on multi-sets from Oz to O,. We refer to this bijection as
p-labeling and to its inverse as unlabeling.

In this section we show that if m € O, is such that A(m) is Sp-distinguished then
the unlabeling of m is distinguished in the sense of Definition The results
and hypotheses of §§] therefore become relevant to the study of Sp-distinction
of standard modules.
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From now on we adopt the following convention. We say that a multi-set
m € O, satisfies a property defined on multi-sets in Oz if its unlabeling satisfies
this property.

9.0.1. Let A = [a,b],) be a segment in p” and § = L(A). We first recall the
description of the Jacquet module of § following [Zel80, §9.5].

Suppose that p is a representation of G4 and let n = (b — a + 1)d so that
0 € II(G,). Let M = M, for a composition o« = (ny,...,nx) of n. Then
ruv,g, (0) = 0 unless dn;, ¢ = 1,...,k in which case

ryuG,(0) =00 - ®d

where 51 = L(AZ), Az = [ai,bi](p), b1 = b, bi+1 = a; — 1, = 1,...,]{37 1 and
dbi —a;+1)=n;,i=1,... k.

9.0.2. Suppose that 3 is a refinement of a composition « of n and let M = M,
and L = Mpg. For the parts of the compositions and the ordered index set J
we apply the notation of §3.3.7

Let § = 61 ® - -- ® d be an irreducible, essentially square-integrable represen-
tation of M (i.e., §; = L(4,;) for some segment of cuspidal representations,
i=1,...,k). It follows from (@) that, whenever non-zero,

rom(®) = e((?-o 0

where ry, G, (0;) =0;1 ® -+ ®d;, is prescribed by §9.0.11

9.0.3. Let M and § be as above and w € pWy(ar) N [wan |way,. Recall that 0;
is generic i = 1,..., k. In the notation of 831 it follows from (@), Lemma [7.T]

and §9.0.2] that

w is relevant for ¢ if and only if 7(2) # 2

(9)

for all 2 € J and 0, ~ vd,(,) whenever 2 < 7(2).

9.0.4. The following is an immediate consequence.

PROPOSITION 9.1. Let m € O, satisfy Hypothesis 82  If A(m) is Sp-
distinguished then m is of Speh type. In particular, if L(m) is Sp-distinguished
then m is of Speh type.

Proof. Tf A(m) is Sp-distinguished then for any standard order on m =
{Ay1,...,A;}, the induced representation L(A;) x --- x L(Aj) is Sp-
distinguished. Therefore, by LemmaBdl L(A1)®---® L(Aj) admits a relevant
orbit. Combining the condition [ with (@), §9.0.3] says that m is distinguished
in the sense of Definition Hypothesis therefore implies that m is of
Speh type.

The last part of the proposition follows from Lemma O
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9.0.5. Combining Proposition with Propositions and we obtain

COROLLARY 9.2. Let m € O, either be a set or, in the notation of §8.0.11
satisfy \mli]| < 2 for all i. If A(m) is Sp-distinguished then m is of Speh type.
In particular, if L(m) is Sp-distinguished then m is of Speh type. O

9.0.6. We also point out the weaker consequence of Hypothesis

PROPOSITION 9.3. Let m € O, satisfy Hypothesis [88.  If L(m) is Sp-
distinguished then m is of Speh type.

Proof. 1f L(m) is Sp-distinguished then L(m") is Sp-distinguished by Lemma
Bl Therefore, by Lemma 22} both A(m) and A(m") are Sp-distinguished.
It now follows, as in the proof of Proposition @1 that both m and m" are
distinguished in the sense of Definition Hypothesis therefore implies
that m is of Speh type. O

9.0.7. We end this section by providing an example which demonstrates that
the necessary condition for distinction obtained by combining Propositions
and is not sufficient.

EXAMPLE 9.4. Let 7 = L(m) = Z(m') where
m = {[I/4,I/4],[I/3,l/3],[V3,I/3],[1/2,1/2],[V,I/2],[1,l/]}.

Using the combinatorial algorithm of Meglin and Waldspurger (IMWS6] ), it is
easy to see that

m! = {[v?, 03], [v, V], [1, ]}
We will now show that 7 is not Sp-distinguished. Assume the contrary, if
possible. Let my = Z([v?,v3],[1,v]) and mo = Z([v,v*]). The representation
T = Z(m') is the unique irreducible quotient of C(m') and so it is also the
unique irreducible quotient of w1 X mwo. Thus, by Lemma 23, 7 x w5 is Sp-
distinguished. Apply the notation of §3.3.7 with k = 2 for an orbit that is
relevant to m; @ mo (by Lemmalidl). Since k = 2, note that ko < 2.
From Corollary [£.3 and @) it follows that there exist irreducible components
o1 of ru, G, (m1) and o3 of vy, G, (T2) such that writing

0;i=01® - Q0ik, t=12, o echr, j=1,...k

we have 0, = vo,(,) whenever v < 7(1) and o, is Sp-distinguished if T(1) = 1.
Also it follows from {7.2.3 that v* € Supp(o2,). Since v° ¢ Supp(m ), we
deduce that 7(2,ke) = (2,k2). By (@) it follows that ks = k1 = 1, and so
7(1,1) = (1,1). In other words, Z([v?,v?],[1,v]) is Sp-distinguished. Using
the algorithm of Meeglin and Waldspurger again we get that

Z([v*, v, [1,0]) = L([°, V7], [v, %), [1,1)).

By Corollary [3.2 we obtain a contradiction.

10. THE Sp-DISTINGUISHED LADDER REPRESENTATIONS

We classify Sp-distinguished representations in the class of ladder representa-
tions introduced by Lapid and Minguez in [LM14].
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10.1. DISTINCTION OF LADDER REPRESENTATIONS-THE L ASPECT. We clas-
sify Sp-distinction in the class of ladder representations defined below.

10.1.1. Ladder representations.

DEFINITION 10.1. Let p € Cusp. The set {A1,...,Ar} € O, is called o ladder
if

b(A1) > >b(Ar) and e(Ay)>--->e(Ay).
A representation w € Irr is called a ladder representation if m = L(m) where
m e O, is a ladder .

Whenever we say that m = {A4,..., Ay} € O, is aladder, we implicitly assume
that m is already ordered as in the definition above.

10.1.2. The following property allows us to show that certain ladder repre-
sentations are Sp-distinguished. By convention, let L([a,a — 1](,)) be the triv-
ial representation of the trivial group and let L([a,b]) = 0 if b < a — 1.
Let m = {Ay,...,Ar} € O, be a ladder, with A; = [a;, bi](,) and for every
i=1,...k—1]let

ICZ' = L(Al) X oo X L(Ai_l) X L([ai+1,bi](p)) X L([ai,biﬂ](p))x
XL(Aj12) X+ x L(Ag).
(Thus, K; =0 if a; > b1 + 1.) By [LM14, Theorem 1] we have

THEOREM 10.2. With the above notation let K be the kernel of the projection
A(m) — L(m). Then K =07 K. O

10.1.3. The following is the characterization of Sp-distinguished ladder repre-
sentations.

THEOREM 10.3. Let m = {Ay,..., Ay} € O, be a ladder. Then the following
conditions are equivalent

(1) L(m) is Sp-distinguished;

(2) k is even and Ag;—1 = vAg; for alli=1,...,k/2;

(3) m is of Speh type.

Proof. The equivalence of the last two conditions is obvious. If L(m) is Sp-
distinguished then m is of Speh type by Corollary 0.2

Assume now that & = 2m is even and Ag;_1 = vAy; for all i = 1,...,m. Let
T = L(Agifl,AQi), i = 1,...,m and ™ = T X oo X Ty« Note that 7 is a
quotient of A\(m). It follows from Lemma [[2] that 7; is Sp-distinguished for all
i =1,...,m. Therefore, by Corollary 5.3l 7 is Sp-distinguished and by Lemma
22 A\(m) is Sp-distinguished.

Apply the notation of JT0.T.2 In order to show that L(m) is Sp-distinguished it
is enough to show that K is not Sp-distinguished (by Lemma[2.3). By Theorem
[[0.2]it is enough to show that /; is not Sp-distinguished for alli = 1,...,2m—1.
Note that

m; = {Ay, . A1, [y, bil () (@, biga] (), Dig2, - Ary € O,
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is ordered by strictly decreasing end points and is therefore, in particular, a
set and in standard form. Thus K; ~ A\(m;). By Corollary[0.2] it is enough to
show that m; is not of Speh type for all i =1,...,2m — 1.

Assume by contradiction that m; is of Speh type. Let A; =Aj forj #1,i+1,
A} = [aiq1,bi](py and Aj,y = [ai, big1](p). Since m; = {A],..., A, }is ordered
by strictly decreasing end points we clearly must have A’2j71 = Z/AIQJ- for all
j =1,...,m. If ¢ is odd this implies that a;11 = a; + 1 contradicting the
inequality a; > a;+1. If 7 is even this implies that a;—1 = a;4+1 + 1 contradicting
the fact that a;—1 > a; > a;41 are integers. The theorem follows. O

10.2. DISTINCTION OF LADDER REPRESENTATIONS-THE Z ASPECT. The class
of ladder representations is closed under Zelevinsky involution. We now rein-
terpret the classification above in order to characterize the ladders m € O, so
that Z(m) is Sp-distinguished.

10.2.1.  Recall that in [MWS8G], Mceglin and Waldspurger describe a combina-
torial algorithm to compute m* for m € O,. This algorithm takes a particularly
simple form if m is a ladder, as described in [LM14] §3.2]. In particular, Lapid
and Minguez observe that m € O, is a ladder if and only if m’ is a ladder.
Thus, Z(m) is a ladder representation for a ladder m € O, and every ladder
representation is of this form for some ladder m.

In IT.0.3 we give a recursive characterization of the Moeglin and Waldspurger
algorithm for ladders based on [LMI14] §3.2].

10.2.2. The following is another elementary observation that follows from
JIT.0.31 We omit the simple proof.

LEMMA 10.4. Let m € O, be a ladder and let m* = {Aq,..., Ay} be ordered as
a ladder. Then m is of Speh type if and only if £(A;) is even for alli =1,... k
and L(A; N A1) is odd for all 1 < i < k — 1 such that A; U Ajyq is a
segment. O

10.2.3. Combining Lemma [[0.4] and Theorem [[0.3] we obtain another classifi-
cation of Sp-distinguished ladder representations.

COROLLARY 10.5. Let p € Cusp and m = {Aq,...,Ar} € O, be a ladder.
Then Z(m) is Sp-distinguished if and only if we have
(1) L(A;) is even for alli=1,...,k and
(2) L(A; N A1) is odd for all 1 < i < k—1 such that A; U171 is a
segment.
O

REMARK 10.6. In [OS08b|, we obtained a classification of the Sp-distinguished
unitary dual in terms of Tadic’s classification ([Tad86]). Recall (see Remark
[7-3) that a Speh representation L({A,vA, ... ,v" " A}) is Sp-distinguished if
and only if it is even (i.e. n is even). Any unitary representation is a product of
Speh representations and it was already proved in [OS07] that a product of even
Speh representations is Sp-distinguished. The disjointness of Klyachko models

DOCUMENTA MATHEMATICA 22 (2017) 611-657



644 ARNAB MITRA, OMER OFFEN, EITAN SAYAG

obtained in [OSO8Y), together with a prescribed model for any irreducible unitary
representation [OS08al, Theorem 3.7] imply that if an irreducible product of Speh
representations is Sp-distinguished then all Speh representations in the product
are even. Based on our current results, we can reprove this implication without
reference to Klyachko models as follows. If A C p?% for p € Cusp and £ = ((A)
then it is well known that L({A,vA, ..., v AY) = Z({A, vA, ..., V' 7TA'})
for some segment A" C p% with ((A') =n. If Z(m) = 71 X -+ x 7 € Irr is
Sp-distinguished and m; = Z(m;) is a Speh representation for all i = 1,... k,
then m = my + --- +my, and it follows from Proposition [7-3 and the results of
5.2 that all segments in m are of even length, i.e., that all m;’s are even Speh
representations.

10.2.4. Our next goal is to study the Sp-distinguished representations in the
class of representations in Irr that are induced from ladder representations.
We only obtain a classification of this class conditional to Hypothesis Our
proof is based on certain combinatorial statements concerning the multi-sets
in O, that are obtained as sums of ladders in the above context. It is more
convenient, to formulate these technical results by unlabeling. We therefore,
now use the convention that m € Oz satisfies a property on O, if its p-labeling
satisfies this property. The next section collects the required results on multi-
sets in Oy.

11. ON SUMS OF LADDERS OF SPEH TYPE

11.0.1. For segments A, A’ € Sgm, write A <, A’ if either b(A) < b(A’) or
b(A) = b(A’) and e(A) < e(A’). Thus, <y is a linear order on Sgm.

11.0.2. Let £ € N and m € Oz be such that {(A) = forall A e m. f A e m
is minimal with respect to <; then we can express m as a linear combination

N
m=>Y a,{v"A}
n=0

with ap € N and a,, € Z>¢ for alln =1,..., N for some large enough NV € N.

LEMMA 11.1. With the above assumptions and notation, if m is of Speh type
then

N
(10) > (=1 "a, =0.
n=0

Proof. Note that

N-1

m= 3 bu({r" A} + (A} + by (VA

n=0
where by = ag and b, = > ;- ,(—1)"""a;. If m is of Speh type, then it follows
that b,, > 0 for all n and that, as required, by = 0. O
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11.0.3.  As observed by Meeglin and Waldspurger the Zelevinsky involution
mt = L(m") of a rigid representation 7 = L(m) € Irr where m € O, is ‘blind’ to
the cuspidal line p” where it is supported. Indeed, the Moeglin-Waldspurger al-
gorithm defines an involution on Oz that gives m + m! via p-labeling. We now
explicate a recursive characterization of the Moeglin-Waldspurger algorithm of
the Zelevinsky involution for ladders based on [LM14l §3.2].

For A = [a,b] € Sgm we have {A} = S"_ {c} = {{b},...,{a}}.

Let m = {Aq,...,Ar, Agi1} be a ladder and let m’ = {Ay,..., A} Write
A; = [ai, b;]. Let (m")t = {A,..., AL} be ordered as a ladder.

If bpy1 + 1 < ag then m* = (m’)! + {Ag41}" and therefore

m={A], .. AL {bki1},. .., {aks1}}
is ordered as a ladder. Otherwise, let ¢ = s — (bg41 — ax +2). Then ¢ > 0 and
(11) m' = {A],..., AL, +A’C+1, ey +A;, {ar — 2}, ..., {ag+1}}

where *[a,b] = [a — 1,b].

In other words, in order to obtain the ladder m* from (m’)* one has to perform
the following steps. If Agi11 £ Ay then add to m’ at the tail of the ladder, the
ladder {Ayy1}?, i.e., the £(Aj11) length one segments consisting of elements of
A1 in decreasing order. Otherwise, byy1 — ar + 2 > 1. Starting with (m’)?,
replace A by TA for each of the last by1 — ay + 2 segments of (m’)" and then
add at the tail of the resulting ladder, the ar — ag+1 — 1 length one segments
consisting of elements of [a;+1,ar — 2] in decreasing order.

t

11.0.4. Let my,...,my € Oz be ladders and let Ay be minimal in m = m; +
-++ +my, with respect to <;. Let mj =m; if Ay € m; and mj =m; — {Ao}
otherwise.

LEMMA 11.2. With the above notation, suppose that the ladder (m;f)t is of Speh
type for alli=1,...,k and that £(Ay) is even. Ifn =ml +---+ml is of Speh
type then m! is of Speh type for alli=1,... k.

Proof. If m; = m;f then m! is of Speh type. If m; # m;.f, let A; be the minimal
segment in m;f with respect to <. If Ag £ A; then it follows from §IT.0.3] that
m! = (m!)f 4+ {Ag}t. Since £(Ag) is even it follows that m! is of Speh type. If
Ap < A;, then AgU A; is a segment and by Lemma [I0.4] (applied once with
m = m! and once with m = (m!)?), m! is of Speh type if and only if £(Ag N A;)
is odd.

Let A = {1 <i < k: m! is not of Speh type} and n = n; + ny where ny =
> ;cami. Assume by contradiction, that n is of Speh type and ny # 0 (i.e.
A£0D).

Let i € A and ¢; = s; — (e(Ag) — b(A;) + 2) where s; = ’(mj)t’ Note that
by the above remarks, s; —¢; = e(Ag) —b(A;) +2 =L(AgNA;)+1>11s
odd. Since (m;)? is of Speh type, s; is even, hence ¢; is also odd. Furthermore,
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d; = b(A;) — b(Ag) — 1 is odd and by () m! ordered as a ladder has the form

(12) mzt' = {vAl, Al '7VA/(ci—1)/2’ /(ci—1)/2aZ/A/(ci-m)/zaJr Eci+1)/2’
VA/lla Allla eV I(lsifcifl)/Qa /(/Si76i71)/2, {1'0 + dz - 1}5 ceey {:CO + 1}5 {1‘0}}

where ((AY) > 1for i =1,...,(s; —¢; —1)/2 and 29 = b(Ap). Note further
that b(+A2c¢+1)/2)) = e(Ap) is independent of ¢ € A. Thus, we may decompose

mf =a; + {I/Fi, +Fz} =+ bz =+ {1‘0}

where a; and b; are of Speh type, b(A) > e(Ag)+2 for all A € a;, b(A) < e(Ao)
for all A € b; and I'; € Sgm is such that b(TT;) = e(Ag) and therefore also
b(vT;) = e(Ag) + 2. In particular, b(A) # e(Ag) + 1 for all A € ml.

For £ € N and a multi-set a € Oz let a(¢) = §(¢) - a where §(¢) is the character-
istic function of all segments of length ¢. Clearly, a is of Speh type if and only
if a(?) is of Speh type for all £ € N.

Fixig € Aandlet £ =€(TT;,) >1,B={i€ A:{=(("T;)}and C ={i€ A:
¢ =1{(vI;)}. Since £(*T;) = £(vT;) + 1, B and C are disjoint. We have

a;(0) + {TIi} + b;(¢) ieB
a;(€) + b;(¢) ie A\ (BUC).

Set A = TT';, and note further that for i € B we have TT'; = A and for i € C
we have vT'; = v2A. It follows that

n(6) = n1(6) +na(6) = (IB{A} + [CHPAY) + D (ai(£) + bi(6)) +n2(0).
i€A

By assumption n(¢) and ), 4 (a;(¢) +b;(£)) +n2(£) are both of Speh type and
therefore, by Lemma [[TI] each of them satisfies the linear condition (I0). It
follows that |B| {A} + |C|{v?A} satisfies the same linear condition, i.e., that
|B| 4 |C| = 0. But since iy € B this is a contradiction. O

12. ON DISTINCTION OF REPRESENTATIONS INDUCED FROM LADDER

We now study distinction in the class of representations in Irr that are in-
duced from ladder representations. For a product of more than two ladder
representations, our results are only conditional on Hypothesis

12.0.1.  We recall [LM] Lemma 5.17]. It reduces the reducibility of a product
of ladder representations to induction from a maximal parabolic.

LEMMA 12.1. Let my,..., T be ladder representations and let m = w1 X + - - X Tk
Then m € Irr if and only if m; x m; € Irr for all i < j. O
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12.0.2. For a maximal parabolic, the following criterion is a combination of
[LM| Proposition 5.21 and Lemma 5.22].

DEFINITION 12.2. Let m = {Ay,..., At} and n = {A},..., AL} be ladders
in O,. We say that the condition NC(m,n) is satisfied if there exist k > 0,
1<i<tandl < j < s suchthati+k <t, j+k < s and the following
properties are satisfied:

(1) Aipi < A%y foralll =0,... k;

(2) I/ilAifl 74 A; Zf’L > 1;

() v Ak ANy iR+ s,

PROPOSITION 12.3. In the above notation Z(m) x Z(n) € Irr if and only if
neither NC(m,n) nor NC(n,m) hold.

The main result of this section requires some preparation.

12.0.3. For segments A, A" € O,, write A < A’ if either b(A) < b(A’) or
b(A) = b(A’) and e(A) < e(A’). Thus, <; is a linear order on O,.

LEMMA 12.4. Let my,...,my € O, be ladders such that Z(my) X --- X Z(my,) €
Irr. Let Ag be a minimal segment in mq + - -+ + my with respect to <, and let

mT _ {mz — {Ao} AO cm;

! m; otherwise.

Then Z(ml) x --- x Z(ml) € Trr.

Proof. By Lemma[I2.1] it is enough to prove the lemma for the case k = 2. Note
that if Ag ¢ m;, i = 1,2, then m; = mI and we have nothing to prove. Thus we
assume that A belongs to at least one of the two multi-sets. By the symmetry
of the irreducibility criterion of Proposition I2.3] we may assume without loss
of generality that Ay € m;. Write ml{ ={Ay,...,A} and ml = {A], ... A}
ordered as ladders. Note that m; = {Aq,..., A, Ap} is ordered as a ladder.
Assume by contradiction that Z(m}) x Z(ml) reduces. It follows from Propo-
sition that either NC(m!,m}) or NC(ml, ml) is satisfied.

We separate into two cases and show that in each case this implies that either
NC(my, my) or NC(mz, my) holds. Since this is a contradiction to Proposition
the lemma will follow.

Consider first the case that Ay & ma (i.e., my = m;) and NC’(mJ{,m;) holds.
Let i, j, k be the indices satisfying ([)-(3) of Definition TZA for (m}, m}). Then
the same indices i, j, k show that NC(my, mz) holds.

Next consider the case Ag € my or NC(m!, m;) doesn’t hold. If Ag & my then
by assumption N C(mg, mJ{) holds. If Ay € ms then by symmetry between my
and my, without loss of generality, we may also assume that NC (mg, mJ{) holds.
If the indices 4, j, k satisfy ([I)-(B]) of Definition for (m;,mb then for the
same indices () and (@) are automatic for (mgz,my), while @) is automatic
unless j + k = ¢ in which case (@) reads u‘lA;Jrk A Ag. By the minimality
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of Ay and since Ag & mg it follows that v 1A’ 4 Ay for all A/ € m; and in
particular for A" = Aj ;. Tt therefore follows that NC(mg, m1) holds. O

12.0.4. Define an operation m — m’ on O, as follows. For m € O, let Ay be
minimal in m with respect to <; and m’ = m — m(Ag){Ao}.

PROPOSITION 12.5. Let 2 C O, be a subset closed under the operation m — m’
and such that Hypothesis holds for m* for all m € Q. Let m,...,m be
ladder representations such that m = m x --- X m, € Irr. Let m € O, be such
that m = Z(m) and assume that m € Q. If 7 is Sp-distinguished then m; is
Sp-distinguished for allt=1,... k.

Proof. Let my,...,my be ladders such that m; = Z(m;), i = 1,...,k. Since 7
is irreducible, we have m = my + - - - + my.

The proof is by induction on |m|. For m = 0 there is nothing to prove. Let Ay
be the minimal segment in m with respect to <;. Let ng = m(Ag){Ao} so that

m=m'+ng and let mj = min{m;,m’'}, i = 1,..., k. Note that
o m; Ag €my
m; = .
m; otherwise

and m’ = m]{ + -+ ml. By the definition of m, 7 is the unique irreducible

quotient of ¢(m). Since no segment in m’ precedes Ag we have ¢(m) = ((ng) x
¢(m’) and therefore 7 is also the unique irreducible quotient of Z(ng) x Z(m’).
Thus, by Lemma 2] Z(ng) x Z(m’) is Sp-distinguished. Apply the notation
of 837 with k& = 2 for an orbit that is relevant to Z(ng) ® Z(m’) (by Lemma
BI).

It follows from Corollary and (@) that there exist irreducible components
o1 of rayy G, (Z(n)) and o2 of rary,, G, (Z(m')) such that writing

0, =0i1® - Q0ik, t=12, o€l j=1,...k

we have o, = vo,(,) whenever + < 7(2) and o, is Sp-distinguished if 7(z) = s.
By [Zel8(0, Theorem 4.2] we have

m(Ap)—times

Z(ﬂo) = Z(Ao) X X Z(Ao) .

In particular, it follows from the geometric lemma of Bernstein and Zelevin-
sky [BZ77, §2.12] and §7.2.3 that o117 = Z(A) for some segment satisfying
b(A) = b(Ag). If 7(1,1) # (1,1) then, by (@) and the fact that & = 2,
we must have 7(1,1) = (2,k) and therefore v 1011 = 094, But since
Supp(0(2,k,)) € Supp(o2) € Supp(Z(m')) (see @) we have v~ 'b(Ag) €
Supp(v~'o@ 1)) \ Supp(o(2,k,)) which is a contradiction. It follows that
7(1,1) = (1,1) and since k = 2, 7 must be trivial.

In other words, both Z(ny) and Z(m’) are Sp-distinguished. It follows from
Proposition that £(Ag) is even. Let 7, = Z(m;f), i=1,...,k. It follows
from Lemma 24 that 7/ = 7} x --- x 7, € Irr and therefore 7’ = Z(m’).
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By the assumption on © and the induction hypothesis, 7} = L((m})t) is Sp-
distinguished for all i = 1,..., k. By Theorem [I0.3] (mz)t is of Speh type for
i=1,...,k. Since 7 = L(m!) is Sp-distinguished and m' satisfies Hypothesis
[B.G, by Proposition [1.3] m? is of Speh type. It now follows from Lemma
that m! is of Speh type and therefore, again by Theorem [[0.3} that m; = L(m!)
is Sp-distinguished for all : = 1,... k. O

12.0.5. Let € be the set of all m € O, that are obtained as sums of at most
k ladders, i.e. m = my + - - - +my where m; is either zero or a ladder, and such
that Z(my) X -+ x Z(my) € Irr.

Since both ladder representations and Irr are closed under Zelevinsky involution
and in the Grothendick group it is multiplicative, it follows that € is closed
under Zelevinsky involution. It further follow from Lemma [[24] that € is
closed under the operation m — m’ defined in I2.0.4

For a product of two ladder representations this gives the following uncondi-
tional result.

COROLLARY 12.6. Let my and my be ladder representations such that m = mp X
mo € Irr. If 7 is Sp-distinguished then w1 and mo are Sp-distinguished.

Proof. Note that [m[i]| < 2 for all ¢ and all m € Q9. Since, as remarked above,
5 is closed under Zelevinsky involution, it follows from Proposition that
m! satisfies Hypothesis B for all m € Q5. Since we also observed above that
is closed under the operation m — m’ defined in §I12.0.4] the statement follows
from Proposition O

12.0.6. We conclude this section with an example of a family of imprimitive,
Sp-distinguished representations that are not ladders.

DEFINITION 12.7. Let F denote a set of irreducible representations of the form
Z(m) such that the multi-set m = {Aq, Ao, A3} satisfies the following properties
(1) L(A;) is even for all i,
(2) A1 CvAy and Ay C l/_lAQ,
(3) L(As N A1) and £(As N Ag) are both odd.

Note that (2) implies that A; C A which in particular implies that none of
these representations are ladders. Further note that F consists of only rigid
representations and 7 € F if and only if #¥ € F. The conditions on the length
of the segments in m imply that the pairs {A;, Az} and {Az, A3} are linked.
A simple example of a representation in F is Z([v3, v, [v, 9], [1, v3]).

The next lemma shows that indeed any representation in F has the desired
properties. Before we proceed, recall that an elementary operation on an arbi-
trary multi-set m is to choose a pair of linked segments in it and replace the pair
by their union and their intersection. By [ZeI8(0, Theorem 7.1] any irreducible
subquotient of {(m) is of the form Z(n) where n is a multi-set obtained from
m by a sequence of elementary operations on it.

LEMMA 12.8. Let m € F. Then 7 is Sp-distinguished and imprimitive.
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Proof. Let m = {Ay, Ay, Ag} be a multi-set satisfying the conditions (1), (2)
and (3) of Definition [27 and # = Z(m). By Corollary [[0.H Z(A;) is Sp-
distinguished, i = 1,2, 3 and therefore by Corollary [£.3]

I(m) = Z(A1) x Z(Ag) x Z(As)

is Sp-distinguished.

Applying [Zel80, Theorem 1.9] to ¢(m) we get that m occurs as a subquotient
of I(m). We now analyze the other possible irreducible subquotients of I(m)
using ﬂm, Theorem 1.9 and Theorem 7.1]. Since A; C Ay, any elementary
operation on m is performed on either {A1, Ag} or on {Ag, Ag}. The result
will respectively contain either A1 N Az or Ay U Ag, which are of odd length.
Since the first is contained in and the second contains all three segments any
further sequence of operations will result in a multi-set containing one of them.
Thus by Proposition [ none of these subquotients are Sp-distinguished. The
Sp-distinction of 7 now follows from Lemma

Next we show that 7 is imprimitive. Assume, if possible, that it is not so.
Then there exists indices i, j, k such that {7, j,k} = {1,2,3} and 7 = Z(A;) x
Z(Aj, Ag). By considering the multi-set m" instead of m if required, assume
further that Ag < A and hence Az < A;. Note that Z(A;, Ag) x Z(Ag) =
I(m) which is reducible by [Zel80, Theorem 4.2]. Thus 7w = Z(A;, Ag) x Z(A;)
where {i,j} = {1,2}. Tt follows from Proposition and condition (2) of
Definition [2.7 that this product is reducible which is a contradiction. (|

13. ON DISTINCTION BY KLYACHKO SUBGROUPS

We continue the study of Klyachko models for representations of GL,,(F'), fol-

lowing [HR90], [OS08a] and [OSO8D]. Over finite fields Klyachko models were
introduced in |[Kly83]. In that case, it is a disjoint family of models and their di-

rect sum contains every irreducible representation with multiplicity one [IS91].
Over a non-archimedean local field, Heumos and Rallis observed that some
(non-unitary) representations do not admit a Klyachko model. The second
and the third authors showed that the direct sum of all Klyachko models is
multiplicity free and prescribed a model to any representation in the unitary
dual.

In this section, we reduce the study of Klyachko models on the admissible dual
to rigid representations and prove that models behave well with respect to
parabolic induction.

13.1. THE KLYACHKO MODEL SETTING.

13.1.1. Let G = G,,. For a decomposition n = 2k + r let

h X
Hopr = {<0 u) :h € Spoi(F), X € Mapyr(F), u € Ny}

and ¥ = 1o, be defined by
oy )=t

u
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(See §2.341 for the definition of N, and its character ¢.)

For any 7 € II, being (Hzg r, 1)-distinguished is independent of the choice of
non-trivial character ¢ of F'. Indeed, for any other character 1’ # 1 there is a
diagonal matrix a € G normalizing Hay, . such that 1%, .(h) = oy »(aha™"),
h € Hgkyr.

13.1.2. Let 7 be the involution on G defined by ¢7 = w~'*g~'w where w =

( ng IOT ) and let

. u X
b= e = 1§ 1) 1€ SouF), X € Mpsan(F), wE Ny,

In [HR90], [OS08a] and [OS08B] we studied distinction by (H,.,,,1). Clearly,
m € Il is (Hag,r, ¥)-distinguished if and only if 77 is (H] oy, 1)-distinguished.
If 7 € Irr then 77 ~ 7V, by [GKT75], and we get a natural isomorphism

(13) Homy,, , (m,1) ~ Hompy, (7Y, ).

In particular, 7 is (Hag,r,t)-distinguished if and only if 7V is (H] 5, %)-
distinguished. More generally, if m1,...,m € Irr then (m X -+ X m)7 ~
7y X --- x my and therefore

(14) Homp,, (1 X =+ X g, 1)) HomH;ﬂ% (7@/ X oo X 71'1v,1/1).

In particular, 7y X - - - X ¢ is (Hag,r, 1)-distinguished if and only if m/ x - - - x 7Y/
is (H) o, 1)-distinguished.

REMARK 13.1. We remark that the proof of [OS08a, Theorem 3.7] applied
[OS08al, Lemma 3.1], where ([I3) was mistakenly formulated for any represen-
tation w. The isomorphism ([[4) suffices to fill the gap. In any case, we provide
in the sequel an independent generalization of [OS08al, Theorem 3.7].

13.1.3. Let w € Irr NII(Gy,). If 7 is (Hog,r, ¢)-distinguished for some decom-
position n = 2k + r then by () it imbeds in Indggk () and we say that it
admits a Klyachko model. Y

By the uniqueness and disjointness of Klyachko models, [OSO8bB, Theorem 1],
both the imbedding (up to a constant multiple) and the decomposition n =
2k+r are uniquely determined by 7. (Indeed, in the main result on distributions

[OSO8B, Proposition 1] implying [OSO8D, Theorem 1] Ha, and HJ 4, are in
symmetry.) In that case we denote by

r(m)=r

the Klyachko type of .

13.1.4. The main tool in our study of Klyachko models is the theory of deriva-

tives of representations of G,, developed in [GK7H)], [BZ76], [BZ77] and [Zel80).

It allows a reduction of many of the problems concerned with Klyachko models
to the study of Sp-distinction and generic representations.
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For m € TI(G,,) and any r = 0, 1,...,n we denote by 7(") the r-th derivative of
7 as defined in [BZ77, §3.5 and §4.3]. It is a functor from II(G,,) to II(Gp—y).
As a consequence of [BZ77, Lemma 4.7(a)] we have

LEMMA 13.2. Let © € TI(G,,). Then, Supp(n")) C Supp(n) for all 0 < r <
n. 0

13.1.5.  As observed in [OS08a, (3.2)], it follows from [ZeI80, Proposition 3.7]
that for n = 2k + r and = € II(G,,) there is a natural linear isomorphism

(15) Homy,, , (w,v) ~ Homg,, (p)(7""),1).
This is the reason that we prefer Hay,, to H, ,;.

Note that, in particular, 7 is generic if and only if 7(™ = 0.

13.2. HEREDITARY PROPERTY OF KLYACHKO MODELS. As we observe below,
Klyachko models behave well with respect to parabolic induction.

PROPOSITION 13.3. Let m; € II(G,,) and n; = 2k; + r; be such that m; is
(Hap, r;» )-distinguished fori=1,....t. Then m=m1 X -+ X 7y is (Hap r,)-
distinguished where k = ki + -+ ks andr =ry +--- 4+ 4.

Proof. Induction on t reduces the statement to the case t = 2 that we now

assume. Let mgy = v®m X my for s € C, so that @ = my. Recall that by
the Leibnitz rule, [BZ77, Lemma 4.5], 7" admits a filtration with factors
(vom)® x wéT_l) ~ 1/57r§1) X 7T§T_l), i = 0,...,7. Note, that there exists a

small enough punctured neighborhood U of s = 0, so that for 4 7é J the central

characters of the (finitely many) irreducible components of Z/S7T§Z) X Wérﬂ) and

(9) (r=7)
X Ty

of vomy are disjoint. It follows that for s € U we have,

7T§T) ~ @;:0(1/57#) X ﬂ'gﬂ.)).

In fact, when realizing all 7 in the representation space of 7, this direct sum
decomposition is independent of s € U. It follows, that there is a meromorphic
map P : 75" — I/STFYl) X wém), that is surjective for s € U.

By (@3, ﬂ'z(”) is Spyy, (F')-distinguished, ¢ = 1,2 and therefore, by Lemma
B2 there exists a non-zero, meromorphic family of linear forms £y such

that in a possibly smaller punctured neighborhood Uy of s = 0 we have
IS Homsp%(p)(usﬂ'yl) X 71';”), 1). Therefore, £, o P, € Homg, () (wg”, 1) is

non-zero for s € Uy. As in Corollary 5.3l a leading term argument implies that
7 = 7l is Sp,, (F)-distinguished and therefore, by ([A), 7 is (Hagr,)-
distinguished.

]

13.3. REDUCTION TO CUSPIDAL LINES. We reduce the study of (Hag,r,))-
distinguished representations in II to rigid representations, in fact, more gen-

erally to totally disjoint supports (Definition [B.7)).
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PROPOSITION 13.4. Letm; € I, i = 1, ...t be such that Supp(m;) and Supp(n;)
are totally disjoint for alli # j. Then m = w1 X+ - - X admits a Klyachko model
if and only if m; admits a Klyachko model for all i = 1,...,t. More precisely,
7 is (Hak,r, )-distinguished if and only if m; is (Hag, r,, )-distinguished, i =
1,...,t for some decomposition r =11+ -+ 14.

Proof. The ‘if’ part is immediate from Proposition Assume that 7 €
(G,), n =2k +r and 7 is (Hay, -, 1)-distinguished. By ([@5), (") is Spoy,(F)-
distinguished. Therefore, by the Leibnitz rule, [BZ77, Lemma 4.5], and Lemma

there exists a decomposition © = 71 + - - - 47, such that 7(™ x - .. x 7™ is
23 p 1 t

Spay (F)-distinguished. Since, by Lemma [[3.2] Supp(wgn)) C Supp(m;) it now
follows from Lemma [5.9] that 7r§”) is Sp-distinguished for all ¢ = 1,...,¢t. The
lemma now follows from (I5)). O

14. KLYACHKO MODELS FOR LADDER REPRESENTATIONS

We classify all ladder representations that admit, any given, Klyachko model.
14.1. KLYACHKO MODELS FOR PROPER LADDERS.
14.1.1. Proper ladders.

DEFINITION 14.1. A ladder, m = {A4,..., Ay} € O, is called o proper ladder
if Ajy1 <= A, i =1,...,k—1. If m is a proper ladder then L(m) is called a
proper ladder representation.

In fact, if m € O, is a proper ladder then m’ is also a proper ladder, hence
Z(m) is a proper ladder representation, but this fact will not be used in the
sequel.

14.1.2. Note that if m € O, is a ladder then it can be decomposed uniquely
(up to order) as a sum m = my + --- + m; where m; is a proper ladder for
all i =1,...,t and A £ A’ for all i # j, A € m; and A’ € m;. Therefore,
Supp(L(m;)) and Supp(L(m;)) are totally disjoint for all ¢ # j and, by Lemma
%3}
L(m) = L(my) X -+ x L(my).

In other words, any ladder representation is a product of proper ladder repre-
sentations uniquely determined up to order.

14.1.3. Right aligned segments. We define the following relation on segments
of cuspidal representations.

DEFINITION 14.2. For segments A = [a,b],y and A" = [d’,V'](,) we say that
A is right-aligned with A and write A" = A if

e a>a +1 and

e b=V +1.
We label this relation by the integer r = d(a — a’ — 1) where p € II(G4) and
write A’ =, A.
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Note, in particular, that A’ kg A means that A = vA/.

EXAMPLE 14.3. Let A = [4,7](,) and A" = [0,6](,) be segments. Then

4 5 6
o o o

o~

0 2 3
o o o

o
ow
oo

1
o

illustrates the relation A’ s34 A if p € TI(Gq).

14.1.4. Before characterizing the proper ladder representations admitting Kly-
achko models we need the following technical result.

LEMMA 14.4. Let d be such that p € TI(Gq) and m = {Ay,...,A¢} € O, a
proper ladder. Write A; = [a;,b] (). Suppose that ¢y > --- > ¢; are integers
such that a; —1 < ¢; < by, i = 1,...,t and let my = {[c1 + 1,b1](py, ..., [ct +
L,bi] ()} and mg = {[a1, c1](p), - -, [at, ci](p) } be the associated ladders. If either
my = 0 or L(my) is Sp-distinguished and either mg = 0 or L(msa) is generic
then ci—oi + 1 = ci—2i—1 = ay—2i—1 — 1 and ANy_9; b, Ay_oi—1 where r; =
d(at—9i—1 — az—o2; — 1) for all i = 0,...,[t/2] — 1. Moreover, if t is odd then
C1 = bl.

Proof. Tf t = 1 then the lemma follows from the fact that if my # 0 then L(m;)
is generic, and Lemma [T.1]

Assume that ¢ > 1. Suppose that 1 < i < ¢ is such that ¢; = b; (in particular,
[ai, ci](p) is not empty). Then, since m is a proper ladder, we have a;_; —1 <
b; = ¢; < ¢;—1 and therefore [a;_1,c;1](,) is non-empty. But then [a;, ¢;](,) <
[ai—1,ci—1](p) are both in my. By [Zel80, Theorem 9.7] this contradicts the
assumption that L(msg) is generic. Therefore, ¢; < b; for all ¢ > 1.

By the assumption that L(my) is Sp-distinguished and Theorem [[0.3] m; is of
Speh type. That is, ¢; < by if and only if ¢ is even and either way,

[ct—2i-1 + 1,bt—2i-1](p) = V[ct—2i + 1,bi—2i](p), ©=0,...,[t/2] — 1.

To complete the proof it is only left to show that ¢;_o;_ 1 = a;_2,_1 — 1 for

all i = 0, ey Lt/2J — 1. But if Ct—2i—1 = Qr—2i—1 then Ct—92; = Ct_—2;—1 — 1 >
ar—9i—1 — 1, i.e., [at_gi,ct_gi](p) =< [at_gi_l,ct_gi_l](p) in my which, again by
[ZeI80L Theorem 9.7, is a contradiction. The lemma follows. 0

14.1.5. 'We now determine the proper ladder representations that admit any
particular Klyachko model.

PROPOSITION 14.5. Let m = {Aq,..., A} € O, be a proper ladder, so that
L(m) € II(Gy,) and let n = 2k+r. Ift is odd, let s be such that L(A1) € II(Gy),
otherwise, set s = 0. Then L(m) is (Hagr,)-distinguished if and only if
At i, Apoiq forsomer;, i =0,...,[t/2] =1 andr = ro+-- 47 |1/2)—1+5.
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Proof. Let m = L(m) and note that Indg/}[)(j:@)xm(lééw) = Indf}j:,’:) () Moy -

By (@), @) and transitivity of induction we have
GTL
(16) Homp,, (7, v) ~ Homg, (ﬂ',IndH%’T(w)) ~

M2k, r
=~ Hompy,, . (rM(Zk,T) G, (), Indsp(zz:ﬁf«l)er(l R 1)) =~
~ Homsy,,, (F)x N, (T My, .G (), 1 @ 7).

Assume first that 7 is (Hog,r, 1)-distinguished. By (I6]) and Lemma 23] there
is an irreducible component o1 ® o2 of rar,, ) G, (7), (where o1 € II(G2) and
o9 € TI(G,)) so that oy is Sp-distinguished and o5 is generic.

If A; = [as,bi](, then it follows from [KL12, Theorem 2.1] that there exist
¢y > -+ > ¢ such that oy = L(my) and o2 = L(my) where my = {[c; +
Lbi]epy, - lee + 1,0} and ma = {[a1,ci](p),- -, [at, cil(p)}. The ‘only if’
part of the proposition therefore follows from Lemma

Assume that At,Qi F»,‘i At,Qifl, i = 0,. ooy Lt/2J — 1 and r = ro + -0+
Ti¢j2)—1 T8 Let ci9i +1 = 91 = ar—2i—1 — 1,7 = 0,..., [t/2] — 1.
If ¢ is odd, further let ¢; = b;. Let 07 = L(my) and o2 = L(ms) where
m; = {[Cl + 1,b1](p), ey [Ct + 1)bt](p)} and my = {[al,cl](p), ceey [at,ct](p)}.
Note that A £ A’ for any two segments in the ladder my and therefore oo
is generic by [Zel80, Theorem 9.7]. It is also clear from the above definitions
that my is of Speh type and therefore oy is Sp-distinguished by Theorem [I0.3l
By [KLI2, Corollary 2.2], o1 ® o9 is a direct summand (and in particular a
quotient) of ras,, ., G, (7). Therefore ([6) and Lemma 2.2 complete the proof
of the proposition. O

REMARK 14.6. If 7 is a proper ladder representation then Proposition [1Z.2]
provides a recipe for computing r(m) and in particular, directly implies the
uniqueness of r(m). The same is true more generally for ladder representations.

14.2. KLYACHKO MODELS OF LADDER REPRESENTATIONS.

THEOREM 14.7. Let 7 be a ladder representation and assume that m = mwy X+ - X
7t 18 the unique decomposition of w as a product of proper ladder representations
(see YT1.9). Then 7 admits a Klyachko model if and only if m; admits a
Klyachko model for all i = 1,...,t. Furthermore, in that case r(mw) = r(m) +
e+ T(ﬁt)_

Proof. This is immediate from Proposition [3.4] and §T4.T.2 a

REMARK 14.8. Based on ([3)), the classification of ladder representations that
are (H) 5, v)-distinguished is obtained by ‘reflecting all segments along the
origin of their Z-line’.
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