Electronic Journal of Qualitative Theory of Differential Equations
2022, No. 61, 1-9; https://doi.org/10.14232/ejqtde.2022.1.61 www.math.u-szeged.hu/ejqtde/

Homoclinic orbits for periodic second order
Hamiltonian systems with superlinear terms

Haiyan Lv! and Guanwei Chen™?

1School of Mathematics and Statistics, Heze University, Heze 274015, Shandong Province, P.R. China
25chool of Mathematical Sciences, University of Jinan, Jinan 250022, Shandong Province, P.R. China

Received 10 June 2022, appeared 6 December 2022

Communicated by Gabriele Bonanno

Abstract. We obtain the existence of nontrivial homoclinic orbits for nonautonomous
second order Hamiltonian systems by using critical point theory under some different
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Keywords: second order Hamiltonian systems, homoclinic orbits, superlinear.

2020 Mathematics Subject Classification: 37]45, 37K05, 58E05.

1 Introduction and main result

We consider the following nonautonomous second order Hamiltonian system
u”(t) — A(Hu(t)+ VH(t,u(t)) =0, teR, (1.1)

where A(t) € C(R,RN*N) is T-periodic N x N symmetric matrix, and is positive definite
uniformly for ¢t € [0,T]; H(t,u) € C}(R x RN,R) is T-periodic in t for each u € RN and
VH(t,u) denotes its gradient with respect to the u variable. We say that a solution u(t) of
(1.1) is homoclinic (with 0) if u(t) € C2(R,RN) such that u(t) — 0 and u'(t) — 0 as |t| — co.
If u(t) # 0, then u(t) is called a nontrivial homoclinic solution.

In the past decades, many authors have studied the existence and multiplicity of periodic
or homoclinic solutions of (1.1). In this paper, we are interested in the case where the non-
linearity VH is superlinear as |u| — oo. Therefore, here we only state some related results.
There are some authors [1-4,7,9-11,13-16] who have obtained homoclinic orbits for (1.1) with
V H being superlinear as |u| — oo by critical point theory under the following A-R condition
due to Ambrosetti and Rabinowitz (e.g., [2]): there exists a constant u > 2 such that

0 < uH(t,u) < (VH(t,u),u), ucRN\{0}, (1.2)

where (-,-) denotes the inner product in RN, and the corresponding norm is denoted by
| - |. Roughly speaking the role of (1.2) is to insure that all Palais-Smale sequences for the
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corresponding function of (1.1) at the Mountain-Pass level are bounded. For related papers,
we refer the readers to see [5,6] and so on.

Let G(t,u) := J(VH(t,u),u) — H(t,u). We weaken the condition (1.2) and obtain the
following result.
Theorem 1.1. Assume that the following conditions hold.

1) H(t,u) >0, V(t,u) € R x RN,
Hy) |VH(t,u)| < c(1+ |u|P~1) for some p > 2 and ¢ > 0, Vt € R.

(H
(
(Hs) \VH(t u)| =o(|u|) as |u| — 0 uniformly in t € R.
( W
(Hs) If lu| < ||, then G(t,u) < DG(t,v) for some D > 1, Vt € R.
Then there is at least one nontrivial homoclinic orbit of (1.1).

Remark 1.2. Note that (Hs) implies G(t,u) > 0 for all (t,u) € R x RN. In fact, the condition
(Hs) was used firstly to study Schrodinger equations [12], but as far as we know, the condition
was not used by other authors to study the seconder order Hamiltonian system (1.1).

Example 1.3. Let
1 1
H(t,u) = E|u]21n(1 + |u|) — <2|u]2 — |u| +In(1+ \u|)> :
A simple calculation shows that H satisfies (H;)—(Hs) but does not satisfy the superquadratic
condition (1.2).

To prove our main result, we need the following theorem developed by Jeanjean [12].

Theorem A ([12]). Let E be a Banach space equipped with the norm || - ||. Let ] C R* be an interval,
and Iy € C}(E,R) (A € ]) is defined by

I\(u) := A(u) — AB(u).
If the following conditions hold:
(1) B(u) > 0 forallu € E;
(2) either A(u) — +oo or B(u) — +o0 as ||u|| — +oo;
(3) there are two points vy and v, in E such that setting
['={r e C([0,1],E), 7(0) = v1, 7(1) = v2}
it holds for all A € | that

¢y := inf max I (y(t)) > max{Ix(v1), [y (v2)},
€T te(0,1]

then, for almost every A € ], there is a sequence {u;} C E such that
{u;} is bounded in E, I (u;) = cn, I4(u;) — 0in the dual E' of E.

Theorem A means that for a wide class of functionals, having a Mountain-Pass geometry,
almost every functionals in this class has a bounded Palais-Smale sequence at the Mountain-
Pass level.

The rest of our paper is organized as follows. In Section 2, we give the variational frame-
work of (1.1) and some preliminary lemmas, and then we give the detailed proof of our result.
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2 Variational frameworks and the proof of Theorem 1.1

Throughout this paper we denote by || - ||;s the usual LI(R,RY) norm and C for generic
constants.
Let E := H'(R,RN) under the usual norm

+o00
lull? = [ (ul+ ' Py,
Thus E is a Hilbert space and it is not difficult to show that E C CO(IR, RN ), the space of

continuous functions # on R such that u(t) — 0 as [t| — oo (see, e.g., [15]). We will seek
solutions of (1.1) as critical points of the functional I associated with (1.1) and given by

2/ (lu'?+ ()M,u))dt—/+ooH(t,u)dt.

Let
2 o 12
lull? = [ (A, w) + ' Pt
then || - || can and will be taken as an equivalent norm on E. Hence I can be written as

I(u) = fHuHZ /_:O H(t, u)dt.

The assumptions on H imply that I € C!(E,R). Moreover, critical points of I are classical
solutions of (1.1) satisfying u'(t) — 0 as || — co. Thus u is a homoclinic solution of (1.1).

In what follows, we always assume that (H;)-(Hs) hold. Let us show that I has a
Mountain-Pass geometry. That is a consequence of the two following results:

Lemma 2.1. I(u) = |jul> + o(||u|?) as u — 0.
Proof. By (Hz) and (H3), we know for any & > 0 there exists a C; > 0 such that
\VH(t,u)| < elu| + CelulP™, V(t,u) € R x RN. (2.1)

Note that Remark 1.2 implies that %(VH (t,u),u) > H(t,u), which together with (2.1) implies
that c
(H(t,u)| < §|u|2+§|uyv, V(tu) € R x RV, 2.2)

Thus (2.2) follows from the Sobolev embedding theorem that fj;o |H(t,u)|dt < %HuHZ +
C||lu||?, that is, fj;o H(t,u)dt = o(||u||?). The proof is finished. O

Lemma 2.2. There exists a function u® € E with u® # 0 satisfying I(u°) < 0.

Proof. For every v € E with v # 0, |sv| — +o0 as s — co. It follows from (Hy) that

. H(t,sv) H(t,sv),
Sh~>n; s2 _1~>oo s2|v|? i

= +co uniformly in t € R.

Thus by (H;) and Fatou’s lemma, we have

+o00
lim H(t,sv)

50 | _oo g2

dt = +o0.
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It follows from the definition of I that
I 1 +eo H(t
fim 162 _ L2 lim/ (£:59) 4y s oo,
§—00 S2 2 §—00 J _0 52

Thus we can choose u? := sv with |s| big enough such that u° € E with u® # 0 satisfying
I(u%) <o0. O

We define on E the family of functionals
1, 12 tee
I\(u) = A(u) — AB(u) := EHMH —/\/ H(t,u)dt, Ae€[1,2].

Lemma 2.3. For almost every A € [1,2], there exists a sequence {u;} C E satisfying

{u;} is bounded in E, 0 < lim Iy (u;) =cy, I3(uj) — 0.
]—00

Proof. We will use Theorem A to prove this lemma. Obviously, conditions (1) and (2) in
Theorem A hold. Next we prove the condition (3) holds. Let
[:={yeC(0,1,E): v(0) =0and y(1) = u°}, u°is obtained in Lemma 2.2,

C) = ;2%52[8’1‘] Li(v(s)), VAe€[L2]

Lemma 2.1 implies that I) (7y(s)) > 0 (VA € [1,2]) for any small enough |y(s)| (i.e., v(s) — 0),
and I,(0) = I(0) = 0 (VA € [1,2]) by Lemma 2.1, besides, (H;) and Lemma 2.2 imply that
Iy(u%) <0, VA € [1,2]. Therefore,

¢y := inf max I (y(s)) > 0 = max{I,(0), I, (u")}.
Y€l se(0,1]

That is the condition (3) of Theorem A holds. An application of Theorem A implies that for
almost every A € [1,2] there exists a sequence {u;} C E satisfying

{u;} isbounded in E, I (uj) = cp, Ij(u;) — 0.
Obviously, the definition of cy and Iy(u;) — c) imply that 0 < lim;j_. Iy (1}) = cx. O
Lemma 2.4. Let A € [1,2] is fixed. If {u;} C E satisfying

{uj} is bounded in E, 0 < th?o Ii(uj) =cn, Ii(u;) =0,

then up to a subsequence, u; — u, # 0 with I} (uy) = 0 and I (up) < c;.
Proof. If {u;} C E satisfying

{u;} isbounded in E, 0 < lim I)(u;) =c), I)(uj;) =0,

j—oo

then
—+o0

lim G(t, M]‘)dt = lim <I/\(”j) — 11&(1/{]‘)1/[]‘) = lim I)L(u]‘) >0, (2.3)
]—00 J—00 j—o0 2 j—oo

where G(t,u) := 2(VH(t,u),u) — H(t,u) is defined in Section 1. To continue the proof, we

need the following remark:
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Remark 2.5. If {w;} C E is bounded and vanishing, then lim;_,, | j;o G(t,wj)dt = 0.

Now, we give the proof of Remark 2.5. If {w]-} vanishes, then Lion’s concentration com-
pactness principle implies w; — 0 in L7(R,RN) for all g € (2,0), which together with (2.1),
(2.2), |[wj|| < co and the Sobolev embedding theorem implies that

+o0 +o0
| (VHtw),w) < [ IVHEw) ] < ellylE+ ol < eClao2+ Cellwy |1, — 0

—00

and

+00 +o0 € C €
[ HEwdr< [ H(w) < Sl S el < 3

C
. . by < 5Cllwjll* + w1, — 0.
It follows from the definition of G(t, w) that lim;_, f::o G(t,w;)dt = 0.
By Remark 2.5, (2.3) and the boundedness of {;} in E, we know {u;} does not vanish, i.e.,
there exist ,0 > 0 and a sequence {s;} C R such that

lim wrdt > 6,
]—00 B’,(s])
where B, (s;) := [s; —1,s; +r]. Note that {u;} is bounded implies that u; — u, in E and

uj — uy in leo (R, RN) (see [8]) after passing to a subsequence, which together with

lim whdt > 6
j—o JB, (5]')

implies u, # 0. By the fact I} is weakly sequentially continuous [17] and I} (#;) — 0, we have
I (up)v = lim;_,o I} (4;)v = 0 for all v € E. Therefore, I} (uy) = 0.

Next, we still need to prove I)(u,) < c). Since (Hs) implies G(¢t,u) > 0 for all (t,u) €
R x RV, it follows from Fatou’s lemma, I, (1) — c;, I} (1) — 0 and I (1)) = 0 that

+o0
Ch = ]li)rglo <I)L(I/lj) — ;Iﬁ(u]-)u]) = lim A G(t, Mj)dt

j—oo — o0
00
> /\/ G(t, uy)dt
1 /
= IA(M/\) — EIA(u)\)u/\ = I)\(u)\).
The proof is finished. O

By Lemmas 2.3 and 2.4, we deduce the existence of a sequence {(Aj,u;)} C [1,2] x E such
that

e Aj— land {A;} is decreasing.

24
e u;#0, I),(uj) <c) and I}L/(u]’) =0. @4
Lemma 2.6. The sequence {u;} obtained in (2.4) is bounded.
Proof. Arguing by contradiction, suppose ||u;| — co. Let v; := H%H' then |v;|| = 1 and thus
]

vj = vand v; — v ae. t € R, up to a subsequence. So either {v;} vanishes or it does not
vanish. Next, we shall prove that the two cases are all impossible.
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Part 1. The non-vanishing of {v;} is impossible. By contradiction, if {v;} is non-vanishing,
that is, there exist 7,6 > 0 and a sequence {s;} C R such that

lim v}dt > 4. (2.5)

j—roo B(s))

Thus it follows from v; — v in L? (R;RN) that v # 0.
Since I} (u]) = 0 implies Hu]HZ Aj f+°° (VH(t,uj),u;)dt, thus it follows from Remark 1.2

that v

+oo (VH(t, uj), uj (t,uj t U;

1= [ (VA ), 1) 2/ At ), —2/ ]|]\2dt (2.6)
o0 [ [

On the other hand, the facts v; — v ae. t € R, v # 0 and [|uj|| — oo imply that |u;| =

0| - ||u;]| — o0, which together with (Hy) implies

H(t, u;
( |]>|vj]2—>+oo ae. teR.

|uj|?

It follows from Fatou’s lemma that

+oo H(t
/ (t,u )|v]\2dt—> +oo asj— oo,

—00 |”]|
which contradicts with (2.6).

Part 2. The vanishing of {v;} is impossible. If {v;} is vanishing. We define a sequence {z;} C E
by z; = tju; with 0 < t; <1 satisfying

Iy, (zj) == max I, (tu)). (2.7)
(Here, if for a j € N, t; defined by (2.7) is not unique we choose the smaller possible value).

We claim that
lim Iy, (zj) = +oo. (2.8)

]—>oo

Seeking a contradiction we assume for all t; € [0,1] there exists a positive constant M such
that
lim inf I)(z;) < M. (2.9)

jreo

Let {k;} be defined by k; := ﬂu] With the relationships of {v;} and {k;}, we know {k;} is

also bounded and vanishing. Hence Remark 2.5 in Lemma 2.4 implies that | j;o H(t, kj)dt — 0.
Thus for j sufficiently large,

+o00
I (k;) = 2M — A, /_oo H(t,kj)dt > %M. (2.10)

If we let t; := —m for j sufficiently large, then ¢; € [0,1]. Thus (2.10) contradicts with (2.9).
]
Therefore, (2.8) holds. Note that I/’\j (zj)zj = 0 for all j € N by (2.7), thus

1 +o0
I/\].(Zj) = IAj<Zj) — EIA](Z])Z] = )L] /_Oo G(t,Z]'>dt,
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which together with (2.8) implies that

+o0
/ G(t,zj)dt — +oo. 2.11)

—o0

Note that conditions Iy, (u;) < ¢y, and I ‘(uj) = 0in (2.4) imply that
fHu]HZ A / Htu)dt < cr,  lufll? = A; / (VH(t, u)), u;)dt = 0.

It follows from the definition of G that fj:;o G(t, u]-)dt < CA—]J Clearly, %}f is increasing and
bounded by ¢ = c;, thus we have

+o00
/ G(t,uj)dt <c, VjeN.

It follows from (Hs) that fjo? G(t,zj)dt <D fj;o G(t,u;)dt < C, which contradicts with (2.11).
Therefore, the proof is finished by Part 1 and Part 2. O

Proof of Theorem 1.1. Since Lemma 2.6 implies that {u;} is bounded in E, we can assume
uj —~uin Eand u; — u a.e. t € R, up to a subsequence. Obviously,
—+o0

I(uj) = I, (1)) + (A; = 1) /_ H(t,uj)dt. 2.12)
We distinguish two cases: either limsup, ,, I (1) > 0 or limsup, ,, I (u;) < 0.
Case 1. If limsup;_, Iy (u;) > 0, then (2.12) implies that limsup, ., I(u;) > 0, besides,
the facts A; — 1 and I}L]_(u]-) = 0 (see (2.4)) imply that I'(u;) — 0, by the similar proof of
Lemma 2.4, we can get u; — u # 0 with I'(u) = 0, up to a subsequence.
Case 2. If limsup; ,, Iy, (uj) < 0, we use the sequence {z;} defined in (2.7). Since {u;} is
bounded, {z;} is also bounded. Note that I}V (zj)zj = 0 for all j € N by (2.7), thus

+oo 1
Aj /700 G(t,zj)dt = I/\j(zj) — EI;\]'(Z]')Z]' = I/\].(z]-)_ (2.13)
Similarly to Lemma 2.1, we have
I () = Jlug® +o(|luj]|*)  as uj =0,

uniformly in j € N. Note that Ij\j(uj) = 0, thus there is § > 0 such that |lu;]| > 6, Vj € N.
Similarly to Lemma 2.1, we also get

1
IAj(tuj):EtzHuj||2+o(t2Huj||2) ast —0, te[0,1],

uniformly in j € N, thus I, (tu;) > 0 for small enough ¢. It follows from lim sup; ., 1 A (uj) <0
that the maximum Iy,(z;) := maxo<t<1 Iy, (tu;) (see (2.7)) can not be obtained at t = 1, and

there holds liminf; ,« I (zj) > 0. It follows from (2.13) and A; — 1 that
+o00
lim inf G(t,zj)dt = lim inf I, (z;) > 0,

]‘*>OO — 00 ]*)OO

it follows from the fact {z;} is bounded and the Remark 2.5 in Lemma 2.4 that {z;} does not
vanish. Therefore, {u;} does not vanish. Moreover, (2.4) implies that

—+00
I'(uj)e = I} (up)p + (A — 1) /_Oo (VH(t,uj),9)dt -0 asj— oo, V¢ e€E.

Therefore, similar to the proof of Lemma 2.4, we can easily get u # 0 and I'(u) = 0. O
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