/ Electronic Journal of Qualitative Theory of Differential Equations
- ;lLa :<4: f{ 2022, No. 64, 1-28; https://doi.org/10.14232/ejqtde.2022.1.64 www.math.u-szeged.hu/ejqtde/

Asymptotic behavior of multiple solutions for
quasilinear Schrodinger equations

Xian Zhang' and Chen Huang™?

1Business School, University of Shanghai for Science and Technology, Shanghai, 200433, P. R. China
2College of Science, University of Shanghai for Science and Technology, Shanghai, 200433, P. R. China

Received 17 June 2022, appeared 20 December 2022

Communicated by Dimitri Mugnai

Abstract. This paper establishes the multiplicity of solutions for a class of quasilinear
Schrodinger elliptic equations:

—Au+V(x)u— %A(uz)u = f(x,u), x € R,
where V(x) : R> — R is a given potential and v > 0. Furthermore, by the variational

argument and L*-estimates, we are able to obtain the precise asymptotic behavior of
these solutions as vy — 0.
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1 Introduction

This paper deals with multiplicity and asymptotic behavior of solitary wave solutions for
quasilinear Schrodinger equations of the form

0z = —Az + W(x)z = 1(x,2)z = Z[80(12%))0 (12P)z, (1.1)

wherez: R*xR - C,W:R® 5> Risa given potential, -y is a real constant and /, p are real
functions. Quasilinear equations of the form (1.1) have been established in the past in several
areas of physics with different types of p. For example, the case p(t) = t was used in [18] for
the superfluid film equation in plasma physics; the case p(t) = (1 +t)!/2 was considered for
the self-channeling of a high-power ultrashort laser in matter, see [11] and [12]. These types
of equations also appear in fluid mechanics [19], in the theory of Heidelberg ferromagnetism
and magnus [20], in dissipative quantum mechanics [17] and in condensed matter theory [27].
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We now consider the case of the superfluid film equation in plasma physics, namely p(t) =
t. If we look for standing waves, that is, solutions of the form z(t,x) := exp(—iEt)u(x) with
E > 0, we are lead to investigate the following elliptic equation

—Au+V(x)u— %A(uz)u = f(x,u), x € R, (1.2)

with V(x) = W(x) — Eand f : R*> x R — R given by f(x,t) := I(x,|t|?)t is a new nonlinear
term. Later on, we shall pose precisely the hypotheses on V and f.

Taking v = 0, the equation (1.2) is a semilinear case, scholars have obtained a large number
of existence and multiplicity results based on variational methods, see e.g. [10, 14,21, 22].
When v > 0, the first existence of positive solutions is proved by Poppenberg, Schmitt and
Wang in [28] with a constrained minimization argument. While a general existence result
for (1.1) is due to Liu et al. in [25] through using of a change of variable to reformulate
the quasilinear problem (1.2) to a semilinear one in an Orlicz space framework. Colin and
Jeanjean in [13] used the same method of changing variables, but the classical Sobolev space
H! (]RN ) was chosen. We refer the readers to [5,26,31,33,34] for more results. Recently, in
[23], by using perturbation methods, Liu et al. proved the existence of nodal solutions for the
general quasilinear problem in bounded domains.

In the above references mentioned, the 7 in the quasilinear problem (1.2) was assumed to
be a fixed constant. While, the constant y represents several physical effect and is assumed
to be small in some situation. This indicates the importance of the study of the asymptotic
behavior of ground states as v — 07. But, asymptotic behavior of solutions for quasilinear
Schrodinger equations is much less studied. In [1], Adachi et al. considered the problem for
N=3,A>0,7>0and f(x,s) = [s|"2s (4 < p < 6):

—Au+ Au — %A(uZ)u = |ulP~2u, x € R%. (1.3)

They showed the ground states u, of (1.3) satisfies u, — ug in H2(R%®) N C?(R%) as v — 0%,
where 1 is a unique ground state of

—Au+ Au = |ulP~2u, x € R

Then, in [34], Wang and Shen proved the asymptotic behavior of positive solutions for (1.3)
when p € (2,4), which complemented the result given by Adachi et al. in [1]. By applying
the blow-up analysis and the variational methods, in [2-4] Adachi et al. obtained the precise
asymptotic behavior of ground states when N > 3 and the nonlinear term has H!-critical
growth or H'-supercritical growth.

However, the work in the literature always assumed that V(x) = A > 0 and studied the
asymptotic behavior of one ground state solution for (1.4). We are interested in the problem
that whether or not we can find the multiplicity of solutions for (1.4) with some suitable
potential conditions. Furthermore, as v — 07, whether these solutions have any asymptotic
behavior. Specifically, the main purpose of the present paper is to solve the following three
problems:

(Q1) We have the multiplicity of solutions for (1.4) in unbounded domains, which comple-
ments the results given by Liu et al. in [23].

(Q2) We obtain the asymptotic properties of solutions for (1.4) under some suitable potential
conditions. Our result, in the sense that we do not need the restrictive conditions V(x) =
A > 0, improves the one obtained in [1].
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(Q3) All the papers mentioned above only studied the asymptotic behavior of a positive
ground state solution for (1.4). In this paper, we explore the asymptotic behavior of
multiple solutions for quasilinear Schrodinger equations. More precisely, we can obtain
the asymptotic behavior of sign-changing solution for (1.4).

For this purpose, we consider the multiplicity and asymptotic behavior of solutions for the
following one-parameter family of elliptic equations with general nonlinearities:

—Au+V(x)u— %A(uz)u = f(x,u), x € R?, (1.4)

where v > 0 and V(x) € C(R? R) satisfying:
(Vo) : V(x) > Vp >0 forall x € R;
(V1) : For any M, r > 0, there is a ball B,(y) centered at y with radius r such that

n({x € B/(y) : V(x) < M}) =0, asly| — o

Remark 1.1. The condition (V) was firstly introduced by Bartsch, Pankov and Wang [8] to
guarantee the compactness of embeddings of the work space. The limit of condition (V;) can
be replaced by one of the following simpler conditions:

(Va) : V(x) € C(R?), u({x € R3: V(x) < M}) < oo for any M > 0 (see [9]);

(V3) : V(x) € C(IR3), V(x) is coercive, i.e., limy o V(x) = co.

For the continuous nonlinearity f, we suppose that it satisfies the following conditions:
(f1) : there exist a constant C and p € (4,6) such that

f(x, 1) < C(1+[HPY), forallx € R3¢t € R;

(f2) = limsp M = 0 uniformly with respect to x € R3;
(f3) : there exists 0 > 4 such that
0 < OF(x,t) < tf(x,t), forallx € R3t#0,
where F(x,t) = fotf(x,s)ds.

Note that (1.4) is the Euler-Lagrange equation associated to the natural energy functional:

I(u) = 1/ (1+’yu2)\Vu]2dx—|—1/ V(x)uzdx—/ F(x,u)dx,
2 JR3 2 JR3 R3

which is not well defined in H!'(R?). Due to this fact, the usual variational methods can not be
applied directly. This difficulty makes problem like (1.4) interesting and challenging. Inspired
by the work of Shen [29], we first establish the existence of signed solutions for a modified
quasilinear Schrodinger equation

—div(g*(u)Vu) + g(u)g' (u)|Vul* + V(x)u = f(x,u), x € R?, (1.5)

where g(t) = /1 + 2.
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In what follows, instead of using the dual method, we search the existence of sign-
changing solutions for the problem (1.4) via the perturbation method and invariant sets of
descending flow.

For asymptotic behavior of solutions for the problem (1.4), arguments we apply are rather
standard. Using a bootstrap argument, we obtain the uniform boundedness of L*-norm of
u. Then we apply the uniform estimates for the energies to show the strong convergence in
H{,(R?) (HL(R3) will be defined in Section 2), this is a key problem to the study.

Next, we give our main results.

Theorem 1.2. Assume that (Vy), (V1), and (f1)—(f3) hold. Then, for fixed v € (0,1], the problem
(1.4) has at least three solutions: a positive solution u., 1, a negative solution u. > and a sign-changing
solution u. 3.

Theorem 1.3. For fixed v € (0,1], u,; (i = 1,2,3) are solutions of the problem (1.4). As v — 0%,
then passing to a subsequence, there exist u; € Hy,(IR%) N L*®(IR®) (i = 1,2,3) such that u.,; — u;
strongly in Hi,(R3), where u is a positive solution of problem

—Au+V(x)u= f(x,u), x € R®, (1.6)
up is a negative solution of the problem (1.6) and uz is a sign-changing solution of the problem (1.6).

Remark 1.4. In order to prove the existence of a sign-changing solution, we need a restriction
p > 4 because of the degeneracy of the quasilinear term. Moreover we require that p is
H'-subcritical to prove the L*-norm of the solutions of (1.5) are uniformly bounded. Since
4 < 2 if and only if N < 4. Hence we only show the asymptotic behavior of multiple

solutions for the quasilinear Schrodinger for N = 3.

This paper is organized as follows. In Section 2, we describe the variational framework
associated with the problem (1.4). We give the proofs of existence of signed and sign-changing
solutions in Sections 3—4, respectively. Section 5 is devoted to the study of asymptotic behavior
of solutions.

In what follows, C and C; (i = 1,2,...) denote positive generic constants. In this paper,
the norms of L*(RN)(s > 1) is denoted by | - |s.

2 The modified problem

Let
Hy,(R%) = {u € H'(R%) : /RS (IVul> + V(x)u?) dx < —l—oo}

with the inner product
(1, 0) p g3y = /RS (Vu-Vo+V(x)uv)dx

and the norm

2
||”HH‘1/ = <”/u>H‘1/(]R3)'

From [9], we know that under the assumptions (V) and (V;), the embedding H} (R3®) —
L*(R3) is compact for each s € [2,6).
Note that (1.4) is the Euler-Lagrange equation associated to the natural energy functional:

1 1
L(u) = E/R3(1+’yu2)|Vu|2dx+ E/W V(x)uldx — /]RSF(x,u)dx,
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which is not well defined in H'(IR?) or H},(R®). Inspired by [13,29,30], we consider the
following quasilinear Schrodinger equation:

—div (g2 (1) Vu) + g, ()8, ()| Vul> + V(x)u = f(x,u), x € R3. (2.1)

Here we choose g,(f) : R — R given by

g,(t) = /1 + 12

It follows that ¢, (t) € C}(R, [1,0)), increases in [0, +c0) and decreases in (—oo,0].
Next, we set

Gr(t) = [ g (s)as.

It is well known that G, (t) is an odd function and inverse function G, *(t) exists. Moreover,
we summarize some properties of G !(t) as follows.

Lemma 2.1 ([30]).

-1
(1) limy_yo G”t(t) =1

-1
(2) limy 1o S5 = 0

. G L)
(3) limy— oo . "t( W _ Nl

(4) forallt,s € R, then
Gy(s) S gy(s)s,  1GH (B < |tl;
(5) 0 < %gir(s) <1, foralls € R;

(6) there exists a positive constant C independent of y such that

! Cle[*2 if |t} > 1;
(7) there exists 6 > 4 such that

0< gF(x,t)gy(t) < Gy (t)f(x,t), forall x € R3t #0.
In what follows, taking the change variable

0=Gy(0) = [ g,(5)ds,

we observe that the functional I, (1) can be written of the following way

I, (v) = ;/W |Vv]2dx+;/]R3 V(x)|G;1(v)|2dx—/R3F(x,G;1(v))dx.

From Lemma 2.1 and conditions (Vp), (V1) and (f1)-(f3), we obtain the functional J,(v) is
well-defined in Hi,(R%), ], € C'(H}(R®),R) and

I'y(v)qoz/]RS VUVq)dx—F/IRBV(x)G;l(v)(pdx_ f(x, Gy ()

dx,
3G o) " T e (G0 *
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for all ¢ € H,(R3).
Moreover, the critical points of the functional ], correspond to the weak solutions of the
following equation

G)  f(xG(0)) 3
W) 86w 22

It is clear that if v is a critical point of J,, u = G, (v) is a critical point of I, i.e. u = G, (v)
is a solution of (1.4).

3 The existence of signed solutions

In this section we fix 1 > v > 0. Let uy = max{u,0} and u_ = min{u,0}. Set

I (u) = 1/ (1 +qu?)|Vul?dx + = / de—/ F(x,us)dx
2 R3

JE(0) = I£(G;! 2/ |Vv]2dx+2/ \de—/wF(x,(G;l(v))i)dx.

Lemma 3.1. Assume that (f1)-(f3), (Vo) and (V1) hold. Then there exist p > 0 and e € Hy,(IR%)
such that

J5(0) >0, for ol = p.
and ] (e) < 0.
Proof. By conditions (f1), (f2) and |G '(s)| < |s|, for § > 0 small enough, there exists Cs > 0

such that
IF(x,G, (v)4+)] < 6V(x)v* + CslofP, forallx € R%,

since we have

lim —~ =1,
|t|—0 t
and .
Gt
lim —L *) =0
|t|—oc0 t

Then, setting H, (x, t) := —%V(x)|G;1(t)|2 + F(x,(G,*(t))4), it follows that

. Hy(x,t) 1 . Hy(x,t) 3
%gx& Z = _EV(X) <0, tEIJPoo T 0, forallx € R
and we have
/ \Vol?dx + = / (0)2dx —/ F(x, (G5 (0))+)dx
R3

20y —
> E/]RS |Vo|~dx /]R3 H,(x,v)dx
> 1/ |Vv|2dx+(1—5)/ V(x)]v]zdx—Q/ lo[6dx
2 R3 R3 R3

> Cllollzy —Clloli%,,
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where we need sufficiently small § > 0 and the Sobolev inequality. Thus, it implies ] (v) has
local minimum at v = 0.
On the other hand, the condition (f3) implies that

F(x,t) > Ct? —C, forallt>0,x € R®.

For w € CF(R®) with supp(w) = By and w(x) > 0,

2
[ (tw) = - / Vwldx + = / %)[G; 1 (tw) [2dx — /3P(x, (G 1 (tw)) + )dx
R
2 29 45 S _
< E/IRSwa\ dx—i—E/]RSV(x)]w\ dx — Ct} /RS w]dx — C.
Since 6 > 4, it follows that | (tw) — —oo as t — co. O

As a consequence of Lemma 3.1 and the Ambrosetti-Rabinowitz Mountain Pass Theorem,
for the constant

d, = inf sup [ (y(t)),
T ’lerte[m]

where
T = {n: neC([0,1, Hy(R%)),7(0) = 0, /" (5(1)) < 0},

there exists a Palais-Smale sequence {v,} at level d,, that is [ (v,) — d, and (JS)'(v4) — O,
as n — oo.

Lemma 3.2. Assume that (f1)~(f3), (Vo) and (V1) hold. Then the Palais-Smale sequence of ] is
bounded.

Proof. Let {v,} C H{(R®) be a Palais-Smale sequence. Then

Iy (0n) 2/ Vo, [2dx + = / vn)|2dx—/]R3F(x,(G;1(vn))+)dx
=dy +on(1)

3.1)

and for any ¢ € H}(R®), (1) (2x), ¢} = 0a(1) |l 5y, that is

G;1<Un) ) dy — f(x, (G71<7)n)>>)+> q)dx _ On(l)H(PHH},‘ (3.2)

e <W”V(”+V<x)gv<c;1<vn>ﬁ”

Fixing ¢ = v,, we deduce that

on(D)[onll gy, = () (0n), vn)
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Therefore, by (3.1)—(3.3) and Lemma 2.1-(7), we have

2+ 00(1) 00 (1) o, = 215 (0n) — {5 (o) o)

i LV N
4 JRrs
G 1! On
T e V(x)G; () ( 74( = Sv(Gwll(Un))vn> “
0 . f(x, (G5 (oa)*)

> % < /R | Voudx + /]RS V(x)(c,;l(vn))zdx> .

Next, we will prove that there exists a constant C > 0 such that

/IRa (Ivvn\2 + V(x)(cgl(vn)f) dx > C||vn||§pv,

Otherwise, there exists a sequence {v,,, } C H{,(IR?) such that
3= [ (Vo P+ V)G, (00)) dx < low (34)
k- R3 g 0% 1k L HL* .

2
Hence, by (3.4), W — 0. Consequently, in Lemma 2.4 of [30], we get a contradiction. This
H

v
shows that anHH%/ < +o0. O

Lemma 3.3. Assume that (f1)—(f3), (Vo) and (V1) hold. Then ] has a positive critical point.

Proof. First, we show that the sequence {v,,} possesses a convergent subsequence in Hi,(R?).
Indeed, by the boundedness of {v,} and the compactness of embedding Hl(R®) < L5(IR%)
(2 <'s < 6), up to subsequence, one has v, — v weakly in H},(IR3), v, — v strongly in L5 (R3)
for all s € [2,6) and v,(x) — v(x) a.e. on R3.

By conditions (f1), (f2), Lemma 2.1-(4) and g, (s) > 1, one has

J <f0&<G$l@M>>+>-f“n(c;1@0)+)><v )i
IR3 §+(Gy (vn)) gv(Gy'(v)) '

= C/IRS (165 ()| + 1G5 (@)~ + 1G5 (2) | + 165 (@)1 [on — oldx

(3.5)

IN

C [, (Ioal + loal? =+ [o] + [0l ) Jo, — oldx
R3

< C ((loula + 0l2) o = 012 + (foalh ™ + 0l ow =21, ) -
On the other hand, as in Lemma 2.5 of [30], we know that

v, — 0)|? X G;l(?’n) o G;l(v) ) o —U>dx
A¥Ow” )'+W)<&m#wm Gy ) 66

> Cllow —olfy.
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By virtue of (3.5) and (3.6), we have
o(1) = ((J;) (vn) — (J5)'(v), 00 — 0)
= vy — )2 X G;l(vn) B G“Tl(v) ) v —U>dx
S ('V( St )<g7<cal<vn>> %G1y )
N (f(x, (G (0n)+)  f(x, (G5 (0))-)
IR3 "

gv(Gv_l(vn)) gv(le(v))
> C|lv, — v||f{‘1/ +o(1).

This implies v, — v strongly in H{,(R?). By standard regular arguments, the weak limit v
of {v,} is a critical point of J.. Furthermore, from v, — v strongly in Hj,(R*) and v can be
shown to be positive critical point of |, by applying the maximum principle in [16]. Hence,
u=G, 1(v) is a positive weak solution of (1.4). By the similar argument, we know that the
equation (1.4) also has a negative weak solution. O

The next two results establish the uniform boundedness of H},-norm of v,. This important
estimate will be used in Section 5.

Lemma 3.4. Assume that (f1)—(f3), (Vo) and (V1) hold. Let v, be a critical point of J.” with
J5 (vy) = do. Then there exists C > 0 (independent of y) such that

HU“yH%I‘l/ < Cd,. (3.7)

Proof. Let v, be a critical point of Jf". Similar with Lemma 3.2, we get the following estimates

Dy = 015 (o) — () (9, 2)
20 o verar
3 GG_I(Uv) 1
e V(x)Gy ' (vq) ( 74 B gv(c,yl(vy))va .
, Fx, (G (o))

_/11{3 <2F(X,(G71(Uv))+) - gy(Ggl(Uw)) 07> ax
> % </IR3 ’vvwzdx_,_/w V(x)(Gﬂyl(z;v))de>
> CHUVHH]'

which implies H%Hé‘l/ < Cdy. :

Lemma 3.5. Assume v € [0,1]. Then there exist positive constants my, my (independent on -y), such
that

my < I (vy) < my,
where v., is a positive critical point of ..

Proof. For p > 0, let

Lo = {v € HL(R?) : /]1{3 (Vo> + V(x)v?) dx < pz}.
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Similar with Lemma 3.1, we have

I (v 2/ IVol2dx + = / (0)[2dx — /R3p(x,(c;1(v))+)dx
7/ |Vv|2dx—/ H,(x,v)dx

> /|Vv]2dx—i—( 5)/ (x)]v|2dx—C5/ |v|®dx
2 R3

> Cllollzy, — Cllollg,,

where we need sufficiently small § > 0 and the Sobolev inequality. Thus, if v € 9%, take p
small enough, it implies that ] (v) > Cp? := my, where m; does not depend on .
Note that

J5 (vy) = inf sup [ (5(t)),
1€l tef0]

where
I={y: 7 cC(01 Hy(R), 5(0) =0, J7(n(1)) <0}
Since any path 7(t) € I always passes though 9%, then

Iy (vy) = ;gftzl[lo%ﬁ( ())>vga1£p17() m.

Take ¢ € CP(R3), ¢ > 0, and define a path h : [0,1] — HL(R®) by h(t) = tT¢, where the
constant T > 0. For T large enough, we have

FE) < T () <0, [ VAP + V()G5! (1)) dx >
Due to h(t) € T, then we get

J¥(vy) < sup I3 (h(t) < sup J{ (h(t)) == my,

te[0,1] te[0,1]

where m; does not depend on 7. ]

4 The existence of sign-changing solutions

The goal of this section is to consider the existence of sign-changing solutions. To do this, we
define the work space E as follows

E = WA(R?) N HL (R?),

where
Hi (R := {u € H'(R?) : /3 V(x)u?dx < +oo},
R

which endowed with the norm

[l gy, = </]R3 (|Vul* + V(x)u?) dx)l/z
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and W'4(R®) endowed with the norm
1/4
el = </ (yW|4+u4)dx> .
R3

llle = Nlullw =+ [l gy,

The norm of E is denoted by

Remark 4.1. It is noteworthy that the embedding from H}(R3) into L?>(R%) is compact (see
[9]). Applying the interpolation inequality, we obtain that the embedding from E into L° (]R3)
for 2 <s < 12 is compact.

In what follows, we formally formulate (1.4) in variational structure as follows
1
L(u) = > /3 (|Vul® + V(x)u? + yu?|Vul?) dx — /3 F(x,u)dx. 4.1)
R R

If u € H,(R3) N L®(R3) is a weak solution of (1.4), that is, for all ¢ € C§°(IR?) the following
equation holds

2 2 _
/]R3 (VuVo+ V(x)ue) dx+7/IRsu Vquoderfy/]R3 |Vl uq)dx—/lef(x,u)(pdx =0. (4.2)

Notice that I, is an ill-behaved functional in H%,(]Rg’). To avoid this difficulty, in the sequel, for
each y,y > 0 fixed, let us consider the perturbation functional I, , : E — R associated with
(1.4) given by

Ly (1) = %/w (IVult +ut) d + 1 (u). 4.3)

By deducing as in [15] (see also [23]), it is normal to verify that I, € C}(E,R) and for each
¢ € E, we get

(L, (1), ¢) = y/ (|Vul>VuVe +u’ep) dx + / (VuVo+ V(x)ug)dx
R3 R3

2 2 —
+’y/]R3u VMV(pdx—F’y/]R3 |\Vu|*updx /Rsf(x,u)q)dx.

In the following, we prove a compactness condition for I, , .

(4.4)

Lemma 4.2. For p,y > 0 fixed, then 1, satisfies the (PS) conditions.
Proof. Let {u,} C E be a (PS) sequence for I, ,, that is {u,} satisfies:

Ly (un)| <c and [, (4,) -0 asn— co.
Consider

1
I}w(”n) ] <I;w(”n)r Un)

U 1 1
Dt (1-3) v

1 2 2 2 1
+ (2 - 9> 7/]123 |Vt undX+/]Ra <Qunf(x/un) —F(xfun)> dx

B_H 4 11 2
> (5= 5l (55 ) Iy,

which deduces that {u,} is bounded in E.
By a standard argument, we can prove that every bounded (PS) sequence
{un} C E of I, possesses a convergent subsequence, cf. [15]. This completes the proof. [
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In the following, we would like to construct a descending flow guaranteeing existence
of desired invariant sets for the functional I, ,. For this purpose, we introduce an auxiliary
operator A : E — E, u — Au := v satisfies

(Jiy(©), w) = Co /]Rs weods + /]Ra flxuywds, forallw € E, 49

where

_H# 4 4 1/ 2 2 2 2 9 4
Jun (0) = 4/}1{3<|Vv] +v )dx—l—z - (|Vo]* + V(x)v* + y0*| Vo|?) dx + 4 e ? dx,

and Cp > 0 large enough. It is normal to verify that ], € C'(E,R) and for all w € E we have

(];w(v),w> =u /]R3 (|Vo*VoVw + v’w) dx + /]R3 (VoVw + V(x)vw) dx

+ 'y/ (|V|*ow + 0*VoVw) dx + Co / vwdx.
R3 RR3

Clearly, we notice that the following two statements are equivalent:
u is a fixed point of A and u is a critical point of I, ,.

Lemma 4.3. For fixed y € (0,1] and -y > 0, the operator u — v = Au is well defined and continuous.
Moreover, there exist constants cy,co,c3 > 0 such that

W) L, )l < exllullfy + Al lu — Aullw + callu — Aullyp ;
(2) (I, (), u — Au) > es(|lu — Aulljy + [lu — .Au||§{1v);

(3) forallu e I];}Y([a, b)), if | I}, , (u)||e+ > & >0, then there exists & > O such that ||u — Au[g > 6.

Proof. To prove the operator u — v = Au is well defined and continuous, we consider

1
®,,(v) = %/ﬂ@ (170f* + %) dx—l—i/w (IVol2 + V(x)? + 70%| Vo) dx

o

+4]R3

C
47, =0 3 _
v dx 1 /RS u’vdx /H{E}f(x,u)vdx, forallv € E.

Obviously, ®,, € C}(E,R). And one can see that @, , is weakly lower semicontinuous.
From conditions (f1), (f2) and the Sobolev embeddings theorem, for any 6 > 0, there
exists Cs, such that

C C _
Joo (5200 7)) e < ufEfok + alullola + Gl fol < Clols.

This deduces
D, (v) = C([ollyy + Hvllipv) —Cllollg = +oo, as ||v[|[g — +oo.

Therefore, the functional ®,, , is coercive. We can see that the functional ®, , is bounded from
below and maps bounded sets into bounded sets. In the following, we shall prove that the
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functional @, , is also strictly convex. In fact, since

(@), (0) = @),y (w), 0~ w)

1 1
:3y// |V9t|2|V(v—w)\2dxdt+3y/ / 62(0 — w)2dxdt
0 JR3 0 JR3
1
—I—/3(\V(v—w)]2+V(x)(v—w)Q)dx+4'y/ /3V9tV(v—w)9t(v—w)dxdt
R 0 JR
1 1
+7// |V9t|2(v—w)2dxdt+7/ / 62|V (v — w)|Pdxdt
0 JIR3 0 JR3
1
+3CO/ / 0% (v — w)?dxdt,
0 JR3

where 6; = tv+ (1 — t)w (t € (0,1)). By Young’s inequality, for any 6 > 0, there exists Cs > 0,
such that

1
'4')/// V@tV(v—w)Gt(v—w)dxdt’
1
<5// V6,2V (v )|2dxdt+C5/ /39f(v—w)2dxdt.
0 JR

3

Taking 6 = 7 and choosing Cy > —, if v # w, we get

(@), (0) = D) (), 0 — w)
zﬁ/ (IVo]2Vo — |VwPVw) V(o — w) + (0° — 0®) (v — w)) dx

+ [ (IVE=@)P+ V()0 - w)?) dx +6)
> C(llo—wlly + llo - wlify)

> 0.

From the above analysis, we obtain that the functional ®,,, is coercive, bounded below,
weakly lower semicontinuous and strictly convex. Thus, the functional @, admits a unique
minimizer v = A(u). Moreover, the operator A maps bounded sets into bounded sets.

Next, we will verify the continuity of the operator A on E. To prove this, let

C
u) = ZO/IR3u4dx+/]R3F(x,u)dx

If {u,} C E satisfying u, — u strongly in E, setting v = A(u) and v, = A(u,), then we can
obtain

(T (0n) = Ty (0), w0) = (K'(u) = K'(u),w), forallw € E. (4.7)
Furthermore, by the similar estimates of (4.6), for Cy large enough, we get
<];,4,'y(vﬂ) - ];l,y(v)lvﬂ - Z)>

> L /R (Vo Vo, = [Vo|* Vo)V (0, — 0) + (v, — ©°) (05 — 0)) dx
(4.8)
b [ (%@ =0+ Ve o)

> C(llow — olly + llon — 0lI2,)-
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Then, combining (4.7) with (4.8), we have

Clllon = ollw + llow =23 ) < T (0n) = T (0), 00 = 0)
= (K'(un) = K'(u), 00 — )
< [IK(un) — K'(u) | e+ [[on — 0l

Since K € C!(E,R) and u, — u strongly in E, we get that v, — ©v strongly in E and the
operator A is continuous.
Next, we shall verify (1) and (2) as follows. By (4.5), we get

(11,0, @) = ([ () — T}y (0), ), for g € E. @9)
Furthermore, we have the following estimates
Ty (1) = Ty (), @)
1 1
:3y/ / ]th\2V(u—v)Vq)dxdt+3y/ / w?(u — v)pdxdt
+ / (u—0)Vo+V(x)(u—0)p)dx + 27/ / VwiV (u — v)wrpdxdt (4.10)
—i—’y/ / (Ve (u — v)(pdxdt—i—Z'y/ / wi(u — v)VwiV pdxdt

—l—’y// Vu—vV(pdxdt+3Co//wtu—v)qodxdt

where w; = tu+ (1 —t)v. By |wy| < |u| + |v|, |Vw| < |Vu|+ |Vo|, the Holder inequality and
(4.9), we can get

[(I3(w), @)| < ex(llulliy + Iol3) 1 = vllwll@lle + callu — ol 1@l £-

In fact, there hold
1 1
3y/ / Vi |*V (1 —0)V pdxdt + 3;4/ / w?(u — v)pdxdt
0 JR3 0 JR3

C(IVulg + [VoID)IV (u = 0) |4 Vels+ C(lulf + [0]3)|u — v]s|pls

<
< C(lfullfy + ol llu — vllwllelle

and

/]Rg'(V(u —0)Vo+ V(x)(u —0)p)dx < Cllu — || || ¢|[£-
Using similar methods, we can also estimate other terms in (4.10). Hence
11 () lles < ex([fullfy + oll%) [lu — ollw + callu — 0|l -
For (2), by the similar estimates of (4.6), set ¢ = u — v, we have
(L (), u —0) = (. (u) = ]}, (v),u — 0)
> %/3 (IVul*Vu — |Vo]*Vo)V (u —v) + (u® — 0°) (u — v)) dx
R
+ /]R3 (IV(u—0)* 4+ V(x)(u—0)?) dx

> c3([lu — olly + llu — o[l )-
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In order to prove (3), we consider

—_

L (), )

= (=Bl (5= 5) i (98P + Viu?)
+<’2V_297>/ Vuluddr+ [ ( uf (x,u) — P(x,u)) dx
> (5 -5 i+ (5 5) Il

Hence, for any 6 > 0, there exists C;, such that

IV/Y( )

el + lully, < CCLuy ()] + 111 (1) [+ || )
= C( L )|+ N T G) = (Nl + Ml 3))
< C(| iy ()| + Coll Iy () 2 + Sllulliy + Coll I () 7 + 81l )-

Taking 4 > 0 small enough, by direct calculation, we obtain the following estimates
lulffy < CQL+ [Ty ()2 + 11, ()| E-) (4.11)
Combining (4.11) and Lemma 4.3-(1), we can obtain

IIIL,W(u)IIE* < er([[ullfy + [oliy) lu = vllw + c2llu — oll
14
< CAA+ fJullfy + llu—olE)lu — ol
< CO+ Luy ()[V2 + |11 () e + | = 0[[) [l — 0] .

Fgr ue I];}Y([a,b]) and || I}, , (u)|[e+ > a > 0, without loss of generality, let ||u — || < 2C we
obtain

~ 1 1
/ 1/2 !
HI%'Y(M)HE* < C (1 +0b + (26)2> ||Lt - UHE + EHI‘U,W(H)HE*/

and
lu —vl|g > C||I)(u)||g- > Ca. O

Consider a positive cone P in E defined by P := {u € E: u > 0 a.e. on x € R*}. For an
arbitrary ¢ > 0, let

1
3
P;—L:{ueE: VOABuidx+S<As|u;\6dx> <e},

. Vu|d .
where S = inf,,c p12(r3)\ {0} M%, uy = max{u,0}, u_ = min{u,0}.

Lemma 4.4. There exists ey > 0 such that for all € € (0,¢€), then

A(@P) Cc P and A(JP;7) C P;.
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Proof. Since the proofs of the two conclusions are similar, we just give the proof of A(dP,") C
D
Letu € E, v = A(u), v satisfying (4.5). Taking w = v_, we have

y/IRS (\Vv_|4+v4,> dx+/]R3 (|Vo_ > + V(x)v?) dx
+2’y/ |sz,\2z;2_dx+co/ ot dx (4.12)
R R
_ 3
=y /]Rsu v_dx+/]RSf(x,u)v_dx.

Next, we will give the estimates of both sides of above equality. On one hand, we have

y/IRS (|Vv_|4~|—v4_> dx—i—/]R3 (|Vo_|* + V(x)v%) dx

+ 27 /IR3 ’VU_‘sz,dx—i—Co /1R3 ot dx (4.13)

1/3
> VO/ v®dx+S (/ |v_|6dx> .
R3 R?

On the other hand, by Young inequality, we obtain

3
Co /]Rsu v_dx+/IRaf(u)v_dx

gé/ u,v,derC(s/ uw v_dx
]R3 IR3

<L 2 402 )dx 4 2 6d v 19
<3 /]Rs(u,Jrv,) x+2</]Rs\v_\ x)
5/3
+C5</3\u_]6dx> , foranyd > 0.
R

Fix § = Vj and choose ¢y such that C;(2)* < 5. For 0 < e < gg and u € P;", we have

C; (/]Rs |u_\6dx)

4/ e

e (5)'<2 (4.15)

By (4.13)-(4.15), we get

1 1
3 3
Vo/ v®dx+S (/ |v_|6dx> < Vo/ u?dx+S (/ |u_\6dx)
R3 R3 R3 R3

Therefore, for u € dP;", u # 0, we have

1
3
Vo/ v?dx+S (/ |v|6dx> <e
R3 R3

which implies v € P;". This completes the proof. O

From the above analysis, we know that 4 is merely continuous. But A itself is not ap-
plicable to construct a descending flow for I, ., and we have to construct a locally Lipschitz
continuous operator 3 which inherits the main properties of A.
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Lemma 4.5. Let Eg = E\ K, K= {u € E: I, (u) = 0}. There exist a locally Lipschitz continuous
operator B : Ey — E such that

(1) Yu—Bw)|g < ||u—A(u)||g < 2||u— B(u)||g for all u € Ey;
(2) (L, (u),u — B(u)) > c5(||u — Bulljy + [lu — BuH%{‘l/)for all u € Ey;
(3) 100l < 5 (lully + 1Bl e — Bullw + c3llu — Bulygy for all u € Ey;
(4) B(oP;") C P, B(oP; ) C P; fore € (0,¢0),
where cj, c3, c; are different constants.
Proof. The proof is similar to the proofs in [6] and [7]. We omit the details. O

From the above discussions, it is worth pointing that P;” and P, are invariant sets of
descending flow 7, where € € (0, €9) and 7 satisfies the following initial value problem

{ftr(t,u) = —(id — B)t(t,u),
T(0,u) = u.

By applying invariant sets of descending flow, we can find one sign-changing critical point
of the functional I, ,. For this purpose, we adapt some abstract results in [24].

Let I € C}(E,R), P,Q C E be open sets, M = PN Q, XL = 9P NadQ and W = PUQ. For
ceR,letKc={uecE:I(u)=cI'(u) =0}and I° ={u € E: I(u) < c}.

Definition 4.6. {P, Q} is called an admissible family of invariant sets with respect to I at level
¢, provided that the following deformation property holds: if K. \ W = @, then, there exists
€1 > 0 such that for € € (0,¢7), there exists 7 € C(E, E) satisfying

1) 7(P) C P, 7(Q) C Q
(2) n|pe2 = id;
3) n(IFHe\ W) C I°=,

Theorem 4.7 ([24]). Assume that {P, Q} is an admissible family of invariant sets with respect to I at
any level ¢ > ¢, := infyex I(u) and there exists a map ¢y : x — E satisfying

(1) @o(d1x) C P and ¢o(d2x) C Q;
(2) @o(dox) "M =Q;
3 S0Py 100) <.

where x = {(t1,t2) € R? : t,tp > 0,t; +t, < 1}, d1x = {0} x [0,1], dox = [0,1] x {0} and
dox = {(t1,t2) € R?: ty,tp > 0,1 + tp = 1}. Define

c=inf sup I(u),
pel ucp(x)\W

where T := {¢ € C(x,E) : ¢(d1x) C P, ¢(02x) C Q, @lagy = Polagy)- Then ¢ > c., and
KA\ W # .
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To apply Theorem 4.7 to obtain one sign-changing critical point of I, ,, we take P = P,",
Q =P, I = I,,. Then we need to prove the following crucial lemma.

Lemma 4.8. If K. \ W = @, then there exists e, > 0 such that, for 0 < € < € < ¢y, there exists a
continuous map o : [0,1] x E — E satisfying

(1) o(0,u) = uforu € E;
(2) o(t,u) =ufort (0,1, u ¢ L 1jc—¢,c+e];

3) o(1, Iﬁfge \W) C L5

(4) o(t,P) C P and o(t, P ) C P for t € [0,1].

Proof. The proof is similar to many existing literature (see [25,32]). For the readers’ conve-
nience, here we give the details.
Let Nj(K.) :={u € E: d(E,K;) < é}. f K.\ W = @, then K. C W. Thus for § > 0 small
enough, we get
N(S(Kc) CW.

By Lemma 4.2, we know that I, , satisfies the (PS)-condition. Hence K, is compact and exist
€2, & > 0 such that

HI]’m(u)HE* >a, forallue I;}Y([c —é&,¢c+¢€2]) \ Nso(Ke).
Using Lemma 4.3-(3) and Lemma 4.5-(1),(2), we can find 8 > 0 such that

u — Bu

/ -1
<1]1/)/(u)’ m> > ﬁ, forall u € Iy,,),([c — &y,C+ 82]) \N§/2(Kc)

Assume 5
g < min{%,so},
where ¢ is defined in Lemma 4.4. Defining two Lipschitz continuous functionals g,q : E —
[0,1], satisfying
0, ifu € Nyu(Ke),
gu) = . ‘
1, ifu & Ns/p(Ke)

and
if I—l ol !
= {y e e
1, ifuel, ([c—¢ec+e]).

Consider the following initial value problem

{ dTEltt,M) = —®(1(t,u)),

T(0,u) =u,

(4.16)

where ®(u) = g(u)q(u) Hu”__lif’”E . Using the existence and uniqueness theory of ODE, we obtain

that the problem (4.16) has a unique solution 7(-,u) € C(R",E). Let o(t,u) = T(%t,u), then
we verify (1)-(3). In fact, (1) and (2) are obvious. It suffices to verify (3). To do this, we
consider the following two cases.
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Case 1. There exists fy € |0, %] such that I, ,(7(tp,u)) < ¢ —&. Using Lemma 4.5-(2), we

obtain that I, ,(7(t,u) is decreasing for t > 0. Therefore, I, ,(o(1,u)) < c —e.
Case 2. For u € Ij}f\Wand t € [0, %], then I, ,(7(t,u)) > c —e. In this case, we claim
that T(t,u) € Nj»(K,) for any t € [0, %]. Indeed, if for some ty € [0,%] such that 7(ty,u) €

B
Nj/»(K.), then

5 o 5
5 < etto ) —ulle < [T m)lpds < to < 3

2/
which is a contradiction. Thus, ¢(t(t,u))q(t(t,u)) =1 forall t € [0, %] Hence,
2¢
Lyn(o(1,u)) = Iﬂw(T(gr“))
2e
B
= Ly ) = 7 (8 (x(s,)), @(r(s,)) s
<c+e—2¢
=c—¢
The proof is completed. dJ

Next, we will construct ¢y satisfying the hypotheses in Theorem 4.7. Choose u1,u; €
C5°(R?) which satisfy supp(u1) Nsupp(u2) = @ and u; < 0,up > 0. Let ¢o(t,s) := R(tug +
sup) for (t,s) € x, where x = {(t1,t2) € R?> : t1,tp > 0,t; +t, < 1} and R is a positive constant
to be determined later. Obviously, for t,s € [0,1], ¢o(0,s) = Rsuy € P and ¢o(t,0) = Rtuy €
P;.

Lemma 4.9. Assume that (Vy), (V1) and (f1)—(f3) hold. Then the functional 1,, ., has a sign-changing
critical point.

Proof. 1t is sufficient to check assumptions (2)—(3) in applying Theorem 4.7.
Notice that p = min{|tu; + (1 — t)uz|2 : 0 <t <1} > 0. Then,
||]2 > pR  for u € ¢o(dox).

Furthermore, for u € M = P;* N P;, we have that
2
2
uly; < —e
i<y

Hence, ¢o(dox) N M = @ for R large enough.
To verify (3), for any u € X, from the conditions (f1) and (f2) and the definition of X, for
all 6 > 0, there exists Cs > 0, such that

Ly (u) > —/ F(x,u)dx > —5/ u?dx — Cg/ ubdx > —C(e+¢%),
R R RR3
which implies that
c. > —C(e+¢€%). (4.17)
On the other hand, by the condition (f3), we have F(x,t) > C|t| for all x € R3. For any
u € ¢o(dox), then

Hyowa Ly o0 7/ 2 2 /
L~ (u) = Sullsy + =||lu + = u”|\Vul“dx — F(x,u)dx
}l,'}’( ) 4 || ||W 2|| ||H‘1/ 2 R3 ’ | supp(ul)ﬂsupp(uz) ( )

1 v 418
< Bl + 5 ully + 5 [ uldx = Cluls (4.18)

< Cllullz — Clul§,
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which together with (4.17) implies that for R large enough and & small enough, we obtain

sup I, (1) < c..
uEo(dox)

Hence, by Theorem 4.7, I, , has at least one critical point u in E \ (P;" U P;"). O
The next result establishes an important estimate associated with critical values.

Lemma 4.10. Assume 0 < pu < 1and 0 < oy < 1. Then there exists a positive constant mz
(independent on p and -y), such that

Ly () < ms,
where uy, ., is a sign-changing critical point of 1, ,.

Proof. For fixed 0 < p < 1and 0 < 7 < 1, take a path ¢11(s,t) : [0,1] x [0,1] — E\ {0},
¢11(t,s) := T(tuq + suy), where the constant T > R (R is defined in the proof of Lemma 4.9).
A simple computation ensures that ¢11(0,s) € P, ¢11(¢,0) € P, and ¢11(dox) " M = @. By
the similar estimates of (4.18), taking T sufficiently large, we obtain

La(@11(ts)) < —=C; forall (t,5) € doy, (4.19)

where C; > 0 is large enough.
On the other hand, for € small enough, we have

L1lr€1£ Ly (u) > —ilel}za o F(x,u)dx > —Cy, (4.20)

here choose C; large enough, such that 0 < C; < C;. Then estimates (4.19) and (4.20) ensure
that

I ts)) < I £,5)) < —Cy < inf I .
max wy(@11(t,s)) < (max 11(p11(t,s)) < —Co < inf ey (1)

This implies
P11 (S, t) erT,
where I' := {9 € C(x, E) : 9(d1x) C Pi*, 9(92x) C P, @lagxy = Polayy }, and so

Liy(upy) =inf  sup  Io(u) < sup ILH(u) < max  Iji(@11(ts)) == ms3,
peluce(x)\W uepi1(x) (t,5)€[0,1]x[0,1]

where m3 is independent on 7y and p. O

Finally, the existence of a sign-changing critical point to the original functional I, is based
on the following convergence result for the perturbation functional I, ,.

Proposition 4.11 ([23]). Let y; — 0 and {u;} C E be a sequence of critical points of I, , satisfying
Ly, o (ui) = 0 and Iy, (u;) < C for some C independent of i. Then as i — oo, up to a subsequence
uj = 1y in HY(R®), u;Vu; — uy Vi in L*(R3), ;i [s (IVui|* + ut) dx — 0, Ly, o (1) — L, (1)
and u., is a critical point of I,.

Lemma 4.12. Assume 0 < vy < 1. Then there exist a positive constant mz and a sign-changing critical
point ., of I, such that
Ly (uy) < ms,

where m3 is independent on 7.
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Proof. From Lemma 4.9 and Lemma 4.10, it permits to apply the Proposition 4.11. Therefore,
there exists a critical point u, of I, such that u, € H},(R*) N L*(RR?). In the following, we will
show that u, is a sign-changing critical point of I,. To this end, we need estimate u,, # 0 as
follows. Consider (I}, ,(u;),ui) = 0, it follows from Sobolev inequality and the conditions

(f1), (f2) that
%
Vo [ b P 5 ( [l o)
R3 RR3
< vo/ |ui+|2dx+/ Vs, [2dx
RR3 RR3
< /]sz(x’ Uit )ujrdx

< 5/ \u,qr]zdx—i—C(;/ |uiy |®dx,
R? R?

where § > 0 small enough. This implies |u;;|¢ > C > 0. Recall that u;. — u,4 strongly in
L®(R3). Therefore, we see that u,. # 0. By the same argument we can prove that u,_ # 0.
Hence we obtain u,, is a sign-changing critical point of I,.

Moreover, by Lemma 4.10, we obtain

Ly (upy) < ms,

where m3 is independent on <y and u.
Having this in mind, taken y — 0, from the Proposition 4.11 we have

L (uy) < ms,
where u, is sign-changing critical point of . O
Before concluding this section, we would like to complete the proof of Theorem 1.2.

Proof of Theorem 1.2. From Lemma 3.3 and Lemma 4.12, the problem (1.4) has at least three
solutions: a positive solution u, 1, a negative solution u,, and a sign-changing solution . 3.
O

5 Asymptotic behavior of solutions

In this section, our goal is to study the asymptotic behavior of u, = G~!(v,). Having this in
mind, we are going to show the L™ estimates of the critical points of J,.

Lemma 5.1. If v, € H},(R®) is a weak solution of problem (2.2), then v, € L®(R3). Moreover, there
4

exists a constant C > 0 independents of <y such that |v,|e < CHUVH?-
|4

Proof. The result can be proved similarly to [5,14] but we give a proof for the convenience of
the readers. In what follows, for simplicity, we denote v, by v. Let v € H},(IR®) be a weak

solution of —Av + V(x) Gy (0) fxGy (@) o

87(Gy () 8(Gyl(v) " T

Gy (v) f(x, G5 (0))
/ VoV pdx +/ 87((27_ ) pdx = - mq)dx for all ¢ € H{,(R?). (5.1)
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Set T > 0, and denote

T, ifv<-T,
T =179, if —T<ov<T,
T, ifo>T.

Choosing ¢ = |or|?7~Vv in (5.1), where 7 > 1 to be determined later, we get

/ Vol |vT|2(’7_1)dx+2(17—1)/ 1020~ |V o|2dx
R3 {x: |o(x)|<T}

Gy '(®) -
%—/}R3 V(x)gy(gil(v)) lor|2Dodx

o fG@)
R g,(Gy(v))
Combining the fact that the second term in the left side of the above equation is nonnegative
and Lemma 2.1-(4), we obtain

lor|21 Dodsx.

20 12(7—1 G;'(v) 2(p—1
/ Vo[2[or 21 >dx+/ V(x)—22L|or 20 Do
R? R 8+(Gy (v
—1
< f(xl Gjl (U)) ‘U ’2(17 1)de
R € (G, (v)) (5.2)
G-1 G-1 p—1 ’
<o ST | ptgg / Ol
R g7 (G, (0)) R ¢, (Gy (0))
Gy (v) 2(7-1 2051
< 5/ — || (n )vdx+C5/ [o|P|or |21~ Ddx.
R £4(Gy () R?
Taking ¢ small enough in (5.2), we have
/ Vo2 |or[20Ddx < c/ (o] [or |2 V. (5.3)
R3 R3

On the other hand, using the Sobolev inequality, we have
1
3
(foleliorleax) " < c [ 190} ) as
R3 R3
< C/ |VU|2|UT|2(17—1)dx_|_C(17 _ 1)2/ |VU|2|UT|2('7_1)dx
R3 R3
< C172/ Vo Plor20-Ddx,
]RS

where we used that (a + b)? < 2(a? +b?) and 7> > (5 — 1)? + 1.
By (5.3), the Holder inequality and the Sobolev embedding theorem,

1
3
</ (|U|‘0T|U1)6dx> SCWZ/ \U\P*ZUZWT’Z(*I*Ddx
RR3 .

p=2 8—p
2 6 B -1\ 55 °
<cp ([ prdx) ([ (ollor ) rax

8—p
_2 12y 6
< coPlolly? ([, o) ©
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2

where we used the fact that [o7| < |v|. In what follows, taking { = =, we get
%
- -2, 12
([ (elioreax) < ool ol
From Fatou’s lemma, it follows that
1
[oley < (Cr?lloll )7 [olye- (54)

Let us define 7,41 = 61, where n =0,1,2,... and g = 877’”. By (5.4) we have

2 - +
[olon < (Crillolly ) [olgyy < (CllvHﬁé ) 2’70170 7711!7)!6

By Moser’s iteration method we have

ln(%'

Cyi i 6.1 yn i(8)yi
oleg, < (€l )0 = o) o =) "

C)vo i=

|v]6.

Thus, we have
_4
ol < Cllolly =
Now we are ready to prove Hj,-strong convergence of the weak solution of problem (1.4).

Lemma 5.2. Assume i, is a solution of (1.4), then u, — uq strongly in H},(R3) as v — 0T, where
ug is a solution of (1.6).

Proof. If u, is a signed solution of (1.4), Lemma 3.4 and Lemma 3.5 guarantee that
[0yl < C,
for some C > 0. This together with the fact that
[ty [ gy, = HG_l(U’Y)HH‘l/ < Clloy [y,
gives {u,} is uniformly bounded in Hi,(R?), that is
[l < C

where C is independent on 7.

Similarly, if u., is a sign-changing solution of (1.4), from Lemma 3.4 and Lemma 4.12, it
follows that {u,} is uniformly bounded in H{,(IR?) as well.

Thus, if u, is a solution of (1.4), then there exists 1y € H{,(R%) such that, as 7y — 0T
passing to a subsequence

U, — up weakly in H},(R?),
u, — up strongly in LP(R?) (p € [2,6)),
Uy — up a.e. on kK :=supp ¢, ¢ € Cy(R%).

Moreover, there exists a function ¢ € LP(RR®) such that |u,| < ¢ a.e. on K for all 7.
Since u, — uy weakly in Hi,(R%), we have

/3 (Vu, Vo +V(x)u,p)dx — /3 (VugVe + V(x)upp)dx forall ¢ € CF(R?).  (5.5)
R R
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By conditions (f1) and (f2), the Lebesgue dominated theorem and the fact that u, — u
strongly in L?(R3), we get

/]R3f(x, Uy ) @dx — /]Raf(x, up)pdx  for all ¢ € CF(R?). (5.6)

In what follows, define the following functional:

I(u) = ;/]1{3 (|Vul> + V(x)u?) dx—/R3F(x,u)dx.

Next we are going to show that (I'(up), ¢) = 0 for all ¢ € C(R?). Indeed, u, is a critical
point of I, i.e. for all ¢ € C8°(1R3), we have

/]R3 (Vu, Vo + V(x)u,@)dx+ /le (IVity|Puyp + Vu, Voul ) dx
— /lef(x’ u,)edx =0. (5.7)

On the other hand, by Lemma 5.1,
64
iyl < Clogles < Cllog |5 < C

and so, from Hun,HH‘l/ <C,

,y/]RS (‘Vu’ylzufygo‘i‘ VMWquu%) dx
< Crlgls [ Vi Pdx+Cy [ Vi |[Vpldn (5.8)
< Cy (|9leo| Vity|5 + [V@l2| Vity |2) =0, asy — 0.

In view of (5.5)—(5.8), for all ¢ € CP(R?), we obtain

/]Rg (Vg + V(x)uo — f(x,u0)) pdx = 0, (5.9)

which yields that 1 is a weak solution of problem (1.6).

Next we will show that the test function ¢ in (5.7) can be taken as arbitrary functions
¢ € HL,(R3) N L®(R3). First, without loss of generality, for ¢ > 0, choose a sequence {¢,} C
C5(R®) such that ¢, > 0, ¢, — ¢ strongly in HL,(R%), ¢, — ¥ a.e. x € R® and [¢u]e <
|| + 1. Take ¢, as the test function in (5.7), letting n — oo we know that (5.7) holds for
¢ = . Hence we can take ¢ = u, in (5.7), then

/]1{3 (IVuy|? + V(x)ud) dx + 2y /]RS Vi, [Puldx — /]Rsf(x, Uy )uydx = 0. (5.10)

Since ug is a weak solution of (1.6), taking ¢ = ug in (5.9), we have

/]1{3 (|Vuol* + V(x)uf) dx — /]R3f(x, up)updx = 0. (5.11)

Similar with (5.6), we obtain

+
./1R3f(x' Uy ) Udx — /]R3f(x, ug)updx, asy—07. (5.12)
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By (5.10)—(5.12) and the lower semicontinuity of ||u,|| Hy,» We get
2,2 +
fy/]Ra|Vu7| urdx —0, asy—0

and .
/]R3 (IVuy|? + V(x)ud) dx — /]R3 (|Vuol* + V(x)uj) dx, as~y —0*.

This combined with the fact that u, — uo weakly in H.(R®) gives
uy, — ug  strongly in HL(R®) asy — 0*. O

Proof of Theorem 1.3. From Lemma 3.3, we know that for all y € (0, 1], there exists a positive
critical point 1, 1. Then, by Lemma 5.2, we obtain u,,; — u; strongly in HL(R%) as y — 07,
where u; is critical point of I. Note that at this stage, we do not know whether 1; # 0. To this
end, by Lemma 3.5, we know that

0< mp < I;F(uml)
and so, by 1,1 — uy strongly in H,(IR%) as v — 07,
I;“(ul) > mq > 0.

Consequently, u; # 0, then u; can be shown to be positive critical point of I by applying the
maximum principle in [16], that is, u; is a positive solution of (1.6). Similarly, we can show u,
is a negative solution of problem (1.6).

On the other hand, by Lemma 4.12, for all v € (0,1], there exists a positive constant ;3
such that I, has a sign-changing solution 1, 3 with I, (u,3) < m3. By Lemma 5.2, as 7v; — 0,
there exists a sequence of sign-changing critical points {u,,3} of I,,, converges to a critical
point u3 € Hi,(R?) N L®(R3) of I. Next, we will show u3 is a sign-changing critical point of I.
Taking ¢ = (i,3)+ = U7 5 in the equation (I’ (i,,3), ¢) = 0, by the conditions (f1), (f2) and

7
Poincare inequalities and Sobolev inequalities we have

1/3
c/ﬁ{a(u%yd”c(/Ra(u;s)édx> g/ (IVua2 + V() )7 )

]RS
‘ + Vgt
< R3 f(x’u'y,3)u'y,3dx
<6 /IR (Vx4 G /m (1 4)°dx.

This implies that there exists C > 0 such that fw(uj’s)%x > C for ¢ € (0,1]. Now by Lemma
5.2, we have u,3 — us strongly in H{,(R%®) as v — 0". This combined with the Sobolev

embedding gives

/]R ()’ = tim [ (u)0dx > C >0

Thereby, we can infer that u3; # 0. By the same argument we can show u3_ # 0. This
completes the proof. O
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