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Abstract. This work deals with the following viscoelastic heat equations with logarith-
mic nonlinearity

ot
ut—Au—i—/O g(t —s)Au(s)ds = |ulP~2uln |ul.

In this paper, we show the effects of the viscoelastic term and the logarithmic nonlin-
earity to the asymptotic behavior of weak solutions. Our results extend the results of
Peng and Zhou [Appl. Anal. 100(2021), 2804-2824] and Messaoudi [Progr. Nonlinear Dif-
ferential Equations Appl. 64(2005), 351-356.].
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1 Introduction

In this paper, we study the following heat equations with viscoelastic term and logarithmic
nonlinearity

ur — Au + fotg(t —8)Au(s)ds = |ulP2uln|ul, in Qx (0,00),
u=_0, on 9Q) x (0,00), (1.1)
u(x,0) = up(x), in Q,
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where 1 € H}(Q)) and Q C R" (n > 1) is a bounded domain with smooth boundary 9Q), and
the parameter p satisfy

s <p< 00, if n<2, (1.2)
PR aso '
The equation of the form
t
ur — Au+ / g(t—s)Au(s)ds = f(u), (1.3)
0

is used to model many natural phenomena in physical science and engineering. For example,
in the study of heat conduction in materials with memory, from the heat balance equation the
temperature u(x, t) will satisfy Eq. (1.3) (see [3,5,12,13] for more detail).

In the last several decades, the initial-boundary valued problem to Eq. (1.3) has been
studied extensively when the source f(u) is the power functions f(u) = |u|P~2u, or power
like-functions satisfying:

(1) f e Cland f(0) = f(0) = 0.
(2) (a) f is monotone and is convex for u > 0, and concave for u < 0; or (b) f is convex.

B) (p+1) fy f(z)dz < uf(u), and uf(u)| <« [, f(z)dz, where

00, if n<2,
2n - if op > 3.

2<p—|—1§1<<2*::{
n—27

For example, Messaoudi [12] studied Eq. (1.3) in the case f(u) = |u|P~2u associated with
homogeneous Dirichlet boundary condition. By the convexity method, the author showed
that if the relaxation function g is non-negative and non-increasing satisfying

/Ooog(s)ds < zéii?,

then weak solution to (1.3) blows up in finite time provided initial energy is positive. In
[20], Truong and Y also studied the problem of the above type with f(u) in the general
polynomial type and they obtained the existence, blow up and asymptotic behavior for weak
solution under suitable conditions. For further results on the existence, blow-up or asymptotic
behavior of solutions, we refer the reader to [5,13,16,19] in case of power or power-like sources.

With regard to the logarithmic nonlinearity, there are a few results (see [1,2,7,9,15]). In
case the relaxation function g vanishes, the problem (1.1) reduces to the following;:

up—Au = [ulPulnjul, in Qx (0,00),
u=0, on 90 x (0,00), (1.4)
u(x,0) = up(x), in Q.

In case p = 2, self-similar solutions and their asymptotic stability for (1.4); has been studied
by Samarskii et al. [17]. With regard to weak solutions, by using the potential well method
and the logarithmic Sobolev inequality in H}(Q) (see [6,11]), Chen et al. [1] prove that the
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weak solution blows up at infinite time and exists globally provided that the initial data start
in the stable sets and unstable sets respectively. This result is so interesting because it showed
the different effect of logarithmic nonlinearity compared to the power one. Inspired by this
result the second and third authors [9] extended (1.4) to the evolution p-Laplacian equations
and showed a different result compared to the case p = 2, confirming that weak solutions
blow up in finite time. Afterward the PDEs with logarithmic nonlinearity have been attracted
many researchers, see [2,7,15] for example. In particular, Peng and Zhou [15] have showed
recently that in case p > 2 the solutions of (1.4) behave like the nonlinear case f(u) = |u|P—2u.
These results shows that p = 2 is the critical exponent for the blow-up at infinite time.

Motivated by all these works, our aim in this paper is to study the effect of the viscoelastic
term fot ¢(t — s)Au(s)ds and the logarithmic nonlinearity |u|’~2uln|u| to the blow-up and
global existence of weak solutions to (1.1). Firstly, the presence of logarithmic nonlinearity
help us relax conditions on ¢ compared to [12], that is,

® pp—2)
/0 g(s)ds <

2 4
(p—1)
r(’;(fi _1)22) > 22(5:5) since p > 2. Secondly, because of the presence of fot <(t—s)Au(s)ds we

need more restriction on the range of p and for small energy levels E(0) < ds < d (see (2.2)
below) compared to [15].

where

Our result is twofold in the sense that it is not only study the blow-up in finite time but
also global existence of weak solutions. In addition, we also give the lower and upper bound
for blow-up time and decay estimate of global solutions. Also notice that our method differs
from [12]. To obtain the main results, we employ the ideas from the potential well method
due to Sattinger [18] (see also [14]). However, since the presence of the relaxation g we could
not apply the stable and unstable sets as in [14]. To overcome this difficulty we construct
a family of potential wells (see (2.3) and (2.4)) that is more suitable for the PDEs involving
viscoelastic terms. Also notice that the asymptotic behavior of global solutions in [15] has not
been studied and it can be done by using the method employed in this paper.

This paper is organized as follows. In the next section, we present some preliminaries and
define the family of modified potential wells. Our main results are stated in the Section 3 and
the rest of the paper is devoted to their proofs.

Notation. Throughout this paper, we denote L”(Q))-norm by || - [|,, especially || - || = || - || .2(cy)-
And let (-,-) denote L2-inner product.

2 Preliminaries and Modified potential wells

21 Preliminary lemmas
The following lemmas will be needed in our proof of the main results.

Lemma 2.1 ([21, Lemma 3.1.7 and Remark 3.1.4]). Let B be a reflexive Banach space and 0 < T <
oo. Suppose 1 < g < oo, ¢ € L1(0,T;B), and the sequence {@n}, _, C L7(0,T;B) satisfy (as
m — o0)

{qom — ¢  weaklyin L7(0,T;B),

@mt — ¢¢ weaklyin L7(0,T;B).
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Then ¢, (0) — ¢(0) weakly in B.

Lemma 2.2 ([21, Thereom 3.1.1]). Let (1.2) hold and T € (0, ) be fixed. Then the embedding
{o )(p e 12 (0,T;H (Q)), g1 € L2 (0,T;12 () } = L2 (0, T; 17 ()

is compact.

Lemma 2.3 ([9]). Let p be a positive number. Then we have the following elementary inequalities:

-1
Y InY < ep\IfP*P, V¥ >1 and [¥PIn¥| < (ep)” !, VO< ¥ < 1.

Lemma 2.4 ([8,10]). Suppose that ®(t) € C?[0,00) is a positive function satisfying the following
inequality
" / 2
()P (1) — (14 7) (¥'(1) 2 0,

®(0)

where v > 0 is a constant. If ®(0) > 0,D'(0) > 0, then O(t) — oo for t — t, < t* = 0]

2.2 Modified potential wells

For0 < < /fwith{:=1— fooo g(s)ds, we define potential energy functional
Jo ) = 3 IVl = [ Julnfuldx + 5 ful,
and the associated Nehari functional
Is (u) = 6 | Vul* — / |u|P In |u|dx.
o)

then we have that

1 1

1 1
Jow) = (55 ) SITHI + 1o )+ 3 el

We have the following lemma.

Lemma 2.5. Let u € H} (Q) \{0}. Then we have:

(i) )Lhﬁ%h Js(Au) = 0 and /\lgro\o Js(Au) = —oo.
(ii) there is a unique Ay = A1(u) > 0 such that 2% J5(Au) = 0.

A=Ay
(iii) Js(Au) is strictly increasing on (0, A1) and strictly decreasing on (Aq,00), and attains its the

maximum value at A = Aq. In addition, one has

>0, if 0<A<Ay,
Is(Au) =0, if A=A,
<0, if M <A<oo.
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Proof. (i) From the definition of |5, we have for A > 0 that
SA? s AP AP AP
- _ 14 _ p - p
Js (Au) = ——|[Vul| ; /Qlu! In u|dx ) ln)\llullp+p2 [l

which implies lim, o+ Js(Au) = 0 and }im Js(Au) = —oo thanks to p > 2.
—» 00

For (ii). An easy calculation shows that
%]5 (Au) = A (5 |Vu|? AP—Z/ [ulP In juldx — AP~2In A y|u||;j> := AK;(Au),
(@)
where
Ks (Au) = 6 || Vu|* - AH/ |ulP I [uldx — AP=2In A [Jullh. (2.1)
Q

A direct calculations yields

d . -3 p P
ks ) = =22 ((p=2) [ a7 Inuld -+ (p =2 A ] + ul})

Hence if we choose

A = exp (2= p) Jo [ulPInfuldx — ||u]];
’ (P —2) llully '

then one has %K (Asu) = 0, 4K, (Au) > 0for 0 < A < A, and £Ks(Au) < 0for A, < A <
00. On the other hand, from the definition of K, we have

lim Ky (Au) =6 ||Vul* >0 and lim Kz (Au) = —oo.
A—07T A—00

By these facts we obtain that there exists a unique A; > A, such that K; (A;u) = 0. Hence we
obtain (ii).

The last statement (iii) follows from (i)-(ii) and the relation
d
15 (/\Ll) = Aﬁk (/\u) .
The proof is complete. O

Let us state here the Sobolev imbedding which can be found in [4].

Lemma 2.6. Assume that p is a constant such that

20 if on > 2,

n—27/
1<p< ¢ p if n=2,
o, if n=1,

where p € [1,00) can be any constant. Then H}(Q) — LP(Q) continuously, and there exists a
positive constant C, depending on n, p and () such that

[ull, < Cp[[Vu]

holds for all u € H}(Q). We choose C,, be the optimal constant satisfying the above inequality, i.e.

S 1
p = T— 1
wer@\foy 1Vl
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Since p < ( )<2* let

o 2 —p, if n>2,
00, if n=1,2,

then ¢* > 0 and by Lemma 2.6, we have H}(Q) < LP™(Q) continuously for any o € [0,0*).
Denote Cp by C,, then we have the following lemma.

Lemma 2.7. Let (1.2) hold and u € H} (Q) \{0}. Then we have
(i) if Is(u) < O, then |Vu| > rs(o),

(ii) if ||Vul|| < rs(o) then Is(u) >0,

1
where r5(0) = ( g;’ft,) P2 for 0 < o < o,

Proof. For 0 < ¢ < ¢*, by Lemma 2.3 and the Sobolev inequality, we have

/ ]u\pln]u]dx:/ ]u]pln|u]dx—|—/ |u|P In |u|dx
0 {0\ <1} {Q:[u]>1}

e + +
7\! lhre < *C” TIvulPre

It follows that
Iy(u) = 6 ||Vul? —/ |u|P In |u|dx
0

> 6 [|Vull? = —CL | Vul P = [ Vul (6 — <L Tu|P ).
4 g

The conclusions then follow from the above inequality. O

Let us define the so-called Nehari manifold associated to the energy functional |5 by

N = {u € Hy @)\ {0} : Io(w) = (J5(u),u) = 0}.

By Lemma 2.5 we know that N is not empty set. It is clear that J5(u) is coercive on the Nehari
manifold A, hence we can define

ds = inf J; (u). (22)

The standard variational method shows that d; is a positive finite number and therefore it is
well-defined.

We end this section by giving the definitions of the modified stable and unstable sets as in
[14].

W = {u e HI(Q) : J5(u) < ds, I;(u) > o} u {0}, (2.3)
Us = {u € HI(Q) : J5(u) < ds, I;(u) < o} (2.4)
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3 Main results

Throughout this paper, we make the following usual assumptions on the relaxation function g:

(G) ¢:RT — RT belongs to C!(IR") and satisfies the conditions
i g(0)>0, ¢:=1 —/ g(s)ds >0, ¢'(t) <0,
0

. o p(p—2)
(ii) /0 g(s)ds < W,

(iii)  There exists a positive differentiable function ¢(t) such that

g(t) < —&(hg(t), &) <0, /Ooo E(#)dt = oo, VE > 0.

Let us now give the definition of weak solutions to (1.1).

Definition 3.1. Let 0 < T < oo, a function u is called a weak solution of problem (1.1) on
Q x (0,T) ifu € L*(0, T; H(Q)) with uy € L*(0, T; L2(Q))) satisfies u(x,0) = ug(x) € Hi(Q)
and the equality

(1,9) + (Y, V) — [ g(t=5) (Vu(x), Vu(s)) ds = (JuP 2ulnlul.g), @)

holds for a.e. t € (0,T) and any ¢ € H}(Q).
Let u be a weak solution of problem (1.1), we define the total energy functional as follows

B0 = 5 (1 [ 80 ) [9u)]+ 3 (g2 ) (1

=2 O o) dx -+ )], 62
where ,
(g0 Vu) (1) = [ g(t=5) [ Vu(t) - Vu(s) P s

By the Definition 3.1, u € L*(0, T; H}(Q2)) and u; € L2(0, T; L?(Q2)). So E(t) is well-define for
a.e. t € [0,T). In addition, the next lemma shows that E(t) is a non-increasing functional.

Lemma 3.2. Let (G, (i) hold. The energy functional E(t) defined in (3.2) is nonincreasing and

d 1 1
S = = () + 5 (8 0 Vu) (1) = 58(0) | Vu(t) > <. 3.3
Proof. By substituting ¢ = u; in (3.1), we get after some simple calculations that

LE(t) = 5 (80 V) (1) — 8(0) [ Vu(t) >~ [ (D).

Then, using the assumption (G, (i)), it follows that E(t) is an non-increasing functional and
satisfies the energy inequality

EW) + [ ()] ds < E©) 54)

The proof is complete. O



8 N. V.Y, L. C. Nhan and L. X. Truong

We are now in the position to state the main theorems of this paper.

Theorem 3.3 (Global existence). Assume that (1.2) and (G, (i)) hold. Let ug € H} (Q)) and
E(0) == HV oll* — 7/ lup|P In |u0|dx+ Hung <ds, Is(ug) > 0.

Then problem (1.1) has a global weak solution u such that u € L*(0, co; H} (Q)) with uy € L2(0, 00; L*(QY)).
Theorem 3.4 (Blow-up). Assume that (1.2) hold and g satisfies (G, (i), (ii)). Assume further that
uy € H} (Q) and

E(0) == ||Vuo\| = f/ |uo|Pln]uo|dx+ luol[}y < dx, Ic(uo) <O,

where
1

O<k=1/0— b2 /Ooog(s)ds. (3.5)

Then the weak solution u(t) to (1.1) blows up in finite time and the lifespan time T satisfies

8 o]
(p —2)%(dx — E(0))°

T<

Furthermore, T is bounded below by

0 1
T > - .
B /R(O) KyzP~1H7 + K 4z, (3.6)
for some 0 < o < ( ) where R(0) = 1 V|| and
1 2 2(p—1 1+ 1 -
Ki= 5 (e0) S0 =1, K= (e(p—1) QL.

Here Sy(,_1..¢) is the optimal embedding constants of Hj(2) < LAp=1+0) ().

Theorem 3.5 (Decay estimate). Assume that (1.2) holds and g satisfies (G,(i), (iii)). Assume further
that ug € H} (Q) with ug € Ws (0 < 6 < {) and

E(0) < <2l;> & ds.

Then solution u(t) to (1.1) decays exponentially.

4 Proof of Theorem 3.3

Based on the Faedo—Galerkin method, this proof consists of three steps.

Step 1. Finite-dimensional approximations. Let {w;} be the orthogonal complete system of eigen-
functions of —A in H} (Q), which is orthonormal in L?((}). We find the approximate solution
of the problem (1.1) in the forms

t) = icmj(t)wj/ (4.1)
j=1
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where the coefficients functions c¢,,;, 1 < j < m, satisfy the system of integro-differential
equations

t
(ttmt, i) + (Vity, Vw;j) — /0 g(t —s) (Vuu(s), Vwj) ds = <]um\p*2 Uy In |um|,w]-> , (4.2)

and

m
U (0) = tom = Y_ ajw; —> up strongly in  Hj (). (4.3)
j=1

It is obvious that for each m, there exists a solution u,, of the form (4.1) which satisfies
(4.2) and (4.3) almost everywhere on t € [0, T),], for some sufficiently small T,, > 0. In what
follows, we present a brief proof that a solution of (4.2)—(4.3) of the form (4.1) exists. It is
obvious that the system (4.2)—(4.3) can be rewritten in the vectorial form

¢ (1) + Amem(t) = An /Otg(t — 5)em(s)ds + F(em(t)),
with the initial condition
cm(0) = ay,
where
em(t) = (ot (), ot (D), - ot ()T, & = (&1, s - - - )",

An = [(Vwi, Vo)), Flew(t)) = (Filem(t)), Falew(t), ., Fulen(t))",

Filen(®) = (unl” " nlnjun], ;) Vj=Tm,

which is also equivalent to the integral equation

cm(t) = am — /Ot Apcm(s)ds + /Ot Am /Osg(s — T)epm(T)dTds + /Ot}"(cm (s))ds.  (4.4)

By the Schauder theorem, the integral equation (4.4) has a solution ¢, (t) in a certain closed
ball of the Banach space C([0, T\x]; R™) with T,, € (0, T]. Therefore, there exists u,,(t) of the
form (4.1) which satisfies (4.2)—(4.3) on 0 < t < Ty,.

Step 2. A priori estimate. Multiplying (4.2) by c;,;(t) and summing for j from 1 to m, we get

t
(Umt, Umt) + Vb, Vi) — /0 gt —58) (Vuy(s), Vi) ds = <\um|’7_2 U In \um],umt> . (45)

Integrating (4.5) with respect to time variable on [0, ¢, we have

t 1 t 1 t
En(®)+ [ It (s)|ds = En(0) — 5 [ g(5) [Vun(s) Pds + 5 [ (g0 Vi) (5)ds,  (46)

where we have for 0 < 6 < /¢

Enlt) = 5 (1 [ 85 ) [Vun) P+ 5 (g Tim) 1)

1 1
o ol el e ()1

> J(um (1)) + 5 (5.0 Vitm) (). 7)
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From E(0) < ds and (4.3), we deduce that E,,(0) < d; for sufficiently large m. And then,
we deduce from (4.6) and (4.7) that

t
3 (8071 () + Js(un(®) + [ e(6)|Pds < ds, 0=t Ty, @)

holds for sufficiently large m. Take note of I;(ug) > 0, we can conclude that uy € Wj. It implies
from (4.3) that u,,(0) € W; for sufficiently large m. Now, we will show that u,,(t) € W;s for
any t € [0, T,] and sufficiently large m. In fact, if not, there exists a ty € (0, T;,] and a sufficient
large m such that I;(u,(to)) = 0 and u,(to) # 0, then we get that u,,(ty) € Nj. So we deduce
from the definition of ds that Js (1,,(t9)) > ds, which contradicts (4.8). Thus, u,,(t) € W; for
any t € [0, T,,] and sufficient large m, which implies I;(u,(t)) > 0 for any t € [0, T),] and
sufficient large m.

Thanks to the definition of J5 and Is(un,(t)) > 0, we deduce from (4.8) that

-2 1 t
oIV (1 + 2 i (0) )+ 5 (82 Tn) (0)+ [ 1 (5) s <

(4.9)
From (4.9) we obtain
2
19 (O] < g lun®); < 125
(4.10)
t
| e 17 < di, (g0 Tum) (8) < 24
So Ty, = co. And hence u,,(t) € W for t € [0,00) and (4.10) holds for t € [0, 0).
On the other hand, by (4.10), we get
(X, 1)|P'd ::/' m(x, 1) d /1 (X, 1)|P'd
J o0 = [ oo Dl dx+ [ ou(x )] dx
< (e(p=1)) "7 |Qu + ()" Jlumllb b
< (e(p—1)) 7 || + (e0) ' SHET | Tuy |F
-7 plcptp'e 2pd;s = _
<(e(p—1)) " ||+ (o) S, e =25 = Cs, (4.11)

where p’ = Ll 0<o<- (2—”2 =), () = |t (2, £) [P0 Ju (x, 1)),

O ={xeQ:|un(x,t)] <1}, M={xecQ:|uy(xt)|>1},

and S, is the best constant of the Sobolev embedding Hj(Q2) — L1(€).

Step 3. Passage to the limit. From (4.10) and (4.11), we deduce that for each T > 0, there exists
a function u(t) and the subsequences of {u,,}, still denoted by {u,, } such that

uy = u  in L* (0, T; H(Q))) weakly*,

uy —u in L2 (0, T; H{(Q))) weakly,

Uy —u  inL*(0,T;LP(Q)) weakly*, (4.12)
Uy —u in L2(0,T;LP(Q)) weakly,

Umt — uy in L2 (0, T; L2((Y))

weakly*.
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By Lemma 2.1, it follows from (4.12), 5 that there exists the existence of a subsequence still
denoted by {u,,}, such that

Uy — u strongly in L2 (0, T;LP(Q)) and u, —u ae (x,t)€Qx(0,T),

which yields
[P 2t I |t | — [u|P2uln|u| ae (x,t) € Qx (0,T). (4.13)

From (4.11) and (4.13) by the Aubin-Lions Lemma, we deduce that
|t |P 214 I [ty | — |u|Puln|u| weakly* in L™ (O, T; Lp/(Q)> .
By using Lemma 2.1, it follows from (4.12), 5 that
um(0) — u(0) weakly in L? (Q0). (4.14)
Passing to the limit in (4.2), by (4.3), (4.12), (4.13)—(4.14), we have u satisfying equation
{<ut, 0)+ (Vu,Vg) — [ gt —5) (Vu(s), Vg ds = (ul"2ulnlul, ¢,
u(0) = up.

The proof is complete.

5 Proof of Theorem 3.4

We begin this section by the following useful lemma which is useful later on.

Lemma 5.1. Under the assumptions of the Theorem 3.4 and let u(t) be any weak solution of the
problem (1.1) on [0, T) where T is the maximum existence time. Then we possess

-2 1
e < P SR V) 4 2 (o), (5.1)

where « is defined by (3.5).

Proof. Firstly, we show that u(t) € U, for all t € [0, T). Indeed, if it is false, then there exists
a tp > 0 such that I,(u(t)) < 0 for t € [0,t) and I (u(tp)) = 0. By Lemma 2.7, we have
|Vu(t)|| > re(o) >0, for t € [0,t) and ||Vu(ty)|| > re(c) > 0, which yields u(ty) € Ny. So by
the definition of d, we get [, (u(to)) > dy, which contradicts to J(u(tp)) < E(tp)) < E(0) < d.
Hence, we obtain u(t) € Uy for t € [0, T).

By Lemma 2.5 we imply that there is a unique A; < 1 such that I,(Aqu(t)) = 0. We next
define j(A) = Ji(Au) — %IK(/\u), for A > 0. By direct calculation, we have that

) K(p — AP
0 = S22 Tt + 5 )1

Since u(t) € Uy, by Lemma 2.7 we have

, —2 APl
F) = SEZ20 9o+ 2 ) > x(p - 2r3e) > .
Hence, j(A) is strictly increasing on (0, co) which implies j(1) > j (A1), that is
1 1
Je(u(t)) — Efx(u(f)) > Je(Au(t)) - EIK(Mu(t)) = Jx(Au) > dy.

The proof of lemma is complete. O
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We now divide the proof of the Theorem 3.4 into two following steps:
Step 1: Blow-up in finite time and upper bound estimate of the blow-up time.

By contradiction, we assume that u(f) exists globally and define the function
t
= [ ()| ds + (T = 1) Juol* + (¢ + T0)%, £ € [0,T],
where b and Tj are positive constants to be determined later. Then we have
/ 2 2 d 2
0°(t) = [u(t) " — [luoll” +2b(t + To) = /O p 1u()[” ds +2b(t + To)

_z/ ue(s), u(s)) ds + 2b(t + Tp),
and
0" ¢ _2/ F)dx + 2b.

By using (1.1), we deduce from (5.4) that

(5.2)

(5.3)

(5.4)

6" (t) = —ZHVu(t)Hz—i—Z/Otg(t—s) <Vu(s),Vu(t)>ds—|—2/Q\u(t)\”ln]u(t)\dx—i—Zb. (5.5)

On the other hand, by the Holder inequality and the Cauchy-Schwarz inequality, we have

%(9'( (/ lu(s) |2 ds + b(t + To) )(/ e ]ds—i—b)
0 ([ Imo)1as b)),

and by the Young inequality, one has

z/t (t—s) (Vu(s), Vu(t)) ds

_z/ s)ds | Vu(t)|? +2/ (t—5) (Vu(s) — Vu(t), Vu(t)) ds

> (23 [ s IVu) = p (g0 7u) 0

It follows from (5.2)—(5.7) that

0" (18(1) ~ P12 (0(0)" > (12 (1)

where ¢ : [0, T] — R is the function defined by

£l = -2 Va)lF+ (23 ) ([ sto)ds) IVl = p (g ) (1

5.6)

(5.7)

(5.8)

+2/\ )P In |u(t)|dx — (p +2) / lus(s)|2ds — pb.  (5.9)

On the other hand, from (3.2) we have that

[ oo = = pe)+ 5 (1= [ s(rnae ) [vute

(5.10)



On a viscoelastic heat equation with logarithmic nonlinearity 13

And hence, (5.9) and (5.10) yield
1\ ot
) == 2pE )+ [p-2= (p=2+47 ) [ sl |vuo)?
2 t
5 lu(®)Il} — (P+2)/0 lue(5)1* ds — pb. (5.11)
By virtue of the energy inequality (3.4), we deduce from (5.11) that
1\ ot
()= ~2pEO) + [p=2= (p=2+ ) [ s |vuo)?
2 P ! 2
5 IO+ (p=2) [ la(s) [ ds — pb

p—2 /f 1 /f > . b
>2 1-— s — ———— ds | |V —E0) — =
ks 2 (1 [ so0s = s [ (o) 19017 + 5 ) — E0) = 5
b
> 2p [P 2 Va4 5 ol - 50 - 5 |, 612
2p p*
where « is a constant given by
1 (e}
0<K:€—7/ s)ds < /¢
pp—2 Jo 8
thanks to p >2and £ =1 — [~ g(s)ds
By virtue of Lemma 5.1, it follows from (5.12) that
b
£l0) 2 29 (4~ E0) - 3 ).
Since E(0) < dy, choosing b small enough such that
0<b<2(dc—E(0)), (5.13)
we get
Z(t) > p > 0. (5.14)
Combining (5.8) and (5.14), we arrive at
" (06(t) — 52 (6 (1) = 00(1) 2 0
Applying Lemma 2.4 with v = 2% we have that 6(t) — oo for t — t* < co, which contradicts
T = oo. And hence u(t) blows up at finite time T. Moreover, we have also
2
o 40 4 (T [0l + bTS) 2ol o 2T
~ (p=2)0'(0) 2(p —2)bTy (p—20Ty  p-2

By choosing Ty € ((2,|;|u02“b/ > , we get

2
I < 20T} 5
(p = 2)bTo — 2 Juo|
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Since b satisfies (5.13), by minimizing the above inequality for Tp > ( ) 515, We arrive at

8 o]’
(p—2)*(dx — E(0))

Step 2: Lower bound estimate of the blow up time.

T<

By Step 1 we know that lim,_,7 ||u()||* = co which implies
lim [|Vu(t)|* = oo,
Jim [[Vu(t)[|” = oo

thanks to the continuous embedding H}(Q)) < L2(Q).

Let us now define an auxiliary function

R(1) = % (1 - /0 (o)) [Vu) + 5 <gow)< )

o O ) dx = (o)

Then by assumption (G, (ii)), we have

1
2(p

which implies lim;_,7- R(t) = co thanks to (5.15).

Recalling the Lemma 3.2, we have
R'( +/ 0 (E) P2 (F) g (£) In [ua () |dx
< — () + [ (O 2u(t)us(t) n () k.

Let us divide () into two parts as follows:

O ={xeQ:|u(xt) <1} and O ={xeQ:|u(xt)]>1}.

Applying Lemma 2.3, Holder’s inequality, Young’s inequality, we reach

R'(t) < — Hut||2 —|—/ |u|P 20wy In |u|dx
9

= —Hut]|2+/ ]u\p’zuutln|u]dx+/ lu|P 2wy In |u|dx
0 M

<l o+ (elp =) [t o)l
1

2 -1 1 1+
= [l + (e(p = 1)) [ [Jue]| + (ecr) ||u|\§p Loy el

IN

2(p—1+0)
(p—1+0)

, 1 ,2 1, o _
< = [uell™ 4 5 (elp = 1)) 7 ] + 5 [|ue] +§(60) [l

IN

1 _ 1 - 2(p—1
5 (e(p—1) 20|+ 5 (e0) 2 IIuHZE;‘ZqIQ :

Here, for simplicity, we write u instead of u(t).

L 1T < 5 (1 [ 80} IV + 5 (g0 9w () = RO,

1 2
+ L]

(5.15)

(5.16)
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By2 <2p—-2< = 2, there exists ¢ > O such that 2 < 2(p—1+40) < % Using the
embedding H}(Q) — LXP=1+9)(Q)), we deduce from (5.16) that

1 _ 1 B
RI(H) < 5 (elp = 1) 7?10 + 5 (e0) 2, A [ Tu (|

< K RP7IMO(4) + Ky, (5.17)

where S, is the optimal constant of embedding H} (Q)) < L1(Q)), and

K1 = 1 EU')_Z 52(p71+0’) (2(p — 1)2)77*1+0" K2 =

5 ( 2(p—1+0) (e(p — 1))72 Q.

N =

Integrating (5.17) from 0 to t, we get

R(t) 1
i
R(0) KizP~117 +Kp

combining with the fact lim; ,7- R(t) = oo we obtain (3.6). Thus the proof is complete.

6 Proof of Theorem 3.5

We begin with the following lemma which is helpful to the proof of Theorem 3.5.

Lemma 6.1. Under the assumptions of the Theorem 3.3. For any 0 < § < £, we have that

Proof. It is first noticed that up € Wj; thanks to E(0) < ds and I(ug) > 0. By using the similar
method as in the proof of Lemma 5.1, we can show that u(tf) € Ws for t > 0. Taking this
into account and using the Lemma 2.5 (iii), we imply that there is a constant A; > 1 such that
Lg()\lu(t)) =0.

On the other hand, from the definition of I;, we have

S|IVu(t)]*.

s(ua(®) = 6 () [Fu() I = ()7 [ (@1 In ()| dx — ()7 In s ()]
= ((M)? = ()") S Vu®)IF + () Is (u()) = (M) In s [Ju(B)]1],
which implies, thanks to I;(A1u(t)) = 0 and Aq > 1, that
Is (u(D) = [1= () P8 [Vu(®) P +In Ay u®)])] = [1= ) 7| $1Vu@)*. 6D
To end the proof it remains to estimate A;. By variational characterization of d;, we have

1 1 (A1)P
P2

ds < Js (an(®) = s Oau0) +0 (3= 5 ) (P IVa) P u(t)l

<63 5) 19uIP + S lweol| ) 62
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On the other hand, by the non-increasing property of functional energy E(t), we have that

1 1 1 1
E(0) 2 E() 2 s (u(0) = Sl u(0) +8 (5 = ) IVu(o)|P+ 5 [
1 1 1

>0 (55 ) IVuIP + 5 ). 63)

From (6.2)—(6.3), we deduce that

ds \'*

A > (E(O)> > 1. (6.4)
The proof follows from (6.1) and (6.4). O

As a consequence of this lemma, we get the following estimates.

Lemma 6.2. Under the assumptions of the Theorem 3.3. For any 0 < § < £, we possess

2-p

ds \ 7
[ o fuolas <6 (555 T ITHOP and ol < Clpds) |91, 65)
where C(p,ds) is the constant given by
P2
2
5l
Clpds) = S |
1—(g57) 7

Here S, is the best constant in the embedding H}(Q) < LP(QY).

Proof. The first estimate in (6.5) follows from the Lemma 6.1 and the identity

@I ()l = 8 [Tu()]* — I (u(t))

<5vwwzb(;g)”

and since 2 < p < 2(,1"__21 ), the second one follows from the Sobolev embedding H}(Q)) —

LP(Q)) and the Lemma 6.1

5uvMunf::6<gﬁ»)”HVuaﬂf,

p—2
2

P(Sfld(g
2-p
1 (¢5) 7

lu®)ll}, < SpIVu()|” < Sp IVu(t)|* = Cp,ds) | Vu(®)|*,

where S, is the best constant in the embedding H}(Q)) < LF(Q)). O

For the proof of Theorem 3.5, we define the following auxiliary functional

L(t) = E(t) +ep(h),

where p is given by

(1) = 2&(0) ()|

The next lemma tells us that E(t) and L(t) are equivalent functions.
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Lemma 6.3. For &1 and &3 small enough, we have
041E(t) < L(t) < IXQE(t)
holds for two positive constants ay and wy.

Proof. By virtue of Lemma 6.1 and the definition of E(t), we have that

o= 1= ()

Taking this into account, we deduce from the definition of p(t) that

IVu(®)]*.

2-p

~1
2 2 -
()] < Ze(t) V(o) < 22 {1 (z7) ] o

where S, is the optimal constant in the embedding H} (Q) — L2 (Q)).

From (G, iii) we have ¢(t) < ¢(0) < M for some constant M > 0. Combining with the
above estimate to obtain

IL(t) = E(#)] < elp(t)| < eC(M)E(H),
that is
(1—eC(M))E(t) <L(t) < (1+eC(M)) E(t).
By choosing € small such that 0 < € < 1/C (M) we claim the lemma. O

The next lemma allow us to estimate p’(t).

Lemma 6.4. Let (G, (i, iii)) hold. Then we have that

() < — 8O [Tu() |+ 2(0) [ Ju(o)PIn (o)l + 5 C8(6) (30 V) (),

Proof. By using the differential equation in (1.1), we easily see that

[ty =~ [V + [ uePinju(lax+ [ g (- s) (uts), ult) s,
By using the Holder and Young inequalities, we obtain for any 1 > 0
/Otg (t —s) (Vu(s), Vu(t))ds
= /Otg (t —s) (Vu(s) — Vu(t), Vu(t)) ds + </Otg(s) ds) HVu(t)H2
< 2117(go Vu)(t) + (1 + g) </0tg(s)ds> IVu(t)||.
And hence, we arrive at

/Qut(t)u(t)dx < - [1 — (1_6)2(2—1_;”} HVu(if)H2 + /Q | ()P In |u(t)|dx + 2177 (goVu) ().
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By assumption (G,iii) and definition of p(t), we deduce that
1
o(t) = 28O u(OP + &) [ w(u(t)ax

o e FONN 0T

() [ 1O I () dx -+ 2(0) (g ) (0

Choosing 17 = 1%, we obtain

P < — SEOITuO +E0) [ u)Pinfu(oldx -+ 1 a0 (g0 7 (),
The proof is complete. O
We are now ready to give the proof of Theorem 3.5.
Proof of Theorem 3.5. Taking into account (3.3), we deduce from Lemma 6.4 that
L'(t) = E'(t) +¢0'(¢)
< — Jun(®) |~ ex&(6) V(O +e5(6) [ fu(t)]P in]u(s) ax

2(g' 0 V) () + e L) (g0 Vi) (). (6.6)

By (G,iii) we have (¢’ o Vu) () < —¢(t) (g o Vu) (t). Using (3.2), (6.6) and Lemma 6.2, we
have

L) < —enZOE®) + S8 (1- [ g(6)ds) [9u( + F(0) (g0 7u) (1)

= S22 [ (P n (Ol + 20 ut) ) = o)

~ LW 1Tt + () [ Ju) rp1n|u<t>|dx—§(1—e1f)¢<t> (30Vu) (1

< —eAE(DE(H) —¢ <§ - %g - Ac;ﬂ’d”) &) [ vu(b)?
1 1-¢

re(1=2) e [ orinfuoidr - 5 (1= 5 - en) 60 (g0 V) )
p 0 2 14
for any A > 0. By choosing ¢ > 0 and A < p small enough such that

12£>0 and 1—£1Z£—€A>0

1—¢

we obtain

2 2 p?

(g Al AC(P/de))g(t) IVu(t)|?

<~ eA(DE() < (ﬁ -5(555) -5 - Ac(p’i’d”> ) V(o).



On a viscoelastic heat equation with logarithmic nonlinearity 19

P
-2

Since E(0) < (%) "’ d;s, we can pick 0 < A < p such that

O (A \T AL AChd)

2 E(0) 2 p? ‘
Therefore, we get

L'(f) < ~eAG(HE() < ~ (L), Vi >t
2
which implies
L(t) < L(0)e a0 EOE yp > 4

This completes the proof. O
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