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Abstract. In this paper, we study the existence of positive solutions for the following
generalized quasilinear Schrodinger equation
— div(g? (u)[VulP~2Vu) + P~ (u)g' (1) [Vul? + V (x) |u|'2u
= K(x)f(u) + Q(x)g()|G(w)|" ?G(u), ~ x€eRV,

where N >3, 1< p <N, p* = NN—_pp, ¢ € CY(R,R*), V(x) and K(x) are positive con-

tinuous functions and G(u) = [, g(t)dt. By using a change of variable, we obtain the
existence of positive solutions for this problem by using the Mountain Pass Theorem.
Our results generalize some existing results.
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Introduction

This article is concerned with a class of generalized quasilinear Schrodinger equation

— div(g? (u)|VulP72Vu) + " (1) () [Vul? + V (x) [u]P ~2u
K(x)f(u) + Q(x)g(u)|G(u)

where N > 3,1 < p <N, p* = 1\’;—5\;, ¢ € CY(R,R*), V(x) and K(x) are positive continuous

PP2G(u), xeRN, (1.1)

functions, Q(x) > 0 is a bounded continuous function and G(u) = [ g(t)dt.
If p =2, then (1.1) will be reduced to the following generalized quasilinear Schrédinger
equation

—div(g*(u) Vu) +g()g' ()| Vu|* + V(x)u = K(x) f (1) + Q(x)g(u)|G (1) ¥ ?G(u), x € RY.
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In nonlinear analysis, the existence of solitary wave solutions for the following quasi-linear
Schrodinger equation has been widely considered

0z = —Az +W(x)z — k(x, |z|) — Al(|z)*)l'(|z)*)z (1.2)

where z : Rx RN — C, W : RN — R is a given potential, / : R -+ R and k : R¥ x R — R
are suitable functions. When [ is different, the quasilinear equation of the form (1.2) can
express several physical phenomenon. Especially, I(s) = s was used for the superfluid film
[26,27] equation in fluid mechanics by Kurihara [26]. For more physical background, we can
refer to [5,6,11,25,28,36,38,39] and references therein. In addition, many conclusions about
the equation (1.2) with [(f) = t* for some a > 1 have been studied, see [33-35,37] and the
references therein. However, to our knowledge, only in the recent papers [20] and [40], the
equation (1.2) with a general [ has been studied.

If we let z(t,x) = exp(—iEt)u(x), where E € R and u is a real function, then (1.2) can be
reduce to (see [15]):

—Au+ V(x)u — Al(u®)!'(u?)u = h(x,u), x € RV, (1.3)

If we take 0l o

[(FE(w))’]
2 7

then (1.3) turns into quasilinear elliptic equations (see [40])

gz(u) =1+

—div(g*(u)Vu) + g(u)g' (u)|Vul* + V(x)u = h(x,u), x € RN, (1.4)

Moreover, if we let

[((u))']?

P(u) =14+ 20
8" (u) ;
the (1.1) turns to the following (see [45])
Ay V()] — Ap(l(uz))l’(uz)z: _h(xu), xeRV,

For (1.4), in [20,21], Deng et al. proved the existence of positive solutions with critical ex-
ponents. In [20,21], they established the critical exponents, which are 2* and a2*, respectively.
In [18,19], Deng et al. established the existence of nodal solutions. Especially, in [18], the
authors gave some existence results about under critical growth condition. Moreover, in [29],
Li et al. proved the existence of ground state solutions and geometrically distinct solutions
via Nehari manifold method. In [30], the authors studied the existence of a positive solution,
a negative solution and infinitely many solutions via symmetric mountain theorem. In [9],
Chen et al. considered the existence and concentration behavior of ground state solutions for
(1.4) with subcritical growth. Afterwards, Chen et al. [10] proved the existence and concen-
tration behavior of ground state solutions for (1.4) with critical exponential 22* growth. For
more results, the readers can refer to [13,14,31,40-43]. In 2016, Li et al. [31,46] established
the existence of sign-changing solutions and ground state solutions with potential vanishing
at infinity as follows:

(g) g € CY(R,R") is even with ¢/(t) > 0 for all t € R and g(0) = 1.

(V) The potential function V is positive on RN and belongs to L*(RN) N C*(RY) for some
a € (0,1).
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(K) K € L*(RN) N C*(RN) is positive.

(Kp) If {A,} CcRNisa sequence of Borel sets such that |A,| < M, for all n and some M > 0,
then we have

lim K(x)dx =0, uniformlyinn € NN,
r=+c0.JA,nB(0)

where BS(0) = {x € RN : |x| > r}
(K2) The following condition holds:

K(x)
V(x)

€ L®(RY). (1.5)

Note that conditions (V)—(K3) are called potential vanishing at infinity. By using potential
vanishing at infinity, there are many papers (see [1,4,12,23,24,31,32,43,44,46]) to study the
existence of solutions for different equations. Especially in [22], Deng et al. proved the exis-
tence of positive solutions with critical growth and potential vanishing at infinity by making
the change of variables v = r~!(u), where r is defined by

() —
(14 2r2(t))1/2
r(—t) =r(t) on (—o0,0].

on [0, +0c0),

However, conditions (V)—(K;) are weaker than the following well-known condition:

(VK) V,K: RN — R, are smooth and there exist positive numbers «, B, a, b, and c such that

a C
<V <b, 0< K < ,
(x) < () < T

R®,
T+ 2 = * e

which was firstly introduced in [2].
Before stating our results, let us recall some basic notions. Let

DYP(RN) = {u e LV (RN) : Vu ¢ LP(]RN)}

1
p
fullo = ([, 1vuax)

Since the potential may vanish at infinity, it is natural to use the following working space:

with the norm

E= {v e D'(RVN) : /3 V(x)|o|dx < oo}
JIR
endowed with the norm

[ol| = (/RN(WUV’ + V(x)|v|’”)dx>2, vcE.

Moreover, we define the weighted Lebesgue space

LT (RN) = < u : uis measurable on RN and K(x)|ul7dx < oo
K RN
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endowed with the norm X
q
lullg = ( f, (K uiz)
for some g € (p, p*).

By the conditions (V)—(K3), in [17], the authors got the following proposition.

Proposition 1.1 (see [17, Lemma 2.2]). Suppose that (V)—(Ky) are satisfied. Then E is compactly
embedded in L}, (RN) for all q € (p, p*) if (1.5) holds.

To resolve the equation (1.1), due to the appearance of the nonlocal term [y g7 (u)|Vu|Pdx,
the right working space seems to be

_ . p 14
Eo—{MEE./]RNg(u)’VM| dx<oo}.

But it is easy to see that Ey is not a linear space under the assumption of (g). To overcome
this difficulty, a variable substitution as follows: for any v € E, Shen and Wang [40] make a
change of variable as

u=G1v) and G(u):/ g(t)dt,
0
then
p Py — r(Gg-1 -1 Pdy -— p
/]RNg ()| V| dx—/]RNg (G(0))|VG 1 (0)|Pdx := |Volh <+, vEE.

In such a case, we can deduce formally that the Euler-Lagrange functional associated with
the equation (1.1) is
1 1 .
=— P(u)|VulP +V(x ”dx—/ K(x)F(u)dx — — x)|G(u)|P dx.
Jw) =5 [ 8" @Vl 4 Vewlax - [ K@Fwde - [ 0|6
Therefore, by this change of variables E can be used as the working space and the equation
(1.1) in form can be transformed into

7@ =3 [ (1VoF + V)IG (0))dx

- K(x)P(G‘l(v))dx—l*/ Q)0 dx, xRV, (16)
RN p RN

By the fact of ¢ is a nondecreasing positive function that |G~1(v)| < |v|. From this and our
hypotheses, it is clear that J is well defined in E and J € cl.

Furthermore, one can easily derive that if v € C?(IRVN) is a critical point of (1.6), then
u = G 1(v) € C*(RN) is a classical solution to the equation (1.1). To obtain a critical point of
(1.6), we only need to seek for the weak solution to the following equation

G (@)P26 " (v) f(G"H(©))
8(G™1(v)) 8(G71(v))
Here, we say that v € E is a weak solution to the equation (1.7) if it holds that

—Apv +V(x) = K(x) + Q(x) 0| 20, xeRN.  (17)

G ()" 26 (v)
g(G 1(v))

f(G(v) .
_/IRN K(x)g(c;,—l(v))(/f’—/]RN Q(x)|v|F" v, @ €E.

(T'@),9) = [ Vol 2VoVe+ [ Vi(x)
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Then it is standard to obtain that v € E is a weak solution to the equation (1.7) if and only if
v is a critical point of the functional 7 in E. To sum up, it is sufficient to find a critical point
of the functional J in E to achieve a classical solution to the equation (1.1).

Very recently, Song and Chen [45] studied the existence of weak solutions for (1.1) when
V is a positive potential bounded away from zero and h(x,u) = h(u) is a nonlinear term of
subcritical type. Now, it is natural to ask whether problem (1.1) has the existence of positive
solutions in the case where h satisfies critical growth? To the best of our knowledge, there
are few results on such above questions in current literature. Actually, this is one of the
motivations for us to study the existence of positive solutions of (1.1) with critical growth.
Motivated by the above works, in this paper, our goal is to deal with critical growth case and
give the existence of positive solutions of (1.1) with potential vanishing at infinity.

Now, we answer the question in the affirmative, which is given in the front of the article.
Before stating our results, we need to give the following assumptions on f:

(f) f € C(R,R), f(t) =0 for t <0 and f has a “quasicritical” growth, namely
, f(t)
lim ———2—4—— = 0.
t=e0 §(B)|G(E) [P

(f1) limy_o+ W = 0 if (1.5) holds.

(f2) There exists a u € (p, p*) such that for any + > 0
0 < ug(t)F(t) < G(t)f(t) foralls€R,
where F(u) = [ f(t)dt.

In addition, we also assume that

(Q1) There is a point xg, such that
Q(xg) = sup Q(x).

x€RN

(Q2) For x close to xg, we have
Q(x) = Q(x0) + O(|Jx — x¢|?) as x — xo.

Now, we state our main results by the following theorems.

Theorem 1.2. Suppose that (g), (V)—(Kz), (Q1)—(Q2) and (f)—(f2) are satisfied. Then problem (1.1)

has at least one positive solution if either N > p? or p < N < p* and yu > p* — %.
Applying Theorem 1.2 to the case when Q(x) = 1 and p = 2, we can get the following
corollary.

Corollary 1.3. Suppose that (g), (V)—(Kz) and (f)—(f2) are satisfied. Then the following problem
—div(g* (1) Vu) + g(u)g' ()| Vul® + V(x)u = K(x)f (u) + ()| G(u) ¥ ?G(u), ~ xeRY
has at least one positive solution if either N > 4 or N =3 and y > 2* — 2.
The paper is organized as follows. In Section 2, we prove a solution of (1.1) with critical
growth and potential vanishing at infinity. In Appendix A, we give some useful lemmas,

respectively.
In the following, we denote by LF(IRN) the usual Lebesgue space with norms ||ul|, =

1
(Jgn [u|Pdx)?, where 1 < p < oo; for any z € R and R > 0, Bg(z) := {x € R?: [x —z| < R};
C possibly denotes the different constants in different place.
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Main results

In this section, we present some useful lemmas and corollaries. Now, let us recall the following
lemma which has been proved in [30].

Lemma 2.1 ([30]). For the function g, G, and G, the following properties hold:
(1) the functions G(-) and G~1(-) are strictly increasing and odd;
(2) G(s) < g(s)sforalls > 0; G(s) > g(s)s forall s <0;
(3) g(G71(s)) > g(0) =1foralls € R;
(4) @ is decreasing on (0, +o00) and increasing on (—oo,0);

(5) |G71(s)| < ﬁ\s] = |s| forall s € R;

G (s)] _ .
() g(G1(s)) = gzl(()) |s| = |s| forall s € R;

(7) Gil(S

g(G*il()si) < |G7Y(s)|* forall s € R;

(8) limg g @ = ﬁ =1and

§(e0)’
0, if gis unbounded.

lim
|s|—+o0 S

Gl(s) {1 if g is bounded,

The next two lemmas show that the functional 7 verifies the mountain pass geometry.

Lemma 2.2. Suppose that (V)—(Kz), (Q1)—(Q2), and (f)—(f2)are satisfied. Then there exist a, p > 0
such that J (v) > « for all ||v|| = p.

Proof. It follows from (1.6) that

T (0) = 1/RNHVUV’+V(x)|c—1(v)|r’]dx—/ K(x)F(G1(0))dx

p R
- f Qe
_ ;Hvong - (—;V(x)|c—1(p)|ﬁ’+K(x)F(G—1(U))> dx .
-5 Jo QU d
> ;vangg -/ <—:)V(x)|G—l(v)|P+K(x)P(G—1(U))> dx
- pl [ Qo dx.
On the one hand, if (1.5) holds and let A(x,s) := —%]Gfl(s)\p + I‘j((i%F(G*l(s)), then by
Lemma 2.1-(8), we have
1) |P 1
w im0
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and ,
-1 -1
lim A(x,*S) ~ tim |16 (@) 1*_ K(x) F(G ES)) _o, 23)
s 400 ]sP S—y400 p s ‘sp p V(x) ‘S”
since
lim G '(s) _ sy, if gis bounded,
|s|>+c0 S 0, if gis unbounded.

Thus, by (2.2) and (2.3), for € > 0 sufficiently small, there exists a constant C, > 0 such that
V(x)A(x,s) < (—:7 +€> V(x)|s|P + CeV (x)]|s|”. (2.4)
Then by Proposition 1.1, (2.4), (2.1) and (Q;), we have
Volr — (-1 + e) [ v@lar—ce [ vl d - 1 0(x0) [ b dx
p RN RN p* RN
* 1 *

_ p_ p _ P

> lollr —C [ ol dx — 0(0) [ lol""dx

p
1
z(p—m)ww—cw

since there exists C > 0 such that 0 < K(x) < Cand 0 < V(x) < C. It follows that

J(v) >

_ g |

p*
/4

J (v) = Cllol|” = Clo||"", (2.5)
if we choose sufficiently small p > 0, which implies that

J(v) > CpP — Cp?" =:a > 0.

This completes the proof. O

Lemma 2.3. Suppose that (V)—(Kz), (Q1)-(Q2), and (f)—(f2)are satisfied. Then there exists e € E
such that J (e) < 0 and |le|]| > p.

Proof. For any fixed vy € E with vgp > 0 and vy # 0, by (1.6) and Lemma 2.1-(5) , we have

T (tvg) = ;1?/ [|tVUo|p+V(x)|G_1(tvo)|p]dx—/ K(x)F(G " (tvo))dx

RN RN

1 R
_ P
> /RN Q(x) |top| " dx

<Dl ~ 2 [ Q)
P p* JRY
— —o0o0, ast— +oo,

which gives that the results hold if we take e = tvy with t sufficiently large. This completes

the proof. O

As a consequence of Lemma 2.2 and Lemma 2.3, for the constant

co = inf sup J(y(t)) >0,
yeT te[0,1]
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where

I'={yeC([0,1],E), 7(0) =0, v(1) #0, J(7(1)) <0}.
Note that from Lemma 2.3, I' # @. By the Mountain Pass Theorem in [3], then we have the
existence of sequence {v,} C E satisfying

J(0y) —co and J'(vy) =0 1 — +oo. (2.6)
The above sequence is called a (PS)., sequence for J.
Lemma 2.4. The sequence {v,} in (2.6) are satisfied. Then {v,} is bounded in E.
Proof. Since {v,} C Eisa (PS), sequence for 7, we have

1
(o) = [ (Vo + VUG @n)P)dx — [ K)F(G™ (o)
2.7)
- pl [ Q@i | dx = <o
and for any ¢ € CF(RY),
, _ S G~ (@) P26 (20)
(T (on), @) = /IRN Vou"“VouVe + /IRN v g(G1(vn)) (2.8)

£(G7(v) 2
KO STy fo QNP a9 =01 g,

as n — oo. Since C(RYN) is dense in E, by choosing ¢ = v, we deduce that

o) o — 671 (00) P26 o) £(G @)
e = o 7o+ o VO demGy o o K36

- [ Q@ " 200, = o(D)lfoull
as n — oo. It follows from (2.7), (2.8) and Lemma 2.1 that
peo +0(1) = (T (vn), vn)
> T (vn) = (T (Vn), vn)

_Hh—p P / -1 p2 |1 11 2 G '(vn)
; /RN‘W”‘ dx+ [ V)IG (o) [py\c () = — o | dx

| 3G ()
- [ K (1R o) - LM Y (L -1) [ Qoo ax
> ”;f’ U |an|pdx+/ %)|G™ (vn)|de} .
2.9)

By (f2), we have F(s) > CG(s)* > CG(s)* for all s > 1. Then

/ V(x)|on|Pdx
(]G o)1)

<C K(x)E(GY(v,))dx
{x:|G"H(vy)>1}
c . (2.10)
<C/ ))dx+p/]RNQ(X)!vn! X

sc:[l

p </ ‘anlpdx%—/ x)|G™ (vn)|de> _C0+0n(1):| .
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On the other hand, for the case x € {x : |G~ !(v,)| < 1} we know that

1
g’ (1)

Vx UndeSC Vx Gil’(jn pdx
/{x¢|G1(Un)|§1} ( )| ’ {x:|G1(vy)<1} ( )‘ ( )|

(2.11)
< C/]RN V(x)|G Y (v,)|Pdx.

Since g(s) is nondecreasing. Combining (2.9), (2.10) with (2.11), we deduce that {v,} is
bounded in E. This completes the proof. O

We are going to verify that the level value ¢y is in an interval where the (PS) condition
holds. To this end, by the method developed by [8], we also introduce a well-known fact that
the minimization problem

S =inf{|Vol,:v € DY (RN), ||, =1}
has a solution given by

C(N, p)e(pr)/(pzfp)
(ep/(Pfl) +]x — xO|P/(P*1))(N*P)/P

ve(x) =

and
\Vve\g = \%!Z* = gN/p,

For small enough R > 0, define a cut-off function ¢(x) € C§°(RV) such that (|x|) = 1
for [x — x| < R, ¥(|x|) € (0,1) for R < |x — x9| < 2R and |Vy| < &, and ¢(|x|) = 0 for
|x — x| > 2R. Define

we(x) = P(x)ve(x) (2.12)
and X
0w (x) = we(x) [/ Qx)w! (x)dx| | . (2.13)
]RN
Denote
Viax := max  V(x),
XGBZR(X[))
Kypin := min  K(x).
XEBZR(X())

Similar to the discussion of [17,22], by dv./ o < 0, we have that

[ Vadrax= [ volravs [ s,
Br(xo) Br(x0) Br(x0)

and by the assumption (Q) we also have

Qo) [ |Voeldx <Q(x) [ Vool dx+O(er).
BR(X()) B 0)

R (%

Simple calculations as [16] gives that

[ Jalax =0,
RN\Bg (xo)
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Ae = / |Vwe|P dx = O(eN=P)/ (1)
RN\ Bg(xo)

and
ke? + O(eN-p)/(p-1)), if N > p?,
/RN 0 [2dx = { ke?|Ine| + O(eN-P/(r-1)), if N = p?, (2.14)
O(eN=-p)/(p=1)), if N < p?,

as € — 0, where k is a positive constant. Therefore, we can get
/ |ng|pdx:/ |Vwe|Pdx + Ae
]RN BR(X())

g/ 0|7 dx + Ae
BR(X())

r
3

<S [/ |ve|p*dx]p + Ae
BR(JC())

_F
¥

< S(IQl) | [ Qe

P
PF

+O(e?) + O(eN=P)/(p=1)y,
Set V. = flRN |Voe|Pdx, since for small € > 0, say € < €y, it is easy to see that

| Q@ x> c,,
Br(x0)
for some positive constant C,,. The definition of V. and the last two inequalities imply that

_F
Ve < S(|Qll(ry)) 7 + O(e”) +O0(eN =P/ =), (2.15)

Lemma 2.5. Suppose that (V)—(Kz), (Q1)—(Q2), and (f)—(f2)are satisfied. Then there exists vy €
E\ {0} such that

1 p=N
0 <sup J (too) < - SMP[[|Qll )] 7 (2.16)
£>0
if either N > p? or p < N < p? and p > p* — -E5.
Proof. Firstly, we claim that for € > 0 small enough, there exists a constant ¢, > 0 such that
j(teUe) = r?gox j(tUe)
and
0< A <te <Ay <+oo forall € >0 small enough,
where A; and A, are positive constants independent of e.
By (f)-(f1), for any ¢ > 0, there exists Cs > 0 such that
F(B)] < ag(BIG(H)P7! + Cag(HIG (R (217)

Now, we consider

T(toe) = ;/RN[tP\we|P+V(x)yc1(ta€)|P]dx—/ K(x)F(G™(toe))dx

RN
1 -
RS
2ol - [ KF(G toeNdx— 2 [ Q)i
p € RN € p* RN €

— — 00, ast— 0.

<
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Clearly, lim;_, ;o J (t0e) = —oo for all € > 0. Since J(0) = 0 and J (toe) = —oo, there exists
te > 0 such that

_ dJ (toe)
J (teoe) = rgaox J (toe) and o

t=te

Thus we have

oedx

_ G (teoe)|P2G 1 (teoe)
t?l/ Vo|Pdx + Vx| e e
Byr(xo | | Byr(xo) ) g(Gil(teUe))

f(Gil(t€U€)> p*_l .
Bar (x0) ( )8<G_1(teae)) € € BZR(XU)Q( )|oe]

(2.18)

On the one hand, if there is a sequence t,, — +oo, as €, — 07, by the above equality,
we get

_ G (te,00,) [P 2G (te,00,)
tF 1/ Vo, |Pdx + V(x | En_Cn En B
! BZR(XO)‘ | Bor(x0) ) g(G(teve,))

> [ Qe dx.
Bar(xo

O dx

n

Hence by Lemma 2.1-(7), we get

Vel [ Vel 27 [ oo,
Bogr(x0) Bogr(x0) Byr(x0)

which gives a contradiction since p* > p.
On the other hand, we suppose there is a sequence t, — 0 as e, — 0". If (1.5) holds, by
(2.17), for any 0 > 0 there exists Cs > 0 such that

f<G71<t€n0'€n)) rp—1 P 1 \pr-1 p*
/R KO ey oo < O /m K(x)[0e, Pdx + Co(,) /IR K(x)[0e, |7 dx

< sce?! /N (V06 |? + V(2)|oe, |P) dx
R
£ Colth, )" [ K)o
n RN

By (2.18), we have

_ —1(y p—ZG—l(t/ o )
ip—1 p / |G (ten‘Ten” e9€n) o
O (fo Dealrie) + [ v (1,0:)8(C (o)) o™

<octtt [ (Vo P+ Vo M) dx+ ()7 [ Qe 7 dx
RN RN

+Colt,)" 1 [ K)o, |
RN

Thus taking § = %, we have
|G_1(tén0'€”)’p_ZG_l(tén(fe”) 1

1 (1
Pl 7/ Vo. |Pd / 1%4 - = Pd
€n (p RN Ve, |Pdx + RN (%) |tL oe,|P~1g(G 1 (toe,)) p 7|7 (2.19)

< () [ Qe P dx 4 Caltl, ) [ K(x)lor, 7 dx.
RN RN
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When t; — 0, we have

G_l (téno-en)
|t 06,71 8(G 7 (teoe, )

1
> —.
p
Therefore (2.19) is also impossible because of p* > p. So we complete the proof of our claim.

Since 0 < A; < te < Ay < 400 for € small enough, together with the definition of Viax
and Ky, we know that

T(tor) = ;/Rw(tp\wev FV)IG (tee)P)dx — [

RN

K(x)F(GY(toe))dx

7 )|V d
F . Q(x)|oe X
Pyl / V(x)|G Y (to) |Pdx —/ K(x)F(G (o) )dx — -
p ‘ P JByr(x0) ‘ Bar (%0) ¢ p*
£ 1 » . £
<ley o / V(2)|G ™ (teor) |Pdx —/ K(x)F(G 1 (teoe))dx — <
p P JBor(x0) Bogr(x0) p
p*
<ley g 1vmax/ G (£e02)|Pdx — Knin F(G™(teoe))dx — €
p BZR xo BZR(XO) p
_t tP £
V + — Vmax/ |(7€|de - Kmm/ G 1(t€(7€))dx — %
P Bar(x0) Bor(x0) p

By virtue of %Ve — %: <4 VP for all t > 0, the estimate (2.15) on V. and the above inequality
imply that

sup J (toe) = J (teoe)

t>0

_N-p

< 55V [IQlsqn] 7+ OLeP) + 0P/

Z

P
ey / 10 Pdx — Konin / F(G\(teor))dx
p Bar Xo Bar xo

1 ,N (2.20)
< 88 [IQlmmen] " Ko [ (G (teoe) e+ Oe)
2R xo
ke? + O(e(N=p)/(p=1)), if N> p?,
+O(eN=P/ =Dy 4 L keb|Ine| + O(eN-P/(p-1)), if N = p?,
O(eN—p)/(p-1)), if N < p2.

By (f2), we have F(s) > CG(s)" for all s > 0. Therefore

/ o FOT o) > C (teoe)'ax > CAY [ (o)t
Bar (x0

BZR(XO) BR(XO)
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It follows from (2.20), the above inequality and the definition of o that

N
sup 7 (10) < - 5™7 [ QU] T ~CAY [ (ae)tdx+ O
£>0 & (¥0)
ke? +O(e(N-p)/(r-1)), if N > p?,
+O(eN=P/P=1) 4 L keb|Ine| + O(eN-P/(-1), if N = p?,
O(elN —p)/(p—1)), if N < p?, 2o
N=p . R N—1 .
1 P
(14 7P/ (P=1)) "7
ke? 4+ O(e(N-p)/(p=1)), if N > p?,
+0(e?) + O(eN=P/P=Dy 1 L keb|Ine| + O(eN-P/(P-D)if N = p?,
O(elN = p)/(p—1)), if N < p.
For N > p? and u € (p, p*), there exists a constant C > 0 such that
) T’N_l
/0 ——dr>C>0.

(A+m/(p—1)""
If N > p?and u € (p,p*), then we have

N—N;Py<p§N—p. (2.22)
Combined (2.21) with (2.22), when € — 0, we have
1 _N-p
sup J (toe) < —SN/P [HQHLM(RN)} P (2.23)
t>0 N

Ifp<N<p?andyu € (p*—p/(p—1),p*), then we know that (2.23) also holds. Then we can
get the following inequality

N —

N — pp U< N-—p<p.
Hence inequality (2.23) also follows from (2.21) if we choose € small enough. Thus we can
imply that the inequality (2.16) holds by taking ug = o, for sufficiently small e. O

Next, we will prove the main results in this paper.

Proof of Theorem 1.2. By Lemma 2.2 and Lemma 2.3, all conditions of Mountain Pass Lemma
in [3] are satisfied. Let {v, } be a (PS),, sequence of 7. Then

1
J (o) = (IVou|P + V(x)|G ™ (vn)[Pldx — | K(x)F(G™'(vn))dx
p/ /]RN (2.24)

——/ X)[vF P dx = co+ 0,(1)

and

/ _ |G (o) P26 (vn) f(G1(0)
<j(vn),vn>_/RN[|vz;n|p+V(x) T vn]—/]RNK(x)g(Gl(vn))vn

_/]RN Q(X)|of [P v, vpdx = 0,(1) |0y .
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From Lemma 2.4, we know that {v,} is bounded in E. Passing to sequence, there exists a
subsequence of {v,} (still denoted by {v,}) such that

vy — v InE
v, — v in LL(RN) for p < g < p%, (2.25)

Uy — U a.e.in RN,

Let
o FGT@) V@), s V)G @P 6 ()
o0 =@ Tk ™ TR G T@)
and
- (7 B 1V(x) ~1V(x) ;
Po) = [ Fx,0)ds = (G )+ ol =S 22167 @),
then
T(0) = ;/RN(]VU\”+V(x)|v|P)dx—/]R K(x)E(x, 0 dx——/ ot |7 dx.
Similar to [43], we can verify that
. F(x,s . F(x,s . f(x,s . flxs
lim |(s|P) =0, lim |(s\v*) =0 lg%f|5(|v 1) =0 Sh_%ﬁp* 2:0' (2.26)
By Corollary A.3, we can get
lim [ K@ G (0n) = [ K@FxG(@),
, fx,G (o) f(x,G™'(v))
y}gr()\o - K(X)an = /]RN K(x)Wv. (2.27)

Since J'(v,) — 0, by (2.27), we can get

/ (|Vol? +V(x)\v\v)dx—/ K(x)f(x,v)vdx—/ Q(x)|o* |7 dx = 0.
RN RN RN
Denote ¢, = v, — v, then by (2.6) and the Brézis-Lieb Lemma in [7], we have

T@+ [ (Ve +V@loix— [ Qe dr=a+o)  @29)

and

/ (|Vz9n\”+V(x)|z9n|”)dx—/ Q(x) |97 dx = o(1).
RN RN

Without loss of generality we can suppose
/N(|Vl9n|p+V(x)\l9n\p)dx—>l as 1 — o0 (2.29)
R

and then we have
/N Q)0 dx =1, 1 — oo, (2.30)
R
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Moreover, by Sobolev’s inequality, we know that

i p/p
/ |Vl9n]’”dx25</ 18,7 dx)
RN RN
_p/p* % p/p*
> 5 [IQle] " (o Qs ax)

Using (2.29), (2.30), (2.31), if | > 0, then we have

(2.31)

p—N
r

12 SN[ Qll ey |
By (2.28), we have

p—N

(Lo S 5
J(v) = (ao ; p*> < co— SV [[|Qllsrry] T <.
On the other hand, by (f2), we have
T = / Vol + V()G (@) dx = [ K(x)F(G(0))dx
p RN

r
/IRNQ x)|o|P dx
1

- /]R V@I @ [I6 @F -

8(
- [ K@) [P(G1(v)) —Wv] dx
RN
>0,

which is a contradiction. It shows that [ = 0. By the definition of ¢, we conclude that J
satisfies (PS)., condition and thus

J@)=c>0 and J'(v)=
which gives that u = G™1(v) is a positive solution of (1.1). This completes the proof. O

Appendix A

In this part, we want to give some very useful lemmas.

Lemma A.1 ([17, Lemma 2.3]). Suppose that (V)—(Kz) hold, and h : RN x R — R is a continuous
function, which satisfies the following conditions:

(h1) h has a quasicritical growth, that is, | |11m ‘h‘(’f 5 — 0
s|—+400

(hy) if (1.5) holds, then h satisfies lim " ) — .
s—0 |S|p

If a sequence {v, } converges weakly to v in E, then

z

lim [ KH(x,0,) / KH(x
RN R

n—o0

lim [ Kh(x,o0)0 :/ Kh(x
R

n—oo JRN N

where H(x,s) = [ h(x, t)dt for all s € R.
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Lemma A.2. Under the assumptions of Lemma A.1, if v, — v in E, then for each ¢ € E it holds that

lim K [h(x,v,) — h(x,v)] pdx = 0. (A1)

n—oo JRN

Proof. Motivated by [1,31,46], since v, — v in E and E < LP (RY), then there exists M > 0
such that
loall, ol <M Jol}. <M,  neN.

Now, we consider the case that (V)-(Kj), (1.5), (k1) and (hy) hold. it follows from (k) and
(hy) that for any ¢ > 0 and q € (p, p*) there exists C, > 0 such that

h(x,s) < e(|s|P~1+ |s|F" 1) 4 Cels|T7Y, s €R. (A.2)
By (1.5), we have that

K(x)h(x,5) < e(|JK/ V]V (x)|s]P + |K|oo|s|P") + CeK(x)|s]72, xcRNand s € R. (A3)

According to Proposition 1.1, it holds that [y K|v4]|7 — [px K[v|7 as n — co. Then there exists
R = R, large enough such that

e \1/a-1)
/ K|vnw,/ Klo]? < () ,  neN. (A4)
BS, BS, Ce

where B = {x € RN : |x| > R}. Hence, we can derive from (A.3), the Holder inequality,
(A.2) and (A.4) that

[ KinGeo)8l < [ e(K/VIaV (@) oal? ™ 4 Kleofoul” ) +C [ K()[oal ]9l
By B, B

(-1)/q
K)ol
R

< Ce. (A.5)

1
<& [[K/VIsllonll 911 + Kool Il | +Ce ( /.

where C is independent of . Similarly, it holds that for some constant C, independent of ¢,

/ Kh(x,v)¢ < Ce. (A.6)
By
Next, we only need to prove that
lim | Kh(x,v,)p = / Kh(x,v)¢. (A7)
n—oo BR BR

In fact, since v, — v in E, then exists a subsequence of {v,} (still denoted by {v,}) such
that v,(x) — v(x) for a.e. x € RN. Thus h(x,v,) — h(x,v) for a.e. x € RN. Moreover, it
follows from (A.3) that {h(x,v,)} is bounded in LP"/(*"~P)(Bg). Hence h(x,v,) — h(v) in
LP"/(""=P)(Bg) as n — oo, and (A.7) holds as a consequence of the fact that K¢ € L (RN).
Thus we can get that

lim Kh(x,vn)(p:/B Kh(x,v)¢.

n—o0 BR

Combining (A.5), (A.6) with (A.7), (A.1) holds. This completes the proof. O
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Corollary A.3. Under the assumptions of Lemma A.1, if v, — v in E, then it holds that

lim KE(x,G Y (vy)) = /

n—oo JRN RN

i [ F G @)

KF(x,G1(v)), (A.8)
f(x,G ()

% Je N (G o) T S (G 1(0) (4.9)
and

| G lw)) [ F(xG ()

L A (T ) B R (e ) B A (A10
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