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Abstract. Some new weakly singular integral inequalities are established by a new
method, which generalize some results of this type in some previous papers. By these
new integral inequalities, we present the attractivity of solutions for Riemann-Liouville
fractional differential equations. Finally, several examples are given to illustrate our
main results.
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1 Introduction

The study of fractional differential equations has been of great interest in the past three
decades. It is caused both by the intensive development of the theory of fractional calcu-
lus itself and by the applications in various sciences. In particular, the existence, uniqueness
and stability results of fractional differential equations have been studied by many papers
and books. In recent years, many researchers have began to investigate the attractivity of so-
lutions of fractional differential equations. For example, Furati and Tatar [4] investigated the
asymptotic behavior for solutions of a weighted Cauchy-type nonlinear fractional problem.
Kassim, Furati and Tatar [8] studied the asymptotic behavior of solutions for a class of nonlin-
ear fractional differential equations involving two Riemann-Liouville fractional derivatives of
different orders. Zhou et al. [13] studied the attractivity of solutions for fractional evolution
equations with Riemann-Liouville fractional derivative. Gallegos and Duarte-Mermoud [5]
studied the asymptotic behavior of solutions to Riemann-Liouville fractional systems. Tuan
et al. [11] presented some results for existence of global solutions and attractivity for multi-
dimensional fractional differential equations involving Riemann-Liouville derivative. Cong,
Tuan and Trinh [2] presented some distinct asymptotic properties of solutions to Caputo frac-
tional differential equations.
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In this paper, we first study the following weakly singular integral inequality
t
u(t) < at™* 4 bt~ / (t— )P U(s)ul(s)ds, € (0,+00), (L.1)
0

where a,b > 0,2« >0, > 0,0 < B <land 0 < u < 1. We know that weakly singular
integral inequalities are well-known tools in the study of the fractional differential equations.
The pioneering work of weakly singular integral inequalities was investigated by Henry [7].
In 1981, Henry [7, p. 190] studied the following weakly singular integral inequality

u(t) <at* '+ b/ot(t — )P s Ly (s)ds, t € (0, +o0), (1.2)

where «, 8,y are positive with f + > 1 and a 4+ ¢ > 1. Webb [12] also studied the following
weakly singular Gronwall inequality

t
u(t) <at™"+0b-+ c/ (t—s)Ps™u(s)ds, forae. t € (0,T], (1.3)
0

where 0 < «, 8,7y < 1 with a4+ < 1 and B+ 7 < 1. Recently, Zhu [14] considered the
following inequality

u(t) <at ™ 4bt=° /Ot(t — )P (s)u(s)ds, t € (0, +00), (1.4)

where a > 6 > 0 and 0 < B < 1. Zhu [15] also considered the following weakly singular
integral inequality
ot

u(t) < at=* 4 bt~ /O (t— )P NU(s)uk(s)ds, € (0, +00), (15)

wherel >a >6>0,0<pu <1land0 < B < 1. Some results of this type are also proved by
Denton and Vatsala [3], Haraux [6], Kong and Ding [9].

Applying weakly singular integral inequality (1.1), we begin to investigate the attractivity
of solutions of fractional differential equation

{Dgix(t) = £(t,x(1),

1.6
lim, o+ t17Px(t) = xo, (Lo

where B € (0,1) and t € (0,+00). As far as I know, there have been few papers to study
the attractivity of fractional differential equation (1.6) by weakly singular integral inequalities.
The conclusion and the method of the proof in this paper seem to be new.

The outline of this paper is as follows. In Section 2, we introduce some notations, defini-
tions and theorems needed in our proofs. In Section 3, we obtain some new results concerning
weakly singular integral inequalities. In the last Section, we give some sufficient conditions
on the attractivity of solutions of fractional differential equation (1.6). Finally, some examples
are given to illustrate our main results.

2 Preliminaries

In this section, we introduce some notations, definitions and theorems which will be needed
later.

Let « € (0,1), we denote Cy(0,+00) = {x(t) : x(t) € C(0,400) and t*x(t) € C[0, +o0)}.
L},.[0,400) (p > 1) is the space of all real valued functions which are Lebesgue integrable
over every bounded subinterval of [0, +c0).



Attractivity of solutions of fractional differential equations 3

Definition 2.1. [10, p. 33] Let 8 € (0,1), The operator I§+, defined on L[0, T] by

Ig+(p(t) = F(lﬁ) /Ot T io(ss))l_ﬁds, ae. te€[0,T]

is called the Riemann-Liouville fractional integral operator of order .

Definition 2.2. [10, p. 35] Let B € (0,1), The operator D€+, defined by

d 1-p 1L d [t e(s)
Df =] = - / ) e. T,
where Ié: P ¢(t) is an absolutely continuous function, is called the Riemann-Liouville frac-
tional differential operator of order .

Definition 2.3. The solution x(t) € C;_4(0, +00) of fractional differential equation (1.6) is said
to be attractive if lim;_, ;o x(t) = 0.

Using the Holder inequality, Zhu [15] obtained the following inequality.
Lemma 2.4. Let 0 < B < 1. Suppose that s'~Pp(s) € LP[0,1], where p > % Then

1

toog 23 t ;
() Bo(s)ds sl( sp<1-ﬁ>|p<s>|"ds) @)
/0 s (98 —q+1)1 /0

fort € [0,1], where g = p—fl.

Recently, Zhu [15, Corollary 4.5] obtained the following result which is very useful for the
study of the main purpose of this paper.

Theorem 2.5. Let 0 < B < 1and 0 < pu < 1. Suppose f : (0,4+00) x R — R is a continuous
function, and there exist nonnegative functions I(t) and k(t) such that

[f(E )] < 1() x| + K (2)

for all (t,x) € (0,400) x R, where t1=MO=P)I(t) € C(0,+00) ML} [0, +o0) and +=Pk(t) €

C(0,+00) N L},.[0,+00), p > % Then the fractional differential equation (1.6) has at least one global
solution in Cy_g(0, +00).

3 Weakly singular integral inequalities

In this section, we are now to prove some results concerning weakly singular integral inequali-
ties, which can be used to study the attractivity of solutions for fractional differential equation
(1.6). We first study the weakly singular integral inequality (1.1) for the case y = 1.

Theorem 3.1. Let a,b > 0, &« > 0,6 > 0and 0 < B < 1. Let I(t) be a nonnegative, continuous
function on (0, +o0) and t“11(t) € L} [0, +o0), where a1 = min{l —a — B, —6} and p > % Let
t*u(t) be a continuous, nonnegative function on [0, +o0) with

u(t) <at™*+bt=° /Ot(t — )P (s)u(s)ds, t € (0,00). (3.1)



4 T. Zhu

Then
1. 28-6-1-1 ;
M(t) < at™* + qut—’;A%(t) exp </ L(S)ds) 7 te (Or —|—OO), (32)
(B —q+1) o P
where A(t) = [ 20-1apsp==B)1p(s)ds, L(t) = LTI gy g — b
(qB—q+1)1 P

Proof. Applying Lemma 2.4, we have
t
u(t) <at "+ bt’é/ (t —s)PU(s)u(s)ds
0

= at ™% + btp071 /Ot(t_ts)l_ﬁl(s)u(s)ds (3.3)

Ly2B--1-d
<at™"+ qut—l (/ sp(l_ﬁ)l”(s)up(s)ds> ’
(gp —q+1)7 A0

From (3.3), we obtain

1 [3—(5—1
P u(t) < at' = PI(t) + 20bt7 7 7I(t) <

1
(9B —q+1)7
[0, +00), then tP(1—2=P)[P(t) € L}

Loc

/ts”(l_ﬁ)l”(s)up(s)ds> ' . (34)

0

Since t“11(t) € L},
1

where p > B Therefore we get

t t % 57‘7% s % !
/ sPA=B)IP(s)uP (s)ds < / [asl_”‘_ﬁl(s) + M </ Tp(l_ﬁ)lp(T)up(T)dT> ] ds
0 0 (@p—q+1)7 A0

t
< / 2P~ 1gPsP1=2=B)[P (5)ds
0
t 4p—1bp5p(l3—5)—1lp(s)
*

[0, +00) and tP(B=0)=11P(t) € L} [0, +00),

/Tp(l’ﬁ)l”(r)up(r)drds.

(@p—q+1)7 0
(3.5)
Let W(t) = fot sPA=P)1P (s)uP (s)ds, then we get
wngw+Ai@W@@. (3.6)

In (3.6), we know that A(t) is a nondecreasing function on [0, +c0) and using the Gronwall
integral inequality [1, Corollary 1.2], we obtain

wu)gAaymp<Aﬁ4g%). (3.7)
From (3.3) and (3.7), we get
2P
uu)gat“+21”lAmuymp(/*L“”%>. (3.8)
(@B —q+1) o F

Thus, we complete the proof. O
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As a consequence of Theorem 3.1, we can immediately obtain the following result for the
casea =1—pBand § =0.

Theorem 3.2. Let a,b > 0and 0 < B < 1. Let I(t) be a nonnegative and continuous function on
(0, +-00) with I(t) € L} [0, +00), where p > %, and t'=Pu(t) be a continuous, nonnegative function
on [0, +-00) with

u(t) <atPl4b /Ot(t —8)PL(s)u(s)ds, t € (0,00). (3.9)
Then
u(t) <atb~ !4 wﬁ(t) exp (/t L(S)ds> , t € (0,+00), (3.10)
(@B —q+1) o F
where A(t) = fot 2r=1aPlP(s)ds, L(t) = % and g = 2

(9B—q+1)7 Pt

Example 3.3. Suppose that #iu(t) is a continuous, nonnegative function on [0, +-c0) and u(f)
satisfies the following inequality

t
u(t) < t—%+t—%/ (t—s)_%&ds, t € (0, +c0). (3.11)
0 1+s

By Theorem 3.1, let p = 2, then we get

t 251 : t 65 !
1 1 1 6 3
< $71 i, 1 ) )
u(t) ¢ 6 t </0 (] )2d5> exp </ (] )2d5> ’ t € (0, OO) (3 12)

We know

1 1
S6 S6 7T

t 400 1
/O Arap < /O Aot =B0/65/6) =7

and tosT +eo g3 2371
R < B —— _= _=
/0 (RS /0 {192 = B/34/8) = =5=
where B(p,q) = fol(l —8)P s 1ds = % (p,g > 0) is the Beta function, and T'(p) =

f0+°° sP~lexp(—s)ds (p > 0) is the Gamma function.

Then we obtain

u(t) < 1 +2ﬁexp(4\§n)t%, t € (0,400), (3.13)
and u(t) — 0 as t — +oo.
Now, we investigate the weakly singular integral inequality (1.1) when 0 < u < 1.

Theorem 3.4. Let a,b > 0,0« > 0,0 > 0,0 < B < 1and 0 < u < 1. Let I(t) be a nonneg-

ative, continuous function on (0,4o00) with t*21(t) € L}, [0, +00), where ay = min{l — ap — B,

(B—=0—Du+1—pB}andp > % Let t*u(t) be a continuous, nonnegative function on [0, +oc0) with

u(t) <at™*+bt=° /Ot(t — )P (s)ut (s)ds, t € (0,00). (3.14)
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Then
1. 2-6-1-1 ¢ P
u(t) < at™*+ W—i (Alﬂ(t) +(1— y)/ L(s)ds> . , te€ (0,+00), (3.15)
(gB—q+1)7 0
where A(t) — f()t zp—lapysp(l—ay—ﬁ)lp(S)dsl L(t) _ 4P*1bl’l4t(ZPﬁ*PﬁPfl);:rP*l’ﬁlP(t) and q = %1
(qB—q+1) T P

Proof. From the inequality (3.14), using the same procedure as in the proof of the inequality
(3.3), we have

A aandl %

u(t) <at "4+ —m—— (/ s”(l_ﬁ)l”(s)uw(s)ds> . (3.16)
(g8 —q+1)7 \0

From (3.16), we know

H

</Otsp(15)lp(s)um‘(s)ds> ! (3.17)

Z%b‘ut(zﬁféflf%)l/‘

ub () < ab't™*" +
(B —q+1)

==

and

21 P01 B 4
B

(4B—q+1)1
[0, +c0), then tP(1—a1=P)1P(t) € L}

Loc

HPL(ub () <alft P TIPI(H) +

</()tsp(1ﬁ>lp(s)ulw(s)ds>z . 3.18)

Since t*I(t) € L}

Loc
Lioc [0, +00), where p > % Then we obtain

[0, +00) and +2PE—Po—p=Ditp=pBIp(t) ¢

t
/ sPU=B)IP (s)uPH (s)ds
0

t
< / 2P LgprgP(I=eu=P)1p (5)ds (3.19)
0

Srp(l’ﬁ)lp T)uPt(t)dt yds.
(f ()

+/t 4P—1bpﬂ5(2pﬁ—P5—P—1)M+P—Pﬁ1P(S)
PE
0 (@B—q+1)7
Let W(t) = fot sPA=P)1P (s)uP (s)ds, then we get
t
W(E) < A(t) + / L(s)W¥(s)ds. (3.20)
0

Using the Bihari integral inequality [1, Corollary 5.3], we obtain

1
t =
W(t) < <A1”(t) +(1-p) / L(s)ds> " (3.21)
0
From (3.16) and (3.21), we get
GppP—o-1-5 t =
u() <atrs 20T <A1H(t) . y)/ L(s)ds> S (3.22)
(ap —q+1) ‘
Thus, we complete the proof. ]

As a consequence of Theorem 3.4, we can obtain the following result when « =1 — B and
0=0.
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Theorem 3.5. Leta > 0,0 > 0,0 < <1land 0 < u < 1. Let I(t) be a nonnegative and continuous
function on (0, +o00) with t1=MA=P)1(t) € LF [0, +00), where p > 5o and t'=Pu(t) be a continuous,

Loc
nonnegative function on [0, 4+00) with

u(t) < atb~1 4 b/ot(t —8)P(s)u"(s)ds, t € (0,00). (3.23)

Then

u(t) < atb~' 4

A+ (- [

2t
0

;i tL(s)ds>pM, te (0,+0), (3.24)
(B —q+1)

(t) . 4;7*11];714t(2p57p71>#+;ﬂ*nﬁlp(t)

where A(t) = fot 201 gprsP(=m=P)[p (s)ds, L 7
(gp—q+1)

and q = %.

Example 3.6. Suppose that t%u(t) is a continuous, nonnegative function on [0, +c0) and u(t)
satisfies the inequality

W=

t _
u(t) < t—%+t—%/ (t—s) 3s2ub(s)ds, e (0,+c0). (3.25)
0

Let p = 2, using Theorem 3.4, we get

N

-1 1 -2 9.2 8 1 2\4%
t) <t3s +62t3 [ (=)3tz7 +12-33¢t°
ut) st + <( ST+ ) (3.26)

<t3 V27t +12V3t7,  te (0,+)

and u(t) — 0 ast — +oo.

In [15, Theorem 3.4], Zhu studied the weakly singular integral inequality (3.14) when
t1=1a=01(t) € LV [0,+0), where 1 > &« > & > 0 and p > max{%,l_}ﬁ}. In fact, the
conclusion is also correct when 1 > & > 0Oand 1 > § > 0. In the inequality (3.25), since

to ¢ LP[0, +o0) when p > 3, then Theorem 3.4 in [15] cannot be used to solve the inequality
(3.25).

Remark 3.7. In Theorem 3.4, since 0 < u < 1, then a; < ap. If I(t) is a nonnegative and
continuous function on (0, +o0) satisfying t11(t) € L, [0, +0c0), where p > %, then we can get
t*21(t) € L} [0, +o0). Therefore, the hypothesis of function I(t) in Theorem 3.4 is weaker than
that imposed in Theorem 3.1.

Zhu [14, Theorem 3.4] obtained some results for the inequality (3.1) when & > 6 > 0. Zhu
[15, Theorem 3.3] studied the inequality (3.1) when 1 > a > § > 0. In Theorem 3.1, we study
the inequality (3.1) when « > 0 and é > 0. Therefore, our result generalizes some results in
[14,15].

Denton and Vatsala [3, Theorem 2.8] studied the inequality (3.1) for the special case & =
1— B and 6 = 0. Henry [7, Exercise 3, p. 190] discussed the inequality (3.1) for the case § = 0
and [(t) = 771, Some similar results of the inequality (3.1) were proved in Haraux [6, Lemma
10, p. 112], Kong and Ding [9, Theorem 2.7], Webb [13, Theorem 3.9] and Zhu [14, Theorem
3.6]. As far as I know, there have been few papers to study the inequality (1.1), and the
methods of proof in Theorem 3.1 and Theorem 3.4 seem to be new.
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4 Attractivity of fractional differential equations

In this section, we present the main results of this paper. We first study the attractivity of
solutions of fractional differential equation (1.6) when |f(t, x)| < I(¢)]x|.

Theorem 4.1. Let 0 < B < 1and A > B. Let I(t) be a nonnegative function with 1(t) €
C(0,+00) N LY, [0, +00), where p > 1 and B > % > 2B — 1, and there exists a nonnegative con-

stant K such that
t(t) <K (4.1)

forall t € [1,+00). Suppose f : (0,4+00) x R — R is a continuous function and
f(tx)] < 1(t)]x]
forall (t,x) € (0,+0c0) x IR. Then the solution of fractional differential equation (1.6) is attractive.

Proof. Using Theorem 2.5, we know that the fractional differential equation (1.6) has at least
one global solution x(t) € C;_g(0,+0c0) and x(t) also satisfies the following Volterra integral
equation

t
x(t) = xotP 1 + 1/ (t —s)P~1f(s,x(s))ds, t € (0,400). (4.2)
I'(B) Jo
Then we have
1 t
x(£)] < |xoltF! + r(ﬁ)/ (t— )P 1(s)|x(s)|ds, € (0, +oo). 4.3)
0
Then by Theorem 3.2, we obtain
214217y

lx(t)| < |xo|tP~t + A%(t) exp </0t L(S)ds> , t € (0,+0), (4.4)

1
T(B)(gp—q+1) P
_ - _ PG _
where A(t) = [{2P=1|xo|PIP(s)ds, L(t) = AP and qg=-"=.
Jo o (B)(ap—q+1) 1 e
From (4.1) and A > 8 > %, we know

IP(t) < KPEPA, te[l,40)

and f1+°° KPs~PMds is convergent. Then we obtain that f1+°° 2P=Yxo|PIP(s)ds is also convergent
and there exists a nonnegative constant M; such that A(t) < M;j for all + € (0,+o0). Since
A > B and

tPP=1IP (1) < KPEPP—PAL) t € [1,+c0),

we know that f1+°° KPsPP=PA=1ds is convergent. Then we obtain that f1+°° sPP=11P(s)ds and
1+°° L(s)ds are also convergent, and there exists a nonnegative constant M, such that
fot %ds < M, forall t € (0,+o0).

Therefore, from (4.4) and § > % > 2B —1, we get

21215

I M% exp(Ma),  t€(0,+00), (4.5)
I(B)(gp—q+1)

()] < [xo[ P71 +

and
lim |x(t)] =0. (4.6)

t—-+oo

Thus, we complete the proof. O
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We now discuss the case when |f(t,x)| < I(f)|x|" for all (t,x) € (0,+c0) x R, where
O<u<l

Theorem 4.2. Let 0 < y < 1,0 < B < land A > B. Let I(t) be a nonnegative function with

t1=m0=F)](t) € C(0,400) N L} [0, +c0), where p > 1 with > % > 2B — 1, and there exists a
nonnegative constant K such that

() <K (4.7)
forall t € [1,+0c0). Suppose f : (0,4+00) x R — R is a continuous function with
(&) < 1(8)[x|"
for all (t,x) € (0,+0c0) x R. Then the solution of fractional differential equation (1.6) is attractive.

Proof. Using the same procedure as in the proof of Theorem 4.1, we know that the global
solution x(t) € Cy_g(0, +o0) of equation (1.6) satisfies the following Volterra integral equation

x(t) = xotP ™1 + 1"(1,6’) /Ot(t —8)PLf(s,x(s))ds, t € (0,400), (4.8)
and
_ 1 f _
1x(£)] < |xo|tP 1 + r(ﬁ)/o (t —s)P7U(s)|x(s)|!ds, t € (0,+00). (4.9)

Then by Theorem 3.5, for ¢t € (0, +c0), we obtain

28-1— ¢ ﬁ
()] < ol + 2 (A a-w [ o)™
r —gq+1)7
(B)(qp | q+1) t (410)
23 A \7F (1-— L(s)ds \ """
= |l + i ( +1(—2 ﬁ) +! ( ij%)(l(_)) ‘
F(B)(gs—q-+ 1)1\ =2
where A(t) _ f()t zp—l’xo|pysp(1—y)(l—[%)lp(s)dsl L(t) 41 @ppp-tp— Pﬁplp() and g = f
TP (B)(gB—q+1) 7
Since1 > B > % > 2B —1and A > B, using L'Hospital’s rule, we get
f sPU=m(=B)[p(s)ds tPA= =P 1p (¢)
lim = lim
t—-+oo tp+1-2pp to+too (p 41— 2pB)tr—2vP
Kpp(1=p)(1-B)—pA
< lim
to+too (p+1—2pB)tr—2vP (4.11)

KPpu(B—1)+p(B-A)
= lim
to+eo  (p+1—2pp)
=0.

In (4.11), if fo sP(=u)(1=p)1p (s)ds is a bounded function for ¢ € [0, +00), we can also obtain this
conclus10n
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Since A > B, using L'Hospital’s rule, we obtain

i fof s(zvﬁ*pfl)wrpfpﬁlp(s)ds i t(zpﬁ—p—l)y+p—pﬁlp(t)
e fprI-2pB)(1p) T 5 (p 11— 2pB) (1 — p)Hp 2B (-1
KP+@pp—p—Dp+p—p(B+A)

o
= B G app) (- BRI (@1)
i KPp(B=2)
= 11m
totoo (p+1—2pB) (1 — p)

=0.

In (4.12), if fot s@PP=p=1)itp=pBIP (5)ds is a bounded function for t € [0, 4-00), we can also obtain
this conclusion.
In (4.10), using (4.11) and (4.12), we obtain

lim |x(t)] =0. (4.13)

t—-+oo
Thus, we complete the proof. O

Example 4.3. Consider the following Riemann-Liouville fractional differential equation

5 _ _x(
Do-x(t) = Friwe vy (4.14)
limt%m tg.X(t) =1.

Let A =1 and % < p < 2, using Theorem 4.1 and the inequality (4.4), we know that the
solution x(t) € C 1 (0, 4+o0) of the equation (4.14) is attractive, and

x(t) <3 + Mt (4.15)
where M = M(p) is a nonnegative constant and hmp_} 3+ M(p) = +oo.
2

Example 4.4. Consider the following Riemann-Liouville fractional differential equation

1 -2 1
D2 x(t) =t3 x2(t),
lim; o+ f2x(t) = 1.

Let A =3and2 < p < %2, using Theorem 4.2 and the inequality (4.10), we get that the
solution x(t) € C 1 (0, +o0) of the equation (4.16) is attractive, and

X(F) S t7 4+ Myts + Myt s, (4.17)

where M; = M;(p) and M, = M;(p) are nonnegative constants.
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