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Abstract. In this paper, we present a new Carleman estimate for the adjoint equations
associated to a class of super strong degenerate parabolic linear problems. Our ap-
proach considers a standard geometric imposition on the control domain, which can
not be removed in general. Additionally, we also apply the aforementioned main in-
equality in order to investigate the null controllability of two nonlinear parabolic sys-
tems. The first application is concerned a global null controllability result obtained for
some semilinear equations, relying on a fixed point argument. In the second one, a
local null controllability for some equations with nonlocal terms is also achieved, by
using an inverse function theorem.
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1 Introduction

In this work we derive a new Carleman estimate for the linear super strong degenerate prob-
lem

up — (X1 )¢ + x%2by (x, )y +bo(x, t)u = fl, inQ,
u(1,t) = 0and (x*uy)(0,t) =0 in (0,T), (1.1)
u(x,0) = up(x) in (0,1),

where Q = (0,1) x (0,T), w C (0,1) is a non-empty open interval and 1,, is its associated
characteristic function, and « > 2. Also, we take by € L*(Q), h € L?(w x (0, T)), ug € L?(0,1),
and b; € L®(Q) satisfying

(x*2b1 (x,1))x € L™(Q). (1.2)
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We also consider a geometrical condition on the control domain
3d >0, (0,d) C w. (1.3)

As we will see further, (1.1) is controllable at any time T > 0, according to the following
specification:

Definition 1.1. We say that (1.1) is null controllable at T > 0 if, for any ug € LZ(O,l), there
exists h € L?(w x (0, T)) such that the solution u of (1.1) satisfies

u(x,T)=0 1in (0,1). (1.4)

The null controllability of (1.1) is well understood for « € (0,2), see [1,9] and references
therein. Following the terminology adopted in these works, we say that (1.1) is weakly de-
generate if &« € (0,1) and strongly degenerate if &« € (1,2). Despite there are many works for
the case & € (0,2), little has been done for the super strong degenerate case, i.e. when a > 2,
although this is a very relevant case of the degenerate problem. Indeed, when a = 2, the
Black-Scholes equation can be obtained from (1.1) and this equation has a key role in several
financial applications.

Regarding the global null controllability of (1.1), the fact is that this problem is not null
controllable for # > 2, in general. As pointed out in [9], a suitable change of variables trans-
forms (1.1) into a non-degenerate problem in an unbounded domain, which fails to be null
controllable in general, as proved in [14]. However, if the new control domain @ has bounded
complement, it can be controlled, as proved in [4,7].

Because of that, in [8], it was introduced a weaker kind of null controllability for this
problem, called regional null controllability. It means that for any ug € L?>(0,T), w = (a,b) C
(0,1) and 6 € (0,b — a), there exists a control f € L?(Q) such that the solution u of (1.1)
satisfies

u(x,T)y=0 Vxe (a+4,1). (1.5)

They established regional null controllability for a linear problem like (1.1), but with b; = 0.
In [6], this result was extended for a system like (1.1) with the first order term and a semilinar
case with a nonlinearity independent of it, i.e., regional null controllability was achieved for (1.1)
and for the following system

up— (x*uy)y +g(x, t,u) = f1, inQ,
u(1,t) =0and (x*uy)(0,t) =0 in (0,T), (1.6)
u(x,0) = up(x) in (0,1).

Finally, in [5], those results were extended considering a nonlinearity of the type g(x,t, 1, uy),
but the restriction « € (0,2) was made. These works were concerned with regional null control-
lability, more recently, in [3], the authors came up with the new geometrical condition (1.3),
which allows to prove a global null controllability result for (1.1), when & = 2. In this work,
under the same geometrical condition, we will extend that result for a > 2.

A significant number of papers on null controllability of parabolic degenerate equations
follows a standard approach based on the Hilbert Uniqueness Method (HUM). It goes through
obtaining a Carleman estimate that leads to an observability inequality. This way, the null
controllability property can be deduced from the observability inequality. The particularity of
[3] and [8] is that the authors applied a change of variables to transform the system (1.1) into
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a non-degenerate problem in unbounded domains. There, a Carleman estimate is obtained
for this non-degenerate system.

Although the approach of transforming the degenerate problem into a non-degenerate
one, in an unbounded domain, works fine for linear problems, this procedure can meet dif-
ficulties to deal with some related problems. Indeed, when we work with some autonomous
semilinear problems, for example, this change of variable leads it to a nonautonomous semi-
linear problem. And, if we work with a certain nonlocal problems, it is lead to an even more
complicated one. In this work we present a Carleman estimate for (1.1), without passing by
this change of variables method. To our best knowledge, this estimate and some consequences
presented in the sequel mean some novelties for the super strong degenerate case.

The second part of the introduction is all about the presentation of our main results.

Statement of the results
First of all, let us consider the adjoint system associated to (1.1):
O + (x%0x )x + (xlx/zblv)x —bo(x,t)p =h inQ,

v(1,t) =0 and (x"vy)(0,f) =0 in (0,7), (1.7)
v(x, T) = vr(x) in (0,1),

where h € L?(Q) and vr € L?(0,1).
Now, for A > 0, let us introduce some weight functions given by 0, pg and oy with

U = — _ o))
oy 1= /2 L) = et (1.8)

and o(x,t) := 0(t)e*Ml — & (x,1).

0(t) :=

The assumption (1.3) and the weight function 7 are the key points that allow us to build
the following Carleman estimate:

Theorem 1.2. Assume (1.2) and (1.3). There exists positive constants C, so and Ag, depending only
on w, ||bolles, T, d and « such that, for any s > s, any A > Ay and any solution v to (1.7), one has:
//Q e 2 [s’l/\’lé’l(lvtlz + [(x%0y) 2 |*) + SAZEX" |y |2 + 53}\4(53\0\2} dx dt

SC[||€WhH2+s3/\4// 625‘763\0\2dxdt], (1.9)
wr

where wr := w x (0,T).

The proof of Theorem 1.2 will be given in section 3.
As a consequence of Theorem 1.2 we have the following null controllability result:

Theorem 1.3. Assume (1.2) and (1.3). Then the system (1.1) is null controllable.
Next, the same Carleman estimate allows us to prove a null controllability result for the

following semilinear problem

up— (Xuy)x + g(x, tu,uy) = fl, inQ,
u(1,t) =0and (x*uy)(0,t) =0 in (0,T), (1.10)
u(x,0) = up(x) in (0,1),
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where « > 2 and g : Q x R? — R must satisfies the following assumptions:

g is Lebesgue measurable;

¢(x,t,-,-) € C}(R?) uniformly in (x,t) € Q;

g(x,£0,0) =0 V(xt)eQ;

3K >0 suchthat |[g.(x,t,7,8)] +x"%2|gs(x,t,7,5) <K V(xt7rs) € QxR

(1.11)

Theorem 1.4. Assume (1.3) and (1.11). Then the system (1.10) is null controllable.

In [15], a null controllability result is obtained for (1.10), when a & (0,2). In this current
work, we extend this fact for the super strong degenerate case applying a similar technique.
At this point, we recall that the classical null controllability for (1.10) does not hold in general,
but the geometrical assumption (1.3) provided the inequality (1.9), which can be applied to
prove Theorem 1.4. In other words, the obtainment of Theorem 1.4 is possible because the
degeneracy point x = 0 belongs to the boundary of the control domain w. It is worth observe
that, Cannarsa and Fragnelli proved, in [5], regional null controllability results for (1.10), when
a € (0,2). Summarizing, we emphasize that the investigation of [5] does not rely on the
localization of w near x = 0, as in this paper, but it only allows to find a control which drives
the state to zero in a portion of w far from the degeneracy point x = 0.

As a second application of our Carleman estimate (1.9), we will also obtain the local null
controllability for the following degenerate nonlocal problem

up — 4 (fol udx> (x*uy), = flp, InQ,
u(1,t) =0and (x*uy)(0,t) =0 in (0,T), (1.12)
u(x,0) = up(x) in (0,1),

where £/ : R — R is a C! function with bounded derivative, with ¢(0) = 1. At this point,
we should observe that our results remain the same if we just consider ¢(0) > 0. The null
controllability for this problem is studied in [11], when & € (0,1), and in [10] when « € [1,2).
Under the hypotheses (1.2) and (1.3), we extend this investigation for & € [2,+00), as described
below:

Theorem 1.5. Assume (1.3). The nonlinear system (1.12) is locally null-controllable at any time
T > 0, i.e, there exists ¢ > 0 such that, whenever ug € H} and |uo| H < € there exists a control
f € L?(w x (0, T)), associated to a state u, satisfying

u(x,T) =0, for every x € [0,1].

The rest of this paper is organized as follows. In Section 2, we state some classical
well-posedness results related to the systems (1.1) and (1.10). In Section 3, we present an
a-independent Carleman inequality for solutions of (1.7) (see Theorem 1.2), which provides
an observability estimate and, consequently, the null controllability of (1.1). Sections 4 and
5 are devoted to some applications of Theorem 1.2. More precisely, in Section 4, we use a
fixed point argument to obtain a null controllability result to the degenerate semilinear sys-
tem (1.10) (see Theorem 1.4); in Section 5, an inverse function argument allows us to prove a
local null controllability result for the degenerate nonlocal system (1.12) (see Theorem 1.5).
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2  Well-posedness results

The usual norms in L2(0,1) and L?(Q) will be denoted by | - |, and || - ||, respectively, related
to the usual inner products (-,-) and ((-,-)). Moreover, the norms in L*(0,1) and in L®(Q)
will be denoted respectively by | - | and || - |-

Let us consider the functional spaces

H! .= {u € L2(0,1); u is locally absolutely continuous in (0,1], x*/%u, € L2(0,1), u(1) = 0}.

and
H? = {u € HY x"u, € Hl(O,l)},

with the norms
1 1/2
ulp = [/0 (u2+x”‘\u\2)dx} , ifucH}
and

1 1/2
]u]Hvz( = [/0 (u2+x"‘\u\2—|—](x“ux)xlz)dx] , z'quHi.

With these norms, we observe that H; and Hﬁ are two Hilbert spaces. In [8, Proposition
2.1], the authors provided the following characterization:

H? = {u € L%(0,1); u is locally absolutely continuous in (0, 1],
xu € H)(0,1), x*uy € H'(0,1), (x*u;)(0) = 0}.
Now, for the reader’s convenience, let us introduce the notations
M =C(0,T;L*(0,1))NL*(0,T; HY) and N = HY0,T;L*(0,T)) NL*(0, T; H?).

In [15], the authors proved that the embedding M — N is compact (in fact, their result was
proved for « € (0,2), but the proof does not depend on «).
The next result, proved in [8], establishes the well-posedness of system (1.1).

Proposition 2.1. Assume by, by € L*(Q). For any f € L*>(Q) and any ug € L%(0,1), there exists
exactly one solution u € M to (1.1). Furthermore, there exists a constant C > 0 only depending on T,
«, by and by, such that

sup ()3 + <l < 113 + )
tel0,T

Furthermore, if ug € H, then u € N'NC°([0, T|; H.) and we have the following estimate:

sup. (1) + B + (x4l < € (11018 + ol )
tel0, T

We also state the well-posedness of (1.10), whose proof can be seen in [15, Theorem 2.1].

Proposition 2.2. Assume g satisfies (1.11). For any f € L*(Q) and any ug € L?(0,1), there exists
exactly one solution u € M to the system (1.10).
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3 Carleman and observability inequalities

The aim of this section is to prove the Carleman estimate (1.9) and, as a consequence, an
observability inequality, which yields the null controllability of the linear system (1.1).

It suffices to prove Theorem 1.2 for by = by = 0, since the general case follows taking
h = h—bov — (x*/2b10),.

Let us take 6 € (0,d) and let v be the solution to (1.7) (where vy € L?(0,1) and h € L2(Q)).
For any s > 59 > 0, we set z = ¢~*’v. By a density argument we can assume without loss of
generality that v is regular enough. A simple computation gives us

vy =e"[soz+z;] and (x"vy)y =€ [sza)%x”‘z + 250, x% 2y + 5(0x X% ) 2z + (X%2y ) o).

Consequently,
Ptz4+ P z=G, (3.1)
where
Pz .= —2s)t2§x”‘+zz + ZSA€X“+1ZX 4zt := 111 4+ Lip + L3,
Ptz = PA2Fx 27 4 (x%zy )y + 503z := Doy + Ip + I3
and

G =eh —sA?Ex" 2z — (a + 1)sAEx"z.
From (3.1) one has
IP~z[I3 + [|P*z]|3 +2((P~z, P*z)) = ||GII3. (32)

Now let us estimate ((P~z, P*z)). We have that

«hhm»:—aéﬁ/ég%MHpFMdn

(mbm»:éﬁ[ééﬂﬁﬂmﬂﬂmﬁ
= 35374 //Q Bx® 4z dxdt — (2a + 3)s°A3 //Q x|z dx dt
and
(I3, I1)) = %sz/\2 //Q ExT2(|z)?) dx dt = —s2A? //Q EEx"2|z|? dx dt.
Thus
(P~z,In)) = s°A% //Q E x4z 2 dx dt — (2a + 3)s°A3 //Q x|z dx dt

— %A% // EEx" 2| z|? dx dt.
Q
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Since |¢¢| < C¢3, for Ag and s large enough, we can deduce that

T o 1
(P7z,In)) > s3A4/ [/ §3x2”‘+4]z\2dx—|—/ (§3x2“+4]z\2dx] dt
o LJo 5
—Cs3A3 ((2a+3)+c> // &|z|? dx dt
Aoso ) JJQ
T 1
> s3A4/ / Ex? 4z dx dt — Cs2A3 // &|z|* dx dt
0o Js Q

T 1
> (52“453)\4/ / &|z|? dxdt — Cs2A3 // &|z|? dx dt
0 Js Q

T 1
2Cs3/\4/ / §3lz\zdxdt—Cs3A3// &\z|? dx dt (3.3)
0 Js Q
T 6
:C53A4// §3|z|2dxdt—Cs3A4/ / &|z|* dx dt
Q o Jo
—Cs3A3 // &|z|* dx dt
Q

T 6
> Cs2\* <1—1> // §3|z]2dxdt—Cs3A4/ / &\z)? dx dt
Ao Q 0 Jo

T 4
2Cs3/\4// g3|z|2dxdt—cS3A4/ / &|2[2 dx dt.
Q 0 Jo

Note that C depends on ¢ and &, where 6 € (0,d) is a fixed number as before.
Furthermore,

(I, I3)) = —25%A2 // Eopx®2|z|2 dx dt,
Q
(ha, Ls)) = s*A // Eorx* T (|z|?), dx dt
Q
= 5%)\2 // E(oy + E)x“ 2 |z2 dxdt — (a +1)s?A // Eorx®|z|? dx dt
Q Q

and
5

_ s 2 __S 2
(s, Is)) = 2//Qotﬂz| )i dx dt 2//Qatt]z\ dxdt.
Thus

(P~ z,I3)) = — s*A2 //Q E(& + o)X 2|z2 dxdt — (a +1)s?A //Q Eopx®|z|* dx dt

s
- 2//Qatt\z|2dxdt.

We can see that |&|, |o;| < C&? and |o| < C&. Hence, from (3.3), we have
(P~ z, Iy + Lz)) > Cs2A* /_/Q &|z)? dx dt — Cs2A* /OT /O(s &|z|? dx dt — Cs*)\? //Q &|z|* dx dt
—C(a+1)s*A // &\z|? dxdt — cs // &|z|* dx dt
Q 2JJg
> Cs2A* <1 - 501)% - 501/\8 — s%l)\‘é> //Q &\z|? dx dt

T 6
—C53A4/ / &|z|* dx dt.
o Jo
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Therefore, for Ay and sg large enough, we have

T o
(P2, Iy + D)) > Cs2A* / /Q &|z|? dx dt — Cs*A4 /0 /0 &|2[2 dx dt. (3.4)
Moreover, we have that

(I11, Ip)) = —2sA? // EX P2z (x%zy), dx dt
Q
= 2572 // [AEX® P2z, + (a0 + 2)Ex® T lzz, 4 Ex®* 12|z, 2] dx dt

—sx\3// E[—Ax4 4 (20 + 3)2242) 22 dx dt

—(a+2)sA? // X2 (2a + 1)x%)|z|* dx dt + 2sA2 // Ex? 2|z, |2 dx dt
and
(L3, I2)) // zp(x%zy )y dx dt = // z(x%zpy )y dx dt = // X%z Zy dx dt
Q Q
— 7// (x%|2x|)s dx dt = 0.
2JJg
Thus
(I + L3, ) > —CsA* / / &|z|? dx dt + 2512 / / Ex2H2| 2, |2 duc dt. (3.5)
Q Q

On the other hand

T 6 1
252 // §x2"‘+2]zx]2dxdt:252\/ {/ Cx2“+2]zx]2dx+/ sz“z\zx\zdx] dt
Q 0 0 )
T T
22SA5“+2/ / Ex® |z, |2 dx dt
0o Jo
T 6
= CsA? // é‘x"‘|zx|2dxdt—Cs)\2/ / Ex®|zy | dx dt.
Q 0 Jo
Hence, from (3.5) we deduce that

T 6
(I + L3, I)) > CsA? //Q Cx“|zx|2dxdt—Cs)\2/0 /0 Ex®|zy|* dx dt — CsA* //Q &|z|* dx dt.

(3.6)
Finally, working as before we obtain

(M, Ip)) = 2sA //Q Exx®zy(x%zy )y dx dt = sA //Q Ex(|xzy|?)y dx dt
=sA? //Q EX? 2|z [P dx dt — sA //Q Ex® |z [* dx dt + sA /OTC|zx(1,t)|2dt
> CsA? //Q Ex¥|zy|? dx dt — CsA? /OT /06 Ex®|zy|> dx dt.
Thus, from (3.6) we get

T 6
(P2, 1)) > CsA? // Cx"‘\zx\zdxdt—CsAz/ / Ex®|zy|? dx dt — CsA* // &\z|? dx dt.
Q 0 Jo Q
3.7)
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Combining (3.4) and (3.7) we obtain that
(P2, P*2) > C / /Q [P A4 |2[2 + sA2Ex® |z |2 dx dt — C /O ! /O “SAE |2 + sA2x0 2, ] di dit.
Whence,
C//Q[s3/\4§3\z|2 + SAZEx"| 2, |?] dx dt
<2(P~z,P*2) 4+ C /O ! /O "N 2 4 sA28x 2] drdt. (3.8)
From (3.2) and (3.8) we obtain
P23+ IP* I+ C [ [PAIal? +- oW e P vt
< NP zlB+ NP 2lB 4 2P e Pra) [ [ AR sl dxa
UGB+ [ [ 19PN + sNgnzaf? .

Hence, if we set Cy = 1/ min{1, C}, we have that

& (1P 2B+ 124213+ [ A0 + sn%e P vt
UGB+ [ [ 1PN + N e ea P vt
whence
P2l + Pl + [ AP + 522 el dx
< G <HGH%—|—/OT/O§[S3A4§3\ZI2+S/\2§x“]zx]2] dxdt). (3.9)
Using (3.9) and the definitions of P~z and P*z one has
s7! //Q E Nz P dxdt <s7! //Q E|P 2 + 45’ A4 @204 2|2 4 4s A2 E2x%2 |2, |2 dx dt
< s Y|P z|35+ CsA? //Q &2|z|? dx dt + CsA? //Q EX®|zy|* dx dt
<c (ch§+ /OT /05[53/\4(33\z|2+SA2§x“]zx]2] dxdt) (3.10)
and
st //Q EN(x%2y ) [P dxdt < 571 //Q EL|PT 22 4 st At E 2 4 2|2 + 5233 |z[*] dx dt
< s U|Ptz||3 + CsPAt //Q 63]z\zdxdt+s//Q &2|z|? dx dt

T (o
gc<|yG||§+/O /O[53)\4§3|z|2+s)\2§x”‘]zx]2]dxdt>. (3.11)
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Combining (3.9)—(3.11) we conclude that

//Q [s’lg’l(]zﬁz 4 [ (%22 ) x|?) 4 sAZEx |z |2 + 53/\46312\2} dx dt
<C <||Gy|§ + /OT /05[53/\4§3|z\2 + sA2Ex%|z,|?) dx dt> . (3.12)
On the other hand, from the definition of g one has
IGIB < ll™*hl3 +CA* [ &z dat

Hence, for sy large enough, (3.12) gives

// [5‘15‘1(]zt|2+ |(x%z2)x|?) +s)\2§x“|zx|2+s3)\4§3]z|2} dx dt
Q
T (o
gC(HeS“hH§+/ / 24822 4 5A28x% |2, ] dxdt). (3.13)
0 0

Now let us consider é; € (J,d) and take a cut off function ¢ € C*®([0,1]) such that
0<¢<1¢=1in[0,6] and ¢ = 01in [é1,1]. For any € > 0 we have that

2 [T 1% a2 o [T (% alo |2
SA Ex®|zy | dxdt < sA x|z |“ dx dt
o Jo o Jo
T 6
:/ / [s)\g’ggbx"‘“zxz—s)x2§1/]’x“zxz—s)\2§1p(x“zx)xz] dx dt
o Jo
T 6
§C€_153/\4/ /1§3|z|2dxdt+// [s2AYE2|z|% 4 A%x% |z, |] dx dt
0 Jo Q
tes! / / e (6% 2y )| duc dt.
Q

Hence, taking € small enough and s large enough, from (3.13) we conclude that

/ /Q (571271 (2o | (*20)2f?) + 52280 2o P + A4 2] e
Csopn2 s 344 [T [0 32
< C||le*h||5+s°A &|z|“dxdt | .
0 0

Using classical and well known arguments, we can coming back to the original variable v
and finish the proof. 4

It is well known that a observability inequality for solutions of (1.7) leads to Theorem 1.3.
So, it is sufficient to prove the following inequality:

Proposition 3.1 (Observability inequality). Assume (1.2) and (1.3). There exists a constant C > 0
such that, for any vt € L2(0,1) and v solution of (1.7) with h = 0, one has

lo(-,0)]2 < C / / =278 o|? dux dt, (3.14)
JJwr

where we recall that wr = w x (0, T).
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Proof. From Theorem 1.2 we have that

T
sS4 / / e 2702 dx dt < Cs3A4 / / e 278|o|? dx dt. (3.15)
Q 0 Jw

Multiplying the equation in (1.7) by v and integrating on (0,1) we obtain that

1d 1 1 1
—f—|v(-,t)]%+/ x”‘|vx\2dx:/ blx"‘/zvxvdx—/ bo|v|? dx.
2dt 0 0 0
Hence
—1£|v( t)|2+1/1x”‘|v 2dx < Clo(-, t)|?
24t 2Jo 7 T T T S
Thus
o(-,0)3 < “o(-,t)> Ve (0,T). (3.16)
Integrating (3.16) on (T/4,3T/4) and using (3.15) we deduce that
5 3T/4 3T/4 1
o(-,0)3 = = lo(-,0)2dt < c/ / (0|2 dx dt
T Jr/a T/4 Jo
3T/4 1 T
<C / SAte 0B |2 dx dt < C/ / e B0 y|? dx dt. O
T/4 Jo 0 Jw

4 The degenerate semilinear problem

As we have pointed out in the introduction, in [15] the authors proved a null controllability
result for (1.10) with « € (0,2). However, most of the arguments in that work does not depend
on «. Indeed, the only result in that paper that only works for « € (0,2) is an observability
estimate for system (1.1) of [6]. In (3.14), we give such an estimate that works for & > 2. So,
the majority of the arguments of [15] can now be adapted to deal with (1.10) with « > 2.
For readers convenience, we will reproduce their main guideline, but we will not present the
proof of the results.
Firstly, for each w € L2(0, T; H}), let us set the following notations

bo[w] (x, £) = /0 a1, Aw(x, £), Ay (x, 1)) dA
and .
by[w] (x, £) = x /2 /0 gy (x,t, Aw(x, £), Awy (x, 1)) dA.
From (1.11) we have
IBofeo]lleo + |11 [w][|lo < 2K Y € L2(0, T; Hy). (4.1)
Furthermore,
g(x, t,u,uy) = bolu] (x, )u(x, t) + x*2by [u] (x, )ux(x,t) Yu € L2(0,T; H}) and a.e.in Q. (4.2)

As we will see, from (4.2) we can develop a fixed point argument to prove Theorem 1.4.
For now, let us assume that 1y € H} and for each ¢ > 0 consider the functional J.: L?(Q) —
R given by

1 /T 1 1
]g(h):f/ /]hlzdxdt+—/ lu(x, T)[? dx,
2o Jw 2¢ Jo

where u is the solution of (1.1) with f = h. The first step is to establishes an approximate null
controllability result for the linear system:
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Proposition 4.1. Assume that ug € H. and (1.3). Then, there exists C > 0 (that does not depend on
e) and he € L?(Q) such that

L Je(he) < Je(h) Vh e LX(Q);
2. [ [he? dx dt < Clugl;
3. if u is the solution of (1.1) with f = he, then |u.(-,T)| < e.

The idea of the proof of Proposition 4.1 is to verify that the minimum point of J; is precisely
he = —@¢l,, where ¢ is the solution of the adjoint system of (1.1), with final datum ¢.(x, T) =
%ug(x, T). Then, it is possible to work with the adjoint equation to obtain the estimates given
in the items 2 and 3.

Now, a standard argument based on the Schauder’s fixed point theorem can be applied to
obtain an approximate null controllability result for the semilinear system (1.10).

Proposition 4.2. Assume that uy € H} and (1.3). Then, for each ¢ > 0 there exists h € L*(Q) and
C > 0 (that does not depends on €) such that:

1 [ [ |he|*dxdt < Clugl%
2. if u, is the solution of (1.10) with f = he, then |u.(-, T)| < e.

As we have said at the beginning of this section, the detailed proofs of Propositions 4.1
and 4.2 can be found in [15]. Proposition 4.2 allows us to prove a null controllability result for
the semilinear system (1.10), with the initial data in H!.

Proposition 4.3. Assume that ug € H} and (1.3). Then the system (1.10) is null controllable.

Proof. Given & > 0, let us take the control k. and the solution u, given by Proposition 4.2.
From Proposition 4.2-1, there exists 1 € L?*(Q) such that h, — h in L?>(Q). Furthermore,
using Proposition 4.2-1 and the energy estimates given in Theorem 1.2, we can deduce that
lue|3, < Cluo|*>. Thus, there also exists # € N such that u, — @ in /. From the compact
embedding N' — M, we conclude that 1, — i in M. Then i is the solution of (1.10) with
f = h and, from Proposition 4.2-2, i1(-, T) = 0. O

Finally, we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. Let u; be the weak solution of the following system

up — (x*uy)y + g(x, t,u,uy) =0 in (0,1) x (0, Tp),
u(1,t) = 0and (x*uy)(0,t) =0 in (0, Tp), 4.3)
u(x,0) = up(x) in (0,1),

where Ty € (0, T).
Now, let us consider the following system

up — (x*uy)y + g(x, t,u,uy) = hly, in (0,1) x (To/2,T)
u(1,t) =0and (x*uy)(0,t) =0 in (To/2,T), (4.4)
u(x,To/2) = ui(x, To/2) in (0,1).
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From Theorem 1.2, u;(-, To/2) € H}. Hence, from Proposition 4.3, there exists a control
hi € L2((0,1) x (Tp/2, T)) such that the associated weak solution u? of (4.4) satisfies uy (-, T) =
0in (0,1). Now we can take u € C([0, T]; L%(Q)) and h € L?(Q) given by

0, if t € [0,Ty/2),

h(x,t), ifte[To/2,T).

u(x, t) = ui(x,t), ifte(0,To/2),
U \wa(xt), it e [To/2,T),

and h(x,t) = {

It is easy to see that u € M is the solution of (1.10), with f = h, satisfying u(-,T) =0. O

5 The degenerate nonlocal problem

In this section, we will obtain the local null controllability for the problem (1.12). The proof is
based on a meticulous inverse function argument, as specified later on.
5.1 Functional spaces

The remainder of this section is devoted to a brief explanation about the most important
strategies to prove Theorem 1.5. At this point, Lyusternik’s inverse mapping theorem (see [2,13],
for instance) is our main tool. Let us recall its statement:

Theorem 5.1 (Lyusternik). Let E and F be two Banach spaces, consider H € C'(E,F) and put
1o = H(0). If H'(0) € L(E, F) is onto, then there exist r > 0 and H : B,(119) C F — E such that

H(H(Z)) =¢, V¢ € By(no),

which means that H is a right inverse of H in B,(10). In addition, there exists K > 0 such that

IH@): < KIE =0l ¥E € Br(i10)-

To be more precise, let us indicate how the proof of Theorem 1.5 can be seen as an appli-
cation of Theorem 5.1. Even though we have not set the desired Hilbert spaces E and F yet,
let us put

H(u,h) = (Hy(u, h), Hy(u, ), (5.1)

where

Hi(u,h) :=u;— ¢ (/01 u > (auy), — fxo and Ha(u,h):=u(0,-).

We should notice that, for uy € H}U the first and the last relations in (1.12) are satisfied if, and
only if, there exists (u,h) € E solving

H(u,h) = (0, up).
From this point, we realize that, among other properties, E and F must be built:

¢ considering the boundary conditions mentioned in (1.12);

* having some imposition on its elements assuring that u(-, T) = 0. It is done having in
mind some modified weights which come from (5.5). We remark that these new weights
exponentially explode at t = T;
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e having in mind that we want H'(0,0) € L(E, F) to be onto.

In fact, we can see that
H'(0,0)(u,h) = (ur — £(0) (aux)x — fXw,u(0)).

Recalling we have assumed that ¢(0) = 1, H'(0,0) € L(E, F) is onto if, and only if, given
any (g,ug) € F, the linear system

U — (x“ux)x :wa +38 (x,t) €Q;
u(1,t) = (x*uy)(0,t) =0, in (0,T), (5.2)
u(x,0) = up(x), x€(0,1),

is globally null-controllable at T > 0, where f € L?(w x (0, T)) is the control function.
Hence, it seems that E should contain some information involving the well-posedness
(and additional regularity) of the linear system (5.2).

From now on, we will be focused on explicitly describing the spaces E and F, as well as, their
Hilbertian norms. To do so, we consider the useful notation below.

Definition 5.2. Let 6 = (x, t) and f = f(x, t) be two real-valued measurable functions defined
in Q, where § is non-negative. We say that f belongs to L?(Q; ) if V/of € L*(Q). Moreover, the
natural norm of L2(Q; 8) will be denoted by || - ||, that is,

= ([ [ 5f2dxdf>l/2

for each f € L*(Q; ).

In order to prove the global null-controllability for the linearized system (5.2), we first
need to establish a Carleman estimate with new weight functions that do not vanish at t = 0.
Namely, consider a function m € C®([0, T]) satisfying

m(t) > t4(T —t)*, t€(0,T/2];
m(t) = 4T —t)*, te[T/2,T];
m(0) >0,

and define

()= ——, (0 b) = (D) and  A(x,£) == T(t) (e2A - eA<1+'7<x>>) . (53)
m(t)
where (t,x) € [0,T) x [0,1] (see Remark 5.5).
Let us note that the adjoint system associated to (5.2) is

—0; — (%0 )x = in Q,
v(1,t) = (x*v,)(0,t) =0 in (0,T), (5.4)
v(x,T) = vr(x) in (0,1),

where h € L?(Q) and vy € L?(0,1). Next, we state a very convenient Carleman estimate
verified by any solution of (5.4).
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Proposition 5.3. Assuming (1.3), there exist C > 0, Ag > 0 and sy > 0 such that, for any s > s,
A > Agand v, € L2(Q), the corresponding solution v to (5.4) satisfies

Tt 26a (y2ral 24 B14r2) 02
e SATX* vy |” + AT |o|” ) dx dt
0 Jo

T r1 T
<C (/ / e’zSA]h|2dxdt+s3A4/ /625A§6]v|2dxdt>. (5.5)
0 0 0 w

The obtainment of (5.5) is a consequence of (1.9), by following the same steps detailed in
[12, Proposition 4].
The factors multiplying v in (5.5) inspire the definition of the new weight functions

pi = eSAg_i, wherei=0,1,2,3. (5.6)

As a matter of fact, p—2 and p, 2 appears in the two integrals involving v, while p, was chosen
in order to satisfies p? = p, p,. Besides, we have p, < Cp, < Cp, < Cp, and, since p, > Cr > 0
for all i = 1,2,3, we also know that L?(Q; plz) < L%(Q). Here, for completeness, let us state
the expected observability inequality which can be derived from (5.5).

Corollary 5.4. Assuming (1.3), there exist C > 0, Ag > 0 and so > 0 with the following property:
givens > so, A > Agand v, € LZ(Q), then the corresponding solution v to (5.4), with h = 0, satisfies

T
lo(-,0)[3 < Cs3A4/0 /wpgzmzdxdt. (5.7)

Remark 5.5. In (5.3), we have redefined the functions given in (1.8), replacing 6 = 6(t), which
satisfies lim; g+ 6(t) = +o0, by T = 7(¢) fulfilling lim; .o+ T(¢) = 7(0) > 0. That is a crucial
point in order to guarantee that (1.12) is locally null-controllable at T > 0, as stated in Theorem
1.5. Let us clarify this point: in fact, the definition of each p;, with i € {1,2,3}, is based on
those weights which appear in (5.5), however, it comes from (5.3) that p1 () — +o0,ast — T,
and p1(0) > 0 (since m(0) > 0). Because of that, u(x,T) = 0 for any u € L*(Q;p?). Hence, it
seems reasonable to require that, if (1,h) € E, then u belongs to L?(Q; p?).

Finally, we are ready to define E and F. Let us consider
U :=H'(0,T;L*(0,1)) N L*(0, T; H2) N C°([0, T]; Hy)

and put Lu = uy — (x"uy )y, for each u € U. Under all these previous notations, we set the
Hilbert spaces

E.— {(u,h) cU x Lz(a)T,'pg) cu, (Lu— fxw) € LZ(Q}P5>},

and
F:=L*(Q;p?) x Hj,
equipped with the norms

1/2
o m) e s= (a3 + 102 + 160 = el + 100,12,

and 12
I o) e = (liglZ + llellzy)

respectively. The remainder of this work is devoted to check that the mapping H : E — F
accomplishes everything which is required in order to apply Theorem 5.1.
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5.2 Global null-controllability for the linearized system

The goal of this section is to prove a global null-controllability result for the linear system
(5.2) and establish some important additional estimates. As previously discussed, the global
null-controllability will guarantee that H'(0,0) is surjective, which is required by Lyusternik’s
theorem, and the additional estimates will allow us to prove that H is well defined and of class
C!. As the first step here, let us define what we mean by a solution to the problem (5.2).

Definition 5.6. Given u € H}, f € L?>(wr) and g € L*(Q), we say that u € L?(Q) is a solution
by transposition of (5.2) if, for each (h,vr) € L>(Q) x L*(0,1), we have

1
0

T /1 T /1
/ / uhdxdt = / uov(x,0) dx +/ / (flp + g)vdxdt,
o Jo 0o Jo

for any v solution to (5.4).
The main result of this section is the following;:

Proposition 5.7. Assume (1.3). If ug € Hy and g € L*(Q;p?), then there exists a control f €
L?(wr; pf) to (5.2), with associated state u € L2(Q; p12), such that

Il + 112, < € (1ol + 112, )
In particular, it guarantees that (5.2) is globally null-controllable. Furthermore, we have
X2y, € L*(Q;02), ut, (x"uy)x € LZ(Q;pg)
and there exists C > 0 such that
I 2, ol + sl < € (a2 o+l + gl + ol?, ). 68
Proof. Let us define the set
Pox = {w € C*(Q); w(1,t) = x*w,(0,t) =0, t € (0, T)}.

Recalling the definition of £, we can see that its formal adjoint is given by L*v = —v; —
(x*vy)y. Hence, analyzing the right-hand side of (5.5), we can define the following symmetric,
positive defined bilinear form

T 1 T 1
a(wy, wy) = / / po’zﬁ*w1ﬁ*w2 dx dt —|—/ / p;zwlwzlw dx dt, Ywq,w, € Py,.
o Jo 0o Jo
Thus, let us denote by P, the completion of Py, with respect to the inner product defined by

a. Hence, P, is a Hilbert space with norm given by [|0[|, = a(v,v)'/2,
Now, let us define the continuous linear functional L : L2(Q) — R given by

1 T /1
Lo :/ upv(x,0) dx—l—/ / gudxdt.
0 0 Jo

In this case, Lax-Milgram theorem yields ¢ € P, such that

a(v,v) = Lv, Yv € P,,
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that is,

T 1 T 1 1 T 1
/ / p;zﬁ*@ﬁ*vzdxdtJr/ / p, *001,, dxdt:/ uov(x,0) dx+/ / gudxdt, Vv € P,
o Jo 0 Jo 0 o Jo

According to Definition 5.6, it means that f := —p; %91, is a control and u := p, 2L*D

the associated state to the problem (5.2). Indeed, for any (h,vr) € L2(Q) x L2(0,1), if v is a
solution to (5.4), then

T /1 1 T /1
/ / uhdxdt = / upv(x,0) dx + / / (fly + g)vdx dt.
0 Jo 0 0 Jo

Furthermore, from Carleman and observability inequalities, given in (5.5) and (5.7) respec-
tively, we have

T r1 1/2
012, = £ < ol 000 + gl ([ [ o126 )
172 T 1
< (ol 4112 ) (loc 0P+ [ [ p;2eavar)
1/2
< (Jlnl+ 112 ) ato,5)2

1/2
= (Il +1gl2 ) loll,

1/2

whence
1/2
ol < € (lhnl? + gl )

Using the explicit expressions f = —p 261, and u = p;zﬁ*ﬁ, as well as, recalling the norm
| - I, , we easily get

T /1 T /1
2 2 o 2,2 22
||u|\p% +Hf||p3 < C/O /0 piu dxdt+/0 /0 pif"dxdt

T —2| px 4|2 e —2.12
= [ [eticopaaes [ [ o2 dxat

< (Joll+ 12 )

as desired.
At this moment, we would like to say that the obtainment of (5.8) will be left for the two
subsequent lemmas. O

Lemma 5.8. Assume (1.3). Given ug € Hy and g € L*(Q;p?), if (u,h) € U x L*(Qu;p?) is a
solution to (5.2), then x*/?u, € L*(Q; p,) and there exists C > 0 such that

/21y < € (1l + ol + 12 + ol )

Proof. Multiplying the equation in (5.2) by p?u, integrating in [0, 1] and using the two relations

1d [t 5, e ! 2
Eﬁ/o pou dx:/o pzutudx+/0 0, (p,)su” dx



18 B. S. V. Araiijo, R. Demarque and L. Viana

and

1 1 1
/ P2 (x™ uy)udx = —2/ pz(pz)xx"‘uuxdx—/ p2x"u? dx,
0 0 0

we obtain
1 1 1 1
/ 0, 2u? dx +/ o2x"u? dx = —/ p2cu2dx+/ o2uhx . dx+/ p?gu dx
Zdt 0 2 0 2 0 2 0 2

1 1
+/0 pz(pz)fuzdx_z/o pz(pz)xx”‘uux dx

=L+DL+ I3+ 14+ Is. (5.9)

Now, using p, < Cp,, fori > j, and p,p, = p?, we obtain
1
L < C/ pf]u|2dx,

1
12<C( /ps\hxwlzdx +2/ p1|u|2dx>

Bec (s [l + 1 [ P
3 = 2 0 p] g 2 0 pl *
Let us estimate . Firstly, we will rewrite A as A(t,x) = ¢(t,x)fi(x), where

M) /().

and

plx) = (M

Secondly, note that

0,(0,)r = ¢ 2 (se™gific™* — 26 ¢ 3¢;) = g2 (s¢ 2 — 2¢7)gy

Then, for all € [0, T},
10, (0)¢] < Co2 || < Cp?,

whence .
Iy < C/ pf]u|2dx.
0
Now, using

[(p.)xPet? < Ce4¢ 2|72 4 ¢4 |2 < Cpu?

we obtain
<2 [ ol (o) ox 2l dr < ) [ g2t +2 [ (o)l
1 2.4, 2 2.2
< 5/0 pzx”‘uxdx+C/() piu” dx.
Hence, (5.9) gives us

1 1 1
dt/ pzru|2dx+/ o2x* 1,2 dx < C (/O Pluldr+ [ oiedx+ | pf|g|2dx).

Integrating in time, the desired result follows. O
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Lemma 5.9. Assume (1.3). Given ug € Hy and g € L*(Q;p?), if (u,h) € U x L*(Qu;p?) is a
solution to (5.2), then uy, (auy)x € L*(Q; p2) and there exists C > 0 such that

P + 1t < € (IR, + Dl + g1, + ]2, )
3 3 1 3 1 s

Proof. In the first step, we will estimate the first term of left side of the inequality. Multiplying
equation in (5.2) by p?u; and integrating in [0, 1], we have

1
/ p dx—/ 0; uth)(wdx+/ 0, gutdx—/ c(x,t)p; uutdx—k/ (x%uy ) xup dx
0
= h+DL—I+ 1. (5.10)

Using Young’s inequality with e and p, < Cp]., for i > j, we obtain

L < /01p§|hxw\|ut|dx < e/()1p§|ut|2dx+41€/01pg|hxw‘2dx,
L < /Olpﬁlgutldx < s/olpi\utlzdwigfolp?!gfdx < e/olpilutlzderC/Olpflglzdx
and
—I3 < /01 |c(t,x)|p§|uut|dx < s/ p Th dx+C/ pzuzdx
Now, integrating I by parts, we can see that

x=1
I = pax uxut}

1
/(pfut)xx“uxdx
1 1
:—2/0 05 (05)xx uptiy dx — Ed—/ p2x"ul dx+2/0 (p2)ex"uZdx. (5.11)

If we set . .
Iy = /0 05 (05) X%ty dx and Iyp = /0 (02)x"u3 dx,
we have,

' 1
/0 o2 dx +§E/ X fuxdx =TI+ b —I—2ln + Sln. (5.12)

Since |(p,)x| < Cp, and [(p?)¢| < Cp?, observe that

|P3 (p3)xxauxut| < C‘P3ut ’ |p2xa/21/lx‘

and
()il = 2lps(p,)el < Cp3-
So that,
Lt 2 L oan
Iy < 1/0 [ dx+C/0 o5 X"y dx
and

1
Ip < C/ pfx“u,% dx.
0
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Using the estimates obtained for Iy, I, I, Is; and Iy, the relation (5.12) provides

1
v a2
/Op u? dx —|—2dt/pxuxdx
1 1 1 1
§C</O p?\hxwlzdx—i—/o p2g* dx —1—/0 pfuzdx—i—/o pfx“uidx),

and, consequently,

T T r1
/O /putdx<C</ /puzdx—l—/ /pzhzdx +/O /Opfg2+uuoH%I;dx>. (5.13)

In the second part, we must estimate the term fOT fol 2] (x%11x ) |2

in (5.2) by —p2(x“ux) and integrating in [0, 1], we take

. Multiplying the equation

/p3|(x Uy)x | dx = — /pzh)(wxux /p3 X" Uy )y

+/0 co(x, t)pu(x"uy)x dx+/0 pZup(x%1uy)x dx
=-h—lk+h+L

As earlier in this proof, applying Young’s inequality with &, we obtain

1 1 1 /1
R< [ el ()l dr < e [ o2l Pax+ oo [ o2l dx,

1 1 1 1
I2 S/O pi!g!\(x"‘ux)x\dxge/o pf!(x“ux)xlzdx—f—zs/o 02 dx,

1 1
Js<C s/ pz\(x”‘ux)x\zdx—i—l/ p’udx ).
L 4e o ™

From (5.11) and (5.13), we achieve

! 2 o 2 1d 1 2 2
/O p3|(x I/lx)x| dX—FEE/O p3x ’ux| dx
1 1 . )
=C </0 P§|h)(w|2dx+/o prglzdx +/0 pf|u|2dx+/o Pfxa|ux|2dx)

Integrating in time, we conclude the proof. ]

5.3 Local null-controllability for the nonlinear system

In this section, our goal is to prove Theorem 1.5, which is based on Theorem 5.1. Indeed,
it will allow us to conclude that H : E — F, given in (5.1), has a right inverse mapping
defined in a small ball B C F = L?*(Q;p?) x H.. Since Theorem 5.7 already guarantees that
H'(0,0) € L(E,F) is onto, it remains to verify that

e H is well-defined;
e He C\(E,F).

We will clarify that in Propositions 5.10 and 5.12.
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Proposition 5.10. The mapping H : E — F, given in (5.1), is well defined.

Proof. Given (u,h) € E, we intend to prove that H(u,h) belongs to L?(Q;p?) x Hi. From
definition of E, it is clear that Hy(u,h) = u(0,-) € H;. Let us see that Hy(u,h) € L*(Q; p?).
In fact, since £(0) = 1 and / is Lipschitz continuous, we have

Tl X Tl 1 X
/ /pllHl(u,h)| dxdtz/ /p1 ut—ﬁ(/ udx) (X*1y)x — h)Xew
o Jo 0 Jo 0
T /1 5 T /1 1
§4/ /pf|£(u)—h)(w| dxdt—|—4/ /plz {6 (/ udx)—f(O)] (x*Uy )y
0 0
< 4|/(u,h) ||2+4/ /pl </ udx) |(x*1uy) o |* dx dt.
I?

Hence, we just need to prove that the last integral is bounded from above by ||(u, )2
Indeed, note that

T ,1 1 2 T 1 1 2
/ /Pf </ udx> ](x“ux)x]2dxdt:/ /P%P;Z (/ udx> P§|(x““x)x|2dth
0o Jo 0 0o Jo 0
1 2
< Csup T4</ udx) / /p3 X1ty ) o |* dx dt
[0,7] 0
1 2
< Csup | T (/ udx) |(u, )2
[0,T] 0

< Cll(wm)llz

2
dxdt

2
dx dt

where the last inequality is a consequence of Lemma 5.11, since 7 < CeM:/™(t), O

Lemma 5.11. Given s > 0, there exists My > 0 such that

Ms 1 2
sup { el ( / udx) <l |,
te[0,T] 0

for all (u,h) € E, where m = m(t) is the the function defined in (5.3).

Proof. Firstly, for s > 0, let us consider (u,h) € E and the function g : [0,T] — R
M 1 2
q(t) :=em® (/ u(x,t)dx) ,
0
for all t € [0, T|, where M, > 0 will be specified later.

Claim 1: Given s > 0, there exist My > 0 and C > 0 such that

Ms

em(t) S sz

1

Indeed, for any K > 0, we know that

k 2
en < k—2[m(t)]2 forall t € [0, T].



22 B. S. V. Araiijo, R. Demarque and L. Viana

In particular, taking k = s, and M; = Sﬁ A, we obtain

- )‘kz 2sBy —k
2 2sA_ -2 < -2\, 2 2sA < € 25A—k bak 2Ms
p; =€l e imten” > TE m=_Cyse m =Cyrgem, (5.14)
—2A2R2
where C) s = ¢ 25 Ay

Claim 2: There exist K1 = K1(A,s) > 0 and K, = K3(A,s) > 0, such that

2
p 2Ms
nT32 < Kip? and e < Kpp?. (5.15)

As a consequence, g € H'(0,T) < C°([0, T]).
In fact, arguing as in Claim 1, we can get

2 p25AL—2

P P

T o 5 <Kip}

m M V

and
,  e¥Amb Cor 2sa Kk k eTOME gk 1 amg
p g 5 Z e e —em — e m = —e m ,

3 U 6! 6! K>

where we have taken k = s, M; = ﬁ and K, = In this case,

S —
e % (sBr)°”

T T 1 g 1 /T g1
/ ]q\zdtg/ /eT\uFdxdtg / /pz\u|2dxdt§CH(u,h)H%
0 o Jo CrsJo Jo ™!

and
1 M2 T 1
\q |2dt<C</ / M ( Anfs\u|2dxdt—|—/ /emnfs\utlzdxdt>
c( |u]2dxdt+/ /pslut\zdxdt)
T 1
</ /p |u|2dxdt—|—/ /p?!ut|2dxdt>
0o Jo
Cll (u, W),
following the desired result. O

Proposition 5.12. The mapping H belongs to C'(E, F).

Proof. It is clear that H, € C!. We will prove that H; has a continuous Gateaux derivative on
E. In fact, some well-known calculation allows us to see that the Gateaux derivative of H; at
(u,h) € E is given by

Hy(u,h) (i, h) =i, — ' (/01 udx> /01 ddx (x*uy) — £ </01 udx) (x*y)x — X,

for each (i1, 1) € E. We just need to prove that the Gateaux derivative Hj : E — L(E; L*(Q; p?))
is continuous. On this purpose, given (u,h) € E, let ((u",h"))$’_; be a sequence in E such that



Carleman inequality for super strong degenerate equations 23

|(u", ") — (u,h)||g — 0. We must prove that ||Hj(u",h") — H{(u,h)Hﬁ(E;Lz(Q;pi)) — 0. In fact,

taking (7, 1) on the unit sphere of E, we can see that

I CHE (e, 1) — Hy (u, 1)) (1, R) |2

/ —e’</01u dx> udx(x“uz)x—ﬁ(/olu”dx> (i1, dx dt
( udx> dx (x1tx)x +€</Oludx>(x“ax)xdxdt2
<c[ [e(] udx) aw dx))2|<x“<uz—ux>>x|2dxdt
e L (o) e ([ o) o ([ ) e
e[ ([aa) (e[ wras)—e([ua)) twmpaca

Proceeding as in [12], using that ¢ € C!(R,R) has bounded derivatives and applying
Lebesgue’s dominated convergence theorem, we can prove that each of these three last in-
tegral converges to zero, as n — +co. Hence, H] is continuous, as desired. ]

Proof of Theorem 1.4. We already know that the mapping H : E — F is well defined and
belongs to C'(E,F) (Propositions 5.10 and 5.12). We state that H'(0,0) € L(E,F) is onto.
In fact, given (g,up) € F = L?(Q;p?) x H;, we apply Proposition 5.7 in order to obtain
(u,h) € L*(Q;p?) x L*(wr;p?) which solves (5.2) and satisfies (5.8). It means that (u,h) € E
and H'(0,0)(u,h) = (g,up), as desired.

Hence, by Lyusternik’s inverse mapping theorem (Theorem 5.1) , there exist ¢ > 0 and a
mapping H : B¢(0) C L?(Q;p?) x H} — E such that

H(H(y)) =y foreachy € B.(0) C LZ(Q;pf) X H}‘.
In particular, if # € Hy and ||do|l;; < ¢, we conclude that (i,7) = H(0,iy) € E solves
H(ii,h) = (0,1p). Finally, since i € L?(Q;p?), we get ii(x, T) = 0 almost everywhere in [0, 1]
(see Remark 5.5). It completes the proof. ]
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