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Abstract. In this paper, we consider the following nonlinear Klein-Gordon-Maxwell
system with a steep potential well

—Au+ (Aa(x) +Du — u(2w + ¢)pu = f(x,u), inR3,
AP = p(w +)u?, inRR3,

where w > 0 is a constant, # and A are positive parameters, f € C(R®> x R,R) and
the nonlinearity f satisfies the Ambrosetti-Rabinowitz condition. We use parameter-
dependent compactness lemma to prove the existence of nontrivial solution for y small
and A large enough, then explore the asymptotic behavior as 4 — 0 and A — co. More-
over, we also use truncation technique to study the existence and asymptotic behavior
of positive solutions of the Klein-Gordon-Maxwell system when f (1) := |u|7~2u where
2<g <4
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1 Introduction

In recent years, the Klein-Gordon-Maxwell system has been widely studied. It is well known
that this type of system has a strong physical meaning, and it arises in a very interesting
physical context: as a model describing the nonlinear Klein-Gordon field interacting with the
electromagnetic field. More specifically, the model represents standing waves 1 = u(x)e™*!
in equilibrium with a purely electrostatic field E = —V¢(x), where ¢ is the gauge potential.
Using the variational method, Benci and Fortunato [4, 5] first introduced the Klein-Gordon-
Maxwell equations. In addition, they first studied the following special Klein-Gordon-
Maxwell system

{—Au+ (M3 — (w+¢)2u = [ul" u, inR® (1.1)

Ap = (w + ¢p)u?, inR3,
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where g € (4,6), mp > 0 and w > 0 are constants, and establish the existence of infinitely
many solitary wave solutions when 0 < w < mg and 4 < g < 6. D’Aprile and Mugnai in [12]
also obtained the same conclusion for system (1.1) if one of the following assumptions holds:

(i) 0<w</(q—2)/2mgand q € (2,4);
(i) g € [4,6) and 0 < w < my.

By a Pohozaev-type argument, D’Aprile and Mugnai in [13] showed that (1.1) only has a
trivial solution when 0 < g < 2 or g > 6. Inspired by [5,12], Azzollini and Pomponio [1]
proved that (1.1) admits a ground state solution if one of the following conditions holds:

(i) 4<g<6b6and 0 < w < myp;

(i) 2<g<4and 0 < w < /(g —2)/(6— q)my.

This range has been improved by authors in references [2] and [25]. We point out that the
approaches used in [1,2,25] are heavily dependent on the form f(u) := lu|"2u. After that,
many mathematicians focused on the more general system. For instance, Chen and Tang
in[10] generalized the above results to the nonlinear term f(u). They obtained a ground state
solution with positive energy under some parameter limitations and f satisfied a superlinear
condition.

It can be seen that many early articles are about Klein-Gordon-Maxwell with constant
potential, and later more and more researchers concentrated on the non-constant potential. In
recent years, there are a large number of articles concerning the existence, nonexistence and
multiplicity of nontrivial solutions for the following problem (1.2).

—Au+V(x)u — 2w+ ¢)pu = f(x,u), inR3, 1.2)
Ap = (w + ¢p)u?, inIR3. '

In [16], He obtained infinitely many solutions of (1.2). Later, Li and Tang [17] improved
the results of [16]. From these two references, we can see that V(x) satisfies the following
condition:

(V) V(x) € C(R3,R), iﬂ%f V(x) > 0 and there exists ay > 0 such that

lim meas{x eR3: |x —y| <ap, V(x) < M} =0, VM >0.

|y|—o0

Condition (V) plays a crucial role in guaranteeing the compactness of embedding of the
weighted Sobolev space. If V(x) is radially symmetric, we recall (see [6] or [23]) that, for
2 < s < 6, the embedding H}(R3) < L5(IR®) is compact. Without this conditions we can
see that the compactness is lost. It will make it more difficult for us to deal with the Klein—
Gordon-Maxwell system. In this paper we consider the potential satisfied (a;)-(a3) below.
The conditions (a7)—(a3) were first introduced in [3] and Aa(x) + 1 was called a steep potential
well when A was large. In [20], Liu, Kang and Tang studied the existence of positive solution
for the Klein-Gordon-Maxwell system with steep potential well where f € C(R® x R,R)
satisfied the following conditions:

(f]) There exists a C > 0 such that |f(x, )| < C|¢| for all (x,t) € R? x R.
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(f3) There exists a k € {1,2,...} such that uniformly in x € R?,

v < liminff(x’t) < lim sup flxt)
10 o f

< Uk41-

(f3) limsup f—(f’t) < 1.

[t|—00

Where 0 < v; < v, < v3 < --- were the eigenvalues of the following eigenvalue problem (1.3)
and can be written as 0 < pq < pp < 3z < - - - counting their multiplicity.

{—Au +u=puu, inQ), (13)

u=20, on 0Q).

For more articles about steep potential well, readers can refer to [7-9,11,17,19,21,22,24]
and references therein for relevant conclusions.

In [27], Zhang and Du studied the existence and asymptotic behavior of positive solutions
for Kirchhoff type problems with steep potential well by combining the truncation technique
and the parameter-dependent compactness lemma. Motivated by the above works, one of the
purposes of this paper is to investigate the existence and asymptotic behavior of nontrivial
solution for the following Klein-Gordon-Maxwell system

—Au+ (Aa(x) + 1) u — uRw + ¢)pu = f(x,u), inR3, (1.4)
Ap = plw + )i, inR?, '

where w > 0 is a constant, u and A are positive parameters, f € C(R> x R,R) and a(x) satisfy
the following conditions:

(a1) a(x) € C(R% R) and a(x) > 0 on R,
(a2) there exists ¢ > 0 such that A. := {x € R?: a(x) < c} is nonempty and bounded;
(a3) Q = inta~1(0) is non-empty and has smooth boundary with Q = a~1(0);

X,8)

(f1) lim % = 0 uniformly for x € R5;

|s|—0
(f2) f € C(R®>x R,R) and there exist c; > 0, and p € (4,6) such that

fxs)] < er(1+[sP7h);

(f3) there exist & > 4 such that 0 < aF(x,s) < f(x,s)s uniformly x € R5.

Remark 1.1. In [16], in order to show that the associated functional has a mountain pass geom-
etry and obtain the boundedness of Cerami sequence, the authors used a global Ambrosetti-
Rabinowitz condition (f3). To the best of our knowledge, there are only a few articles about
the asymptotic behavior of the solution of the Klein-Gordon-Maxwell system with a steep
potential well and f satisfies the super-quartic condition.

The following results holds:
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Theorem 1.2. Suppose that (a1)—(az) and (f1)—(f3) are satisfied. Then there exist AT and o > 0
such that for A > Ay and p € (0, po), problem (1.4) has at least a nontrivial solution u,, € E,.
Moreover, exist constants 1y, M > 0 (independent of A and p) such that

T < Hu)‘/HHA <2VM forall A and p. (1.5)

Then we show the asymptotic behavior of the nontrivial solution for system (1.4) as y — 0
and A — co. By means of Theorem 1.2, we have the following results.

Theorem 1.3. Let u,, be the nontrivial solution of (1.4) obtained by Theorem 1.2. Then for each
€ (0, po) be fixed, uy, — uy in H'(Q) as A — oo, where u,, is a nontrivial solution of

—Au+u—pRw+¢)pu = f(x,u), inQ,
Ap = u(w + ¢)u?, in Q, (1.6)
u=0, in R3\ Q.

Theorem 1.4. Let u,, be the nontrivial solution of (1.4) obtained by Theorem 1.2. Then for each
A € (A],00) be fixed, up, — uy in Ey as yp — 0, where u, is a nontrivial solution of

{—Au +(Aa(x) + Vu = f(x,u), inR, (1.7)

u € H'(R3).

Theorem 1.5. Let u, , be the nontrivial solution of (1.4) obtained by Theorem 1.2. Then u, , — g
in HY(Q)) as p — 0 and A — oo, where uy is a nontrivial solution of

{—Au tu=fxu), inQ, (1)

u=20 on 9Q).

Remark 1.6. For Theorem 1.2, applying the Mountain Pass Theorem directly to the associated
functional I, ;,, we can get a Cerami sequence for p > 0 small enough. Then we will obtain
the boundedness of this Cerami sequence.

Next, we consider the following Klein-Gordon-Maxwell system where f(u) := |u|1"2u,

(1.9)

—Au+ (Aa(x) +1Vu — uRw + ¢)pu = |u|1%u, in R?,
Ap = p(w + ¢)u?, in R,

where w > 0 is a constant, y and A are positive parameters, 2 < g < 4 and a(x) also satisfies
(a1) — (a3).

Remark 1.7. In particular, we note that the nonlinearity u — f(u) := |u|172u with 2 < q < 4
does not satisfy the Ambrosetti-Rabinowitz type condition which would readily obtain a
bounded Palais-Smale sequence or Cerami sequence.

Then we have the following results.

Theorem 1.8. Suppose that (a1) — (az) and 2 < q < 4 are satisfied. Then there exist A} and
p1, M2 > 0 such that for A > A5 and p € (0,min{pq, po}), problem (1.9) has at least a positive
solution 1y, € E). Moreover, exist constants 11, T > 0 (independent of A and p) such that

T < HﬁM,H/\ < T forall Aand . (1.10)
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Theorem 1.9. Let 1, be the positive solution of (1.9) obtained by Theorem 1.8. Then for each
p € (0,min{py, po}) be fixed, iy, — 0, in H'(Q) as A — oo, where 1, is a positive solution of

—Au+u— puRw + ¢)pu = [ulP~2u, in Q,
Ap = p(w + ¢)u?, in Q, (1.11)
u=0, in R\ Q.

Theorem 1.10. Let 1), be the positive solution of (1.9) obtained by Theorem 1.8. Then for each
A € (A3, 00) be fixed, iy, — 1y in Ey as y — 0, where i1, is a positive solution of

{—Au + (Aa(x) + D = [u]P~2u, in R?, (1.12)

u € H'(R®).

Theorem 1.11. Let i1, ;, be the positive solution of (1.9) obtained by Theorem 1.8. Then i1, , — to in
HY(Q) as u — 0 and A — oo, where 1l is a positive solution of

—Au+u=ulP2u, inQ,
{ =y (1.13)

u=20 on 0Q).

Remark 1.12. For Theorem 1.8, if we apply the Mountain Pass Theorem directly to the asso-
ciated functional | Au » We also can get a Cerami sequence for ¢ > 0 small enough. But it is
difficult to obtain the boundedness of this Cerami sequence. Then we will use a new method
(refer to [27]) called truncation technique to get over this difficulty.

The remainder of this paper is organized as follows. Next Section 2 we derive a variational
setting for problems and give some preliminary lemmas. In Section 3 we will prove Theorem
1.2 to Theorem 1.5. Section 4 is devoted to the proof of Theorem 1.8 to Theorem 1.11.

2 Variational setting and preliminaries

Throughout this paper, we use the standard notations. We denote by C,c;,C;,i = 1,2,...
for various positive constants whose exact value may change from lines to lines but are not
essential to the analysis of problem. We use “—" and “—" to denote the strong and weak
convergence in the related function space respectively. We will write 0(1) to denote quantity
that tends to 0 as n — co. X’ denotes the dual space of X.

||, denotes the usual Lebesgue space with the norm L1(R®) for any g € [1,00]. H'(R3)
denotes the usual Sobolev space with the standard scalar product and norm ||-|| ;. DY?(IR%)
is the completion of C{’(IR®) with respect to the norm ||u[|p12 = ([gs \Vu]zdx)%.

In the paper, we work in the following Hilbert space

E:= {u € H'(R?) : /Rsa(x)uzdx < oo}

with the inner product and norm

full = ([ (VR + (o) + ) )l =
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For A > 0, we also need the following inner product and norm

Julla = (V82 (o) + 00,y = 3.

It is clear that ||u|| < ||u|[x for A > 1. Set Ey = (E, || - ||1)-

Referring to [28], it is well known that E < L$(R3) is continuous for s € [2,6]. Thus,
combining Sobolev embedding, for each s € [2,6], there exists d; > 0 (independent of A > 1)
such that

luls < ds||u|| <ds|lul|, forueckE. (2.1)

S is the best Sobolev constant for the embedding of D*?(IR?) in L%(R%) and

[Vul3

S = in >
ueD2(R¥)\{0} |u|2

It is easy to see that the weak solutions (u,¢) € E) x D*(IR%) of system (1.4) are critical
points of the functional given by

Gapulu, ¢) = ;/]RS (IVul* + (Aa(x) + 1)u — |[V¢|* — u(2w + ¢)pu?) dx — /RS F(x,u)dx. (2.2)

The functional G, , (u, ¢) is strongly indefinite, i.e., unbounded from below and from above on
infinite dimensional spaces. We need the following technical results to study of the functional
in the only variable u.

Lemma 2.1 ([4,12]). For any u € H'(R®), there exists a unique ¢ = ¢, € DV?(R3) which solves
equation
—Ap + utp = —wu. (2.3)

Moreover, the map ® : u € H'(R3) — @ [u] := ¢, € DV?(R3) is continuously differentiable, and
(i) —w < ¢, <0on theset {x € R3u(x) #0};
i) ull e < C llalP and fo Iguludx < C [lully 5 < C ul*

Lemma 2.2 ([1, Lemma 2.7]). If u, — u in H'(R3), then up to a subsequence, ¢, — ¢, in
D'2(IR3). As a consequence I'(u,) — I'(u) in the sense of distributions.

The following lemma is a stronger version of the Mountain Pass Theorem, so we can find
a Cerami sequence.

Proposition 2.3 ([15]). Let X be a real Banach space with its dual space X', and suppose that | €
CY(X,R) satisfies
max {J(0),J(e)} <u <y < inf J(u)

[ullx=p

for some u < 1, p > 0ande € X with |||y > p. Let ¢ > 1 be characterized by

— inf 1),
c ;relrg[%](’r( )

where T = {y € C([0,1], X) : v(0) =0, (1) = e} is the set of continuous paths joining 0 and e.
Then there exists a sequence {u,} C X such that

Jun) > c>n and (14 [Jun] y) H]’(un)HX,—>O as n — oo.
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3 The existence and concentration phenomenon of solution of (1.4)

We proof Theorem 1.2 to Theorem 1.5 in this section. By (2.3), multiplying both sides by ¢,
and integrating we obtain

/]1{3 IVp|?dx = — /]R3 wyutdx — /]1{3 P2utdx. (3.1)

Using (3.1), we can rewrite G, , as a C' functional I, , : Ey — R given by

Iy (u 2/ (|Vul® + (Aa(x) + 1)u? x——/ Wyl de—/]R F(x,u)dx. (3.2)

Moreover, for any u,v € E,, we have

(I (u),0) = /]1{3 (Vu-Vo+ (Aa(x) +1)uv)dx — u /Rs(Zw + ¢y ) puuvdx — /Raf(x,u)vdx.
(3.3)
To begin with, we show that the I, ;, has the mountain pass geometry.

Lemma 3.1. Suppose (a1)—(az) and (f1)—(f3) are satisfied. There exists pg > 0 for each u € (0, o)
and A > 1. Then there exist p,p > 0 and eg € E,, |leg||, > p, such that

Hllzﬂlfphy( ) > B >02>max{I),(0),I),(e)}

Proof. From (f;) and (f2), for each € > 0 there exists C; > 0 such that for all (x,s) € R® x R
£ (x,8)] < els| + Cels|P~ (34)

and c
Fxs)] < s + =l (35)

We choose ¢ =
(3.5) we have

2d2’ where d; > 0is from (2.1). For each u € E), by Lemma 2.1, (2.1), (3.2) and

D) 2 5 Dl = 1 = el
1 ed3 Ced)y
> (55 ) Il = =5 i

1 ngp -2 2
:<4— ) el

where the constants d, > 0 and C. > 0 are independent of  and A. Then there exist p > 0

small enough and > 0 such that Hlﬂlf Inu(u) > B> 0.

Then, we define the functional J, : Ey — R by

Ja(u) = ;/}R3(]Vu|2+ (Aa(x) +1)u?)dx —/ F(x,u)dx.

R3

By (f1) and (f3), there exist ¢3,c4 > 0 such that

F(x,s) > c3ls|® — cys>. (3.6)
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Let e € C°(Q2) be a positive smooth function, since a > 4 then we have

2
Ja(te) = tz/Q(!Ve!%rez)dx—/nlf(x,te)dx

t2
—/ (|Ve!2+ez)dx+c4t2/ ezdx—c3t"‘/ le|*dx
2 Jo o} Q

— —o00,

IN

as t — oo. Therefore, there exist typ > 0 large enough and let ey := fge such that J)(ep) < —1
with [|eg||, > p. From Lemma 2.1(i), then

Iy u(eo) = Ja(eo) — g /11{3 Wepe,e5dx
2
< 1+ B jeol,

there exists o := w% Tl > 0 (independent of A) such that I) ,(eg) < 0 for each A > 1 and

€ (0, po). The proof is completed. O
Then we consider the mountain pass value

CAp = %2%533’1(] Luu(v (1)),

where I' = {7y € C([0,1], X) : 7(0) =0, v(1) = eo}. From Proposition 2.3 and Lemma 3.1, we
can obtain that for each A > 1 and y € (0, j49), there exists a Cerami sequence {u,} C E, such
that

Du(itn) = €2, >0 and - (14 ) || 1, (0)

—0 asn— oo. (3.7)
E\

Next we prove that c, ;, has an upper bound.

Lemma 3.2. Suppose (a1)—(az) and (f1), (f3) hold. Then for each A > 1 and u € (0, po), there exists
M > 0 (independent of u and A) such that c, , < M.

Proof. By (f1), (f3), we have (3.6). Since ¢y € C°(Q2) and Lemma 3.1, we obtain that

Iy (teg) = 2/ (|Veo|* +e5)dx — & /wqbteo teg) dx—/Q (x, teg)dx
2
How? /e%dx+64t2/ e%dx—c;,t”‘/ leg|*dx,
2 Q 0 Q

2
where & > 4. Therefore, there exists M > 0 (independent of y and A) such that

Ve 1 +e5)

cry < max I ,(teg) < M.
At = te[0,1] M( 0) =

This completes the proof. O

Lemma 3.3. Assume (a1)—(az) and (f1)—(f3) hold, for each A > 1, u € (0, o), if {un} C Erisa
sequence satisfying (3.7), then we have, up to a subsequence, {u, } is bounded in E,.
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Proof. From (3.2), (3.3), (f3), Lemma 2.1(i) and Lemma 3.2, « > 4, for n — oo we have

M+o0(1) > CAu +0(1) :I/\,y(un) - <IAy( n), U

:(;_ ) | n”A“’( ) / Wby, 12dx
+g/]RS(pu”u%dx+/ < fx,uy)u F(X,Mn)> dx

>l

which implies that {u, } is bounded in E, and ||u,||» < 2vM as n — oo, where M is given by
Lemma 3.2. 0

Then we will give the compactness conditions for I ,. Before that, we introduce a lemma
to deal with nonlinear term.

Lemma 3.4 ([14]). Assume that (f1) and (f2) hold. If u, — u in H'(IR®), then along a subsequence

of {un},

lim sup
n—oo
geH! (R?), 9] ;n <1

[ o) £ =) — e )| =0

Lemma 3.5. Suppose that (a1)—(az) and (f1)—(f3) hold. If {u,} C E, is a sequence satisfying (3.7),
up to a subsequence, there exists Af > 1 such that for each y € (0, uo) and A € (Aj, 00), {u,} C Ep
contains a convergent subsequence.

Proof. By Lemma 3.3, we know that {u, } is bounded. We may assume that there exists u € E,
such that

u, =~ u inkE,,
up, —u inL (R®,2<s<6, (3.8)

U, —> u ae.in R3.

From Lemma 2.2 and (3.7), we have (I} ,(u),u) =0, ie,

H”H%\—Zﬂ/ we,u*d y/ P>uldx — / f(x,u)udx = 0. (3.9)
R3 R3
Next, we prove that u,, — u in E). Let v, = u, — u, by (a2), then
1 1
2 _ 2 2 2 s
ould = [, st [ dhdx < ool o) < Gl +o(0). (310

It follows from Brézis-Lieb Lemma the ([26, Lemma 1.32]) that
lunll = luell = lloallX +o(D). (3.11)
Then, by (3.10), Holder and Sobolev inequalities, we have
[Only < loul8lonls™" < S [onfVoul3™* < S (cA) Fflonfla +o(1),  (3.12)
where 6 = 62_7’7 > 0. Employing Lemma 3.4, we have

1
[Py

[ o) = £, o) = Fx,w)lndx| = o(1),
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From (3.8), v, = 0in E,, v, — 0 in LfOC(IR3) for2 <s < 6 and v, — 0 a.e. on R3, there have

Hun||A/ fx, ttn Jundx < {/ flx,u)u+ f(x,00)00 + f(x,00)u+ f(x, u)vndx]

Hunlh

+ HuiHA /]1{3 [f(x,un) — f(x,0n) — f(x,u)]u,dx (3.13)
’MnHA [/ flou udx+/ f(x,vn vndx} +o0(1).

From (3.5), (3.10)—(3.13), Lemma 3.3 and Fatou’s Lemma, choose ¢ = then

dZ/

0(1) = (I, (un), un) = (I, (u), u)

= unlt =1 [ 20+ pu ) i3x = [ f ) nd
—lul 1 [ @+ gu)puridx+ [ flxrujudx

> ol = [, £(x on)oudx +o(1)

> ||Un||%\ - 5|Un|% - C6|Un|§ +o(1)
1

> [5 = Ce(4dyV'M)P 251 (ed) Y lou 13 +0(1).

Hence, there exists A1 = [2C,(4d, VM)P~259=1¢70]4 such that the previous coefficient of ||v, 13

is greater than 0 when A > A;, where M is given by Lemma 3.2. Then choose A} = max{A,1}
such that v, — 0in E, for all A > AJ. O

Proof of Theorem 1.2. Assume (a1)—(a3) and (f1)—(f3) are satisfied. By Lemma 3.1, there exists
po > 0 such that for every A > 1 and u € (0, o), Ip,, possesses a Cerami sequence {u,} at the
mountain pass level ¢, , and satisfied

Inu(up) —crp >0 and (14 Hun||/\)||lgry(un)||E/A — 0, asn — oo.

From Lemmas 3.2 and 3.3, we thus deduce that for every A > 1 and u € (0, o), after passing
to a subsequence, {u,} is bounded in E, and |u,||y < 2v/M as n — 0. It follows from
Lemma 3.5 that exists A] > 1 such that for each u € (0,9) and A € (A}, c0), the sequence
{uy} has a convergent subsequence in E,. Then there exists u, , € Ej, such that u, — u,, as
n — oo, and thus

||uA,y’|A <2vM, I)\,y(u/\,y) = Cru and I;\,H(u/\'l/l) =0.

Now we claim that u,, # 0. Otherwise, Iy ,(u,) = 0 = c),, which is a contradiction to
cru > 0. Moreover, by the Holder inequality, Lemma 2.1(ii) and Sobolev inequality, we have

ottt (o) (f one)

< Celi||pu, , I Dozl eI
< Clluaull3-
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Then, since <I§W(u Apu)stry) = 0, Lemma 2.1(i) and (3.4), there exists ¢ = we have

1

2437

Jonull} =20 [ g, By +p [ 67 03 udxt [
< poCrllunpll} + ed5luppll3 + Cedbllten,pllh-

Hence, there exists 79 > 0 (independent of y and A) such that ||u, ,||» > 10 for all u € (0, po)
and A € (A}, o). This finishes the proof. O

Proof of Theorem 1.3. Let u € (0, o) be fixed, then for any sequence A, — +oo. Let u,, := u,,
be the nontrivial solution of (1.4) obtained by Theorem 1.2. From Theorem 1.2 we have

0 <1 <|un|lp, <2VM forn — oo. (3.14)
Thus, up to a subsequence, we may assume that

Uy —uy ;inkE,

uy — uy,  in L (R?), 2 <5 <6,

Up — Uy ae.in R3.

It follows from (3.14), Fatou’s Lemma and (a7) that

=0.

413
< 2 < limi 2 < Timi An
0< /Rs(a(x) + Duydx < hrrlrl)g}f ]RS(a(x) + 1usdx < hﬂglf -
Hence, u, = 0 a.e. in R*\ a71(0), and u,, € H'(Q) by the condition (a3).
Now we show that u, — 1, in L¥(R3) for all s € (2,6). Otherwise, by Lions’ vanishing
Lemma ([18,26]) there exist §,7 > 0 and x,, € R3 such that

w— Uy )2dx > 6.
/Br(xﬂ)(u u‘u) g -

This implies that |x,| — co as n — oo, and so |B,(x,) N Ac| — 0. By the Holder inequality, we
then conclude that

(up —uy)*dx — 0 as n — co.
By (xy)NA.

Consequently, we get

2 > (cA, 1/
lually, 2 (cAn+1) By (x)"{a(x)>c}

= (C)Ln + 1) (/By(xn)(un — uy)2dx — /Br(xn)ﬂAC (Mn — uy)zd_’X) — 00,

as n — oo, which contradicts (3.14).
We then prove that u,, — u, in E. Since

24x = (cAy 1/ o —10,)?d
U = (Mt D) f iz )

<I$Ln,y(un)lu7’l> = <I;Ln,y(un)/uy> = O/

we have

Il =20 [ wopuiddr—p [ @ uddx— [ Fxun)undx =0,
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/]Ra (Vuﬂv”y T (Aualx) + 1)14”1,[”) dx — 2y /]Rs Wy, Uty dx
— ]’l /]R3 (Pinunuﬂdx - ‘/1;3 f(x, Lln)uydx — 0'

Since 1, = 0 a.e. in R® \ 271(0) and by Lemma 2.1(ii), (3.14), we deduce that
/1R3 Puu, i (U — ”y)dx < |Pu, |6lttn|2|un — ”;4|3 < Cllgu, |l pral|tnl[r|tn — ”;4|3 — 0,
/1R3 ‘P»zt,,”n(”n - ”y)dx < |‘Pun|%|”n|3|”n - ”y‘3 < CH(/’unHZDLZHMnHA’”n - “y|3 — 0,

/]Rsf(x, Uy)(Un — uy)dx — 0.

Thus, limy, . || s ||%n = ||uy||*>. Then from the weakly lower semi-continuity of norm, we have
[y ||* < Hminf [|u,||* < limsup [u,||* < limsup [|ua |3 = |lu]/* (3.15)
n—re0 n—+00 1300 "

Consequently, we yield that u, — u, in E.
Finally, we only need to show that u, is a weak solution of (1.6). Now for any v € C3°(Q2),

since <I§\n,y(u”)' v) = 0, it is easy to check that

/()(Vuva +uyuv)dx — /Q(Zw + Pu,, ) Pu, upvdx — /Qf(x, uy)vdx = 0.

i.e., uy is a weak solution of (1.6) by the density of C§°(Q)) in H'(Q). From (3.14) and (3.15),
we can see that

[upll = Hm [[unl|p, > 0 >0,
n—oo
so uy # 0. Thus, u, is a nontrivial weak solution of (1.6). O

Proof of Theorem 1.4. Let A € (A}, 00) be fixed, then for any sequence y, — 0. Let u, := u,,,
be the nontrivial solution of (1.4) obtained by Theorem 1.2. From Theorem 1.2, we have

0 <1 <|unllp, <2VM forn — oo. (3.16)

Passing to a subsequence , we may assume that u, — u, in E,. Note that ijﬂ (un) = 0, we
can obtain that u, — u, in E, as the proof of Lemma 3.5.

To complete the proof, we will show that u, is a nontrivial solution of (1.7). Now for any
v € E,, since <I§wn (un),v) =0, it is easy to check that

/ Vu Vo + (Aa(x) + 1)uyvdx :/ f(x,up)vdx,
R3 R3

ie., u, is a weak solution of (1.7). Then, by (3.16) we see that u, # 0. Therefore, u, is a
nontrivial weak solution of (1.7). This completes the proof. O

Proof of Theorem 1.5. Following the same argument as in the proof of Theorems 1.3 and 1.4, we
get the conclusion. O
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4 The existence and concentration phenomenon of solution of (1.9)

In this section, we will give the asymptotic behavior of positive solution of (1.9), and de-
vote to prove Theorem 1.8 to Theorem 1.11. We will use truncation technique to obtain the
boundedness of Cerami sequence. Before that, we write the functional corresponding to (1.9).
fMi : Ex — R given by

Dyu(u 2/ (IVul* + (Aa(x) + 1)u? x——/ Wy 2dx—q/3]u+|‘7dx (4.1)
and IAM, € C. Moreover, for any u,v € E,, we have

(I, (u),0) = /]1{3 (Vu-Vo+ (Aa(x) +1)uv)dx — u /]R3 (2w + ¢pu) pyuvdx — /}Rs |t 2uTvdx.

4.2)

Then we define a cut-off function 7 € C'([0,00),R) satisfying 0 < 5 < 1, 5(t) = 1 if

0<t<1n(t)=0ift > 2, r?a0x|77’(t)] < 2 and 5/(t) < 0 for each t > 0. Using 7, for every
>

T > 0 we then consider the truncated functional IAAT,V : Ex — R defined by

L (e A AT 43

We can see that IAAT " is of class C1, then for each u,v € E,

(0,0 =i~ Fo (100 ) 00 [ cop
(4.4)

Jull? o
wy( /]R3(2w+¢u)4>uuvdx—/]R3 |u™ |7 *u"vdx.
It is easy to see that every nontrivial critical point of [ A 18 @ positive solution of (1.9), and
we will prove it in the following lemma.

Lemma 4.1. Suppose that 2 < q < 4 and (a1)—(a3) are satisfied. Then every nontrivial critical point
of IAM, is a positive solution of (1.9).

Proof. Let u € E, be a nontrivial critical point of [, ,, then <I}/H(u),v) =0forallv € Ey. We
have

/3 (Vu-Vo+ (Aa(x) + 1)uv)dx — u / (2w + @) puuvdx — /3 lut|P2uTodx = 0. (4.5)
R R R
Taking v = u~ = —min{u,0} in (4.5), by Lemma 2.1(i) we obtain that

IR < 1R =g [ (20 -+ @ ) u P =0

which is a contradiction. Then we can see u > 0 in IR®. Hence, the strong maximum principle
and the fact u # 0 imply that u > 0 in R3, and the proof is ready. O

Lemma 4.2. Suppose 2 < q < 4 and (a1)—(a3) are satisfied. There exists y; > 0 for each T > 0,
# € (0,p1) and A > 1. Then there exist p, p > 0 and & € Ej, ||&||, > p, such that

inf I7 (1) > p > 0> max {IA}{P(O),T){H(EO)} .
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Proof. From Lemma 2.1, (2.1) and (4.3), for each u € E), we have

N 1 2 1 2 1 1 -2
) 2 3 Dol = 2l =l (5~ Sl ),

where the constant d; > 0 is independent of T, p and A. Since q > 2, there exist o > 0 small
enough and B > 0, such that inf|,_; IAATIH(L{) > B>0.
Then, we define the functional [, : E; — R by

A

fa(u) = ;/H{s(|w|2+ (Aa(x) —I—l)uz)dx—;/w 7,

Since 2 < g < 4, similar to Lemma 3.1, there also exist fy > 0 large enough and let &) := fpe
such that [, (¢) < —1 with |||, > p. From Lemma 2.1(i), then

I3 . (20) = Ja(20) — (” OHA>/ Wepe,Eodx
.”

w?
!€o|2,

there exists yq := 2|e g > 0 (independent of A and T) such that [T M(eo) <OforeachT, A >1

and u € (0, p11). The proof is completed. O

Then we also can consider the mountain pass value

N . 7T
¢y, = inf max [ t)),
At Yer ielo] A,y(’Y( )

where I' = {7y € C([0,1], X) : 7(0) =0, v(1) = & }. From Proposition 2.3 and Lemma 4.2, we
obtain that for each T > 0, A > 1 and p € (0, 1), there exists a Cerami sequence {i,} C E,
such that

Hu() =&, >0 and (14 ally) | (0,0 ()

—0 asn — oo. (4.6)
E\

Since 2 < g < 4 and the definition of #(t), similar proof to Lemma 3.2, we can find a
M > 0 such that CAK,V has an upper bound, i.e.,

< M. (4.7)
(M+1)

Lemma 4.3. Assume 2 < q < 4 and (a1)—(a3) hold, let T = Then there exists pp > 0

small enough, for each A > 1, y € (0, min{uy, po}), if {#n} CEyisa sequence satisfying (4.6), then
we have, up to a subsequence,

sup [[d,]|x < T.
nelN

Proof. Otherwise, there exists a subsequence of {il,}, still denoted by {7, } such that ||7,|/, >
T. It can be divided into two situations:

(i) T < ||tt.]|x < V2T; (i) ||@iq][x > v2T.
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Firstly, for the case (i), due to (4.3), (4.4) and Lemma 2.1 we have

} 1 o
M+o(1) > ¢, +o(1) = I} , (1) — 5((1;{”)'(%)/%)

— 1_1 A2 " |2 nHZ
- (2 q>HunHA+qT217( 00l [ o,
2
+<2—;>M<HWHA>/ s, Ml + 77(” el >/ 93, i

1 1\, » <2 1) )
>z ==l = | = — 5 |uwd;||d,
> (50 )1l = (3= 3 )meln
. 4 243
> (1) - 202 D 1),

q—2
(A=) PR (VL) > 0 such that y €

(0,min{puq, p2}). Then we deduce that ||i,|, > /2T for n large enough. With the defini-
tion of 7(t), we conclude that

which is a contradiction when we choose pu»

- R A . 1, . A
M+o(1) 2 &5, +o(1) =1} ,(it) — §<(I{y)’(un)1un>
1 1Y\, .
(377 )l
>2(M+1),
this is obviously a contradiction. The proof of this lemma ends. ]

Up to now, we have proved that the sequence {1, } given by (4.6) satisfies ||i,||, < T. In
particular, this sequence {1, } is also a Cerami sequence at level Cﬁ,y for I Ar 1€,
Dou(n) = €5, >0 and (14 [|a]],) =0 asn— oo

1)
A

Then we will give the compactness conditions for | A

Lemma 4.4. Suppose that 2 < q < 4 and (a1)—(a3) hold. If {i1,} C E, is a sequence satisfying (4.6),
up to a subsequence, there exists Ay > 1 such that for each y € (0, min{uy, p2}) and A € (A3, 00),
{61,} C E, contains a convergent subsequence.

Proof. Proof is similar to Lemma 3.5, there exists A, = [(quT)‘?dSe*lc*Q]% where 6 = 62;{; >0
and choose A = max{Ay,1} such that (i1, — 1) — 0in E, for all A > AJ. O

Proof of Theorem 1.8. Assume 2 < g < 4 and (a;)—(a3) are satisfied. By Lemma 4.2, there exists
#1 > 0 such that for every A > 1 and u € (0, 1), f){y possesses a Cerami sequence {il,,} at the
mountain pass level 63{,]4. From (4.7) and Lemma 4.3, we thus deduce that there exist yo > 0
such that for every A > 1 and p € (0, min{, y2}), after passing to a subsequence, {il,} is a
Cerami sequence of [, satisfying [|i,][, < T, i.e.,

sup||dn|r < T, IAM!(L?”) — é{u and (1+ |‘ﬁn||/\)|‘f;\,ﬂ(ﬁn)’|]5§\ — 0, asn — oo.
nelN
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It follows from Lemma 4.4 that exists A5 > 1 such that for each p € (0, min{puy,p2}) and A €
(A3,00), the sequence {il,} has a convergent subsequence in E,. Then there exists 71, , € E,,
such that i, — i), as n — oo, and thus

7 < 7 ] — AT i ] —
7 — 4 7 ’ ” ” ’
[rullr < T, Dyu(iia,) =6, and I, (i) =0.

Similarly, we can prove that ) , # 0 and there exists 1 > 0 (independent of y and A) such
that ||, ,||» > 7 for all y € (0, min{p, p2}) and A € (A3, ). O

Proof of Theorem 1.9 to Theorem 1.11. Please refer to the proofs of Theorems 1.3 to 1.5. The
detailed proofs are omitted here.
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