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Abstract. In this paper, the Hopf bifurcations and Turing bifurcations of the Gierer—
Meinhardt activator-inhibitor model are studied. The very interesting and complex
spatially periodic solutions and patterns induced by bifurcations are analyzed from
both theoretical and numerical aspects respectively. Firstly, the conditions for the ex-
istence of Hopf bifurcation and Turing bifurcation are established in turn. Then, the
Turing instability region caused by diffusion is obtained. In addition, to uncover the
diffusion mechanics of Turing patterns, the dynamic behaviors are studied near the
Turing bifurcation by using weakly nonlinear analysis techniques, and the type of spa-
tial pattern was predicted by the amplitude equation. And our results show that the
spatial patterns in the Turing instability region change from the spot, spot-stripe to
stripe in order. Finally, the results of the analysis are verified by numerical simulations.
Keywords: Gierer-Meinhardt activator-inhibitor model, stability, Hopf bifurcation, Tur-
ing bifurcation, pattern.
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1 Introduction

In general, reaction-diffusion systems [4,14,15] are used to describe models in which the con-
centration of one or more substances diffuses in space and is affected by the diffusion and
inter-conversion of substances. In 1952, A. M. Turing [23] mathematically proposed the con-
clusion that the homogeneous steady state in a reaction-diffusion system becomes destabilized
under certain conditions, that is, the initial steady-state solution of the reaction-diffusion sys-
tem becomes unstable due to the introduction of a diffusion term. This instability caused by
diffusion is often referred to as Turing instability. Thereafter, Turing instability has received a
great amount of attention from a wide range of scholars and has become a typical problem in
the formation of spatio-temporal patterns [1,7,9,12,16,18,21,26]. The various results of pattern
formation in the reaction-diffusion system are specified as follows. The Turing-Murray prin-
ciple was proposed by James Murray [16], which investigated the reaction-diffusion systems
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of animal bodies and tails and their Turing instability. Schepers and Markus [21] demon-
strated that cellular automata can produce Turing patterns in the activator-inhibitor system
that is qualitatively consistent with various experiments in chemistry. A diffusion model with
a Degn-Harrison reaction scheme is considered by Li et al. [12], and the local and global struc-
ture of the steady-state bifurcation is established by the technique of spatial decomposition
and implicit function theorem. These works demonstrated that Turing patterns can emerge in
a number of ecological and chemical systems.

To uncover the diffusion mechanism of Turing patterns and to examine the actual format
of Turing patterns in the real world, we will select the activator-inhibitor model [6] proposed
by Gierer and Meinhardt to study the typologies of Turing patterns. The activator-inhibitor
model shows that two substances can resist each other’s action, and can also be used to
depict the formation of polar structures, animal structures, and periodic structures (dots on
animals). In recent decades, a large literature has been devoted to the study of this system, as
seen in[2,11,13,20,25] and the references therein, which can be written as

ou u? %u
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where

(i) u and v represent the concentration of activator and inhibitor respectively, D, and D, are
their corresponding diffusion constants, and % means the change in the concentration
of the activator per unit of time.

(ii) pu > 0,p, > 0 represent the baseline yield of the activator and the inhibitor, separately,
and py, i, are the decay rate.

For the Gierer-Meinhardt system (1.1), Ruan [20] demonstrated that diffusion can cause
homogeneous equilibrium solutions and homogeneous periodic solutions to become unstable.
Liu et al. [13] investigated the multiple bifurcation analysis and spatiotemporal patterns in
the one-dimensional Gierer-Meinhardt model. Wu et al. [25] performed a Hopf bifurcation
analysis of this diffusion model and studied the direction and stability of Hopf bifurcation by
standard central manifold theorem. Stability and Hopf bifurcation analysis on a simplified
Gierer-Meinhardt model were studied by Asheghi [2], and the direction of the Hopf bifurca-
tion was obtained by the normal form theory. The investigation conducted by Li et al. [11]
pertained to the analysis of Turing patterns observed in a broad-spectrum Gierer-Meinhardt
model of morphogenesis. In the particular case, when p, = p, = 0, a simple scale transfor-
mation model is as follows

%l;:alAu—i—”;Z—[Bu (x,y) e, t>0,
% =mAv+u?—v (x,y) €Q, t>0, (1.2)
dyu = 9,0 =0, (x,y) €0Q, t>0,

where

(i) u and v stand for u(x,y,t) and v(x,y,t), (x,y) € Q C R?, B denotes the decay rate of
the activator.
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. 2 2 . . . .
(i) A = aa? + aa? is a common Laplace operator in two-dimensional space, and d() repre-

sents the homogeneous Neumann boundary condition.

None of the above-mentioned literature deals with the formation of Turing patterns on
two-dimensional space in the Gierer-Meinhardt model. However, for chemical systems, pat-
terns on a two-dimensional plane will be more realistic, more intuitive, and abundant than
those on a one-dimensional plane [17,24]. For the one-dimensional space, only spot patterns
and strip patterns exist. However, in two dimensions, not only spots and strips but also
patterns such as spot-strip coexistence and maze shapes may appear. To more clearly un-
derstand the mechanisms of pattern formation in Gierer-Meinhardt model, we will study the
spatio-temporal evolution pattern of the system (1.2) in two dimensions space.

In this paper, the dynamical behaviors of the system (1.2) are studied by using the decay
rate of activator B as a bifurcation parameter. The existing conditions of the Hopf bifurcations
and the Turing bifurcations are established in turn. The very interesting and complex patterns
(spot patterns, spot-stripe coexistence patterns, and stripe patterns) induced by the Turing
bifurcation are analyzed from both theoretical and numerical aspects by a multi-scale method
[3,5,27]. And our results show that the decay rate of the activator B can affect the dynamical
behavior of the system (1.2). The system will occur Turing instability when the decay rate g is
within a certain region, the impact of diffusion on the system will be diminished as the decay
rate f increases.

The layout of this paper is organized as follows. In Section 2, the conditions for the exis-
tence of Hopf bifurcation and the Turing instability with spatial inhomogeneity are discussed
analytically. In Section 3, the amplitude equation near the instability threshold is derived
using weakly nonlinear analysis, and different solutions to the amplitude equation and its
stability are investigated. And the correctness of the theoretical part of the analysis is verified
by numerical simulations in space. In Section 4, finally, some conclusions and discussions are
given.

2 Turing instability and bifurcation analysis

In this section, the conditions for the existence of Hopf bifurcation and the Turing instability
are discussed.
The local system corresponding to the diffusion system (1.2) is

T T
{é’é o @1
oF =u-—0,
with a unique positive equilibrium
11
E*:(U*/V*): </>/ ﬁ>0
BB

The Jacobian matrix computed. The Jacobi matrix taken at the positive equilibrium E, is

af 9 2
a-(m g )-(8 (o=, 22)
8 £ g 1 ay Ay
and the characteristic equation is as follows

A? —tr(A)A + Det(A) =0, (2.3)
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with

t?’(A) =apn+anp=p-1,
Det(A) = d11dp2 — dp1d1p = :B

Theorem 2.1. For the local system (2.1), when 0 < B < 1, the positive equilibrium E, is locally
asymptotically stable, and the system (2.1) undergoes the Hopf bifurcation at p = 1.

Proof. When 0 < B < 1, obviously obtaining tr(A) < 0 and Det(A) > 0, hence, the positive
equilibrium E, is locally asymptotically stable. When § = 1, then tr(A) = 0 and Det(A) > 0,
the system (2.1) undergoes Hopf bifurcation. Next, we verify the transversality condition for
the Hopf bifurcation at g =1

dReA 1
edO(,B) =—>0.
B B=1 2
According to the Poincaré—Andronov—Hopf bifurcation theorem [19], the system (2.1) under-

goes a Hopf bifurcation when g = 1. O

Next, we study the diffusion-driven Turing instability of the diffusion system (1.2) under
the basic assumption that the constant equilibrium E, (1., v,) of the system (1.2) is asymptot-
ically stable (0 < B < 1).

In order to study the linear stability of the constant equilibrium E, (u,, v4) of (1.2), we need
to study the distribution of the roots of the characteristic equation of (1.2). The linearization
of Equation (1.2) at the constant equilibrium point E. (u,,v.) is

(%’>:<UBA aSA><Z)+A<Z>- 24)

Assume the solution of (2.4) is that

( Z ) = < Z: > + < Z}’: )exp()\t+i(k~r)), (2.5)

where k denotes the wave number with the expression k = (k, k), and satisfies k = |k|.
r is the spatial vector in two dimensions whose expression is r = (x,y). We can get the
corresponding characteristic matrix is

Ay = ( ay — o1k? a1n , )
an ay — 0ok
The characteristic equation is
F(A) =A2—TiA+ Dy =0, (2.6)
where

Te=B—1—K(01 + ),

(2.7)
Dy = 109k* — (=01 + 2 B)K* + B.

Under Theorem 2.1, we have 0 < B < 1, thus for any positive natural number k, there always
exist Ty < 0. Then the instability condition of the positive equilibrium point E, (i, v,) of the
system (1.2) should be that: existing a k > 0 make Dy < 0. In other words, when Dy < 0
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(k > 0) is satisfied, there exists a diffusion-driven Turing instability. Since > 0, the sufficient
condition for Dy < 0 is that the following two conditions H; and H; hold

Hy: =0 +0p >0,

and
H; : (01 — 02B)* — 4Boi0n > 0.

Consider Dy as a quadratic function of k2, the function D; can obtain the minimum value

at kt, where kgf = % If Hy and H; hold, then minDy, < 0, which indicates the occurrence
of Turing instability.
In the following, we choose 8 as the parameter to study the conditions that make H; and

H, hold. Regarding the Turing instability of the system (1.2), we obtain the following results.

Theorem 2.2. Assume that the positive equilibrium point E, of the corresponding local system (2.1)
is stable, which is given by Theorem 2.1. For the reaction-diffusion system (1.2)

(D) if oy > o, there is no Turing instability;
(1I) if o1 < 0y, the following results are achieved

(i) when ﬁ(Tz) > 1, there is no Turing instability;

(ii) when ,B(Tz) < 1, Turing instability occurs at B € (ﬁg?), 1) and Turing bifurcation occurs at
—_ 5@
p="PBr"

where

2 B+ 2\@)01

Br = 5

Proof. (I) From Theorem 2.1, we know that the positive equilibrium point E. is stable for
0 < B < 1. Therefore, when 07 > 0, we have % > 1 > B, hence H; is not satisfied. The
conclusion (I) is proved.

(I) Under the conditions of Theorem 2.1, it is easy to get H; equivalent to B, < B < 1,

where
01

Be= (2.8)
and H» is equivalent to the following condition
h(B) = o3> — 60102 + 07 > 0. (2.9)
Let
Q1 = (—60107)* — 40307 = 320702, (2.10)

obviously, Q; > 0. This means that /() = 0 has two positive roots, which are denoted as ,B(Tl )
and ﬁ(Tz)
(3+2v2)oy

< p¥ = S (2.11)

(3 — 2\@)0’1

1
0<,8(T): -

and h(B) > 0if only and if 0 < B < ,3(T1) and 8 > 5%?)‘ In addition, we can get

2
h( ):(7270'1 —6(7(7—(71 +02=—40% <0
,B* 27> 102 1 1 ’
%) (%]
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hence, we have the following inequality,
0<pY <. <p? (2.12)

Therefore, H, H, are both satisfied for :3(1“2) < B < 1, not satisfied for 0 < f < ﬁ(Tl), H,, H>.
Then we can conclude that Turing instability occurs only in the region ﬁ(TZ) < B < 1, which
completes the proof of (ii) in Conclusion (II).

Furthermore, if ,B(Tz ) > 1, the positive equilibrium point E, is unstable, hence, there is no
Turing instability. The conclusion (i) in (II) is proved. O

To support the previous theoretical analysis, taking ¢ = 0.3, 02 = 5, we can obtain ﬁg? ) =

0.3497. According to Theorem 2.2, we know that Turing instability occurs for g € (,B(T2), 1).
Therefore, to investigate the Turing pattern formation of system (1.2), we need to ensure that
the control parameter € (0.3497,1). By increasing the value of parameter § in (0.3497,1),
we can obtain the relationship between Re(A) and k? (see Figure 2.1(a)) and the relationship
between Dy and k? (see Figure 2.1(b)), where Re()) is the real part of A. From Figure 2.1(a)
and Figure 2.1(b), it is easy to see that Re(A) < 0 and Dy > 0 always hold for g < ﬁ(Tz) , which

implies that there is no Turing instability. Therefore, § > ﬁ(Tz) is the necessary condition for
Turing instability to occur.

3=0.3497 3=0.3497
0.8 3=0.44 ] (3=0.44
3=0.61 1t (3=0.61
3=0.78 3=0.78

0.6 -
0.4r ! /

-0.8

’ 0 0.‘5 1‘ 1.‘5 2 0 015 1‘ 1.‘5 é 25
K2 K2
(a) (b)
Figure 2.1: (a): the graph of the dispersion relation with respect to k? for differ-
ent B; (b): the graph of Dy (B) with respect to k? for different B.

In the following, we consider the Hopf bifurcation of the system (1.2) around E(u, v4). By
Theorem 2.1, when 0 < B < 1,then Ty = B—1 < 0 and Ty = Ty — k*(01 + 02) < O for any
k>0.Letk=17,ne€Ny!le€ R*. According to [8], n-mode Hopf bifurcation means that the
characteristic equation (2.6) has a pair of purely imaginary roots, while the other roots have
non-zero real parts and satisfy the corresponding transversal conditions.

Theorem 2.3. Suppose one of the following conditions holds:
(D O0<p<ps

a g > pY.
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The system (1.2) occurs 0-mode Hopf bifurcation at B = B = 1, where the characteristic Fy(A) = 0
have a pair of purely imaginary roots and other roots of the characteristic Fr(A) = 0 (k > 0) have
negative real parts. Where B, and ﬁ(TZ) are defined in (2.8) and (2.11).

Proof. Since %ﬂ = %, then Ty = 0 has a unique root = BE' = 1, and obviously the transversal

conditions satisfied. Moreover, Ty < 0 (k > 1) and Dy = B > 0. Since —01 + 2 < 0, then
0 < B < Bs. Itis easy to obtain that Dy > 0 always holds for 0 < g < B.. When —o1 + 28 > 0
, according (2.10) we know that Dy > 0 is equivalent to conditions 0 < B < [3(Tl) or f > ,B(TZ )
holding. Combining (2.12), it is find that g > [B(TZ) usable Dy > 0 always satisfied. Thus the
system (1.2) occurs 0-mode Hopf bifurcation. O

In the next, we find the spatially inhomogeneous Hopf bifurcation for n € IN. Define

Bl =1+ (?)2 (01 +02), (2.13)

which is the root of Tx = B —1 — (})?(01 + 02) = 0. There are the following conclusions.
Theorem 2.4. Suppose one of the following conditions holds:
(D 0<B<pBy

a g > gy

The system (1.2) undergoes a n-mode Hopf bifurcation around E.(u.,v.) at B for n € IN, where the
characteristic equation (2.6) has a pair of purely imaginary roots, while all the other roots of Fi(A) = 0

(j # ) have non-zero real parts. Where B and ,B(TZ) are defined in (2.8) and (2.11).

Proof. To find the spatially inhomogeneous Hopf bifurcation points for n € IN, we have to

dTn
seek the roots of (4)?(01 + 02) +1 = B. Since T = 3, then Tx = 0 has a unique root g = B}/
for n € IN, and obviously the corresponding transversal conditions satisfied. Moreover, it is
easy to get that T» is monotonically decreasing with respect to n, therefore T; (B > 0 for
1

j <mnand T;(B) < 0 for j > n. By the proof of Theorem 2.3, we know that Dy > 0 for one
1

of the conditions in (I) or (II) holds. Thus the system undergoes n-mode Hopf bifurcation at
B O

In addition, to more intuitively understand Theorem Theorem 2.2-Theorem 2.4, taking
o; = 0.4, we plot the stability regions and the existing region of Turing instability in ¢, — 8
plane, as shown in Figure 2.2. According to Theorem 2.1-Theorem 2.4, in Dj, the positive
equilibrium E, is unstable and occurs Turing instability, and = ﬁ%?) represents Turing bifur-
cation curve. In D, the positive equilibrium E, is unstable but not occurs Turing instability.
In D3 and Dy the positive equilibrium E. is asymptotically stable. Moreover, we set oy = 0.4,
0> = 0.2, then the 0-mode Hopf bifurcation will occurs at B = Bl = 1. Taking p = 0.99 < B,
the system (1.2) can occur the spatially homogeneous periodic solutions (as shown in Fig-
ure 2.3). Wesetoy = 04,00 =3, n=1,1 =8, thus [S{I = 1.0531. And the 1-mode Hopf
bifurcation will occurs at = pi. Taking B = 1.01 < I, the system (1.2) can appear the
spatially inhomogeneous periodic solution (as shown in Figure 2.4).

Remark 2.5. When 8 € (,B*,,B(TZ)), at least one eigenvalue of Dy has positive real part, then
the Hopf bifurcating periodic solutions are always unstable. Particularly, for 0-mode Hopf
bifurcation, bifurcating periodic solutions are unstable in the interval AB in Figure 2.2.
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=== 0-mode Hopf bifurcation
- - (1
o
42
i

1-mode Hopf bifurcation

Figure 2.2: When 0y = 0.4, the Turing bifurcation curve and Hopf bifurcation
curve in 0 — f plane. Dj is the Turing instability region, D, denotes unstable
regions in which do not occurs Turing unstable, D3 and Dy are both stable
regions. And B represents (kr, 0)-mode Turing—-Hopf bifurcation point, C stands
for (kr,1)-mode Turing-Hopf bifurcation point.

u(x,t) v(x.t)

u(xt)

Figure 2.3: The spatially homogeneous periodic solution with o1 = 0.4, 0, = 0.2,
B = 0.99. The initial values is (ug, v9)=(0.85, 0.85), and 0 < x < 5,0 <t < 60.

Remark 2.6. In Figure 2.2, B and C denote the Turing-Hopf bifurcation points corresponding
to the (kr,0)-mode and (kr, 1)-mode, respectively. Point B is located at the coordinates (2.33,1),
while point C is located at (2.24, 1.041). To investigate the dynamical behaviors that may occur
near these points, we performed numerical simulations. Notably, in the vicinity of point B and
C, we observe spatially homogeneous periodic solutions, non-constant steady-state solutions
and spatially homogeneous quasi-periodic solutions. These observations are visually depicted
in Figure 2.5. These results provide valuable insights into the behavior of the system near the
Turing-Hopf bifurcation point.

This section focuses on the stability, Hopf bifurcation, and Turing instability regions of the
diffusive Gierer-Meinhardt activator-inhibitor system (1.2) and obtains the conditions for the
occurrence of Turing bifurcation, 0-mode Hopf bifurcation, k-mode Hopf bifurcation. As it
is known, pattern formation can be induced by Turing instability. To uncover the diffusion
mechanics of Turing patterns, this paper requires us to investigate and analyze the dynamic
behavior of the Turing bifurcation. To solve this problem, we will employ the amplitude
equation as an effective tool. In the next section, we will consider the amplitude equation of
the system (1.2).
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u(x.t) v(x.t)

u(x.t)

Figure 2.4: The spatially inhomogeneous periodic solution with oy = 0.4, o = 3,
B = 1.01. The initial values is (1o, v9)=(0.99, 0.99), and 0 < x <50, 0 <t < 2000.

3 The amplitude equation and pattern formation

3.1 The amplitude equation of Turing bifurcation

In this subsection, in order to reveal the effect of diffusion on Turing patterns, the amplitude
equation of the system (1.2) near the Turing bifurcation g = ,B(TZ) will be deduced by weakly
nonlinear analysis [3,5,27]. To begin with, we consider the third order polynomial system of
the system (1.2), which can be expressed as

d
aif =IU+S(u,u), 3.1)
where
U= u = ai + oA aip ,
Y a1 ax + A
and

g < funtt® + fuottv + foo0* ) N ( funitl® + funot®0 + fuoott0® + fooo0® ) o(4),

guvuz + Quolv + guvvz guuuuS + guuvuZU + guvquZ + gvvaS

Applying perturbation techniques to the system (3.1), a small parameter ¢ is introduced near

(2)

the critical value ﬁTz of the Turing bifurcation and satisfies the following form

B—BY = epr+ B+ B3 +0 ().

Meanwhile, the linear operator I can be decomposed into

I=Ir+ (efr1+€ePo+---)C, (3.2)
where . .
aj; a
we (5%, 63
ale az
2
C— ( €11 C12 ) . 1 _2ﬁg")
= =1 _ 2 0 ,
€21 €22 (ﬁ(TZ))Z
with

a..
T _ _ b
Lli]' = aij|ﬁ:ﬁ(Tz), Cl']' = @
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(e) ()

Figure 2.5: (a) and (b) are spatially homogeneous periodic solutions with ;7 =
0.4, 00 =25, =1.002,and 0 < x < 3, 1500 < t < 2000; (c) and (d) represent
non-constant steady-state solutions with o7 = 0.4, oo = 243, = 099, and
0 < x <8, 1000 <t < 1500; (e) and (f) correspond to spatially homogeneous
quasi-periodic solutions with o4 = 04, 0o = 225, B = 095 and 0 < x <
8, 1000 < t < 1500. In all cases, the initial values for u and v are given by
(uo,v9) = (0.9 4 0.01 cos(2x),0.9 + 0.01 cos(2x)).

In addition, relating the variable U to the parameter ¢ can be written as

= (3)A(3) () () e
v 1 (%) (%

Substituting (3.2) and (3.4) into system (3.1), we obtain the following equation

aa_LtI = T.U+S(U,e), (3.5)
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where

0 (TzA

oA 0
ZQ:IT—|—< B 0’2A>.

Accordingly, multiple time scales are introduced and the derivatives with respect to t are
converted to

T. = ( af 0 > +1I, S(Ue) =eS+eS3+0(), (3.6)

particularly,

a 8 5 0 3 0

Substitute (3.1)-(3.7) into (3.5), then deriving the coefficients of ¢ (j = 1,2,3) satisfies the
following equation

O(e) :

8 IO<:]‘11>:0, (3.8)
O (¢?)

S a(n) e () (s
O (&)

uz \ _ 9 (u2 0 [u ) up \ w \
Io<p3>_8T1<vz>+aT2<vl ) ﬁ1C<UZ> 52C<vl > Ss, (3.10)
where
52:<521>, S3:<S31>,
522 S32

S21 = fuuu1 + = (fuv +fvu) U101 + fvvvlz

with

531 = *fuuuul + *fvvvvl + - (fuuv +fuvu + foun) u%m + fuutizt1 + foo0201

(fuvv +fvuv +fvvu) ulvl (fuv+fvu) (“27)1 +u102)1

s and s3p can be obtained by replacing f by g in sp; and s31, and

2u 2 4u

2
fuuzgz fuv: _ﬁz fuuv:_?/ fuvvzﬁz
2u 2u? 61>
fvu:_ﬁr fvv: 71 fvvv:_ﬁr guuzzr
2 4 2
fuvu - _?/ fvuv = "3 fvvu - 7/ fvuu - _?-

Firstly, we discuss the first order of ¢, while (u;, vl) is the linear combinations that belong
to the eigenvectors corresponding to zero eigenvalues. The general solution of equation (3.9)
can be composed in the following form

< o > - < ? ) (ZM exp (ikgr) + M -exp (~ik r)) (311)

j=1
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where the wave numbers satisfy kq + k; + k3 = 0, and |k| = k7. By substituting (3.11) into
(3.8), we can get

¢ 2y an—oiky ap ¢\
To ( 1 > exp (zk]r) = ( i1 a0 — 0okl 1= 0 (3.12)

For convenience, we define

2

Cp = < ay — ok anp )

_ , ).
a2 ax — ook%

It is clear that (¢,1)T is a zero eigenvector of Cy, and by simple calculation, we can obtain
(P —_ 0’2k —1122

Usmg the Fredholm solvability condition for (3.10), the zero eigenvectors of the adjoint
operator I of It is orthogonal to (3.10) right-hand side, and the eigenvector corresponding to
the zero eigenvalues of I} is

( }P > -exp (—ikjr) +c.c., (3.13)
which follows
(1,9)-Cf =0, (3.14)
with ¢ = L(r”“
Using the Fredholm solvability condition to (3.10)
o) |2 (M) g ) s =0 (3.15)
¢ aTl ! 01 2 ' ’

By moving the term, we get the following formula

(1, 9)- a?,,l ( " > = (1,¢)- [51c< le )+52]

Using the orthogonality condition for (3.10), we can obtain the following equations

(¢+ )aM1 - <¢—2ﬁT— (25"}@ BiM +2(1, qo)( 2) Ny - N,
(¢ + )aM2 — <¢— 287 — (?;()P2> BiMa +2(1, ) ( Z; ) My - Ms, (3.16)
ool (o3 (1) o

where o f%u (f14v+fvu)¢+fvv 5 guu¢ +M¢+gw

Suppose that the solution of (3.10) has the following form

u \ _ ( U > U\ i2kir Uiz \ ik —kao)r
<UZ)_<VO>+E<W>EJ+JZ; ]] et V1o ¢

U2z '\ ike—ka)r Usi '\ i(ks—kq)r
+< Vas )e + Vay e + c.c.

(3.17)
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where c.c represents the complex conjugate of all the preceding terms. Substituting (3.17) into
(3.10), we can derive that

u() o Up P 5 ) - |
<Vo>_<vo>(|M1|+|Mz|+|M3|), U = gv,
U:: Un 2 umn Un .

i ) — : _
( Vij > ( o1 )M]/ ( Vinn > ( Omn >MmMn,
< " > = . ( —a2251 + 41252 )
Yo a11d2 — A12421 —a1182 + dr151 7

< Ui > _ 1 1 < —(Elzz —4k%~0’2)51 + a1282 )

011 - E (an — 4k%~0'1)(a22 — 4k%~0’2) — a1p4dp1 —(all - 4-k%"01)52 + a151

where

< Unnn > _ 1 < —(a22 — 3k702)s1 + 125 )
Omn (ﬂn — 3k%~0’1)(a22 — 3k%-0’2) — a124731 —(ﬂn — 3k%~01)52 “+ 47181
Using the Fredholm solvability condition to (3.10),

(1,9)- [a% ( Zi )+;T2<le )—/31C< Z§>—52C< Z;>—53] =0. (3.18)

After simplification, we can obtain the following equations

oV oM o o
(@ + @) o= + = ) =53 (B1V1 + B2My) + 54 (VaM3 + V3 M) +
0Ty 0T

<P1 My + P, (|M2\2 + |M3\2>> M,

oV oM o o
0+ @) (== + === ) =53 (B1Va + B2M2) + 54 (Vi M3 + V3 M) +
oy~ oy (3.19)

<P1 My + Py (|Ml\2 + |M3\2)> M,,

(¢+ o) (g;{j + 8(9]\;1;) =53 (B1V3 + BaM3) + 54 (ViMy + VoMy) +
(P IMsf + P2 (1M + M2 ) ) M,
where
w2l

s=2(19)(2),

B B
P = <m1fh + moby + 21> +o <m1Q2 + maby + 22) ,

Py = (n1q1 + naby + By) + @ (1192 + n2ba + Bs) ,
mip = ug + Uy, My =0+ 011,

ny = ug+ Umn, N2 =00+ Umn,
1 1
q1:fult¢+§(fuv+fvu)/ blzfvv+§(fuv+fvlt>¢r

1 1
q2 :guu(f)+§(guv +gvu)z b2 :gvv+§(g1w +gvu)4’/
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By = fuuu4’3 + (fuuv +fuvu +fvuu) 472 + (fuvv +fvuv +fvvu) ¢ +fvvv/
By = guuu(,b3 + (guuv + Quou + gvuu) 472 + (guvv + Qouv + gvvu) ¢+ Sovo-

The solution of the reaction-diffusion system (1.2) at the Turing instability critical point
has the following form

Combining (3.4), (3.11), (3.17) and (3.20), the amplitude Z; can be transformed into the follow-
ing form Z; = eM; + 82V]' + 0(&). Determined by the expressions of Z; and Egs. (3.7), (3.11),
(3.16) and (3.19) we can obtain the equation for the amplitude corresponding to Z; as follows

0Z _
TOETtl = Wl +dZoZs —~ (wl | Z1|* 4wy | Zo|* + |Z3|2) 71, (3.21)
where
_ 3@
v=""4 w=t f)T ;A=
S3ﬁT ﬁT 53,BT
w Pl w Pz
1=~y D= ——=.
535%2) 53,3%?)

Analogously, we can derive two other amplitude equations

{T()aazf = VZZ =+ d2123 — éwl |Z1|2 + w» EZQZ + Z32;§ Z>,

- (3.22)
Toaa% :}lZ3—|—dzlzz— w1 |Z1|2+ZU2 ’Z2’2+|Z3|2 Z3.

Using the polar coordinate transform

Z; = pjexp(ig;) (j =1,2,3),

where p = ‘Zj , and g; is the polar angle. Then substituting (3.21) into (3.22), the system (3.22)
becomes ) 2 2a a4
TO%(Z _ _dP1F72"‘;7110{1)§2:‘P2P2 sin 6,

Toaaitl:HP1+dpzp3c059—w1p51’>_wz 1022 + |os?) o1,

(3.23)
10 %2 = pps + dp1ps cos 8 — wip3 —ws (|o1|* + [ps]?) p2,

1% = jps + dpapr cos 8 — wipd — wa (|o1* + [p2[*) pas
where
0 = 01+ 62 + 0.

From the first equation of the system (3.23), there are only two conditions to consider:
6 = 0 or 7t. The system (3.23) is stable for § = 0,d > 0 and 6 = 7, d < 0. Hence, the system
(3.23) can be reduced to the following form

1% = pp1 + |d|p2ps — wip3 — wa (03 + 03) p1,
%2 = pps + |d|o103 — w103 — ws (03 + 03) P2, (3.24)

)
%2 = ups + |d|pr1p2 — w1p3 — w2 (7 + p3) ps.

As the results in the [17,22,24], by studying the existence and stability of the equilibrium
points of the amplitude system (3.24), we know that the amplitude system (3.24) has five types
of steady-state solutions with the following conclusions:
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(1) The amplitude system (3.24) has an equilibrium E; = (0,0, 0), which is stable for y < p»
and unstable for y > puy;

(2) When pw; > 0, the amplitude system (3.24) has an equilibrium E; = (, /wﬂl, 0, 0), which
is stable for u > pz with w, > wy > 0;

(3) When wy +2wy > 0, u1 < pu < 0or w; +2w; < 0, u < 0, the system (3.24) has an
(0) _ =/ +H4p(wi +2w,)
)

equilibrium E;” = (p3, p1, p7) with pj = 2(w; +2w,

, which is always unstable;

(4) When wq + 2w, > 0, u; < p, the system (3.24) has an equilibrium Eén) = (03,05,03)
with p5 = |d]+~/ @ +4p (w1 +ws)
5 =

2(wy+2wy)
—%ZUZ < Wy < Wy, Y1 < WY;

, which is stable for —2w, < wy < p2, y1 < u < pg or

(®) Whenw, > wy >0, u > pz orwy; < wy <0, u < uz, the system (3.24) has an equilibrium
Id] p—wip;

Es = (p3,01,01) with p3 =/ .= and pj = 1/ =, 1, which is always unstable;
where
B —d? _0 _ dPu _ 2ot w o,
1251 44 (wl T 2?1)2), H2 , M3 (wz _ w1)21 Ha (wz _ w1)2 .

By Theorem 2.2, Turing instability occurs at g € (ﬁ(Tz), 1) for the system (1.2), that is p =

_ g2
& gf > 0. However, in this case, Eéo) does not exist. According to the results in [17,24], the

existence and stability of the equilibria of the amplitude system (3.24) correspond to the type
of spatial patterns of the original system (1.2). E; and Eén) correspond to the spot patterns, E
and E4 correspond to the the stripe patterns and the mixed patterns, respectively. In addition,
it is easy to know from the above discussion that 1 < > < pz < p4. Consequently, one
obtains the following results:
(1) The system (3.24) only has a equilibrium Egn) for u» < pu < ps, which is stable, therefore,
the system (1.2) only appear spot patterns;

(2) When f crosses a critical value so that u3 < p < py, the system (3.24) has two equilibria
E; and Eg”), correspondingly, the system (1.2) can occurs mixed patterns;

(3) When py4 < p, the system (3.24) only has a equilibrium E;, and then, stripe patterns will
appear in the system (1.2).

Therefore, we are able to establish a connection between the initial reaction-diffusion equa-
tion and the amplitude equation presented in Table 3.1. This linkage not only sheds light on
the underlying mechanisms of these mathematical models, but also provides a valuable theo-
retical framework for further research in this field of study [17].

In this subsection, we derive the amplitude equation (3.24) of the system (1.2) using the
weakly nonlinear analysis method and obtain the conditions for the appearance of different
Turing patterns. In the next subsection, we will verify theoretical analysis by numerical simu-
lation.
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Amplitude system (3.24) The original system (1.2)

Eq Spot pattern
E Stripe pattern
Eén) Spot pattern
Ey4 Mixed pattern

Table 3.1: The correspondence between the amplitude system and the original
system.

3.2 Numerical simulations of pattern formation

In this subsection, we will perform numerical simulations to verify the last part of the theo-
retical analysis. Taking the Parameters o; = 0.5, 02 = 3.6, then we have

K2 = 06706, BY =0.8095.

According to Theorem 2.2, Turing pattern will appear when B € (0.8095,1). Then we choose
B = 0.99, and with simple calculations, the following results can be obtained

d=—04661, w; =0.2653, w, = 0.6939,

up = —0.0329, =0, pu3z=03137, puy=14480, u=0.2230.

Hence, up < p < pusz, the parameter values p; = 1.2414, 2w, = —1.3878 < w; < py,
and Eg”) = (1.2414,1.2414,1.2414) represent a specific range of conditions that correspond
to the fourth steady-state solution of the amplitude equation (as defined in (4)). Based on
our previous analysis, the appearance of spot patterns in the reaction-diffusion system (1.2)
is expected under these conditions (see Figure 3.1). Therefore, we can conclude that the
formation of spot patterns in the system is likely to occur under the specified parameter
values.
Next, choosing B = 0.95, we can obtain the following results

d=-04277, wy = 17657, w, = 3.2023,

up = —0.0056, =0, p3=0.1565 ps=05968, p =0.1736.

And then get uz < pu < pa, p5 = 0.5456, p; = 0.0258, wp, > wy, p > 3, E4 = (0.5456,0.0258,

0.0258), which falls within (5) of the steady-state solution of the amplitude equation. Based on

the analysis in the previous section, this situation can induce the formation of the mixed pat-

terns (the coexistence of spot patterns and stripe patterns) of the system (1.2) (see Figure 3.2).
In the following, reducing B to B = 0.85, by a series of calculations, we get

d =—-0.0389, w; =1.1113, wp = 2.4493,

up = —0.0001, =0, puz=0.0009, pus=0.0039, u=0.0500.

And thus obtain yu > py. The system (1.2) exhibits stripe patterns (see Figure 3.3), as predicted
by previous theoretical findings, when the following conditions are met: p; = 0.2121, u > pus3,
wy > wy > 0, pwy = 0.0556 > 0, and E; = (0.2121,0,0). The corresponding steady-state
solution of the amplitude equation is denoted as (2). From the above analysis, Table 3.2 was
derived.
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Parameters of the Amplitude Equation

(01,02, B) d w1 wy H1 Ho Y3 H4 12 type
(05,3.6,0.99) —0.4661 0.2653 06939 —0.0329 0 0.3137 1.4480 0.2230 Spot
(05,3.6,0.95) —0.4277 1.7657 32023 —0.0056 0 0.1565 05968 0.1736 Mixed
(0.5,3.6,0.85) —0.0389 1.1113 24493 —0.0001 0 0.0009 0.0039 0.0500 Stripe

Table 3.2: Different parameters and corresponding patterns.
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Figure 3.1: The evolutionary process of concentration of the activator u with
oy =050 =36 =099 att =0, t= 100,000, t = 750,000, t = 2,000,000,
t = 2,500,000, t = 3,000,000, respectively.

In order to solve the system of continuous reaction-diffusion equations (1.2) with MatLab,
it is necessary to discretize the system (1.2) in space and time. Therefore, we choose () =
[0,200] x [0,200] as the discrete region, while choosing a time step At = 0.0005 and a space
step Ah = 0.5. Since the concentration spatial pattern of the activator u is similar to the
inhibitor v, we only show the concentration spatial pattern of the activator u, as shown in
Figure 3.1-Figure 3.3. Next, numerical simulations are performed in the vicinity of the Turing
bifurcation.

In Figure 3.1, B = 0.99 € (0.8095,1) and then we have p € (p2,p3). The results show
that the spot patterns and stripe patterns coexist as time t increases, but these patterns will
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gradually disappear as time t changes, eventually, the spot patterns will dominate the whole
region. Theoretical and numerical results are kept consistent. Here, we take ¢t = 0, 100, 000,
750, 000, 2,000, 000, 2,500,000, and 3,000,000, respectively, with the following initial values

{u(x, y,0) = u, — 0.0002 - randn(200) (3.25)

o(x,y,0) = u, — 0.0002 - randn(200)
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Figure 3.2: The evolutionary process of concentration of the activator u with
op =05,00=36,=09att =0,t= 150,000, t = 750,000, t = 1,400,000,
t = 2,000,000, t = 3,000,000, respectively.

Figure 3.2 shows the spatial pattern evolution of the activator u at t = 0, 150,000, 750, 000,
1,400, 000, 2,000,000, and 3,000,000 for the reaction-diffusion system (1.2) under the initial
condition (3.25), and B = 0.95 € (0.8095,1), 4 € (i3, pta). Based on the above theoretical anal-
ysis, in this case, there is the coexistence of the spot patterns and stripe patterns. Numerically,
it can be seen that this random distribution leads to the coexistence of these two patterns and
this coexistence does not change further with increasing time t.

Under the same initial value conditions as above, taking t = 0, 90,000, 1,550,000,
2,000,000, 2,800,000, and 3,000,000, B = 0.85 € (0.8095,1), then u € (ug,00). With the
increase of time ¢, the spot-stripe coexistence pattern starts to lose stability, and the stripe
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Figure 3.3: The evolutionary process of concentration of the activator u with
01 = 05,00 =36,p=085att =0,t= 90,000, t = 1,550,000, t = 2,000,000,
t = 2,800,000, t = 3,000,000, respectively.

pattern appears and eventually stabilizes. The numerical simulation results (as shown in
Figure 3.3) are inconsistent with the theoretical analysis.

From the results of numerical simulations, we can see that when the decay rate of the
activator B decreases from 0.99, 0.95 to 0.85 in order, the type of activator concentration u
pattern changes from spot patterns, spot-stripe patterns to stripe patterns in order. This
indicates that the decay rate of the activator B affects the type of activator concentration u
patterns. Therefore, in chemical reactions, we can adjust the decay rate of the activator 8 to
make the concentration of the activator u tend to different patterns at dynamic equilibrium.

4 Conclusions

In this paper, the Hopf bifurcations, Turing instability, and pattern formation of Gierer-
Meinhardt activator-inhibitor models with mutual resistance effects are investigated. The
existence and stability of the positive equilibrium point E, are analyzed firstly, which are in-
fluenced by the parameter B, indicating that the decay rate of the activator has an essential
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effect on the system. Then the conditions for the Hopf bifurcation as well as the Turing bi-
furcation are established theoretically, and the effects of parameter  on the Hopf bifurcation
and Turing bifurcation are discussed numerically.

It is shown that under certain conditions, a diffusion-driven Turing instability occurs at the
positive equilibrium point E.. For a fixed ¢y, the Turing instability region in the p — 0, plane
is surrounded by the Hopf bifurcation curve and the Turing bifurcation curve (see Figure 2.2).
It can be concluded that there is no Turing instability for the higher decay rate of the activator.

For studying and analyzing the dynamic behavior near the Turing bifurcation, the cor-
responding amplitude equations are driven for the system (1.2) near the Turing bifurcation
point by the weakly nonlinear analysis method, which can be used to predict the stability of
the spatial pattern and its type. Based on theoretical analysis, the system will appear with
spot patterns, mixed patterns, and stripe patterns, which can be verified by numerical sim-
ulations in the subsection 3.2. The results show that, with B as the adjustment parameter,
the spatial patterns in the Turing instability region change from the spot patterns, and spot-
stripe coexistence patterns to stripe patterns in order. These spatial patterns can not only
simulate and explain the chemical oscillations between activator concentrations and inhibitor
concentrations in a better way but they can also be applied to medical tests [10].
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