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Abstract. In this paper, we obtain the multiplicity of homoclinic solutions for a class of
asymptotically autonomous Hamiltonian systems with indefinite sign potentials. The
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1 Introduction and main results
In this paper, we consider the following second-order planar Hamiltonian systems
i(t)+ VV(tu(t)) =0, (1.1)

where V : R x R? — R is a C!-map. We say that a solution u(t) of problem (1.1) is nontrivial
homoclinic (to 0) if u # 0, u(t) — 0 and #(t) — 0 as t — Foo. Subsequently, VV (¢, x) denotes
the gradient with respect to the x variable, (-,-) : R?2 x R? — R denotes the standard inner
product in R? and | - | is the induced norm.

Hamiltonian system is a classical model in celestial mechanics, fluid mechanics and so
on. Since its importance in physic fields, searching for the solutions of the Hamiltonian
systems has attracted much attention of mathematicians since Poincaré. In a remarkable
paper [31], the periodic solutions are firstly obtained for (1.1) with prescribed energy and
prescribed period cases respectively via variational methods by Rabinowitz. However, to show
homoclinic solutions via variational methods seems difficult since the lack of compactness for
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the Sobolev embedding. In order to regain the compactness, different strategies are adopted.
In 1990, Rabinowitz [32] considered (1.1) with the following potentials

v@@:—gwm@+W@w

where a(t) and W(t,x) are T-periodic in t and homoclinic solution are obtained as the limit
of a sequence of 2kT-periodic solutions. Without periodic hypothesis, Rabinowitz and Tanaka
[23] assumed the least eigenvalues of a(t) go to infinity as + — oco. Under this condition,
Omana and Willem [28] obtained a compact embedding theorem and showed the multiplicity
of homoclinic solutions for problem (1.1). Without periodic or coercive hypothesis, there are
still some other conditions proposed to obtain the nontrivial homoclinic solutions. In 2007, Lv
and Tang [24] assumed that V (¢, x) is even in t and obtained one homoclinic solution for (1.1)
as the limit of the solutions of nil-boundary-value problems. In 2010, Wu, Wu and Tang [43]
showed that (1.1) possesses at least one nontrivial homoclinic solution if there is a nontrivial
perturbation. In detail, they considered the following systems

(1) — L(Hu(t) — VW(t u(t)) = f(b). (1.2)

When f # 0, the authors showed the existence of nontrivial homoclinic solutions for (1.2)
without periodic nor coercive conditions on L and W.

As we know, the growth of W is crucial in determining the geometric structure of the
corresponding functional and the boundedness of the almost critical sequence. Three typi-
cal growth cases are superquadratic, subquadratic and asymptotically quadratic cases. The
following Ambrosetti-Rabinowitz-type condition is a classical superquadratic condition.

(AR) there exists a constant v > 2 such that
0 <vW(tx) < (VW(tx),x)
for every t € R and x € RN\ {0}.

In 1991, Rabinowitz and Tanaka [33] also obtained the homoclinic solutions for (1.1) under
the following non-quadratic condition

(RT) s~'(VW(t,sx),x) is an increasing function of s € (0,1] for all (t,x) € R x RN.
As shown in [25], condition (RT) implies that

(MS) there exists 8 > 1 such that
OW (t,x) > W(t,sx)

forall (t,x) € R x RN and s € [0,1], where W(t,x) = (VW(t,x),x) — 2W(¢, x).

With (MS) Lv and Tang [25] obtained infinitely many homoclinic solutions for (1.1). Besides,
many superquadratic conditions are introduced. In 2004, Ou and Tang [29] considered the
following superquadratic condition

(OT) W(t,x)/|x|*> = +o0 as |x| — co uniformly in t € R.

Based on above results, Ding and Lee [8] introduced the following superquadratic condi-
tion
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(DL) W(t,x) > 01if x # 0, and there exist € € (0,1) and ¢ > 0 such that

W(t x) > C(VW(‘Z,x),x)
,X) 2> X<

for |x| large enough.

There are also some other superquadratic growth conditions introduced by many mathe-
maticians. The readers are referred to [6,15,18,22,23,29,30,39,40,43-48] for more details.

In this paper, we mainly consider the asymptotically autonomous potentials without peri-
odic, coercive, even assumption or perturbations. In 1999, Carrido and Miyagaki [5] showed
the existence of homoclinic for problem (1.1) by assuming that V (¢, x) converges to Vi (x) as
|t| = 400 and Vi (x) satisfies the (AR) condition. The asymptotically autonomous Hamilto-
nian systems has also been considered by Lv, Xue and Tang [26] with asymptotically quadratic
potentials. They showed the existence of homoclinic solutions for systems (1.1) with a(t) =
const. being small enough. In another paper, Lv, etc. [27] also obtained ground state homo-
clinic orbits for a class of asymptotically periodic second-order Hamiltonian systems. Their
results generalized the conclusions in [1,5] by replacing the (AR) condition with strict mono-
tonic conditions on W(t, x).

In this paper, we mainly consider the combined nonlinearities. In [6,26,36,37,44,46], the
authors also considered the following concave-convex potentials

VUJ%:—gMOxﬂ+AHhM+GUJL

where a(t) is coercive, i.e. a(t) — oo as t — oo, F(t,x) is subquadratic and G(t,x) is
superquadratic in x € RN. The coercivity of a(t) is an important assumption which can
guarantee the compactness of Sobolev embedding.

In [46], Yang, Chen and Sun assumed that a(t) is coercive, F(t, x) = m(t)|x|” and G(t,x) =
d|x|P with m € L%(]R, Rt)and 1 < ¢y <2,d >0, p> 2. This result is generalized by Chen
and He [6] with the following generalized superquadratic condition

(CH) There exist p > 2 and 1 < ¢ < 2 such that
pG(t,x) — (VG(t,x),x) <h(t)|x]°, V(tx) € R xRN
where 1 : R — R™ is a positive continuous function such that i € Lz (R,RT).

Obviously, (CH) is weaker than (AR) since h(t) > 0 for all t € R. In [42], Wu, Tang and Wu
generalized the above results by relaxing the conditions on G. However, a(t) is also required
to be coercive.

Without coercive assumption, there are also some other papers concerning on this case
with the steep well potentials (see [36,37]). In [36], the nonlinearities are the combination of
subquadratic and asymptotic quadratic nonlinearities. While in [37], the nonlinearities are the
combination of superquadratic and subquadratic nonlinearities. In [46], Ye and Tang obtained
infinitely many homoclinic solutions for systems (1.1) with

h(t) d(t)

V@@=—¢@®%@+phw+1/hﬁ (L x) € R x RY,

2
where a(t) > 0 and
h e L2 @P) (R, R")
d € L*(R,R)
1<p<2<uw.
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By assuming h(f) > 0, the authors in [46] constructed a sequence of negative critical values.
However, in [5,26,27], W(t, x) is assumed to be non-negative in R x RN. A natural question
is whether (1.1) possesses homoclinic solutions if W(t, x) change signs without periodic or
coercive assumptions. In this paper, we partially give some answers to this question. Precisely,
we consider the sign-changing and asymptotically autonomous potentials, which have not
been considered before as we know. Hence, we cannot obtain our results as the authors
did in [6,26,36,37,44,46]. Concentration-compactness principle(CCP) is adopted to show
the compactness. The crucial step in using the (CCP) is to exclude the dichotomy case by
estimating the critical values. This can be easily done if W satisfies the following monotonic
condition

VW(ttx)
T

(MC) the mapping T — ( ,x) is strictly increasing in T € (0,1] forall x # 0and t € R.

However, condition (MC) is not valid for our potentials. Hence we need more delicate esti-
mates for the critical values to show the contradictions. The constant for the Sobolev inequality
plays an important role in obtaining our results. In the next section, we show the best constant
for the Sobolev inequality.

2 Best constant for the Sobolev inequality

Let’s make it clear that LP(IR,R") and H!(IR,IR™) are the Banach spaces of functions on R

valued in R under the norms
1/p
ull, == (/ ]u\’”dt)
R

and

1/2
= s = (f 1+ ey e)

Moreover, let L®(IR,R™) be the Banach space of essentially bounded measurable functions
from R into R™ under the norm

|li||o := esssup{|u(t)| : t € R}.

As we know, for any m > 1, H!(R,R"™) can be embedded into LV (R, R™) continuously for
any v € [2,+o0]. Then we have the following Sobolev inequality
llully < Cyllu|| forall u € H'(R,R™), (2.1)

where C, is the best constant which is defined in the following proof. This inequality is
important in using variational methods to show the existence and multiplicity of differential
equations. However, since the best constant for the Sobolev inequality seems not important
in previous studies of Hamiltonian systems, as we know, there is no paper concerning on the
best constant of Sobolev inequality for (2.1). In this section, we show the best constant for
(2.1).

There have been many papers concerning on the best constant for the Sobolev inequality
in H'(R,R) (see [2—4,12]). In a remarkable paper, Talenti [38] obtained the best constant for



Homoclinic solutions for asymptotically autonomous Hamiltonian systems 5

Sobolev inequality in H' (RN, R) with N > 1. In 1983, Weinstein obtained the best constant
for the following Gagliardo-Nirenberg-Sobolev inequalities

_N(@=2)
lul, = foru € H(RY,R), (2.2)

lulll < ClIVully =
—_ * 2

where N > 2,2 < v < N 2, C, = W is the best constant for (2.2) and G is the unique
2

positive solution for the following scalar field equation

N2y, (

-2
v (2—N)>u:]u\”2u, x € RV,

In a recent paper, Dolbeault, etc. [10] considered the best constant for the one-dimensional
Gagliardo-Nirenberg-Sobolev inequalities in H!(IR,R")(m = 1) and obtained

v=2 v+2
/ Zdt o Zdt E

= inf
Men(v) — yer! (RR)\{0) ([ [ylvdt)”

where Mgy (v) is defined as

4l (v +2)v+2 o Zﬁf(ﬁ) w2
Mcon(v) = 4 <(,/_2)-z> ((V+2)F(U32+§)> : (2.4)

Moreover, Mgy (v) is attained at v,, which is the unique optimal function up to translations,
multiplication by a constant and scalings, defined as

1

v, (t) = W.

The following computation is made by the authors in [10]. For the reader’s convenience, we

write them here.
2
4
/|v*|2dt z(v ) /|v*|”dt:—/ 0, |2t
2+ ) R v+2 Jr

I\)\»—l N

and

/ 2
/\v‘ dt = (1/+2)/ |v,|*dt.

Subsequently, we consider the case m > 1. For any u(t) = (uy(t),...,un(t)) € HY(R,R™) \
{0}, set

y(t) = [u(t)] = [} ui(t) € H'(R,R)\ {0}. (2.5)

Then we have )
s (X )

Yy uf
For any v > 2, let

m 2 1/4;1/
R — inf (f]R (Zi:l U; ) dt) —. (27)

Ml,...,MmGHl(]R,]R)\{O} Zm wu 2 v
(fIR ( Zl]l 1) dt)
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= Uy, it is easy to see that )} < 1. On the other hand, we

On one hand, if we choose u; =
can also deduce that R > 1 since

which implies R = 1. Therefore, by (2.3), (2.5)—(2.7), one has

v-2 V2
inf (f]R |u‘2dt) B (fIR ‘”|2dt) "

m v l,
ueH (R,R™)\{0} (f]R ‘u’ dt) v
v 2
Zz m #
2 (e Elan) " (o (2 an)

— inf (fIR (Z:n:l u:Z) dt) o
... itm €H(R,R)\ {0} w2 vz " B
| (e B (e (20 12) a)
> ing (o (i) a)™ o (fly'Pat) = (flyPde) ™
> — :
U €H (R R)\{0} <f]R Wdt) & yeH'(RR)\{0} (fg lylvdt)®
2271:1 ul'
__
~ Mgy (v)

Hence, for any v > 2

(/ \ulvdt> < Mon (v </ |u!2dt> v (/]R\uﬁdt)%z

where Mgy (v) is the best constant defined in (2.4) and attained at
V= (kl, - .,km)v*

forall u € Hl(]R,]Rm),

(2.8)

with k; > 0 and k% + ...+ k,zn = 1. Moreover, for any A C R, there holds

(/ |u”dt> < Mcn(v </ |u\2dt) - (/A\u|2dt>T

and Mgn(v) is the best constant which can be attained if and only if A = R. For any u €

for all u € Hi(A,R™) (2.9)

HY(R,R™)\ {0} and T > 0, let g.(t) = u(tt) with
(S (e[ + lg<[2) d)
(Jr lg<lvdt)”

. \/(1/—2) Jg lu|?dt
! (v+2) [g lu]dt

Qr(u) =

and

It is easy to see that

inf Qr(u) = Qr, (1) < Qu(u) =
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and
e E ([ laf2de) & 2qp)
inf Qg (u)= inf <"+2> ( 2 ) Us J200) * U Juldt)
ueH' (R,R™)\{0} ueHY(RR™)\{0} \V — 2 v+2 (f]R |”’th) v
v=2 1
1 v42\ ¥ 2v \?
= . 2.11
Mgn(v) (v—2) <v+2> @11)
It follows from (2.10) and (2.11) that
v=2
. [ 1 <v+2)”< 2v >2
f > 2.12
wem@ron o Tuly = Mon@) \v—2) \v52 242
and L 1
Vo || 1 (u+2)4v< 2v >
= . 2.13
Vo, llv - Mon(v) \v—2 v+2 (213)
Then, we infer that (2.1) holds and
Cy = Mon(v) (V=2 T (vr2y; (2.14)
v TGN v+2 2v '

is the best constant. Moreover, we also need to consider the best constant when v = +oc0. It

follows from (2.14) that C, — % as v — —+oo. It has been shown by Janczewska in [16] that

Co = %, which is the best constant for (2.1) when v = oo.

3 Solutions for the limit systems

In this section, we consider the solutions for the limit systems of (1.1). In the rest of this paper,
we only consider the systems in R?. The potential V is defined as

V(tx) = —a(t)|x2 + AE(t,x) + (D],
where a,d € C(R,R), A > 0, v > 2 and the following conditions hold
(V1) there exists ag > 0 such that a(t) > ap for all t € R;
(V2) there exist deo, doo > 0 such that a(t) — ae and d(t) — de as || — +o0;
(V3) llallw =1, d(0) = [|d]|oo;
(V4) F(t,0) = 0 and F(t,x) € C'(R x R% R);
(V5) for any (t,x) € R x R?, there exist 1 < r; < ry < 2 such that

[VE(t,x)| < by(8)|x|" 7 + ba(8) ][>,

where by (t) € LP(R,RT) and by(t) € LP(R,RT) for some i € (1,Zf—ﬁ) and By €
(L 225);

(V6) there exist f € R, 7 € (1,2) and by > 0 such that F(£,x) > bo|x|" for all x € R2.
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Here Q, : R — R™ is the unique positive ground state solution(up to translations) for the
following equation

Gi(t) —u(t) +u""1(t) =0 fortcR. (3.1)
Let us consider the following systems
=2
Auj — asotj + vdeo (Lt u?) 2 uj =0in R,
u;(0)=0, j=1,...,m, (3.2)
uj(y) — 0 as |y| — +oo.

The existence of solutions for systems (3.2) has been considered by many mathematicians via
the variational methods. A solution (11, ..., uy,) for (3.2) is said to be positive if uy, ..., 1, > 0.
When m = 1, (3.2) reduces to a differential equation and the uniqueness of positive ground
state solution for (3.2) has been shown by M. K. Kwong [19] with v > 2. The readers are also
referred to [17,34] for more general cases.

When m > 1, (3.2) is related to the coupled nonlinear Schrédinger equations. In last
decades, there have been many mathematicians devoting themselves to the uniqueness of
positive solutions for the coupled nonlinear Schrodinger equations and obtained many signif-
icant results (see [9,19,26,41]). In a recent paper [41], Wei and Yao considered the following
systems

+ 2L (r) — Mu+ pau + puv® =0, in [0, 0)
+ 19(r) — Ao+ ppv® + Butv =0, in [0,00)

r),v(r) >0 in [0, 0)

0) =9(0) =0, and u(r),v(r) — 0 as r — oo.

(3.3)

When A} = Ay = A with 0 < B ¢ [min {y1, 2}, max {1, pi2}], they showed the uniqueness of
positive solutions for system (3.3), defined as

(A=) ey JAB )
(uo,vo)—( R, o(VAx), Fa—— o(VA ))

where wy is the unique positive solution of

AMo—w+w=0 inR, w(0) = max w(x), w(x) — 0 as |x| — oo.
xeR

q When Ay = Ay = A and y1 = pp = B, it has also been shown in [41] that all the positive
solutions of system (3.3) have the following form

(u(x),v(x)) = <\/§w(\f/\x) cos 0, \/gw(\ﬁ\x) sinf)) , 6 € (0,7t/2).

For the high dimension cases, i.e. n = 2,3 and m = 2, the readers are referred to another
paper by Dai, Tian and Zhang [11]. However, the case n = 1 is not considered. We can see
that (3.2) reduces to (3.3) if v = 4. Motivated by above papers, we obtain the uniqueness of
solutions for (3.2) when m = 2, n = 1 and v > 2. More precisely, we obtain the following
lemma.
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Lemma 3.1. Suppose m = 2, n = 1, e, doo > 0 and v > 2. Then system (3.2) possesses at least
one positive solution. Let U, : R — RT x R™ be a positive solution for systems (3.2), then there exits
w € (0,7/2) such that

oo

U, = (wl) - Qu (Vast) (cos w, sinw) (3.4)

and U, is the ground state solution for (3.2).

Proof. Since n = 1, the critical exponent equals to +co. The existence of positive solutions for
the subcritical problems have been considered in [7,13,35,41]. Subsequently, we only show
(3.4) holds and U, is the ground state solution for (3.2). Let

Mo = () g (e
v ~\y Ao v \/@ .
Then M, = (M;(t), Mz(t)) is the positive solution for the following system

v=2
ﬁlt_”] +(% )T”j<f):0, j=1,2fort € R,
11(0) = 12(0) =0,
uy(t),up(t) = 0 as [t — oo,

~—

which implies

My — My + (M2 + M3)'2° My =0, (3.5)
My — My + (M? + M3)'T M, = 0. (3.6)
Subtracting (3.5) by (3.6), one infers that
d
7 (MiMy — MiM,) =

which implies
MMy — MiMy =C  for some C € R.

Since M;(0) = M3(0) = 0, we obtain
MiMy — MiM, =0 forallt € R.
By the ordinary differential equation theory, one can deduce
M1 =KM, forsome K > 0. (3.7)
Combining (3.6) and (3.7), we obtain
My — Mo+ (K24 1) T My =

1
Letting T(t) = (K> +1)2 M, (t), we see T(t) > O satisfies (3.1). By the uniqueness, one has
1
T = Q,, which implies M, = (K2 +1) ? Q. Then it follows that

My(t) = Qu(t) (K2 +1) % (K1),
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which implies (3.4). We also show that U/, is a ground state solution for systems (3.2). Actually,
the corresponding functional of (3.2) is defined as

1
Loo(u) = E/R(\Ll|2+aoo|u\2) dt—doo/]R|u]th.

Set ' = {u € HY(R,R?)\ {0} : (I’ (u),u) = 0} and ce = inf,cp Ino(tt). Moreover, the
corresponding functional of (3.1) is defined as

1 1
Jold) = 5 [ (4P +1aP)dt = [ lqlat

Let T = {g € H'(R,R) \ {0} : (J.(9),9) = 0} and €« = infoem Joo(q). By the definition of Q,,
we deduce that

Joo (Qv) = Ceo.
Obviously, for any g(t) € 9t and e € R? with |e| = 1, we have that (V’%)ﬁq(\/@t)e e N.
In turn, for any u(t) € N we have (%)ﬁ}u(ﬁ)
a0 (ﬁ) "%ZC(X,. Moreover, it follows from (3.4) and the definition of Q, that

€ M. Therefore, we infer that ce =

| (0P +1QuP)de = [ 101t 68)
R R
and
oo — 1oc0 v - 21/ ‘[/doo [ee] R v . .
O

Remark 3.2. When v = 4, Theorem 3.1 reduces to the results in [41].

4 Main results

In this section, we prove our main result.

Theorem 4.1. Suppose that v > 2, (V1)—(V'5) hold. Then there exist Ay, dy > 0 such that problem
(1.1) possesses at least one homoclinic solution for all A € (0, o) and des € (0,dy). Moreover, (1.1)
possesses another homoclinic solution if (V6) holds.

Remark 4.2. In [36,37], Sun and Wu also considered (1.1) with mixed nonlinearities. In both
papers, the infimum of a(t) cannot be attained at infinity, which is different from our result.

Remark 4.3. In Theorem 4.1, there are no periodic, coercive or symmetric assumptions on
a(t), which is different from the results in [6,14,32,39,44]. According to our conditions, both
of the superquadratic and subquadratic parts of V can change signs, then we can not obtain
the compactness as the authors did in [46].

Remark 4.4. In [26,27], W(t, x) is required to satisfy

(VW(t,x),x) > (VW®(x),x) >0 forallt € R,x € RY, “4.1)
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and
(VW(t,x),x) >2W(x) forallt € R,x € RV, (4.2)

where W is the limit function of W as t — oco. In our theorem, we have
W(t,x) = AF(t,x) +d(t)|x|". (4.3)

Since F(t,x) and d(t) can change signs, we infer that (4.1) and (4.2) are not valid for (4.3).
Moreover, since (4.1), (4.2) and (MC) hold in [27], the authors can show that for any u €
H'(R,IR?), there exists unique s, > 0 such that s,u € £ and sup,.I(su) = I(s,u), where
L = {u € H(R,R?)\ {0} : (I'(u),u) = 0}. This conclusion is crucial in using the (CCP)
to show the contradictions. However, we can not obtain this conclusion by our conditions.
Therefore, the Nehari-manifold method is not applicable for our theorem.

4.1 Preliminaries

The corresponding functional of (1.1) is defined by

I(u) = ;/}R(\ulz—i—u(t)]u\z) dt—)\/}RF(t,u)dt—/]Rd(t)\u]"dt. (4.4)

Lemma 4.5. Under (V1)—(V5), I is of C! class and weakly lower semi-continuous. Moreover, we
have

(I'(w),0) = /]R((u,z'))—|—a(t)(u,v))dt—/\/]R(VF(t,u),v)dt—v/ﬂ{d(t)]u\”’z(u,v)dt,

which implies that

(I' (), ) = / (2 + a(t)[u]?) dt — A/ (VE(t,u),u)dt — 1// a8 ulVdt.
R R R
Proof. The proof is similar to Lemma 2.3 in [6]. O

Lemma 4.6. The critical points of I are homoclinic solutions for problem (1.1).

Proof. Since ||a]|e > a(t) > ag > 0, the proof is similar to Lemma 3.1 in [49]. O

We will show the existence of two critical points of I by the Mountain Pass Theorem and
the following critical point lemma respectively.

Lemma 4.7 (Lu [22]). Let X be a real reflexive Banach space and Q) C X be a closed bounded convex
subset of X. Suppose that ¢ : X — R is a weakly lower semi-continuous (w.l.s.c. for short) functional.
If there exists a point xg € Q \ 9Q) such that

o(x) > @(x0), Vxe€a,

then there must be an x* € Q) \ 9Q) such that

¢(x") = inf (x).

xeQ)
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4.2 The Mountain Pass Structure

In this section, we mainly show the Mountain Pass structure of I and obtain some crucial
estimates.

Lemma 4.8. Suppose the conditions of Theorem 4.1 hold, then there exist 0o, ® > 0 such that 1 |33Q0 >
@, where Sg, = {u € H' : [|lul| < 00}.

Proof. By (V4) and (V'5), we can deduce that
(VE(,2), )] < by (D)]x]" + ba(0) ]2 @5)

and , .
[E(t,x)| < —bi(8)[x|"" + —ba(t)[x]" (4.6)
r1 ]

for all (t,x) € R x R By (2.1), (4.4), (4.6) and (V1), for all u € 9S,, we have

I() = ;/H;(]u|2+a(t)|u|2) dt—A/H;F(t,u)dt—/]Rd(t)]ur’dt

in{1,a 1 1 .
> L} e (L[ moede+ - [ (o)t ool
2 r1 JR 2 JR

min{1,ag 1 1
2{z}WW—*(HC%thmw“+mC&ﬂMMAwW)—cmwmww.

For any ¢ > 0, set

min{1,a
() = M0t 2 gy

It is easy to see that h'(0p) = 0 and g is the unique critical point of & defined as

0 (rnin{l,ao}>v12
0=\~ :
vCy|ld]fe
Then there exists A; > 0 such that for any A € (0, A1) with |lu|| = 0o, we have
1 .
I(u) = 5h(eo) = &.
We obtain our conclusion. O

Lemma 4.9. Suppose the conditions of Theorem 4.1 hold, then for A small enough, there exists ey € H*
such that ||eg|| > 0o and I(eg) < &, where 0o, & are defined in Lemma 4.8.

Proof. it follows from the definition of Q,, (3.8) and (2.14) that

(v —2) ([[sll3 + [lull3)

]oo QV =E(v) = inf M
( ) ( ) ueH(R,R)\{0} ZVH”Hﬁ
_ =2) (IQull3+ 1QulI3) "
- 2v
2v[Qullv~?
v—2 v
- /]R|Q,,| dt
> Y2

2v
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which implies

It follows from (V3) that, there exist T > 0 such that |d(t) — ||d||e| < € for all t € (=T, T).
For any u € HY((—T,T),R?), let

Ly = W (P Py )7

(S5 lufvar) "

Let x € H{((—T,T),R?) and

u(t) = (x(y/ llallw + €0t), 0),

which implies # € H!(R,R?). For any t € (—T,T), it follows from |[|a|| > 1 that

t
—F——
( ) - v/ llalleote0
—T,T). Then

< PV ]allo +20 (7
I(Gu)ﬁfo/_(

—/\/ (t,0m)d

vllalloo+€o/ 2 2 5, (]l —0)0"”
< = (1P +x]?) dt / |x|Vdt
2 - V|a Hoo+€o

2ﬁ
bluﬁluxuwfuauw *Corsl

0 2p%
+A <HaHoo 1C:]15*‘ bZHﬁzHXHr2> .

Choose 6y > 0 large enough such that I(6pu) < 0 and 6||u|| > 0o. Letting eg = 611, we see
that there exists A; € (0, A1) such that for any A € (0,A2), I(eg) < 0 and ||eg| > 0o. We obtain
the conclusion of this lemma. O]

By the Mountain Pass theorem, there exists a sequence {u,} and ¢ > & given by

= inf max I
¢ = Inf max (g(s))

where
I'={g€C([0,1,E) | g(0) = O, g(1) =eo}.

such that
I(u,) —c 4.7)

and for any v € H' (R, R?)
o(V|[o]| = (I' (1), 0) = /]R((un,z‘))+a(t)(un,v))dt—A/}R(VF(t,un),v)dt
—v /R A1) |2 (11, 0)dt. 4.8)

Next, we show an important relation between ¢ and c, which is crucial in the following
concentration compactness study.
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Lemma 4.10. Suppose A and d, are small enough, then

rn+v r+v

T
M gy el o) @9)

o= e 2 20 (“EEC bl ol +

Proof. First, we estimate the critical value of I along the sequence {u,}. For s € [0,1], set
Qo(s) = sep = sbot,
which implies go(s) € T. It follows from the definition of ¢ that

= inf max I
¢ = Inf max (8(s))

< I
< max (80(s))

< (s60)*Vllalleo +€0 [T /o2y p2y gy Uldllo —20)(s80)" (T
< max (1X17 + [x]*) dt |x|"dt
s€[0,1] 2 T V]l + €0 _

6! 2/3 Zﬁ
+A< = llalles™ Crig 1011 1117 + = o , llalles *Crag 1021, 111"

2

1/—2< 1 >
al|eo +€0) %7 L(x)

2 \v([d]w —e0) ([la]] ) (

9 2;; 9 T 2B
+A< lalles™ Gl bl 111" + 2= llalles ZCZﬁZHbZH,BzHXHr2>' (4.10)

IN

Moreover, there exists dy > 0 small enough such that for any de € (0,dp), one has
2
2v

V2 _v+2 1 -2  _ 2v
aoé )( ) /|vadt> 2(v-2) (d> vafz
(1N v=2\% (v42\1) 7
= (@) e (52) (57

(i) et % 10
> ]| + €0) 202 L(x).
1dlleo = €0

By (3.9) and (4.10), there exists A3 € (0,A;) such that for any A € (0,A3) and g > small

enough
_ v% v+2
ez (7) 2<a2 (& ) AT

2

1 =2 s
- <HdHoo—€0> (||a]|eo + €0)2"2 L(x)

61‘1 zé r 962 7@
.
— A % Gy bl ™ + e Gl 102l 1117

rn+v r+v

> 20 (PR ol o)+ Y el 40)
7 +1/ 71 —l—v

> 20 (PR Wl ol + o g el o)

We obtain our conclusion. O
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4.3 The compactness property

In this section, we show that {u, } converges to a nontrivial solution for problem (1.1). We will
utilize the concentration-compactness principle by P. L. Lions [20] to obtain the compactness.

Lemma 4.11 (See [20, Lemmal.1]). Let {p,} be a sequence of nonnegative L' functions on R sat-
isfying [ pn(t)dt = x, where x is a fixed constant. Then there exists a subsequence which we still
denote by {py }, satisfying one of the three following possibilities:

(i) (Vanishing): for all R > 0, it follows

lim sup pndt = 0;

(ii) (Compactness): there exists {y,} C R such that, for any € > 0, there exists R > 0 satisfying

Zdt > K — ¢
/BR(yn)P

(iii) (Dichotomy): there exist a € (0,x), 0% > 0,02 >0, and p}, 0% € L'(R) such that
(@) |lon — (oh +p3)|| 1 = 0as n — oo;
(b) [gpidt — aasn — oo;
(c) [gpadt =k —wasn — oo;

(d) dist (supp p},, supp p?) — o0 as n — c.

Lemma 4.12 (See [21]). Let {u,} be bounded sequence in L1(R) for 1 < g < o0 such that {1, } is
bounded in LP(R) for 1 < p < +-o0. If there exists R > 0 such that

sup |un|1dt — 0 asn — oo,
yeR Y Br(y)

then u, — 0in L"(R) for all r € (g, +o0).

First, we show the boundedness of ||u,]|. It follows from (4.4), (4.5), (4.7), (4.8) and (4.10)
that
ve+o(1)
> vl(uy) — (I (uy), un)
v
- (E — 1) /}R (|tn* + a(t) uq|?) dt—A/]R ((VE(t,up),u) — vE(t, u,)) dt

r+v
el ol + " sl )

> min{1,a0} (5 - 1) [1a]? = A < " C:;ﬁi

Hence there exists ©® > 0 such that
|lun|| <® forallm € N. (4.11)

Without loss of generality, we assume that

lim ||u,|| = vx. (4.12)
n—oo
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We have that « > 0. If not, assuming by contradiction that ||u,| — 0, there will be a contra-
diction. It follows from ||u,|| — O that ||u,||,, — 0. It is easy to see that

‘)\/ (t, up dt+/ \un\vdt'dt—>0 as n — oo,

which contradicts to (4.7). Then (4.12) holds.

Lemma 4.13. The sequence {u,} converges to a nontrivial function ug in H' (R, R?), which is the
homoclinic solution for systems (1.1).

Proof. In order to prove this lemma, we consider three cases of behavior for {u,}, which are
classified in Lemma 4.11. Set p,(t) = |1,(t)|> + |un(t)|>. The proof is divided into three steps.

Step 1: Vanishing does not occur.

Suppose by contradiction, for all R > 0,

lim sup pndt = 0.
n—o0 yER Br(y)

We deduce from Lemma 4.12 that

lim / 10,V dt = 0. (4.13)

n—oo JR

By (4.8), for n large enough, we can conclude that

/R(|un|2+a(t)|un|2) dt < /\/]R(VF(t,un),un)dt+1//]Rd(t)|un|"dt+;c. (4.14)

It follows from (4.4), (4.5), (4.6), (4.7), (4.8), (4.13) and (4.14) that there exists A4 € (0, A3) such
that for any A € (0, A4)

0< %c
< I(un)
— 1/ (|t |* + a(t)|unl?) dt—/\/ P(t,un)dt—/ d(t)|u,|dt
2 JR R R
<1 (/\/ (VF(t,un),un)dt+v/ d(t)|un|"dt+1c> —A/ F(t,un)dt—/ A8 ||t
2 R 2 R R
r+2 rl—i—Z 1% v 1
< (T2 ol + 5 Wl ) + Wl (5= 1) e+ 5e

%ZC as n — oo,

which is a contradiction. Then we see that vanishing case does not occur.

Step 2: Dichotomy does not occur.

There exist Ry > 0 and sequences {y,} C R,{R,} C RT, with Ry < Ry < --- < R, <
Ry41 — 00, Oy = Bgr,(yn) \ Br,(yn) such that

/ pndt — 0, / pndt =«  and pndt = K — (4.15)
Qy Bry (yn R\Ba2g,, (yn)
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asn — o0. Set & € CH{R",RT) with0 < & <1,&(s) =1fors <1;&(s) =0 fors > 2 and
|E(s)] < 2. Let

o) = ¢ (L2 ) and wut) = (1= (1224 a0

On one hand, we can easily deduce that
el = [ faa Pt + [ Juon Pt
R R

_ L s (1t =yl
—/R<R%C< R )

()

2
)dt

R, Jr R, R, ! R R,
2
> / ndt— - | Un 2/
N R\BaR,, (¥) 2 n H H
which implies that
lim ||w,|?* >« — a.
n—oo
On the other hand, it can be easily deduce from (4.15) that
/ ()| |"dt — 0, /[(un,a)n) ~|@n|2)dt 0 asn — oo, (4.16)
Q, R
and
/ (VEFE(t, uy), w,)dt — 0, / (VF(t,wy), w,)dt -0 asn — oo. 4.17)
BRn (yn) BRn(y”)
Then one has
Ul (lt=wal\ | =yl N, [
2 _ L n _
[wn ||” = /]R(R,% g( R, >un +{1-¢ R, Uy dt
R AN s 71 Y SR e 1] ~ / _a(lt=yal ?
RﬂAg( = ><1 g( o)) et + [ (1= ()
4 2 2 ) /
< — n dt —— n ndt ﬂdt/
N R%Z /(2;1 ’u ’ N Rn Hu H * an * ]R\BZRn(yn)p
which implies that
lim |wa||* = x — a. (4.18)

Subsequently, for any u € H(RR,IR?) and t € R, set

G(t,u) = |u|® +a(t)|u|®* — AMVE(t,u),u) —vd(t)|u|".
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Hence, it follows from the definition of v, w and (4.16) that

[ Ft ) = F(t,00) = Ft, ) d
- /Q IE(t, 1) — F(t,0,) — F(t,w,)] dt

g/ |F(t,un)|dt+/ |P(t,vn)\dt+/ IE(t,w,)|dt
Qn Qn Q"
1

< — bl(t)|un\r1dt+1/ by (£) |1 |2t
1 JQ, 2 JO,

+1/ bl(t)|vn]r1dt+1/ o (t) [0 "2t
r Jo, 2 JQ,
1

41 hl(t)|wn|r1dt+1/ ba (1) |wn |t
r1J0, 2 /O,
3

3
2 b n”dt+—/ by () 1, |24t
2 [ nwhwrars 2 [ el

1 1
<o (Ml Vol (] i) o (f o))
71 18] O, Qu

—0 asn— o (4.19)

IN

and

A0 lnl” = onl” = "] = [ ) nl* = ol = "
R Qn
< 3l [ ot
Q
<3x zf%@HHde/ |1, 2dt
Q)l
— 0 asn— 0. (4.20)
Furthermore, we can deduce that
[l = ol = leoa |2 < [ lial? = fol? = eonl?| dt + [ JJual? = [o? = o | at
—0 asn — 0. (4.21)
Together with (4.19), (4.20) and (4.21), we have
I(”n) > I(vn) + I(wn) - 0(1)' (4-22)
The discussion for this step is divided into two cases.

Case 1. {y,} C R is bounded.

First, we show the following claim.

Claim 1: I(w;,) > ceo — 0(1).
By (V2), for any € > 0, there exists 7 > 0 such that

ja(t) —aco| <€
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for all |t| > re. Since {y,} is bounded, then there exists ¥ > y > 0 such that {y,} C [y, ]
for all n € IN and min{R,, — ¥, R, + y} — +00 as n — oo. By the definition of w,, for n large
enough, we obtain

(20— () 0aPdt] < e —a()] (1= ¢ (=20 ) e
R R\Bg, (y») Ry

Y—Ry +00
< / + / e — a(t)][un|2dt
—o0 z+Rn

< 2 / 10, 24t
R
< 2eD2.

By the arbitrariness of ¢, we can see that
/ (A — a(t))|w,|*dt| = 0 asn — co. (4.23)
R

Similarly, we have

/R (doo — d(t)) | |"dt] — 0 as n — co. (4.24)

Moreover, we have
1

/F(t,wn)dt‘ < 1/ bl(t)|wn\”dt+1/ ba (t) [, |2t
R 1 JR 2 JR
1
Bl L O\F
< I L ) ([ aeiar)
r R\Bg,, (V) R\BR,, (Yn)
1 1
B N
i1 (/ VbZ\ﬁzdt> 2 </ \wn!rzmdt> )
Y] R\BRg,, (¥n) R\Bg,, ()
1
Y—Ry o0 P *
(7 42)08) o)
1 —o0 y+R, R\Bg,, (yn)
1
YRy oo 3 .\
+ l <</ —|—/ ) ’b2|.32dt> </ ’unlfzﬁzdt> B>
1o —o0 y+Ry R\BR,, (¥n)

— 0 asn — oo. (4.25)

1
Al

IN

Similarly,
/ (VE(t, wn),wn)dt’ — 0 asn — oo. (4.26)
R

Combining (4.23) and (4.25), we can obtain
I(wn) 2 Leo(wn) — o(1). (4.27)
It follows from (4.23), (4.24), (4.26) that
(I (wn), wn) — (I (wn), wn) |
< /R (e — a(t)||wondt + A/R ((VE(t, wy), wy)| dt + V/R (oo — d()[|wn]"dt

— 0 asn — oo. (4.28)
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We can also infer from (4.16), (4.17) that
}<1/<“n)rwn> - <I'(wn),wn>’
< /R[(un,wn) o)t + A ('/Qn(VF(t,wn),wn)dt’ + ‘/

ol (| [ -0l +| [ (@ =lular])

—0 asn— oo. (4.29)

(VFE(t, un),wn)dtD

n

Together with (4.8), (4.18), (4.28) and (4.29), one has
(Il (wy), wy) — 0 asn — oo. (4.30)
It follows from (4.18) that

min{1, 4.}

/(]wn|2+am|wn|2)dt > (k—a) >0
R 2

for n large enough. Letting

A — (Is(wn), wy)
" Rt |2+ aco|w,|?)dt

L\
Un_(]._An) !

we deduce that A, — 0 and 0, — 1 as n — oo. Setting z, = 0, w,(t), we have

(Is(zn), 2n) = 02 (/ |wy, | dt—l—/ oo |Wn|* dt — 0" 2vdy /|wn\vdt)
—2(1-0"2(1-A (/ |, | dt+/aw|wny dt)

=0,

and

which implies z,, € N. Furthermore, we have

2
Too(zy) = ‘% (/ \wn|2dt+/ aoo\wnlzdt> - ;doo/ w, |V dt
o

:</ w, | dt+/uw\wn| dt>+ol (wn)

Z COO/

which implies

Io(wy,) > 201/ (/ |w,| dt+/aoo\wn| dt) —coo

> Coo — 0 (

By (4.27), we can finish the proof of Claim 1.
Similar to (4.28), (4.29) and (4.30), we get (I'(v,),v4) — 0 as n — oo. By the definition of
v, and (4.11), we have
[on | < 4fun|| < 4.
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Therefore,

I(vy) =

/ |vn|2dt+2/ \vn|2dt—A/ (t, v dt—/]Rd(t)|vn]th
(/ oufdt+ | af |vn|2dt> A [ Ft o)

=3 (o rontae+ [ at)louPar) = [ (VF(00),00)de = (1 @0),00) )
> <—> </ oufdt + [ a |vn\2dt>

+A<1/ (VF(t,vn),vn)dt—/]RF(t,vn)dt> +o(1)

r+v
M g el onl ) +o(0). @31)

It follows from (4.7), (4.22), (4.31) and Claim 1 that

1 +1/
A ( vrq rlﬁ*

I\J\H I\J\

r+v
> — 4 (e el ol +

7"1 +1/C7’2 ’
149 r2p3

Dl flon ™ +

szmHWH“) > Coo —c —o0(1). (4.32)

This is an obvious contradiction to Lemma 4.10 when A > 0 and de > 0 are small enough.
Then the dichotomy does not occur when {y,} is bounded.

Case 2: {y,} C R is unbounded. Then, passing to a subsequence if necessary, we can assume
that |y,| — oo as n — oo. In this case, we can choose a suitable sequence {R,} C R such that
R, £y, — +oco as n — oo and arguing similarly as above. Then we conclude that dichotomy
does not occur when {y, } is unbounded.

Step 3: Compactness.
It can be see from Theorem 4.1 that there exists {y,} C R such that, for any ¢ > 0, there
exists Ry > 0 satisfying
/ pndt > K — &. (4.33)
BR] (y”)

Since [ pndt = «, then we have

adt < e
/IR\BRl (Yn) P

for all n € N. If {y,} is unbounded, similar to the arguments in Step 2, we can obtain a
contradiction. Then we conclude that {y,} is bounded. Since {u,} is bounded in H!(RR,R?),
there exists 1 in H' such that u, — ug. It follows from the continuity of the embedding
HY(R,R?) — L"(R,IR?) for any v € [2, +oo] that there exists R, > 0 such that

/ lun|'dt <e and / |ug|'dt < e. (4.34)
R\Bg, (0) R\Bg, (0)
It is clear that u, — ug in LY(Bg,(0),R?) and it follows from (4.33) and (4.34) that
/ |ty — uo|"dt = / |1y —uo\"dt—i—/ Uy — ug|"dt
R BRZ (O \ Rz

g/ 1 — o]Vt + 207 / |uoyvazt+/ i |Vt
By 0) R\B, 0) R\Bx, 0)

< / |ty — up|"dt + 2V,
BRz(O)
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which implies that
uy, —up asn — oo inL'(R) foranyv € [2,+00).

On one hand, by Lebesgue Dominated Convergence Theorem, we can deduce that

/ [t |V 72 (1, ug) dt —>/ lup|"dt  as n — oo.
R R
By (I'(uy), up) — 0 as n — oo, we obtain
o(1) = (I'(uy), un — ug)
— ||un—u0||2~|—/ (uo,un—uo)dt+/ a(t)(uo,un—uo)dt—/ it — 1o 24t
R R R
- }\/ (VE(t,uy), uy — ug)dt — 1// d(t)|un|" 2 (tn, tty — uo)dt. (4.35)
R R

On one hand, fori =1, 2, set

2 2
1 1

It is easy to see that (1, Z%rl) = A1 UAip and Aj1 N A2 # @. Hence, we deduce that there

exists #7; € [2, +00) such that ﬁi + r’g L Wl = 1. Moreover, let

é’ _ +oo if 51‘ c Ai,l/
Col2 ifBi e A\ AL

By (V5), we show

/]R(VF(t,un),un—uo)dt < /RZ bi (£) ([t |1 + [ V)it

i=1,2

1 —1

< ) Billg CllnllZ7 + flueoll2) tn — uolly,
i=1,2

— 0 asn — oo.

On the other hand, it is easy to see

02t 0 = o)t < il [ " = o]
R R

-1 2
< 1dlleo lnll(1) l[1n = woll3

—0 asn — oo.

We conclude from (4.35) that ||u, — ug|| — 0 as n — oo, which implies that 1 is a homoclinic
solution for problem (1.1). O

4.4 Proof of Theorem 4.1

In this section, we look for the second homoclinic solution corresponding to negative critical
value with the following lemma.
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Lemma 4.14 (See [22]). Let X be a real reflexive Banach space and () C X be a closed bounded convex
subset of X. Suppose that ¢ : X — R is a weakly lower semi-continuous (w.l.s.c. for short) functional.
If there exists a point xog € Q) \ 9Q) such that

¢(x) > @(x0), Vx €oQ)

then there must be a x* € Q) \ 0Q) such that

¢(x*) = inf ¢(x).

xeQ)

It follows from (V4) and (V6) that there exists 6 > 0 such that
1 T
F(t,x) > Ebo\x] 0 (4.36)

forallt € (F—6,f+6) and x € R% Choose ¢ € CP((to — 6,9 + ), R?) \ {0}. It follows from
(4.36) and rg € (0,2) that

192 v v
109) = SR =2 [ Bt p)de—o* [ a@lylar
< Sl - Ao [ e - o [ Jylar
-2 to—0 R
<0

for ¢ > 0 small enough. By Lemma 4.14, we can see there exists a critical point of I corre-
sponding to negative critical value. 0
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