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Abstract. In this work we study a Nicholson-type periodic system with variable delay,
density-dependent mortality and linear harvesting rate. Using the topological degree
and Lyapunov stability theories, we obtain sufficient conditions that allow us to demon-
strate the existence of periodic solutions for the Nicholson-type system and, under suit-
able conditions, the uniqueness and local exponential stability of the periodic solution
is established. We illustrate our results with an example and numerical simulations.
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1 Introduction

In recent years, the question of the existence of periodic solutions for Nicholson-type sys-
tems with periodic coefficients has received the attention of many researchers. This class of
systems of differential equations with delays was introduced as a coupled patch population
model for marine protected areas and B-cell chronic lymphocytic leukemia [7]. However, it
has been pointed out that the new models applied to the fishery must consider nonlinear
density-dependent mortality rates [6]. Consequently, research on Nicholson-type equations
and systems with density-dependent mortality has developed rapidly. But despite that, few
studies have considered periodic Nicholson models with density-dependent mortality and
harvesting. The goal of this article is to investigate the existence and stability of positive
periodic solutions for a m-dimensional Nicholson-type system with periodic coefficients, non-
linear mortality rates, and linear harvesting.
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1.1 The Nicholson models

In [16] Gurney, Blythe and Nisbet proposed a model to describe the behavior of a population
of flies that had been studied in the 1950s by Nicholson [27]. The model corresponds to the
following delayed differential equation

#(t) = —mx(t) + bx(t — T) exp {—’y‘lx(t - r)} , (1.1)

where x is the density of the adult population, m is the per capita mortality rate, b the maxi-
mum birth rate, T is the time to maturity and -y indicates where the unimodal function reaches
its maximum. Equation (1.1) is known as the Nicholson model.

In [7] Berezansky, Idels and Troib studied the dynamics of metapopulation models with
migration between two patches. Within the models studied, the authors considered a model
of a marine population, with an age structure that inhabits two areas, one protected and the
other for extraction. From this model, they obtained the system of differential equations with
delay:

X1(t) = —(mqy +dy)x1(t) + bixg(t — T) exp {—'yl’lxl(t — T)} + dxo (1) 12
%o(t) = = (2 + da + W) (£) + bpa( = T) exp {—3 102t = ) b + duxa (1), '

where x; corresponds to the densities of adult populations, m; are the per capita mortality
rates, d; are the diffusion rates between patches, b; are the maximum birth rates, 7; indicates
where the unimodal functions reaches its maximum, 7 is the time to maturity, and & is the
harvesting rate. Due to the presence of a nonlinear birth rate that considers delay, models
similar to (1.2) are known as Nicholson-type systems.

The model (1.2) has been extended to the non-autonomous case to consider variations due
to the passage of time, such as the seasons of the year, which has led to the study of periodic
and almost periodic solutions, see [14,15,22,28,29,35].

Since the model (1.2) allows predicting the dynamics of an adult population, it is relevant
to include some types of harvesting in them so that they can be applied in models of fishery or
agricultural livestock production. Different authors have considered Nicholson-type equations
and systems with linear harvesting [13,24,38] and nonlinear harvesting [1,4,5] among others.

Berezansky, Braverman, and Idels in [6] mention that for marine populations at low den-
sities it is appropriate a linear model of density-dependent mortality and that new fishery
models must consider nonlinear density-dependent mortality rates. Afterward, research on
Nicholson-type equations and systems with density-dependent mortality has been developing
rapidly, see [3,8,9,19,23,25,30,33]. However, the study of periodic Nicholson models with
density-dependent nonlinear mortality and harvesting terms have not yet been sufficiently
explored and this work aims to contribute in this direction.

1.2 Novelty of this work

We consider a Nicholson-type system with nonlinear density-dependent mortality, linear har-
vesting terms, and several concentrated delays of the form

() = - 250 gbﬁ<t>r<xi<t—m(t>>>+ 3 m

—hi(t)xi(t)  (1.3)
Cl‘i(t) + Xx; =Tt Cij
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where 7(x) = xexp(—x), and d;; , cij, bi; , Tyj, hi : R = (0,+00) ,i=1,...,m,j=1,...,n, are
bounded, continuous and w-periodic functions.

Note that the above system includes the case where each patch considers a different Ricker-
type function, namely r;(y;) = ye” " Wi, In fact, in this case the system (1.3) is obtained by
making the change of variable y; = 7;x;.

Our objective is to apply topological degree and Lyapunov stability theory to the system
(1.3) to determine the conditions that guarantee the existence and exponential stability of
periodic solutions of the system.

1.3 Outline

Section 2 deals with fundamental preliminary aspects of this work, particularly the theory of
differential equations with delay and a theorem of continuation of the topological degree; In
addition, a result of the existence of solutions and a priori estimates are obtained. Section 3
establishes the main results of this work: Theorem 3.1 provides sufficient conditions for the
existence of positive periodic solutions, while Theorems 3.3 and 3.5 prove the local asymp-
totic and exponential stability, respectively. Section 4 focuses on an example and its numerical
simulations. Section 5 is dedicated to the conclusions and discussion of the results, particu-
larly the possible extension of the present study to one involving nonlinear harvesting terms
previously considered in population models, see [18,34].

2 Preliminaries

2.1 Delay differential equations

Time delays occur naturally in many population dynamical models and their presence is due,
among others, to factors like sexual maturity or gestation. Mathematical models with time-
delays has a significant role in population dynamics, we refer the reader to [12,26,32, 36].
Delayed differential equations may exhibit more complex dynamics than ODE’s because of
the presence of delay may induce a Hopf bifurcation, periodic and oscillatory solutions or
chaos, see [17,21,36].

We introduce some definitions and notation for delay differential equations. For T > 0,
we consider C = C([—T,0],R™) the Banach space with the norm ||¢||z = sup__,-,[¢(8)]],
where || - || is the maximum norm in R™. Any vector v € R is identified in C with the constant
function v(8) = v for 6 € [—7,0]. A general system of functional differential equations take
the form

x(t) = f(t,xt), (2.1)

where f : R xC D D — R™ and x; corresponds to the translation of a function x(¢) on the
interval [t — T, t] to the interval [T, 0], more precisely x; € C is given by x;(0) = x(t +6), 0 €
[—7,0].

A function x is said to be a solution of system (2.1) on [—7T, A) if there is A > 0 such
that x € C([-7,A),R™), (t,x¢) € D and x(t) satisfies (2.1) for t € [0, A). For given ¢ € C,
we say x(t0,¢) is a solution of system (2.1) with initial value ¢ at 0 if there is an A > 0
such that x(#;0,¢) is a solution of equation (2.1) on [—7, A) and x((t;0,¢) = ¢. In addition,
for a given continuous and bounded function f € C(R,RR) we will denote by f* and f~
respectively, the supremum and infimum of f over R. Now, for system (1.3) we consider
?::max{Ti;F,lgigm,lgjgn}.
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Since nonnegative solutions are significant for population models, the following subsets of
C are often introduced :

Ct:=C([-T,0,RY), Co:={peC :¢i(0)>0,1<i<m}
Theorem 2.1. The system (1.3) has a unique nonnegative solution defined over [—T,+o0) for each
initial condition ¢ € C*.
Proof. We will denote by F;(t, x(t), x(t — i1 (t)),..., x(t — 7;j(t))) the right hand side of system
(1.3) and x(t) = (x1(t),...,xu(t))T, then (1.3) can be written as,
x(t) = F(t,x(t), x(t —111(t)), ..., x(t — Tun(£))), (2.2)

where F : R} x (R”)™+1 — R™. We denote F; to the derivative of F respect to the state x(t),
consequently the map F, : R} x (R")™*1 — M(R)xm defined by

Fl /ax1 F1 /8x2 e Fl/axm

F2/8x1 Fz /ax2 . Fz /axm
x = . . .

F./0ox1 F,/0xy ... FE,/0xy

is continuous over R x (R”)™" 1, Now, applying Theorems 3.1 and 3.2 of [36], it follows that
the system (1.3) has a unique solution defined over a maximal interval, for each initial condi-
tion ¢ € CT. In order to show that x(t;0, ¢) takes nonnegative values, we fixi € {1,...,m} and
t in the maximal interval, in addition we assume that entries of the function F are nonnegative
vectors while x € R is such that x; = 0, then

51'1'(t)xl' L Ui 51](t)x]
F(t,x,-)=———=2—+4) bi(t)r(-)+ hi(t)x;
(%) cii(t) + x; ]; () ]'_12,,;# cij(t) + x; "

n 1 (51 (t)x]-
=Y bi()r() + 2 >0,
jzl ] f-lZJ:#i ij(t) + %

Consequently, each nonnegative initial condition ¢ has a corresponding solution x(t;0, ¢) that
takes nonnegative values for t in the maximal interval. Now we will prove that the solutions
of (1.3), corresponding to nonnegative initial conditions, are defined for all t > 0. Otherwise,
they would be defined over an interval [—T, A), where 0 < A < co. Since x(t) is a solution of
(1.3), it follows that x;(t) satisfies

v Oi(t)xi(t) < M () x(t)
xi(t) - _Cii(t) —}—xi(t) +]Zl bij(t)r(xi(t - Tl](t))) +]:;751 Clj(]t) —I—]x](t) _hi(t)xi(t)
1 i lh T " S;i(t)xi(t)
< ]_Zlblf(t) ( l(t l](t))) +]_1Z]7gl Cij(t) +x](t)
<Ybret+ Y o
=1 =Tt

Whence, integrating the above estimation we obtain

n m
xi(t) < x;(0) + <Zb;]?e_1 + ) 5;) t, 0<t<A.
j=1 j=Lj#

This estimates ensure that A = +o0, because if A < 4oo then |x(t)| — c0 as t — A, contra-
dicting the estimates. O
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2.2 Topological degree and periodic functions

We begin this subsection by recalling some definitions and notations that will be used in this
work. The closure and the boundary of a subset A of a topological space will be denoted
respectively by A and 0A. Let

Coo := {x() = (x;(t)) € C(R,R™) : x(t + w) = x(t) for all t € R}

the Banach space of the continuous vector functions w periodic with the norm

x|| = max ¢ sup ||x;(t .
| 1<i<m{te[05]u 1 )H}

It is useful consider the usual notation for the natural embedding R" — C, given by
y — y, where y(t) =y for t € R. Given a continuous function and w periodic f € C(R,R)
notice that f* and f~ coincide, respectively, with the maximum and the minimum value of f
over the interval [0, w].

The existence of periodic solutions of the system (1.3) will be proved as a consequence of
a general continuation theorem, see [2, Theorem 6.3], in our case we consider:

Lemma 2.2. Assume there exists an open bounded () C C,, such that:

i) The system
x'(t) = AF(t, x(t), x(t — 11 (t)), ..., x(t — Tun(t))) (2.3)
has no solutions on 9Q) for A € (0,1).

ii) g(x) # 0 for x € 9O NR™, where g = (g;) : R™ — R™ is given by

ll xl ! i
w/ e Z;bg - Y C1] x]+h() dt.

j=Li#
iii) deggy(g, QNR™,0) # 0.
Then there exist at least one solution of (1.3) in Q.

To study conditions ii) and iii) is useful introduce additional notation, let I" = IT" [a;, bj]
be a bounded and closed subset of R” and x = (x;) € R", for each 1 < i < m let us denote
I :={xel":xj=ua;}, L':={xel":x=1b},
the i-th opposite faces. Condition iii) of the lemma 2.2 will be obtained by the construction of

an affine isomorphism homotopic to ¢ combined with the homotopy invariance property of
the Brouwer degree.

2.3 A priori bounds

To prove the existence of a periodic solution of (1.3) by using the theory of topological degree
we need to find some a priori bounds for any w-periodic solution of the system (2.3). Next,
we will state some propositions related to upper and lower a priori bounds that will be useful
when proving the existence of positive periodic solutions of (1.3). To obtain the existence of
upper bounds for the solutions of the system (2.3) we consider the following assumption:
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(H1) The coefficients of the system satisfy:

min (11 %qu Z 51’;’(@)) >0, i=1,...,m.

Zel0,w] = j=1,j#i

Proposition 2.3. If (H1) holds, then every non-negative w-periodic solution of (2.3) is bounded above
forany A € (0,1).

Proof. Let (x;(t)) an w-periodic solution of (2.3) and x;” = R; > x;“, fori # jlet ¢ € [0,w] such
that x;" = x;(¢), since x/(&) = 0 it follows that

[ BN e+ OO,
O—)\[ cii(¢) + xi(&) +]§bz](§) (% (¢ z] +] Z]:# Cz] )+x](€) hi(&)x; ()

Now, combining the monotonicity of the map u +— - + 2%, the assumptions over the functions
bij(+),6ij(+),cij(+), hi(-) and, the fact that r(u) < 1 for u € RT we obtain

511(€)R 1 n m . R
0> —2— — =Y by
~ ci(¢)+R e]; q ]Z]:# cij(8 +R

Next, adding and subtracting the terms 6;;(¢) + L2 j2; 0ij($), we can assert that
0> (6@ - 1Y b0 - Y (@) ) - ot (1 - R) Ly b (1 - R) -
- e =1 J j=1,j#i J " Cii(g) +R i=1,j#£i g Cl](g) +R

The above inequality implies

0> (ma Iy y ‘fsij@) o (1 s ax)- 24

On the other hand, (H1) and the continuity of the coefficients imply that there is { > 0 such
that

¢e0,w]

min ((S”(C> - % i i 5,] ) > 0. (2.5)

j=1 j=1j#i
Note that limg e (1 — 6”(5 +R) = 0 uniformly on ¢ € [0, w], so there exists R >> 0 such that
< -6t <1—R) <0, &elo,w). (2.6)
- ci(¢) + R

Now, for R > 0 taking the minimum in (2.4), by using the estimations (2.5) and (2.6) we obtain
the contradiction

1& i R
0> min |6;() — =) bii(¢) — 5ii (&) — 61 <1—> > 0.
~ cefow] [ o ]Zl i) j—12,j7éi i6) =i ci(§) + R
Consequently there is a positive number Ry such that
xi(t) <Ry, forteRandi=12,...,m. (2.7)
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To study the a priori lower bounds for the solutions of the system (2.3) we will proceed in a
similar way to the proof of the proposition 2.3, but this time the key hypothesis is:

(H2) Fori=1,2,...,m we have:

n m ‘, 1/]
m[Ocu] (clz ]Zb” Z hi 17)) <0

j=Lj# C” 1)

()q

Proposition 2.4. If (H1) and (H2) hold, then every positive w-periodic solution of (2.3) is bounded
below by a positive constant for any A € (0,1).

Proof. Consider ¢ = min{x;,x,,...,x,,} and, without loss of generality, we suppose that
x;i(17) = € for some 77 € [O, w], then we obtain x/(#) = 0 whence

8i(1) i xj(n)
0= +xl Zbl] — (1] ] Z]‘;é 761] )+ x (1) +hi () xi (1) (28)
Since (H1) holds, proposition 2.3 implies that the periodic solutions of (2.3) are bounded from
above by Ro.

We assume that Ry > 1 and consider py as the unique value in (0, 1] such that r(py) =
r(Ro). We may suppose that ¢ < pg since otherwise, we have trivially a lower bounds for the
solutions of (2.3), from pg < x;(t), for t € R. Now, since ¢ < py, it follows

e <x(y—t(n) <Ry, and r(xi(y— (1) 2 r(e), 1<j<n

By adding and subtracting the terms 2 , Z] 1 bl]( )¢, and SZ] i o E ; to equation (2.8),

we obtain
511(’7)8 . & B r(x: N U —7’]) ‘
0 O j;bz;(ﬂ) (xi(n — Ty ]—1;# w0 )+x](17)+h(17)e
z Cféz,%?fs = Y bij(pee— 3 ”(;71: + i)

<
cailn) i3 j=1,#i Cii\l
+ibl+e(1—e*£)+ i 5i+s< 1 ! >
/ i—1j4i / Cl](’7) Cij(’7) +e
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On the other hand, (H2) and the continuity of the coefficients imply that there is { > 0 such

that
n m ;7
ma bii(n
n€l0, w] (Cu( ]Z; M j Z]:# C” ) o g)

Note that there exists 0 < ¢ < 1 such that

()q

m

. 1 1
O<Zb+1—e + Y 5; <Cij(77)_cij(7’])+5>§g’ 7 € [0,w].

j=Lj#
Therefore, for e > 0 arbitrarily small values we obtain

0 < max [c ibu i i(17)
ll

17€[0,] j=1 j=1,j#i CZ] 77

‘?"

hi(n)

n m 1 1
FY B — )+ 5#( _ ) <0,
]g ’ f—lz,j#i T \eii(n)eln) +e
a contradiction. Consequently there is a positive number gy such that
eo < xi(t) <Ry, forte Randi=1,2,...,m. O

3 Results

In this section, we address the problem of the existence and local stability of positive periodic
solution for (1.3). We prove the existence of at least one periodic solution of the system (1.3)
under assumptions (H1) and (H2) by using the degree topological theory.

Theorem 3.1. Assume that (H1) and (H2) hold. Then system (1.3) has at least one w-periodic positive
solution.

Proof. The proof of this result is supported by lemma 2.2. Since (H1) and (H2) hold, we apply
propositions 2.3 and 2.4 to obtain lower and upper bounds for the periodic solutions of (2.3)
for all A € (0,1). Next define the set Q) C C,, as

Q= {(xi(t)) € Cp:e0 < xi(t) <Ry, t € [0,w], i=1,2,...,m}, (3.1)

where the positive constants Ry and ¢g are, respectively, the upper and lower bounds given
by propositions 2.3 and 2.4, we note that Q NR™ = (g9, Rp)". As a consequence of these
propositions, it follows that the system (2.3) has no solution in 9Q) for any A € (0,1). We will

prove that there are positive constants ¢ and R such that g(x) # 0 for x € 91, where I = [¢, R]"™.
We recall that, fori =1,2,...,m and x = (x;) € R™, we have

8il w/ (c,,” +lxl 2 bii( Z +x] hl(t)xz) dt. (3.2)

j=1 j=Li# C’J
From the definition of g;(x), considering the notation 1 = (1,1,...,1), it follows that for
z € [; we obtain

o) [ (@t B - B 72 s a
RO - e v %0
S ; 0 <Cii( )-{-E_Jzibl](t)e _j_gj:# cij(;)+€+hl(t)> dt
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Analogously to the estimates made in the proof of proposition 2.4, we deduce that

gi(e1) < max |20 oy =y G

n€0,w] Cii(ﬂ) j=1 j=1,j#i Cl](ﬂ)
n m 1 1

+Y bi(1—ef)+ o ( - )
LE et LG et et e

nelow] | ci(1) =1 =1, #i Czj(’?)
! f) =z 1
tLb et ) o <%wf%¢m+3 <0
Therefore, there exists a positive number &1 such that if ¢ < &; we have
gi(z) < gi(el) < Oforz e I . (3.3)

On the other hand, if z € I then

= gi(R1).

Since (R) < 1 for R € R* and analogously to the estimates made in the proof of proposition
2.3, for z € I we obtain

gi(R1) > min [51‘1‘(5) L > bii(¢) - i %) = & <1 - sz(ér];‘FR>

Zel0,w] =1 j=1,j#i
From (H1), it follows that there exists some R > R such that

min [51-1‘(6) — % ibz](@ — i 51‘]'(6) - (SijiL <1 - CZZ(CI):_R>

¢el0,w] j=1 j=1,j#i

> 0.

Hence there is Ry > 0 such that if R > Rj, then
gi(z) > gi(R1) >0 forze L. (3.4)

We have proved that if ¢ < &1 and R > Rj, then g(x) # 0 for x € 9I, where I = [¢, R]".
We claim that g is homotopic to an affine isomorphism. In fact we consider A : R — R™
defined by

A(x) = b + Mx,
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where b € R" and the diagonal matrix M € IM,,, are completely defined by the systems of
linear equation

€l),

R1).

bi + mize = gi(

bi +m;iR = gi(
It follows immediately that m; = (g;(R1) — gi(e1)) /(R —¢€) > 0, and b; = g;(e1) — m;; < 0.
Furthermore, there is a unique vector X = (X;) with X; € (¢ R) satisfying b; + m;;x; = 0,
hence X is the unique vector in the interior of I such that .A(X) = 0. Next we define the map
H:R™ x [0,1] = R™ given by

H(x,0) =0g(x) + (1 —0)A(x),

which is a homotopy between A and g. Since signg(I") = sign A(L") and signg(l7) =
sign A(I.") it follows that H(-, o) does not vanish on dI for any ¢ € [0, 1], and we conclude that
g is homotopic to the affine isomorphism .A. The homotopy invariance property of Brouwer
degree implies that

degy(g, QNR™,0) = degyz (A QNR",0),

and by the definition of Brouwer degree it follows that

degy (A, QNR™,0) = sign (det(D.A(X))) = sign (ﬁ mii> =1

Finally we apply Lemma 2.2 to conclude that the system (1.3) has at least one solution
x(t) € Q. O

Remark 3.2. Several types of delayed harvesting terms have been considered for the Nicholson
scalar equation. If we modify the harvesting terms h;(t)x;(f) in our model to delayed terms
similar to those used in the work of Qiyuan Zhou in [38], then we obtain the system

gy i -
0=~ s Zi “) .
m ( n ’
© 2 e ]Zh” S

Then it is possible to obtain a result analogous to proposition 2.4 and theorem 3.1 considering
(H1) and changing (H2) by:

(H2’) There exists a positive upper bound Ry for the solutions of system (3.5), such that for
i=1,2,...,m we have:

U 2 i) n Tk
o 7+ Ro ) i) = big()e™ ] ) <0,
nelo,w] <Cu(77 j ZJ# cl] 1) 0};{ 1(77) ](’7) ])

Next, we will address the asymptotic and exponential stability of the system (1.3). As is
common in the literature on Nicholson-type models, our results are obtained by constructing
appropriate Lyapunov functions. We define the region of stability of the solutions of our
system as the set

B={(x(t)) € C(R,R") : 0 < xi(t) < Ki, i =1,2,...,m}. (3.6)

To achieve our stability results, we assume the following:
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(H3) The delays involve in the model (1.3) are continuously differentiable and satisfy:
Tt <<l (i) e{l...,m}x{L...n}

(H4) Fori=1,2,...,m we have
f n bt

0. C.. if _ ij
) +.Z]—T.*.'

m
11 i1 > Z
(cii +Ki)2 J:117é

Now we state and prove our first stability theorem.

Theorem 3.3. If assumptions (H1)—-(H4) hold, then there is a unique asymptotically stable w-periodic
solution of system (1.3) in B.

Proof. Let x(t) = (x;(t)) and y(t) = (y;(t)) two solutions in B of system (1.3). We consider the
functions:

n bt ¢
Vile) = i(0) () + [ e~ =12, m,
j=

1- Tz] T; ()

Calculating the upper right Dini derivative of V;(t) along the solutions of (1.3), since 0 <
xi(t),yi(t) < Kjand |r'(x)| <1 for x € [0, 4+00), then proceeding similarly to theorem 2 in [31]
we have
DVi(t) < — Sii (t)cii (1) lyi(t) — xi + i (£)eii(£)ly; () — x;(8)]
(cii(£) + vi(£)) (cii(t )+xz iz (e )+yz( ) (cij(t )+xi(t))

+ ibij(t)’r(yi(t = j(t))) = r(xi(t — 7i(8)] = k() |yi(t) — xi (b))
=

b
+ 3 T i) —x()] = T (= () — xi(t = (1) [(1 - (1)

Notice that assumption (H3) implies that

1-— T t
1-— T;;
hence we obtain the following estimate
+ .+
D+Vl(t) < _ zz Cii ‘yl )‘ + i (5 ’y]( ) (t)‘
> (C.. —|—K) =LA ( Z;)2

Zb i (t = 7 (1) = xi(t — 7 ()| = hy [yi(t) — xi(8)]

n

+zb+\%—T Zb1]|y] — (1)) — 2t — (1))

j=1 ij

o cC;
< ii i . e
< ( 7@ e h + E ]) |y1 xl(t)|

(5++

f Ly 0) = (0

1211#1
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Now, we define the Lyapunov functional V (t) := Y"1, V;(t), and by a straightforward compu-
tation of the corresponding sums it follows

m STco n bIL m i +
DTV(t Z( #’;@—hHZl Z )\yz t) — xi(t)].

=1 j=1 Tj =1 J#
Hypothesis (H4) ensure the existence of a positive constant y such that

m

DTV(t) < —p ) lyi(t) —xi(t)|, t=0,

i=1
then we get

t)+ﬂ/2|yz —xi(s)|ds < V(0) < +o0, t2>0,

and

/Ot i lyi(s) — xi(s)|ds < V;O) < 400, t>0. 3.7)
i=1

It follows that H;(s) := |y;(s) — x;(s)| € L'([0, +0]),1 < i < m and, since H;(t) are uniformly
continuous in [0, +0), we can apply the Barbalat’s Lemma [20, Lemma 8.2] to conclude:

lim Z:|yZ ()| =0.

t—H—oo

Therefore, all solution of the system (1.3) in B converge to an w-periodic solution, hence there
is a unique periodic solution of (1.3) in B. O

Remark 3.4. Note that in the proof of theorem (3.3), we use arguments similar to those pre-
sented in the proof of theorem (4.5) of [37]. Both results are supported by considering the
derivative of Dini and the definition of an adequate Lyapunov functional, in addition to the
uniform continuity of the integrands of (3.7) of our proof, equivalent to the integrand given
in (4.13) of the proof used in [37]. These are key aspects in the literature on stability in
Nicholson-type models, see for instance [13] and references therein.

In order to state and prove our second stability theorem we define, for i = 1,...,m, the
continuous functions G; : R — R given by

Gile) = i f ” ” L+ hy - i b et (3.8)
1 — 1 1 \9 " . .
(cip +K)? =i ( al-T

Notice that hypothesis (H4) ensures that G;(0) > 0 for each i = 1,...,m, furthermore, the
continuity of G; guarantees the existence of positive constants r;, such that

Gi(e) >0, for0<e<r;, (3.9)
and we define Ay := minj<j<, {ri}, so Gi(Ag) >0fori=1,...,m.

Theorem 3.5. If the hypotheses (H1)-(H4) hold, then all solution of system (1.3) in B converge expo-
nentially to the w-periodic solution.
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Proof. We consider x(t) = (x;(t)) and y(t) = (yi(t)) two arbitrary solutions in B of system
(1.3) and we define the functions:

- 1 f s+T7
Wilt) = Il = sl + Ybtr—— [ lils) = x(s)[ T s,
R 0

Calculating the upper right Dini derivative of W;(t) along the solutions of model (1.3) we have

DY Wi(t) = lyi(t) - xi(t mw [i(t) = 2] x sgn{yi(t) — x(1)} x
+Z i1 T!%) ()|

)
n

1 o+
2 |y1 — (1)) — xi(t — ()| (1 — (1)) IO
=1

Replacing x; and y; given in the system, applying triangular inequality, considering (H3),
0 < x;(f),yi(t) <K, |r'(x)] <1for x € [0,+00) and grouping we obtain

t 11 Cii |yl( ) uu (S+ +‘y]( ) (t)’
DYWi(t) < eM | |yi(t) —xi(t)M— G; +I<1) +] Z]:#l o

+ Z lr(yi(t — (1)) — r(xi(t —j(£))| — by lyi(t) — xi(t)]

+Zb+u f zb it = 5 (6)) — it — (1))

DFWi(t) <M

. —x _ 11 Cii ’yl( ) )| & 5Z}LC;]r|y](t)_x](t)|
lyit) — xi()[A G +Kz) +]-_1X,];# ik

+ qu it — () — xi(t — T ()| = By |yi(t) — xi(8)]

n ZbJFM At ib;\yi(t —;(t)) — xi(t — Tl’f(t))‘]

i j=1
AT
STco n bretl
< At ii i h — Yy f f
— e ( +(C +K) + 1 ]g 1_,[.;; ‘yl() xl()’
m 1]
Z 5 lyi(t) — x;(t)]
lej#z
_ + AT
_ (511 Cll — z bije !

f ” 1y;(6) <t>\>.

J=117é
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Extending the sum for i = 1 to m and grouping terms we obtain that the Lyapunov functional
W(t) = Yi"; Wi(t) satisfies

DIW(t) < —e Y Gi(A)|yi(t) — xi(1)]-
i=1
We fix A = Ag = minj<;<,,{r;}, since (3.8) and (3.9) hold we deduce that
D+W(t) < —e Mot Z Gi()to)‘yi(t) — xi(t)\ <0, Vte (0,00)

i=1

It follows that W(t) is decreasing for all t > 0 along the solutions of system (1.3), consequently
we have

Z [yi(t) = xi(t)|e™" < W(t) < W(0),
whence
Z lyi(t) — xi(t)] < W(t)e —Aot W(O)e‘AUt,
and the exponential convergence it is obtained for solutions of (1.3) in B. O
4 Examples

In this section we show an example of the asymptotic stability of the solution and include
numerical simulations performed in R software using the library PBSddesolve, see for instance
[11]. In this example x; is the density of biomass in patch i, s(t) = sin(27t/365), c(t) =
cos(27t/365), and i € {1,2,3}.

Example 4.1. We consider the system of differential equations with delay,

() = — +20f6x(23)’”(t) +3(1+ 055(8))r(x1 (¢ — 60))
(14 0.125¢(8))xa(F) 1 +0.125¢(¢))xs(t)
" ( 54 xa(t) — 5+ x3(t) 3 ) ~01nld),
() = — BHOSO)X2E) | 501 4 o551y )r(xa(t — 60))
15+ XZ( ) (4.1)
(1.540.125¢(¢))x1(t) ~ 0.75+ 0.0625¢(t) ) x2(t) '
* 35 + x1(t) * 35 + x2(t) )’
) = — O +10 j’cx(sz)) ) 4301 4 0.55(8)r(xs(t — 60))
(15 +0.125¢(£)x1(£)  (0.75 + 0.0625¢(t))xa (t)
( 5 50 ! RO 2 > — 0.2x3(1).

Hypotheses (H1)-(H4) are verified where K; < 1.087, K, < 1.2814, K3 < 1.1086. The numerical
simulations are presented in Figure 4.1.
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Numerical approximation

Patch 1

v
0.2 I
I

0.1 i

0.0

Patch 2

0.6

Densities

0.4

0.2

Patch 3

0.03
0.02
0.01

Time (years)
Figure 4.1: Numerical simulation of (4.1) for sixteen years. Initial
conditions:  (x1(0),x2(0),x3(0)) = (0.05,0.287,0.02),6 < [—60,0] (solid

curve), (x1(0),x2(0),x3(0)) = (0.075,0.2,0.015),6 € [—60,0] (dashed curve),
(x1(0),x2(0),x3(8)) = (0.1,0.15,0.01),0 € [—60,0] (dotted curve).

5 Conclusion and further work

A Nicholson-type system with nonlinear density-dependent mortality and linear harvesting
has been studied in this paper. Based on the theory of topological degree, has been obtained
sufficient conditions for the existence of a positive periodic solution of the model. In addition,
by using the Lyapunov-Krasovskii functional method, the uniqueness, stability, and expo-
nential stability of the Nicholson-type system were addressed. Numerical simulations were
performed based on an example to illustrate the results obtained.

Among the projections of this work, we will focus on the possible extension of the present
study to one involving nonlinear harvesting terms. We recall that in the works [1,4,5] advances
in this direction have been developed. However, from the point of view of applications, it
seems more realistic to consider the harvesting terms, proposed by Clark and Mangel in [10],

of the form
gEx

h(E, x) = cE 4 ¢x’

where g is the catch coefficient, E is the external effort dedicated to the harvest, c and /¢ are
constants. Population models with terms of this type have been studied in [18,34]. Thus, a new
version of the system (1.3) naturally arises, this time with these nonlinear harvesting terms as a
new research goal. We anticipate that the main aspects to take into account when applying the
methods presented in this work to these nonlinear terms is to search for alternative hypotheses
to (H2) and (H4), which can be deduced after a careful reading of this work.
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