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Abstract. In this paper, we study the bifurcation of limit cycles from a class of cubic
integrable non-Hamiltonian systems under arbitrarily small piecewise smooth pertur-
bations of degree n. By using the averaging theory and complex method, the lower
and upper bounds for the maximum number of limit cycles bifurcating from the pe-
riod annulus of the unperturbed systems are given at first order in ε. It is also shown
that in this case, the maximum number of limit cycles produced by piecewise smooth
perturbations is almost twice the upper bound of the maximum number of limit cycles
produced by smooth perturbations for the considered systems.
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1 Introduction

Non-smooth phenomena widely exists in real world and scientific fields, such as dynamic
compensation of inertial element error in autonomous navigation of high dynamic aircraft,
the non-smooth switching between modules in multi-source information fusion, electronic
relays, mechanical impact, neuronal networks and etc., see for instance [1, 14, 16, 27]. Gen-
erally, it can be modeled by non-smooth differential systems. Piecewise smooth differen-
tial systems, served as one of the most important non-smooth dynamical systems, attracts
many researcher’s interest. In recent years, more attention focuses on studying dynamical
behaviors, especially the bifurcation theory of limit cycles in piecewise smooth systems, see
[5, 7, 11, 17, 18, 34, 39, 42, 43]. There are quite a few innovative methods which have been pro-
posed and some theoretical results were established. For example, the conjecture that a class
of piecewise Liénard equations with n + 1 intervals has up to 2n limit cycles was proved in
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[44]. Through analyzing the Lyapunov constants, Hopf bifurcation of non-smooth systems
was presented in [10,12,23]. The Melnikov method for Hopf and homoclinic bifurcations was
applied to non-smooth systems [2,19,25,31,32]. In addition, the first order Melnikov function
for planar piecewise smooth Hamiltonian systems was derived to study Poincaré bifurcation
[33], while the averaging theory of discontinuous dynamical systems was developed to find
limit cycles of piecewise continuous dynamical systems [35].

It is well known that the simplest piecewise smooth systems are the piecewise linear ones
with two zones separated by a straight line. Lum and Chua [40, 41] conjectured that such
a continuous piecewise linear differential system in the plane has at most one limit cycle,
which was proved by Freire et al. [21]. While for the planar discontinuous piecewise linear
differential systems with two zones separated by a straight line, Han and Zhang [25] showed
that such systems may have two limit cycles. Huan and Yang [26] provided a numerical
example which possesses three limit cycles. Llibre and Ponce [38] presented three nested
limit cycles in discontinuous piecewise linear differential systems with two zones. Some
results on other discontinuous piecewise linear differential systems with two zones separated
by a straight line exhibiting three limit cycles can also be seen in [7, 8, 28] etc. There are
also some works concerning the limit cycles bifurcation from a linear center under piecewise
smooth perturbations. For example, the nth degree piecewise polynomial perturbations of
a linear center were considered in [6], and an upper bound of no more than Nn − 1 limit
cycles appearing up to a study of order N was presented. Cen et al. [9] studied quadratic
isochronous centers S1, S2, S3 and S4 under the piecewise polynomial perturbations of degree
n by applying the first order averaging theory, and found the sharp upper bound for the first
three isochronous centers and an upper bound for the last center. More results on this topic
can be found in [15, 20, 22, 24, 29, 30, 36, 37] and the references therein.

In the present paper, we focus our attention on the study of limit cycle bifurcation from a
class of planar cubic integrable non-Hamilton differential system.

(ẋ, ẏ) = (−y(x + a)(y + b), x(x + a)(y + b)), (1.1)

which has
H(x, y) = x2 + y2 = h, h ∈ (0, min{a2, b2})

as its first integral with the integrating factor µ = 2/((x + a)(y + b)), and (0, 0) is the unique
center.

Consider arbitrarily small piecewise smooth perturbations of system (1.1)

(ẋ, ẏ) =

{
(−y(x + a)(y + b) + ε f+(x, y), x(x + a)(y + b) + εg+(x, y)), x > 0,

(−y(x + a)(y + b) + ε f−(x, y), x(x + a)(y + b) + εg−(x, y)), x < 0,
(1.2)

where the polynomials f±(x, y), g±(x, y), i = 1, 2 are given by

f+(x, y) =
n

∑
i+j=0

ai,jxiyj, g+(x, y) =
n

∑
i+j=0

bi,jxiyj,

f−(x, y) =
n

∑
i+j=0

ci,jxiyj, g−(x, y) =
n

∑
i+j=0

di,jxiyj,

with any real coefficients ai,j, bi,j, ci,j and di,j, and |ε| ̸= 0 is a small parameter. By using
the first order averaging theory for discontinuous systems and complex method, we study the
maximum number, denoted by H(n), of limit cycles of system (1.2) bifurcating from the period
annulus around the center of system (1.1). The main results are summarized as follows.
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Theorem 1.1. For system (1.2) with |ε| ̸= 0 sufficiently small, we have

(i) If |a| > |b| ̸= 0, then 2[ n
2 ] + 2n + 3 ≤ H(n) ≤ 2[ n

2 ] + 4n + 14;

(ii) If |b| > |a| ̸= 0, then 2[ n
2 ] + 2n + 3 ≤ H(n) ≤ 4[ n

2 ] + 3n + 14;

(iii) If |a| = |b| ̸= 0, then [ n
2 ] + 2n + 3 ≤ H(n) ≤ 3n + 6;

(iv) If b = 0, a ̸= 0, then H(n) = 2[ n
2 ] + n + 1,

where [·] is the integer function, and H(n) denotes the maximum number of limit cycles of system (1.2)
bifurcating from the period annulus of the unperturbed system (1.1) at first order in ε.

Remark 1.2. It is noted that the limit cycle bifurcation from the unperturbed system (1.1) with
a, b ∈ R\{0} under arbitrarily small smooth polynomial perturbations of degree n is studied in
[4], which shows that 3[(n− 1)/2] + 4 if a ̸= b and, respectively, 2[(n− 1)/2] + 2 if a = b, up to
first order in ε, are upper bounds for the number of the limit cycles bifurcating from the period
annulus of the cubic center (1.1). Comparing Theorem 1.1 with the results in [4], we obtained
that at first order in ε, the lower bound of the maximum number of limit cycles produced by
piecewise smooth perturbations is almost twice the upper bound of the maximum number of
limit cycles produced by smooth perturbations. Hence, for one differential system, piecewise
smooth perturbations generally produce more limit cycles than smooth ones.

The organization of this paper is as follows. In Section 2, we present some preliminary
results, including the first order averaging theory for discontinuous systems and the method
estimating the number of zeros of some functions. The explicit expression and properties of
the averaged function are derived in Section 3. Sections 4-6 are dedicated to the investigation
of the lower and upper bounds for the maximum number of the zeros of the averaged function,
respectively. Finally we prove Theorem 1.1 in Section 7.

2 Preliminary results

In this section, we briefly introduce the first order averaging theory for discontinuous systems
and the method concerning the estimate of the number of zeros of some functions, which will
be used in the proof of our main results.

Lemma 2.1 ([34]). Consider the following discontinuous differential systems

dr
dθ

= εF(θ, r) + ε2R(θ, r, ε), (2.1)

with

F(θ, r) = F1(θ, r) + sign(h(θ, r))F2(θ, r),

R(θ, r, ε) = R1(θ, r, ε) + sign(h(θ, r))R2(θ, r, ε),

where F1, F2 : R × D → Rn, R1, R2 : R × D × (−ε0, ε0) → Rn and h : R × D → R are continuous
functions, T-periodic in the first variable θ and D is an open subset of Rn. We also suppose that h is a
C1 function having zero as a regular value, and the sign function sign(u) is given by

sign(u) =


1, u > 0,

0, u = 0,

−1, u < 0.
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Define the averaged function f : D → Rn as

f (r) =
∫ T

0
F(θ, r) dθ. (2.2)

Assume that the following hypotheses (i), (ii) and (iii) hold.

(i) F1, F2, R1, R2 and h are locally Lipschitz with respect to r.

(ii) There exists an open bounded subset C ⊂ D such that for the sufficiently small |ε| > 0, every
orbit starting in C reaches the set of discontinuity only at its crossing regions.

(iii) For a ∈ C with f (a) = 0, there exists a neighborhood V of a such that f (z) ̸= 0 for all
z ∈ V \ {a} and the Brouwer degree function dB( f , V, a) ̸= 0.

Then, for the sufficiently small |ε| > 0 there exists a T-periodic solution r(θ, ε) of system (2.1) such
that r(0, ε) → a as ε → 0.

The result from [3] is often used to replace the condition (iii) in Lemma 2.1, which is stated
as follows.

Remark 2.2. (ĩii) Let f : D → R be a C1 function with f (a) = 0, where D is an open subset
of R and a ∈ D. Whenever the Jacobian determinant J f (a) ̸= 0, there exists a neighborhood
V of a such that f (r) ̸= 0 for all r ∈ V\{a}. Then dB( f , V, 0) ̸= 0.

To estimate the number of zeros of some functions, we recall an important result from [13].

Lemma 2.3. Consider p + 1 linearly independent analytical functions fi : U → R, i = 0, 1, . . . , p,
where U ⊂ R is an interval. Suppose that there exists j ∈ {0, 1, . . . , p} such that f j has constant
sign. Then there exists p + 1 constants Ci, i = 0, 1, . . . , p such that f (x) = ∑

p
i=0 Ci fi(x) has at least p

simple zeros in U.

3 Explicit expression of averaged function

This section is devoted to the derivation and simplification of the expression for the averaged
function.

After making the polar coordinate transformations x = r cos θ and y = r sin θ, system (1.2)
becomes the following

dr
dθ

=

{
εX+(θ, r) + ε2Y+(θ, r, ε), cos θ > 0,

εX−(θ, r) + ε2Y−(θ, r, ε), cos θ < 0,
(3.1)

where

X+(θ, r) =
P+(θ, r)

(r cos θ + a)(r sin θ + b)
, X−(θ, r) =

P−(θ, r)
(r cos θ + a)(r sin θ + b)

,

Y+(θ, r, ε) = − X+(θ, r)Q+(θ, r)
r(r cos θ + a)(r sin θ + b) + εQ+(θ, r)

,

Y−(θ, r, ε) = − X−(θ, r)Q−(θ, r)
r(r cos θ + a)(r sin θ + b) + εQ−(θ, r)

,

with
P±(θ, r) = cos θ f±(r cos θ, r sin θ) + sin θg±(r cos θ, r sin θ),
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Q±(θ, r) = cos θg±(r cos θ, r sin θ)− sin θ f±(r cos θ, r sin θ).

Denote

r1 =

{
−a, a < 0,

+∞, a > 0,
r2 =

{
a, a > 0,

+∞, a < 0,
r3 =

{
b, b > 0,

−b, b < 0,

then the functions X+(θ, r) and Y+(θ, r, ε) (X−(θ, r) and Y−(θ, r, ε), resp.) are well defined in
(0, r1) ∩ (0, r3) ((0, r2) ∩ (0, r3), resp.) for ab ̸= 0, while X+(θ, r) and Y+(θ, r, ε) (X−(θ, r) and
Y−(θ, r, ε), resp.) are well defined in (0, r1) ((0, r2), resp.) for b = 0, a ̸= 0.

We rewrite system (3.1) as the form

dr
dθ

= εF(θ, r) + ε2R(θ, r, ε), (3.2)

where

F(θ, r) =

{
X+(θ, r), cos θ > 0,

X−(θ, r), cos θ < 0,

R(θ, r, ε) =

{
Y+(θ, r, ε), cos θ > 0,

Y−(θ, r, ε), cos θ < 0.

By Lemma 2.1, the averaged function of system (3.2) can be expressed as

f (r) =
∫ 2π

0
F(θ, r) dθ

=
∫ π

2

− π
2

F(θ, r) dθ +
∫ 3π

2

π
2

F(θ, r) dθ =
∫ π

2

− π
2

X+(θ, r) dθ +
∫ 3π

2

π
2

X−(θ, r) dθ

=
n+1

∑
i+j=1

ωi,jri+j−1
∫ π

2

− π
2

cosi θ sinj θ

(r cos θ + a)(r sin θ + b)
dθ

+
n+1

∑
i+j=1

τi,jri+j−1
∫ 3π

2

π
2

cosi θ sinj θ

(r cos θ + a)(r sin θ + b)
dθ,

(3.3)

where ωi,j = ai−1,j + bi,j−1, τi,j = ci−1,j + di,j−1, and ω0,0 = τ0,0 = 0 provided that a−1,j =

bi,−1 = c−1,j = di,−1 = 0.
Define

Ii,j(r) =
∫ π

2

− π
2

cosi θ sinj θ

(r cos θ + a)(r sin θ + b)
dθ,

Ji,j(r) =
∫ 3π

2

π
2

cosi θ sinj θ

(r cos θ + a)(r sin θ + b)
dθ

(3.4)

for i, j ≥ 0.

Remark 3.1. Note that in the interval ∩3
i=1(0, ri) = (0, min{|a|, |b|}) ((0, |a|), resp.) for ab ̸= 0

(b = 0, a ̸= 0, resp.), the zeros of the function f (r) coincide with the non-zero zeros of
F(r) = r f (r). To make the calculation easier, we investigate the zeros of the function F(r)
instead of f (r) in the subsequent sections.
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Lemma 3.2. The function F(r) = r f (r) defined above can be expressed as

F(r) = r f (r) = F1(r) + F2(r), (3.5)

where

F1(r) =
n+1

∑
i=0

ri Ii,0(r)
[ n+1−i

2 ]

∑
j=0

Pi,jr2j +
n

∑
i=0

ri+1 Ii,1(r)
[ n−i

2 ]

∑
j=0

Qi,jr2j,

F2(r) =
n+1

∑
i=0

ri Ji,0(r)
[ n+1−i

2 ]

∑
j=0

P̃i,jr2j +
n

∑
i=0

ri+1 Ji,1(r)
[ n−i

2 ]

∑
j=0

Q̃i,jr2j,

with

Pi,j =
[ i

2 ]

∑
k=0

(−1)kCk
k+jωi−2k,2k+2j, Qi,j =

[ i
2 ]

∑
k=0

(−1)kCk
k+jωi−2k,2k+2j+1,

P̃i,j =
[ i

2 ]

∑
k=0

(−1)kCk
k+jτi−2k,2k+2j, Q̃i,j =

[ i
2 ]

∑
k=0

(−1)kCk
k+jτi−2k,2k+2j+1.

Moreover, P0,0 = P̃0,0 = 0, Ck
k+j is the combinatorial number, and the other coefficients Pi,j, Qi,j, P̃i,j

and Q̃i,j are independent.

Proof. From (3.3) and (3.4), we have

F(r) =
n+1

∑
i+j=1

ωi,jri+j Ii,j(r) +
n+1

∑
i+j=1

τi,jri+j Ji,j(r)

=
n+1

∑
i=1

ri
i

∑
j=0

ωi−j,j Ii−j,j(r) +
n+1

∑
i=1

ri
i

∑
j=0

τi−j,j Ji−j,j(r)

=
n+1

∑
i=1

ri
[ i

2 ]

∑
j=0

ωi−2j,2j Ii−2j,2j(r) +
n+1

∑
i=1

ri
[ i−1

2 ]

∑
j=0

ωi−2j−1,2j+1 Ii−2j−1,2j+1(r)

+
n+1

∑
i=1

ri
[ i

2 ]

∑
j=0

τi−2j,2j Ji−2j,2j(r) +
n+1

∑
i=1

ri
[ i−1

2 ]

∑
j=0

τi−2j−1,2j+1 Ji−2j−1,2j+1(r).

(3.6)

On the other hand, some computations shows that

Ii,2j(r) =
j

∑
k=0

(−1)kCk
j Ii+2k,0(r), Ii,2j+1(r) =

j

∑
k=0

(−1)kCk
j Ii+2k,1(r),

Ji,2j(r) =
j

∑
k=0

(−1)kCk
j Ji+2k,0(r), Ji,2j+1(r) =

j

∑
k=0

(−1)kCk
j Ji+2k,1(r).

(3.7)

Putting (3.7) into (3.6), we can get (3.5). The independence of Pi,j, Qi,j, P̃i,j and Q̃i,j follows from
their definitions.

This completes the proof of Lemma 3.2.

Define

Yi,j(r) =
∫ π

2

− π
2

cosi θ sinj θ

a + r cos θ
dθ, Zi,j(r) =

∫ π
2

− π
2

cosi θ sinj θ

b + r sin θ
dθ,

Ỹi,j(r) =
∫ 3π

2

π
2

cosi θ sinj θ

a + r cos θ
dθ, Z̃i,j(r) =

∫ 3π
2

π
2

cosi θ sinj θ

b + r sin θ
dθ,

(3.8)
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for i, j ≥ 0, then a straightforward computation yields Lemma 3.3 below.

Lemma 3.3. For (3.4) and (3.8), the following equalities hold.

(i) Ii,0(r) = 1
r [Zi−1,0(r)− aIi−1,0(r)] for i ≥ 1.

(ii) Zi,0(r) = − 1
r2 [(b2 − r2)Zi−2,0(r)− b∗mi−2] for i ≥ 2.

(iii) Ii,1(r) = 1
r [Yi,0(r)− bIi,0(r)] for i ≥ 0.

(iv) Yi,0(r) = 1
r [c

∗mi−1 − aYi−1,0(r)] for i ≥ 1.

(v) Ji,0(r) = 1
r [Z̃i−1,0(r)− aJi−1,0(r)] for i ≥ 1.

(vi) Z̃i,0(r) = − 1
r2 [(b2 − r2)Z̃i−2,0(r)− b̃∗mi−2] for i ≥ 2.

(vii) Ji,1(r) = 1
r [Ỹi,0(r)− bJi,0(r)] for i ≥ 0.

(viii) Ỹi,0(r) = 1
r [c̃

∗mi−1 − aỸi−1,0(r)] for i ≥ 1,

where mi =
(i−1)!!

i!! , m0 = m1 = 1, and

b∗ =

{
πb, i is even,

2b, i is odd,
c∗ =

{
π, i is odd,

2, i is even,

b̃∗ =

{
πb, i is even,

−2b, i is odd,
c̃∗ =

{
π, i is odd,

−2, i is even.

Moreover, we have(
− a2 − b2 + r2

)
I0,0(r) = −bY0,0(r) + rZ1,0(r)− aZ0,0(r),(

− a2 − b2 + r2
)

J0,0(r) = −bỸ0,0(r)− rZ1,0(r)− aZ0,0(r).

Now, we start with simplifying F(r). Firstly, substituting Lemma 3.3 into (3.5), we get

F1(r) =
[ n+1

2 ]

∑
i=0

W0,ir2i I0,0(r) +
[ n

2 ]

∑
i=0

Z2i,0(r)r2i
[ n

2 ]−i

∑
j=0

W2i+1,jr2j +
[ n−1

2 ]

∑
i=0

Z2i+1,0(r)r2i+1
[ n−1

2 ]−i

∑
j=0

W2i+2,jr2j

− b
[ n

2 ]

∑
i=0

T0,ir2i I0,0(r)− b
[ n−1

2 ]

∑
i=0

Z2i,0(r)r2i
[ n−1

2 ]−i

∑
j=0

T2i+1,jr2j

− b
[ n

2 ]−1

∑
i=0

Z2i+1,0(r)r2i+1
[ n

2 ]−1−i

∑
j=0

T2i+2,jr2j +
[ n

2 ]

∑
i=0

T0,ir2iY0,0(r) +
[ n−1

2 ]

∑
i=0

m2ic∗r2i
[ n−1

2 ]−i

∑
j=0

T2i+1,jr2j

+
[ n

2 ]−1

∑
i=0

m2i+1c∗r2i+1
[ n

2 ]−1−i

∑
j=0

T2i+2,jr2j, (3.9)

where

Wi,j =
n+1−2j

∑
k=i

Pk,j(−a)k−i, Ti,j =
n−2j

∑
k=i

Qk,j(−a)k−i.
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And F2(r) can be similarly expressed as

F2(r) =
[ n+1

2 ]

∑
i=0

W̃0,ir2i J0,0(r) +
[ n

2 ]

∑
i=0

Z̃2i,0(r)r2i
[ n

2 ]−i

∑
j=0

W̃2i+1,jr2j +
[ n−1

2 ]

∑
i=0

Z̃2i+1,0(r)r2i+1
[ n−1

2 ]−i

∑
j=0

W̃2i+2,jr2j

− b
[ n

2 ]

∑
i=0

T̃0,ir2i J0,0(r)− b
[ n−1

2 ]

∑
i=0

Z̃2i,0(r)r2i
[ n−1

2 ]−i

∑
j=0

T̃2i+1,jr2j

− b
[ n

2 ]−1

∑
i=0

Z̃2i+1,0(r)r2i+1
[ n

2 ]−1−i

∑
j=0

T̃2i+2,jr2j +
[ n

2 ]

∑
i=0

T̃0,ir2iỸ0,0(r) +
[ n−1

2 ]

∑
i=0

m2i c̃∗r2i
[ n−1

2 ]−i

∑
j=0

T̃2i+1,jr2j

+
[ n

2 ]−1

∑
i=0

m2i+1c̃∗r2i+1
[ n

2 ]−1−i

∑
j=0

T̃2i+2,jr2j,

where

W̃i,j =
n+1−2j

∑
k=i

P̃k,j(−a)k−i, T̃i,j =
n−2j

∑
k=i

Q̃k,j(−a)k−i.

Obviously, Wi,j, Ti,j, W̃i,j and T̃i,j are independent.
From Lemma 3.3, we have when k ≥ 1

r2k I0,0(r) =
(

a2 + b2
)k

I0,0(r)− b
k−1

∑
i=0

(
a2 + b2

)k−1−i
r2iY0,0(r)

+
k−1

∑
i=0

(
a2 + b2

)k−1−i
r2i+1Z1,0(r)− a

k−1

∑
i=0

(
a2 + b2

)k−1−i
r2iZ0,0(r).

(3.10)

Noting W0,0 = −aW1,0 and substituting (3.10) into (3.9), we have

F1(r) =

[ n−1
2 ]

∑
i=0

T2i+1,0(−b2)i − 1
b

[ n
2 ]

∑
i=1

W2i+1,0(−b2)i

 (π − bZ0,0(r))

+

T0,0 − b
[ n+1

2 ]

∑
j=1

(a2 + b2)j−1W0,j + b2
[ n

2 ]

∑
j=1

T0,j(a2 + b2)j−1

 (Y0,0(r)− bI0,0(r))

+

W1,0 − a
[ n+1

2 ]

∑
j=1

(a2 + b2)j−1W0,j + ab
[ n

2 ]

∑
j=1

T0,j(a2 + b2)j−1

 (Z0,0(r)− aI0,0(r))

+

 [ n
2 ]

∑
i=1

T0,i − b
[ n+1

2 ]−1

∑
i=1

[ n+1
2 ]

∑
j=i+1

(a2 + b2)j−i−1W0,j + b2
[ n

2 ]−1

∑
i=1

[ n
2 ]

∑
j=i+1

(a2 + b2)j−i−1T0,j

 r2iY0,0(r)

+

 [ n
2 ]

∑
i=1

[ n
2 ]−i

∑
t=0

∑
k+j=i

W2k+2t+1,jCt
k+t(−b2)t − b

[ n−1
2 ]

∑
i=1

[ n−1
2 ]−i

∑
t=0

∑
k+j=i

T2k+2t+1,jCt
k+t(−b2)t

−a
[ n+1

2 ]−1

∑
i=1

[ n+1
2 ]

∑
j=i+1

(a2 + b2)j−i−1W0,j + ab
[ n

2 ]−1

∑
i=1

[ n
2 ]

∑
j=i+1

(a2 + b2)j−i−1T0,j

 r2iZ0,0(r)
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+

[ n−1
2 ]

∑
i=0

[ n−1
2 ]−i

∑
t=0

∑
k+j=i

W2k+2t+2,jCt
k+t(−b2)t − b

[ n
2 ]−1

∑
i=0

[ n
2 ]−1−i

∑
t=0

∑
k+j=i

T2k+2t+2,jCt
k+t(−b2)t

+
[ n+1

2 ]−1

∑
i=0

[ n+1
2 ]

∑
j=i+1

(a2 + b2)j−i−1W0,j − b
[ n

2 ]−1

∑
i=0

[ n
2 ]

∑
j=i+1

(a2 + b2)j−i−1T0,j

 r2i+1Z1,0(r)

+

[ n−1
2 ]

∑
i=1

∑
k+j=i

T2k+1,jc∗m2k +
[ n

2 ]−1

∑
i=1

[ n
2 ]−i

∑
h=1

∑
k+j=i

W2k+2h+1,j(−b2)h−1b∗
k+h−1

∑
t=h−1

Ct−h+1
t m2(k+h−t−1)

−b
[ n−1

2 ]−1

∑
i=1

[ n−1
2 ]−i

∑
h=1

∑
k+j=i

T2k+2h+1,j(−b2)h−1b∗
k+h−1

∑
t=h−1

Ct−h+1
t m2(k+h−t−1)

 r2i

+

[ n
2 ]−1

∑
i=0

∑
k+j=i

T2k+2,jc∗m2k+1

+
[ n−1

2 ]−1

∑
i=0

[ n−1
2 ]−i

∑
h=1

∑
k+j=i

W2k+2h+2,j(−b2)h−1b∗
k+h−1

∑
t=h−1

Ct−h+1
t m2(k+h−t)−1

−b
[ n

2 ]−2

∑
i=0

[ n
2 ]−1−i

∑
h=1

∑
k+j=i

T2k+2h+2,j(−b2)h−1b∗
k+h−1

∑
t=h−1

Ct−h+1
t m2(k+h−t)−1

 r2i+1.

Moreover, F1(r) can be expressed as

F1(r) =A(1)
1

(
π − bZ0,0(r)

)
+ A2

(
Z0,0(r)− aI0,0(r)

)
+ A3

(
Y0,0(r)− bI0,0(r)

)
+

[ n
2 ]

∑
i=1

Bir2iY0,0(r)

+
[ n

2 ]

∑
i=1

D(1)
i r2iZ0,0(r) +

[ n−1
2 ]

∑
i=0

E(1)
i r2i+1Z1,0(r) +

[ n−1
2 ]

∑
i=1

F(1)
i r2i +

[ n
2 ]−1

∑
i=0

G(1)
i r2i+1.

Similarly, due to W̃0,0 = −aW̃1,0, F2(r) takes the form

F2(r) =A(2)
1

(
π − bZ̃0,0(r)

)
+ A4

(
Z̃0,0(r)− aJ0,0(r)

)
+ A5

(
Ỹ0,0(r)− bJ0,0(r)

)
+

[ n
2 ]

∑
i=1

Cir2iỸ0,0(r)

+
[ n

2 ]

∑
i=1

D(2)
i r2iZ̃0,0(r) +

[ n−1
2 ]

∑
i=0

E(2)
i r2i+1Z̃1,0(r) +

[ n−1
2 ]

∑
i=1

F(2)
i r2i +

[ n
2 ]−1

∑
i=0

G(2)
i r2i+1.

Recalling that Z0,0 = Z̃0,0, Z1,0 = −Z̃1,0, we get

F(r) = A1

(
π − bZ0,0(r)

)
+ A2

(
Z0,0(r)− aI0,0(r)

)
+ A3

(
Y0,0(r)− bI0,0(r)

)
+ A4

(
Z0,0(r)− aJ0,0(r)

)
+ A5

(
Ỹ0,0(r)− bJ0,0(r)

)
+

[ n
2 ]

∑
i=1

Bir2iY0,0(r) +
[ n

2 ]

∑
i=1

Cir2iỸ0,0(r) +

[
n
2

]
∑
i=1

Dir2iZ0,0(r)

+
[ n−1

2 ]

∑
i=0

Eir2i+1Z1,0(r) +
[ n−1

2 ]

∑
i=1

Fir2i +
[ n

2 ]−1

∑
i=0

Gir2i+1.

(3.11)
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where the coefficients Ai(i = 1, 2 . . . , 5), Bi, Ci, Di
(
i = 1, . . . , [ n

2 ]
)

, Ei
(
i = 0, 1, . . . , [ n−1

2 ]
)

,
Fi
(
i = 1, . . . , [ n−1

2 ]
)

and Gi
(
i = 0, 1, . . . , [ n

2 ]− 1
)

are listed in Appendix.
In particular, for b = 0, a ̸= 0, recall Ii,0(r) = Ji,0(r) = 0, Ii,1(r) = 1

r Yi,0(r), and Ji,1(r) =
1
r Ỹi,0(r) for i ≥ 0, then F(r) takes the form

F(r) =
[ n

2 ]

∑
i=0

Bir2iY0,0(r) +
[ n

2 ]

∑
i=0

Cir2iỸ0,0(r) +
[ n−1

2 ]

∑
i=0

Fir2i +
[ n

2 ]−1

∑
i=0

Gir2i+1, (3.12)

where Bi, Ci, Fi and Gi are given by taking b = 0 in the corresponding coefficient formulas of
(3.11).

Choosing the appropriate parameter variables from (3.11) and (3.12), respectively, we can
get the following Jacobian determinants∣∣∣∣∣∣

∂
(

A4,A3,B1,...,B[ n
2 ]

,A5,C1,...,C[ n
2 ]

,A2,D1,...,D[ n
2 ]

,E0,...,E
[ n−1

2 ]
,A1,F1,...,F

[ n−1
2 ]

,G0,...,G[ n
2 ]−1

)
∂
(

W̃1,0,T0,0,T0,1...,T0,[ n
2 ]

,T̃0,0,,T̃0,1 ...,T̃0,[ n
2 ]

,W1,0,W1,1,...,W1,[ n
2 ]

,W2,0,...,W
2,[ n−1

2 ]
,T1,0,T1,1,...,T

1,[ n−1
2 ]

,T2,0,...,T2,[ n
2 ]−1

)
∣∣∣∣∣∣

= (c∗)n−1 ̸= 0,

and ∣∣∣∣∣∣
∂
(

B0,B1,...,B[ n
2 ]

,C0,C1,...,C[ n
2 ]

,F0,F1,...,F
[ n−1

2 ]
,G0,G1,...,G[ n

2 ]−1

)
∂
(

T0,0,T0,1 ...,T0,[ n
2 ]

,T̃0,0,,T̃0,1 ...,T̃0,[ n
2 ]

,T1,0,T1,1,...,T
1,[ n−1

2 ]
,T2,0,...,T2,[ n

2 ]−1

)
∣∣∣∣∣∣ = (c∗)n ̸= 0,

which imply Lemma 3.4 below.

Lemma 3.4. For the functions F(r) in (3.11) and (3.12), their coefficients are independent, respectively.

4 Properties of some integrals

In this section, we study the properties of some integrals defined in Section 3, which play the
important roles in the proof of Theorem 1.1.

A straightforward computation yields Lemma 4.1 below.

Lemma 4.1. For the integrals I0,0(r), J0,0(r), Y0,0(r) and Ỹ0,0(r) with ab ̸= 0, the following equalities
hold.

I0,0(r) =



−4b
√

b2−r2 arctan
√

a−r
a+r +

√
a2−r2

√
b2−r2 ln b+r

b−r −aπ
√

a2−r2

(−a2−b2+r2)
√

a2−r2
√

b2−r2 , a > 0, r ∈ (0, a),

−2b
√

b2−r2 ln r+
√

r2−a2
a +

√
r2−a2

√
b2−r2 ln b+r

b−r −aπ
√

r2−a2

(−a2−b2+r2)
√

r2−a2
√

b2−r2 , a > 0, r ∈ (a,+∞),

2
ab −

1
b2 ln a+b

b−a +
aπ

b2
√

b2−a2 , a > 0, r = a,

4b
√

b2−r2 arctan
√

a−r
a+r +

√
a2−r2

√
b2−r2 ln b+r

b−r −aπ
√

a2−r2

(−a2−b2+r2)
√

a2−r2
√

b2−r2 , a < 0, r ∈ (0,−a).

J0,0(r) =



−4b
√

b2−r2 arctan
√

a+r
a−r +

√
a2−r2

√
b2−r2 ln b−r

b+r −aπ
√

a2−r2

(−a2−b2+r2)
√

a2−r2
√

b2−r2 , a > 0, r ∈ (0, a),

2b
√

b2−r2 ln r+
√

r2−a2
−a +

√
r2−a2

√
b2−r2 ln b−r

b+r −aπ
√

r2−a2

(−a2−b2+r2)
√

r2−a2
√

b2−r2 , a < 0, r ∈ (−a,+∞),

2
ab −

1
b2 ln a+b

b−a +
aπ

b2
√

b2−a2 , a < 0, r = −a,

4b
√

b2−r2 arctan
√

a+r
a−r +

√
a2−r2

√
b2−r2 ln b−r

b+r−aπ
√

a2−r2

(−a2−b2+r2)
√

a2−r2
√

b2−r2 , a < 0, r ∈ (0,−a).
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Y0,0(r) =



−4√
a2−r2 arctan

√
a−r
a+r , a < 0, r ∈ (0,−a),

2√
r2−a2 ln

(
r+

√
r2−a2

a

)
, a > 0, r ∈ (a,+∞),

2
a , a > 0, r = a,

4√
a2−r2 arctan

√
a−r
a+r , a > 0, r ∈ (0, a).

Ỹ0,0(r) =



4√
a2−r2 arctan

√
a+r
a−r , a > 0, r ∈ (0, a),

−2√
r2−a2 ln

(
r+

√
r2−a2

−a

)
, a < 0, r ∈ (−a,+∞),

2
a , a < 0, r = −a,

−4√
a2−r2 arctan

√
a+r
a−r , a < 0, r ∈ (0,−a).

Z0,0(r) = Z̃0,0(r) =
π√

b2 − r2
, b > 0, r ∈ (0, b) or b < 0, r ∈ (0,−b).

Z1,0(r) = −Z̃1,0(r) =
1
r

ln
b + r
b − r

, b > 0, r ∈ (0, b) or b < 0, r ∈ (0,−b).

Moreover, we have

Lemma 4.2. For the integrals Y0,0(r), Ỹ0,0(r), Z0,0(r) and Z1,0(r), the statements given below are true.

1. If a > 0, then Y0,0(r) can be analytically extended to the interval (−a,+∞). Furthermore, when
r → (−a)+, Y0,0(r) ∼

√
2π√

a(a+r)
; when r → +∞, Y0,0(r) ∼ 2 ln(r)

r .

2. If a > 0, then Ỹ0,0(r) can be analytically extended to the interval (−∞, a). Furthermore, when
r → a−, Ỹ0,0(r) ∼

√
2π√

a(a−r)
; when r → −∞, Ỹ0,0(r) ∼ − 2 ln(−r)

r .

3. If b > 0, then Z0,0(r) and Z1,0(r) can be analytically extended to the interval (−b, b). Further-
more, when r → b−, Z0,0(r) ∼ π√

2b(b−r)
, Z1,0(r) ∼ 1

b ln 2b
b−r ; when r → (−b)+, Z0,0(r) ∼

π√
2b(b+r)

, Z1,0(r) ∼ 1
b ln 2b

b+r .

And other cases can be discussed similarly.

Proof. For a > 0, when θ ∈ (−π
2 , π

2 ), the function 1
a+r cos θ is an analytic function of r in

(−a,+∞), so Y0,0(r) =
∫ π

2
− π

2

1
a+r cos θ dθ is also analytic.

For r ∈ (−a, 0), Y0,0(r) takes the same form as given for r ∈ (0, a). Thus we have that
when r → (−a)+,

Y0,0(r) ∼
√

2π√
a(a + r)

,

when r → +∞,

Y0,0(r) ∼
2 ln r

r
.

Similarly, we can prove other results.
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Lemma 4.3.

1. If a > 0, then Y0,0(r) can be analytically extended to the complex domain D1 = C \ {r ∈ R |
r ≤ −a}.

2. If a > 0, then Ỹ0,0(r) can be analytically extended to the complex domain D2 = C \ {r ∈ R |
r ≥ a}.

3. If b > 0, then Z0,0(r) and Z1,0(r) can be analytically extended to the complex domain D3 =

C \ {r ∈ R | r ≤ −b, r ≥ b}.

And other cases can be discussed similarly.

Proof. It is not difficult to know that Y0,0(r) takes the form

Y0,0(r) =
1√

a2 − r2

(
π −

∫ r

0

2√
a2 − z2

dz
)

.

The function
√

a2 − r2 is analytic in the domain D∗ = C \ {r ∈ R | r2 − a2 ≥ 0}, so Y0,0(r) is
analytic in the domain D∗. Together with Lemma 4.2, Y0,0(r) is analytic in D1 = C \ {r ∈ R |
r ≤ −a}.

The other results can be obtained in a similar way.

For r ≤ −a with a > 0, denote by Y+
0,0(r) (Y−

0,0(r), resp.) the analytic continuation of Y0,0(r̄)
along an arc such that Im(r̄) > 0 (Im(r̄) < 0, resp.) for r̄ ∈ D1. Similarly, we can define
Ỹ±

0,0(r), Z±
0,0(r) and Z±

1,0(r) for r ∈ C \ D2 and r ∈ C \ D3, respectively.

Lemma 4.4.

1. If a > 0, then the functions Y±
0,0(r) defined in (−∞,−a) satisfy

Y+
0,0(r)− Y−

0,0(r) =
c1i√

r2 − a2
,

2. If a > 0, then the functions Ỹ±
0,0(r) defined in (a,+∞) satisfy

Ỹ+
0,0(r)− Ỹ−

0,0(r) =
c2i√

r2 − a2
,

3. If b > 0, then the functions Z±
0,0(r) defined in (−∞,−b) ∪ (b,+∞) satisfies

Z+
0,0(r)− Z−

0,0(r) =
2iπ√

r2 − b2
, r ∈ (b,+∞),

Z+
0,0(r)− Z−

0,0(r) =
−2iπ√
r2 − b2

, r ∈ (−∞,−b).

4. If b > 0, then the functions Z±
1,0(r) defined in (−∞,−b) ∪ (b,+∞) satisfy

Z+
1,0(r)− Z−

1,0(r) =
2iπ

r
,

where c1 and c2 are all nonzero real numbers and i2 = −1.
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Proof. 1. A straightforward computation shows(
a2 − r2

)
Y

′
0,0(r) = rY0,0(r)− 2.

Noting that Y±
0,0(r) are the analytic continuation of Y0,0(r) for r ∈ (−∞,−a), we have(

a2 − r2
)

Y±
0,0

′
(r) = rY±

0,0(r)− 2,

which leads to (
a2 − r2

)(
Y+

0,0(r)− Y−
0,0(r)

)′

= r
(

Y+
0,0(r)− Y−

0,0(r)
)

.

Solving the equation, we get that

Y+
0,0(r)− Y−

0,0(r) =
c∗1√

r2 − a2
,

where c∗1 = c1i, c1 is a nonzero real number. Otherwise, −a is the analytic point or the pole of
Y0,0(r), which contradicts with the fact

Y0,0(r) ∼
√

2π√
a(a + r)

as r → (−a)+.
The second result can be proved in a similar way.

2. Note that Z±
0,0(r) are both analytic continuation of Z0,0(r) for r ∈ (b,+∞), where b is not an

analytic point, so we have

Z+
0,0(r)− Z−

0,0(r) =
π√

b + r
|b − r|− 1

2 ei π
2 − π√

b + r
|b − r|− 1

2 e−i π
2

=
2iπ√

r2 − b2
.

In a similar way, we can get the other results.
Hence we complete the proof of Lemma 4.4.

5 Lower bound for the maximum number of zeros of averaged
function

In this section we firstly prove the linearly independence of the generating functions of F(r),
then give the estimate on the lower bound for the maximum number of zeros of the averaged
function f (r).

Lemma 5.1. For the function F(r), we have

1. If ab ̸= 0 and |a| ̸= |b|, then the generating functions of the function F(r) in (3.11) are the
following 4[ n

2 ] + 2[ n−1
2 ] + 6 linearly independent functions:

π − bZ0,0(r), Z0,0(r)− aI0,0(r), Z0,0(r)− aJ0,0(r), Y0,0(r)− bI0,0(r), Ỹ0,0(r)− bJ0,0(r),

r2Y0,0(r), r4Y0,0(r), . . . , r2[ n
2 ]Y0,0(r), r2Ỹ0,0(r), r4Ỹ0,0(r), . . . , r2[ n

2 ]Ỹ0,0(r),

r2Z0,0(r), r4Z0,0(r), . . . , r2[ n
2 ]Z0,0(r), rZ1,0(r), r3Z1,0(r), r5Z1,0(r), . . . , r2[ n−1

2 ]+1Z1,0(r),

r2, . . . , r2[ n−1
2 ], r, r3, . . . , r2[ n

2 ]−1. (5.1)
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2. If |a| = |b| ̸= 0, then the generating functions of the function F(r) in (3.11) are the following
3[ n

2 ] + 2[ n−1
2 ] + 6 linearly independent functions:

π − bZ0,0(r), Z0,0(r)− aI0,0(r), Z0,0(r)− aJ0,0(r), Y0,0(r)− bI0,0(r), Ỹ0,0(r)− bJ0,0(r),

r2Y0,0(r), r4Y0,0(r), . . . , r2[ n
2 ]Y0,0(r), r2Z0,0(r), r4Z0,0(r), . . . , r2[ n

2 ]Z0,0(r),

rZ1,0(r), r3Z1,0(r), r5Z1,0(r), . . . , r2[ n−1
2 ]+1Z1,0(r),

r2, . . . , r2[ n−1
2 ], r, r3, . . . , r2[ n

2 ]−1.

3. If b = 0, a ̸= 0, then the generating functions of the function F(r) in (3.12) are the following
3[ n

2 ] + [ n−1
2 ] + 3 linearly independent functions:

Y0,0(r), r2Y0,0(r), r4Y0,0(r), . . . , r2[ n
2 ]Y0,0(r),

Ỹ0,0(r), r2Ỹ0,0(r), r4Ỹ0,0(r), . . . , r2[ n
2 ]Ỹ0,0(r),

1, r2, . . . , r2[ n−1
2 ], r, r3, . . . , r2[ n

2 ]−1.

where Y0,0(r), Ỹ0,0(r), Z0,0(r) and Z1,0(r) are given by (3.8).

Proof. We only prove the first result, the other ones are similar.
From (3.11), we can analytically extend the domain of F(r) to the complex plane C \ {r ∈

R | |r| ≥ min{|a|, |b|}} for ab ̸= 0, and suppose that there exist some coefficients such that
F(r) ≡ 0, that is

F(r) = a1

(
π − bZ0,0(r)

)
+ a2

(
Z0,0(r)− aI0,0(r)

)
+ a3

(
Y0,0(r)− bI0,0(r)

)
+ a4

(
Z0,0(r)− aJ0,0(r)

)
+ a5

(
Ỹ0,0(r)− bJ0,0(r)

)
+

[ n
2 ]

∑
i=1

bir2iY0,0(r) +
[ n

2 ]

∑
i=1

cir2iỸ0,0(r) +
[ n

2 ]

∑
i=1

dir2iZ0,0(r)

+
[ n−1

2 ]

∑
i=0

eir2i+1Z1,0(r) +
[ n−1

2 ]

∑
i=1

fir2i +
[ n

2 ]−1

∑
i=0

gir2i+1 ≡ 0,

(5.2)

we just need to prove ai = 0 (i = 1, 2 . . . , 5), bi = ci = di = 0
(
i = 1, . . . , [ n

2 ]
)

, ei =

0
(
i = 0, 1, . . . , [ n−1

2 ]
)

, fi = 0
(
i = 1, . . . , [ n−1

2 ]
)
, and gi = 0

(
i = 0, 1, . . . , [ n

2 ]− 1
)
.

Obviously, F(r) ≡ 0 is equivalent to

V∗(r) := (−a2 − b2 + r2)F(r) ≡ 0

for r ∈ C \ {r ∈ R||r| ≥ min{|a|, |b|}} and ab ̸= 0.
From (5.2), we have

V∗(r) =
[ n+2

2 ]

∑
i=0

Air2iY0,0(r) +
[ n+2

2 ]

∑
i=0

Bir2iỸ0,0(r) +
[ n+2

2 ]

∑
i=0

Cir2iZ0,0(r)

+
[ n+1

2 ]

∑
i=0

Dir2i+1Z1,0(r) +
[ n−1

2 ]+1

∑
i=0

Eir2i +
[ n

2 ]

∑
i=0

Fir2i+1,
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where

A0 = aba2 − a2a3, A1 = a3 − (a2 + b2)b1, Ai = bi−1 − (a2 + b2)bi, A[ n+2
2 ] = b[ n

2 ]
,

B0 = aba4 − a2a5, B1 = a5 − (a2 + b2)c1, Bi = ci−1 − (a2 + b2)ci, B[ n+2
2 ] = c[ n

2 ]
,

C0 = b(a2 + b2)a1 − b2(a2 + a4) + ab(a3 + a5), C1 = −ba1 + a2 + a4 − (a2 + b2)d1,

Ci = di−1 − (a2 + b2)di, C[ n+2
2 ] = d[ n

2 ]
,

D0 = a(a4 − a2) + b(a5 − a3)− (a2 + b2)e0, Di = ei−1 − (a2 + b2)ei, D[ n+1
2 ] = e[ n−1

2 ],

E0 = (−a2 − b2)a1π, E1 = a1π − (a2 + b2) f1, Ei = fi−1 − (a2 + b2) fi, E[ n−1
2 ]+1 = f[ n−1

2 ],

F0 = (−a2 − b2)g0, Fi = gi−1 − (a2 + b2)gi, F[ n
2 ]
= g[ n

2 ]−1. (5.3)

If a > b > 0, then V∗(r) are analytic in D = D1 ∩ D2 ∩ D3 = C \ {r ∈ R|r ≥ b, r ≤ −b}.
Similarly, we can define the functions V±

∗ (r) as the analytic continuation of V∗(r) to
(−∞,−b) ∪ (b,+∞) from the upper and lower half planes, respectively.

By Lemma 4.4, when r ∈ (b, a), we have

V+
∗ (r)− V−

∗ (r) =
2iπ√

r2 − b2

[ n+2
2 ]

∑
i=0

Cir2i +
2iπ

r

[ n+1
2 ]

∑
i=0

Dir2i+1.

Thus V+
∗ (r)− V−

∗ (r) ≡ 0 yields

1√
r2 − b2

[ n+2
2 ]

∑
i=0

Cir2i +
[ n+1

2 ]

∑
i=0

Dir2i ≡ 0,

which implies that Ci = 0
(
i = 0, 1, 2, . . . , [ n+2

2 ]
)

, Di = 0
(
i = 0, 1, 2, . . . , [ n+1

2 ]
)
.

Similarly, when r ∈ (a,+∞),

V+
∗ (r)− V−

∗ (r) =
c∗2√

r2 − a2

[ n+2
2 ]

∑
i=0

Bir2i ≡ 0

if and only if Bi = 0
(
i = 0, 1, 2, . . . , [ n+2

2 ]
)
.

And when r ∈ (−∞,−a),

V+
∗ (r)− V−

∗ (r) =
c∗1√

r2 − a2

[ n+2
2 ]

∑
i=0

Air2i ≡ 0

if and only if Ai = 0
(
i = 0, 1, 2, . . . , [ n+2

2 ]
)
.

Consequently, V∗(r) ≡ 0 becomes

[ n−1
2 ]+1

∑
i=0

Eir2i +
[ n

2 ]

∑
i=0

Fir2i+1 ≡ 0,

so we get Ei = 0
(
i = 0, 1, 2, . . . , [ n−1

2 ] + 1
)

and Fi = 0
(
i = 0, 1, 2, . . . , [ n

2 ]
)
.

The above results lead to ai = 0 (i = 1, 2, . . . , 5), bi = ci = di = 0
(
i = 1, . . . , [ n

2 ]
)

, ei =

0
(
i = 0, 1, . . . , [ n−1

2 ]
)

, fi = 0
(
i = 1, . . . , [ n−1

2 ]
)
, and gi = 0

(
i = 0, 1, . . . , [ n

2 ]− 1
)
.

Hence, for the case a > b > 0, the functions listed in (5.1) are 4[ n
2 ] + 2[ n−1

2 ] + 6 linearly
independent generating ones of F(r).

The other cases for ab ̸= 0, |a| ̸= |b| can be investigated in the similar way.
This completes the proof of the first result in Lemma 5.1.
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Recall that [ n
2 ] + [ n−1

2 ] = n − 1, then Lemma 5.2 follows from Remark 3.1, Lemmas 2.3
and 5.1.

Lemma 5.2. Denoting by N( f ) the maximum number of simple zeros of the averaged function f (r)
in r ∈ (0, min{|a|, |b|}) for ab ̸= 0 or r ∈ (0, |a|) for b = 0, a ̸= 0, we have

1. when ab ̸= 0 and |a| ̸= |b|, N( f ) ≥ 2
[ n

2

]
+ 2n + 3;

2. when |a| = |b| ̸= 0, N( f ) ≥
[ n

2

]
+ 2n + 3;

3. when b = 0, a ̸= 0, N( f ) ≥ 2
[ n

2

]
+ n + 1,

where [·] denotes the integer function.

6 Upper bound for the number of zeros of averaged function

In this section, we extend the variable r to the complex plane to investigate the upper bound
for the number of zeros of the function F(r), which is closely related to that of the averaged
function f (r).

Here, we look r as the complex number.

Lemma 6.1. For the complex variable r, we have

1. If a > 0, then when r → (−a)+, Y0,0(r) ∼
√

2π√
a(a+r)

; when r → ∞, Y0,0(r) ∼ 2 ln(r)
r .

2. If a > 0, then when r → a−, Ỹ0,0(r) ∼
√

2π√
a(a−r)

; when r → ∞, Ỹ0,0(r) ∼ − 2 ln(−r)
r .

3. If b > 0, then when r → b−, Z0,0(r) ∼ π√
2b(b−r)

, Z1,0(r) ∼ 1
b ln 2b

b−r ; when r → (−b)+,

Z0,0(r) ∼ π√
2b(b+r)

, Z1,0(r) ∼ 1
b ln 2b

b+r .

And other cases can be discussed similarly.

Proof. For Y0,0(r), we have (
a2 − r2

)
Y

′
0,0(r) = rY0,0(r)− 2,(

a2 − r2
)

Y
′′
0,0(r)− 3rY

′
0,0(r)− Y0,0(r) = 0.

(6.1)

It is easy to check that ∞ and −a are the regular singular points (see [27]) of the second
equation in (6.1), so when the complex variable r → −a and ∞, the solution Y0,0(r) has the
same properties as for the real number r. This fact together with Lemma 4.2 yields the first
results.

Similarly, the other results can be proved.

The results concerning the number of zeros of F(r) are given as follows.

Lemma 6.2. When |a| > |b| ̸= 0, we have

N∗(F) ≤ 2
[n

2

]
+ 4n + 14,

where N∗(F) denotes the maximum number of non-zero simple zeros of F(r) in D = D1 ∩ D2 ∩ D3 =

C \ {r ∈ R | |r| ≥ |b|}, and [·] is the integer function.
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Proof. We only give the detailed proof for the case a > b > 0, other results can be proved in a
similar way.

Let 0 < ε ≪ 1 ≪ R and Dε,R be the domain obtained by removing four small discs

Cb,ε = {r ∈ C | |r − b| ≤ ε}, Ca,ε = {r ∈ C | |r − a| ≤ ε},

C−b,ε = {r ∈ C | |r + b| ≤ ε}, C−a,ε = {r ∈ C | |r + a| ≤ ε}

and four real intervals

L1 = [b + ε, a − ε], L2 = [a + ε, R],

L3 = [−a + ε,−b − ε], L4 = [−R,−a − ε]

from CR = {r ∈ C | |r| ≤ R}, L±
i be the upper and lower bounds of Li for i = 1, 2, 3, 4, see

Figure 6.1.

Figure 6.1: The domain Dε,R

Recalling F(r) in (3.11), we define

V(r) :=
(

r2 − a2 − b2
)

F(r)

=
[ n+2

2 ]

∑
i=0

Ãir2iY0,0(r) +
[ n+2

2 ]

∑
i=0

B̃ir2iỸ0,0(r) +
[ n+2

2 ]

∑
i=0

C̃ir2iZ0,0(r)

+
[ n+1

2 ]

∑
i=0

D̃ir2i+1Z1,0(r) +
[ n−1

2 ]+1

∑
i=0

Ẽir2i +
[ n

2 ]

∑
i=0

F̃ir2i+1,

where Ãi, B̃i, C̃i, D̃i, Ẽi and F̃i are similar to the coefficients of (5.3), with ai (i = 1, 2 . . . , 5), bi,
ci, di

(
i = 1, . . . , [ n

2 ]
)

, ei
(
i = 0, 1, . . . , [ n−1

2 ]
)

, fi
(
i = 1, . . . , [ n−1

2 ]
)

and gi
(
i = 0, 1, . . . , [ n

2 ]− 1
)

being replaced by Ai (i = 1, 2 . . . , 5), Bi, Ci, Di
(
i = 1, . . . , [ n

2 ]
)

, Ei
(
i = 0, 1, . . . , [ n−1

2 ]
)
,

Fi
(
i = 1, . . . , [ n−1

2 ]
)

and Gi
(
i = 0, 1, . . . , [ n

2 ]− 1
)

in (3.11), respectively.
Since the zeros of F(r) coincide with those of V(r) for r ∈ D, we investigate the latter

instead of the former. Now consider the change of the argument of V(r) along the boundary
of the domain Dε,R.

On ∂Cb,ε, V(r) ∼ C∗
√

b−r
, where C∗ is a constant. This means that the argument of V(r)

increases by π + o(1). Since V(b − ε) is a real number, it intersects the real axis only once.
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On L+
1 , V(r) is real if and only if Im V(r) = 0, that is

0 = V+(r)− V−(r) =
2iπ√

r2 − b2

[ n+2
2 ]

∑
i=0

Cir2i +
2iπ

r

[ n+1
2 ]

∑
i=0

Dir2i+1,

where V±(r) denote the analytic continuation of V(r) to (−∞,−b) ∪ (b,+∞) from the upper
and lower half planes, respectively. Then letting u = r2, we can get that

[ n+2
2 ]

∑
i=0

Ciui +
√

u − b2
[ n+1

2 ]

∑
i=0

Diui = 0.

Define

V1(u) =
[ n+2

2 ]

∑
i=0

Ciui +
√

u − b2
[ n+1

2 ]

∑
i=0

Diui = 0,

and denote by n1 the number of the root of the function V1(u). Then V(u) intersects the
real axis exactly n1 times, which holds for L−

1 . So the argument of V(r) increases by at most
2(n1 + 1)π + o(1) on ∂Cb,ε ∪ L±

1 .
Similarly, the argument of V(r) increases by at most 2(n2 + 1)π + o(1) on ∂C−b,ε ∪ L±

3 ,
where n2 is the number of zeros of the function V2(u) defined by

V2(u) = −
[ n+2

2 ]

∑
i=0

Ciui +
√

u − b2
[ n+1

2 ]

∑
i=0

Diui.

On ∂Ca,ε, V(r) ∼ C∗∗
√

a−r for some constant C∗∗, which implies that the argument of V(r)
increases by at most π + o(1).

On L+
2 , V(r) is real if and only if Im V(r) = 0, that is

0 =
V+(r)− V−(r)

i
=

c2√
r2 − a2

[ n+2
2 ]

∑
i=0

Bir2i +
2π√

r2 − b2

[ n+2
2 ]

∑
i=0

Cir2i +
2π

r

[ n+1
2 ]

∑
i=0

Dir2i+1

=
1√

r2 − a2

[ n+2
2 ]

∑
i=0

B∗
i r2i +

1√
r2 − b2

[ n+2
2 ]

∑
i=0

C∗
i r2i +

[ n+1
2 ]

∑
i=0

D∗
i r2i,

(6.2)

where B∗
i = c2Bi, C∗

i = 2πCi, D∗
i = 2πDi. Let u = r2, then the function (6.2) becomes

1√
u − a2

[ n+2
2 ]

∑
i=0

B∗
i ui +

1√
u − b2

[ n+2
2 ]

∑
i=0

C∗
i ui +

[ n+1
2 ]

∑
i=0

D∗
i ui = 0. (6.3)

By the Argument Principle, the number of roots of (6.3) is not greater than n + [ n
2 ] + 4 on

L+
2 . So V(r) intersects the real axis at most n + [ n

2 ] + 4 times, which is true for L−
2 . Then the

argument of V(r) totally increases by at most 2
(
n + [ n

2 ] + 5
)

π + o(1) on Ca,ε ∪ L±
2 .

In a similar way, we get that the argument of V(r) increases by at most 2
(
n + [ n

2 ] + 5
)

π +

o(1) on C−a,ε ∪ L±
4 .

On CR, we have

r2[ n+2
2 ]Y0,0(r) ∼ r2[ n+2

2 ]−1 ln r, r2[ n+2
2 ]Ỹ0,0(r) ∼ r2[ n+2

2 ]−1 ln(−r),

r2[ n+2
2 ]Z0,0(r) ∼ r2[ n+2

2 ]−1, r2[ n+1
2 ]+1Z1,0(r) ∼ r2[ n+1

2 ],
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then the corresponding arguments of these terms increase by 2
(
2[ n+2

2 ]− 1
)

π + o(1),
2
(
2[ n+2

2 ]− 1
)

π + o(1), 2
(
2[ n+2

2 ]− 1
)

π, 2
(
2[ n+1

2 ]
)

π, respectively. And the argument of rn+1

increases by 2(n + 1)π. Since 2[ n+2
2 ] − 1 ≤ n + 1, 2[ n+1

2 ] ≤ n + 1, the argument of V(r) in-
creases by at most 2(n + 1)π + o(1).

So along the boundary of Dε,R, the arguments of V(r) increase by at most

2(n1 + 1)π + 2
(

n +
[n

2

]
+ 5

)
π + 2(n2 + 1)π + 2

(
n +

[n
2

]
+ 5

)
π + 2(n + 1)π + o(1)

= 2
(

3n + n1 + n2 + 2
[n

2

]
+ 13

)
π + o(1).

On the other hand, a straightforward computation yields

V1(u) · V2(u) =

[ n+2
2 ]

∑
i=0

Ciui +
√

u − b2
[ n+1

2 ]

∑
i=0

Diui

 ·

−
[ n+2

2 ]

∑
i=0

Ciui +
√

u − b2
[ n+1

2 ]

∑
i=0

Diui


= (u − b2)

2[ n+1
2 ]

∑
i=0

D̃iui −
2[ n+2

2 ]

∑
i=0

C̃iui,

which implies that V1(u) ·V2(u) = 0 has at most n+ 2 zeros, taking into account the multiplici-
ties. Thus we have n1 + n2 ≤ n+ 2. By the Argument Principle, V(r) has at most 4n+ 2[ n

2 ] + 15
zeros in Dε,R.

Let ε → 0 and R → +∞, then we have that V(r) has at most 4n + 2
[ n

2

]
+ 15 zeros in

D = D1 ∩ D2 ∩ D3 obtained by removing two real intervals (−∞,−b] and [b,+∞) from C.
Since V(0) = 0, we get that

N∗(V) ≤ 2
[n

2

]
+ 4n + 14,

where N∗(V) denotes the maximum number of the non-zero simple zeros of V(r). Thus we
also have

N∗(F) ≤ 2
[n

2

]
+ 4n + 14.

This completes the proof of Lemma 6.2 for the case a > b > 0.

Similarly, we have

Lemma 6.3.

1. When |b| > |a| ̸= 0, N∗(F) ≤ 4[ n
2 ] + 3n + 14.

2. When |a| = |b| ̸= 0, N∗(F) ≤ 3n + 6.

3. When b = 0, a ̸= 0, N∗(F) ≤ 2[ n
2 ] + n + 1, where N∗(F) denotes the maximum number of

non-zero simple zeros of F(r) in r ∈ (0, min{|a|, |b|}) for ab ̸= 0 or r ∈ (0, |a|) for b = 0, a ̸= 0.

Based on Remark 3.1, we get the upper bound of zeros of the averaged function f (r),
which is stated as follows.

Lemma 6.4. Let N( f ) be the maximum number of simple zeros of f (r) in r ∈ (0, min{|a|, |b|}) for
ab ̸= 0 or r ∈ (0, |a|) for b = 0, a ̸= 0, then the following statements hold.

1. When ab ̸= 0 and |a| > |b|, N( f ) ≤ 2[ n
2 ] + 4n + 14;

2. When ab ̸= 0 and |a| < |b|, N( f ) ≤ 4[ n
2 ] + 3n + 14;
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3. When |a| = |b| ̸= 0, N( f ) ≤ 3n + 6;

4. When b = 0, a ̸= 0, N( f ) ≤ 2[ n
2 ] + n + 1,

where [·] is the integer function.

7 Proof of Theorem 1.1

Following Lemmas 5.2 and 6.4, we obtain Lemma 7.1 below.

Lemma 7.1. The following statements are true.

1. When |a| > |b| ̸= 0, 2[ n
2 ] + 2n + 3 ≤ N( f ) ≤ 2[ n

2 ] + 4n + 14;

2. When |b| > |a| ̸= 0, 2[ n
2 ] + 2n + 3 ≤ N( f ) ≤ 4[ n

2 ] + 3n + 14;

3. When |a| = |b| ̸= 0, [ n
2 ] + 2n + 3 ≤ N( f ) ≤ 3n + 6;

4. When b = 0, a ̸= 0, N( f ) = 2[ n
2 ] + n + 1,

where N( f ) is the same as defined by Lemma 6.4.

Proof of Theorem 1.1. By the first order averaging theory, the number of non-zero simple zeros
of the averaged function f (r) corresponds to that of limit cycles bifurcating from the period
annulus around the center of the unperturbed systems (1.1). Then Theorem 1.1 follows from
Lemmas 7.1 and 2.1.

This completes the proof of Theorem 1.1.
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Appendix. Coefficients of the function F(r) in (3.11)

For the odd number n, the coefficients in (3.11) take the form

A1 =

n−1
2

∑
i=0

(
T2i+1,0 + T̃2i+1,0

) (
− b2

)i
− 1

b

n−1
2

∑
i=1

(
W2i+1,0 + W̃2i+1,0

)(
− b2

)i
,

A2 = W1,0 − a
n+1

2

∑
j=1

W0,j

(
a2 + b2

)j−1
+ ab

n−1
2

∑
j=1

T0,j

(
a2 + b2

)j−1
,

A3 = T0,0 − b
n+1

2

∑
j=1

W0,j

(
a2 + b2

)j−1
+ b2

n−1
2

∑
j=1

T0,j

(
a2 + b2

)j−1
,

A4 = W̃1,0 − a
n+1

2

∑
j=1

W̃0,j

(
a2 + b2

)j−1
+ ab

n−1
2

∑
j=1

T̃0,j

(
a2 + b2

)j−1
,
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A5 = T̃0,0 − b
n+1

2

∑
j=1

W̃0,j

(
a2 + b2

)j−1
+ b2

n−1
2

∑
j=1

T̃0,j

(
a2 + b2

)j−1
,

Bi = T0,i − b
n+1

2

∑
j=i+1

W0,j

(
a2 + b2

)j−i−1
+ b2

n−1
2

∑
j=i+1

T0,j

(
a2 + b2

)j−i−1
,

B[ n
2

] = T0, n−1
2
− bW0, n+1

2
,

Ci = T̃0,i − b
n+1

2

∑
j=i+1

W̃0,j

(
a2 + b2

)j−i−1
+ b2

n−1
2

∑
j=i+1

T̃0,j

(
a2 + b2

)j−i−1
,

C[ n
2

] = T̃0, n−1
2
− bW̃0, n+1

2
,

Di =

n−1
2 −i

∑
t=0

∑
k+j=i

(
W2k+2t+1,j + W̃2k+2t+1,j

)
Ct

k+t

(
− b2

)t
− a

n+1
2

∑
j=i+1

(
W0,j + W̃0,j

)(
a2 + b2

)j−i−1

− b
n−1

2 −i

∑
t=0

∑
k+j=i

(
T2k+2t+1,j + T̃2k+2t+1,j

)
Ct

k+t

(
− b2

)t
+ ab

n−1
2

∑
j=i+1

(
T0,j + T̃0,j

)(
a2 + b2

)j−i−1
,

D[
n
2

] = ∑
k+j= n−1

2

(
W2k+1,j + W̃2k+1,j

)
− b ∑

k+j= n−1
2

(
T2k+1,j + T̃2k+1,j

)
− a

(
W0, n+1

2
+ W̃0, n+1

2

)
,

Ei =

n−1
2 −i

∑
t=0

∑
k+j=i

(
W2k+2t+2,j − W̃2k+2t+2,j

)
Ct

k+t

(
− b2

)t
+

n+1
2

∑
j=i+1

(
W0,j − W̃0,j

)(
a2 + b2

)j−i−1

− b
n−1

2 −i−1

∑
t=0

∑
k+j=i

(
T2k+2t+2,j − T̃2k+2t+2,j

)
Ct

k+t

(
− b2

)t
− b

n−1
2

∑
j=i+1

(
T0,j − T̃0,j

)(
a2 + b2

)j−i−1
,

E[ n−1
2

] = ∑
k+j= n−1

2

(
W2k+2,j − W̃2k+2,j

)
+

(
W0, n+1

2
− W̃0, n+1

2

)
,

Fi = ∑
k+j=i

(
T2k+1,jc∗ + T̃2k+1,j c̃∗

)
m2k

+

n−1
2 −i

∑
h=1

∑
k+j=i

(−b2)h−1
(

W2k+2h+1,jb∗ + W̃2k+2h+1,jb̃∗
) k+h−1

∑
t=h−1

Ct−h+1
t m2(k+h−t−1)

− b
n−1

2 −i

∑
h=1

∑
k+j=i

(
T2k+2h+1,jb∗ + T̃2k+2h+1,jb̃∗

)(
− b2

)h−1 k+h−1

∑
t=h−1

Ct−h+1
t m2(k+h−t−1),

F[ n−1
2

] = ∑
k+j= n−1

2

(
T2k+1,jc∗ + T̃2k+1,j c̃∗

)
m2k,

Gi = ∑
k+j=i

(
T2k+2,jc∗+T̃2k+2,j c̃∗

)
m2k+1

+

n−1
2 −i

∑
h=1

∑
k+j=i

(−b2)h−1
(

W2k+2h+2,jb∗+W̃2k+2h+2,jb̃∗
) k+h−1

∑
t=h−1

Ct−h+1
t m2(k+h−t)−1

− b
n−3

2 −i

∑
h=1

∑
k+j=i

(−b2)h−1
(

T2k+2h+2,jb∗ + T̃2k+2h+2,jb̃∗
) k+h−1

∑
t=h−1

Ct−h+1
t m2(k+h−t)−1,
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G[
n
2

]
−1

= ∑
k+j= n−3

2

(
T2k+2,jc∗ + T̃2k+2,j c̃∗

)
m2k+1 + ∑

k+j= n−3
2

(
W2k+4,jb∗ + W̃2k+4,jb̃∗

) k

∑
t=0

m2(k−t)+1.

For the even number n, the coefficients in (3.11) take the form

A1 =

n
2 −1

∑
i=0

(
T2i+1,0 + T̃2i+1,0

)(
− b2

)i
− 1

b

n
2

∑
i=1

(
W2i+1,0 + W̃2i+1,0

)(
− b2

)i
,

A2 = W1,0 − a
n
2

∑
j=1

W0,j

(
a2 + b2

)j−1
+ ab

n
2

∑
j=1

T0,j

(
a2 + b2

)j−1
,

A3 = T0,0 − b
n
2

∑
j=1

W0,j

(
a2 + b2

)j−1
+ b2

n
2

∑
j=1

T0,j

(
a2 + b2

)j−1
,

A4 = W̃1,0 − a
n
2

∑
j=1

W̃0,j

(
a2 + b2

)j−1
+ ab

n
2

∑
j=1

T̃0,j

(
a2 + b2

)j−1
,

A5 = T̃0,0 − b
n
2

∑
j=1

W̃0,j

(
a2 + b2

)j−1
+ b2

n
2

∑
j=1

T̃0,j

(
a2 + b2

)j−1
,

Bi = T0,i − b
n
2

∑
j=i+1

W0,j

(
a2 + b2

)j−i−1
+ b2

n
2

∑
j=i+1

T0,j

(
a2 + b2

)j−i−1
,

B[ n
2

] = T0, n
2
,

Ci = T̃0,i − b
n
2

∑
j=i+1

W̃0,j

(
a2 + b2

)j−i−1
+ b2

n
2

∑
j=i+1

T̃0,j

(
a2 + b2

)j−i−1
,

C[ n
2

] = T̃0, n
2
,

Di =

n
2 −i

∑
t=0

∑
k+j=i

(
W2k+2t+1,j + W̃2k+2t+1,j

)
Ct

k+t

(
− b2

)t
− a

n
2

∑
j=i+1

(
W0,j + W̃0,j

)(
a2 + b2

)j−i−1

− b
n
2 −i−1

∑
t=0

∑
k+j=i

(
T2k+2t+1,j + T̃2k+2t+1,j

)
Ct

k+t

(
− b2

)t
+ ab

n
2

∑
j=i+1

(
T0,j + T̃0,j

)(
a2 + b2

)j−i−1
,

D[ n
2 ]
= ∑

k+j= n
2

(
W2k+1,j + W̃2k+1,j

)
,

Ei =

n
2 −1−i

∑
t=0

∑
k+j=i

(
W2k+2t+2,j − W̃2k+2t+2,j

)
Ct

k+t

(
− b2

)t
+

n
2

∑
j=i+1

(
a2 + b2

)j−i−1(
W0,j − W̃0,j

)

− b
n
2 −i−1

∑
t=0

∑
k+j=i

(
T2k+2t+2,j − T̃2k+2t+2,j

)
Ct

k+t

(
− b2

)t
− b

n
2

∑
j=i+1

(
a2 + b2

)j−i−1(
T0,j − T̃0,j

)
,

E[ n−1
2

] = ∑
k+j= n

2 −1

(
W2k+2,j−W̃2k+2,j

)
− b ∑

k+j= n
2 −1

(
T2k+2,j−T̃2k+2,j

)
+
(

W0, n
2
−W̃0, n

2

)
− b

(
T0, n

2
−T̃0, n

2

)
,
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Fi = ∑
k+j=i

(
T2k+1,jc∗+T̃2k+1,j c̃∗

)
m2k

+

n
2 −i

∑
h=1

(
− b2

)h−1
∑

k+j=i

(
W2k+2h+1,jb∗+W̃2k+2h+1,jb̃∗

) k+h−1

∑
t=h−1

Ct−h+1
t m2(k+h−t−1)

− b
n
2 −1−i

∑
h=1

∑
k+j=i

(
T2k+2h+1,jb∗ + T̃2k+2h+1,jb̃∗

)(
− b2

)h−1 k+h−1

∑
t=h−1

Ct−h+1
t m2(k+h−t−1),

F[ n−1
2

] = ∑
k+j= n

2 −1

(
T2k+1,jc∗ + T̃2k+1,j c̃∗

)
m2k + ∑

k+j= n
2 −1

(
W2k+3,jb∗ + T̃2k+3,jb̃∗

) k

∑
t=0

m2(k−t),

Gi = ∑
k+j=i

(
T2k+2,jc∗+T̃2k+2,j c̃∗

)
m2k+1

+

n
2 −1−i

∑
h=1

(
− b2

)h−1
∑

k+j=i

(
W2k+2h+2,jb∗+W̃2k+2h+2,jb̃∗

) k+h−1

∑
t=h−1

Ct−h+1
t m2(k+h−t)−1

− b
n
2 −1−i

∑
h=1

(
− b2

)h−1
∑

k+j=i

(
T2k+2h+2,jb∗ + T̃2k+2h+2,jb̃∗

) k+h−1

∑
t=h−1

Ct−h+1
t m2(k+h−t)−1,

G[
n
2

]
−1

= ∑
k+j= n

2 −1

(
T2k+2,jc∗ + T̃2k+2,j c̃∗

)
m2k+1.
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[3] A. Buică, J. Llibre, Averaging methods for finding periodic orbits via Brouwer degree,
Bull. Sci. Math. 128(2004), No. 1, 7–22. https://doi.org/10.1016/j.bulsci.2003.09.
002; MR2033097; Zbl 1055.34086
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