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Abstract. In this paper, we study the bifurcation of limit cycles from a class of cubic
integrable non-Hamiltonian systems under arbitrarily small piecewise smooth pertur-
bations of degree n. By using the averaging theory and complex method, the lower
and upper bounds for the maximum number of limit cycles bifurcating from the pe-
riod annulus of the unperturbed systems are given at first order in e. It is also shown
that in this case, the maximum number of limit cycles produced by piecewise smooth
perturbations is almost twice the upper bound of the maximum number of limit cycles
produced by smooth perturbations for the considered systems.
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1 Introduction

Non-smooth phenomena widely exists in real world and scientific fields, such as dynamic
compensation of inertial element error in autonomous navigation of high dynamic aircraft,
the non-smooth switching between modules in multi-source information fusion, electronic
relays, mechanical impact, neuronal networks and etc., see for instance [1,14,16,27]. Gen-
erally, it can be modeled by non-smooth differential systems. Piecewise smooth differen-
tial systems, served as one of the most important non-smooth dynamical systems, attracts
many researcher’s interest. In recent years, more attention focuses on studying dynamical
behaviors, especially the bifurcation theory of limit cycles in piecewise smooth systems, see
[5,7,11,17,18,34,39,42,43]. There are quite a few innovative methods which have been pro-
posed and some theoretical results were established. For example, the conjecture that a class
of piecewise Liénard equations with n + 1 intervals has up to 2n limit cycles was proved in
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[44]. Through analyzing the Lyapunov constants, Hopf bifurcation of non-smooth systems
was presented in [10,12,23]. The Melnikov method for Hopf and homoclinic bifurcations was
applied to non-smooth systems [2,19,25,31,32]. In addition, the first order Melnikov function
for planar piecewise smooth Hamiltonian systems was derived to study Poincaré bifurcation
[33], while the averaging theory of discontinuous dynamical systems was developed to find
limit cycles of piecewise continuous dynamical systems [35].

It is well known that the simplest piecewise smooth systems are the piecewise linear ones
with two zones separated by a straight line. Lum and Chua [40,41] conjectured that such
a continuous piecewise linear differential system in the plane has at most one limit cycle,
which was proved by Freire et al. [21]. While for the planar discontinuous piecewise linear
differential systems with two zones separated by a straight line, Han and Zhang [25] showed
that such systems may have two limit cycles. Huan and Yang [26] provided a numerical
example which possesses three limit cycles. Llibre and Ponce [38] presented three nested
limit cycles in discontinuous piecewise linear differential systems with two zones. Some
results on other discontinuous piecewise linear differential systems with two zones separated
by a straight line exhibiting three limit cycles can also be seen in [7, 8, 28] etc. There are
also some works concerning the limit cycles bifurcation from a linear center under piecewise
smooth perturbations. For example, the nth degree piecewise polynomial perturbations of
a linear center were considered in [6], and an upper bound of no more than Nn — 1 limit
cycles appearing up to a study of order N was presented. Cen et al. [9] studied quadratic
isochronous centers S1, 52, S3 and S4 under the piecewise polynomial perturbations of degree
n by applying the first order averaging theory, and found the sharp upper bound for the first
three isochronous centers and an upper bound for the last center. More results on this topic
can be found in [15,20,22,24,29,30,36,37] and the references therein.

In the present paper, we focus our attention on the study of limit cycle bifurcation from a
class of planar cubic integrable non-Hamilton differential system.

(4,y) = (—y(x +a)(y +b),x(x +a)(y + D)), (1.1)
which has
H(x,y) = x*+y*=h, h€ (0,min{d? b*})

as its first integral with the integrating factor y = 2/((x +a)(y + b)), and (0,0) is the unique
center.
Consider arbitrarily small piecewise smooth perturbations of system (1.1)

(4,4) = {(—y(x+a)(y+ b) +ef T (x,y), x(x +a)(y +b) +eg"(x,y)), x>0,

(—y(x+a)y+b) +ef (v x(x+ )y +b) +eg-(xy), x<0, O

where the polynomials f *(x, v), gi (x,y),i =1,2 are given by

n

ffoy) =Y, apx'y, ¢t (xy) =Y bix'y,

i+j=0 i+j=0

n 5 H n . .

f_(x,y) = Z Ci,]'xly], g_(x,y) — E di,jxly]’
i+j=0 i+j=0

with any real coefficients a;;,b;,¢;; and d;;, and |e] # 0 is a small parameter. By using
the first order averaging theory for discontinuous systems and complex method, we study the
maximum number, denoted by H(n), of limit cycles of system (1.2) bifurcating from the period
annulus around the center of system (1.1). The main results are summarized as follows.
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Theorem 1.1. For system (1.2) with |e| # 0 sufficiently small, we have
(i) If |la| > |b] # 0, then 2[5] +2n+3 < H(n) < 2[5] +4n + 14;
(ii) If |b| > |a| # O, then 2[5] +2n +3 < H(n) < 4[5] +3n + 14;

(iii) If |a| = |b| # 0, then [5] +2n+3 < H(n) <3n+6;
(iv) Ifb=0,a # 0, then H(n) = 2[5] +n+1,

where [-] is the integer function, and H(n) denotes the maximum number of limit cycles of system (1.2)
bifurcating from the period annulus of the unperturbed system (1.1) at first order in e.

Remark 1.2. It is noted that the limit cycle bifurcation from the unperturbed system (1.1) with
a,b € R\{0} under arbitrarily small smooth polynomial perturbations of degree n is studied in
[4], which shows that 3[(n — 1) /2] +4 if a # b and, respectively, 2[(n —1)/2] +2ifa = b, up to
first order in ¢, are upper bounds for the number of the limit cycles bifurcating from the period
annulus of the cubic center (1.1). Comparing Theorem 1.1 with the results in [4], we obtained
that at first order in ¢, the lower bound of the maximum number of limit cycles produced by
piecewise smooth perturbations is almost twice the upper bound of the maximum number of
limit cycles produced by smooth perturbations. Hence, for one differential system, piecewise
smooth perturbations generally produce more limit cycles than smooth ones.

The organization of this paper is as follows. In Section 2, we present some preliminary
results, including the first order averaging theory for discontinuous systems and the method
estimating the number of zeros of some functions. The explicit expression and properties of
the averaged function are derived in Section 3. Sections 4-6 are dedicated to the investigation
of the lower and upper bounds for the maximum number of the zeros of the averaged function,
respectively. Finally we prove Theorem 1.1 in Section 7.

2 Preliminary results

In this section, we briefly introduce the first order averaging theory for discontinuous systems
and the method concerning the estimate of the number of zeros of some functions, which will
be used in the proof of our main results.

Lemma 2.1 ([34]). Consider the following discontinuous differential systems
dr 2
7= eF(0,7) + € R(0,7,¢), (2.1)
with
F(0,r) = F1(6,r) +sign(h(60,r))F2(6,1),
R(6,r,€) = Ry(0,1,€) +sign(h(6,r))Ra2(6,1,¢€),
where F1,F, : R x D — R",Ry,Ry : R x D x (—¢p,&0) = R" and h : R x D — R are continuous

functions, T-periodic in the first variable 6 and D is an open subset of R". We also suppose that h is a
C! function having zero as a reqular value, and the sign function sign(u) is given by

1, u >0,

sign(u) =<0, u=0,
-1, u<DO.
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Define the averaged function f : D — R" as

f(r) = /0 F (0,7) dob. (2.2)

Assume that the following hypotheses (i), (i) and (iii) hold.
(i) F1,F, R1, Ry and h are locally Lipschitz with respect to r.

(ii) There exists an open bounded subset C C D such that for the sufficiently small |e| > 0, every
orbit starting in C reaches the set of discontinuity only at its crossing regions.

(iii) For a € C with f(a) = 0, there exists a neighborhood V of a such that f(z) # 0 for all
z € V\ {a} and the Brouwer degree function dg(f,V,a) # 0.

Then, for the sufficiently small |e| > O there exists a T-periodic solution r(6,¢) of system (2.1) such
that r(0,¢) - aase — 0.

The result from [3] is often used to replace the condition (iii) in Lemma 2.1, which is stated
as follows.

Remark 2.2. (iii) Let f : D — R be a C! function with f(a) = 0, where D is an open subset
of R and a2 € D. Whenever the Jacobian determinant J¢(a) # 0, there exists a neighborhood
V of a such that f(r) # 0 for all r € V\{a}. Then dg(f,V,0) # 0.

To estimate the number of zeros of some functions, we recall an important result from [13].

Lemma 2.3. Consider p + 1 linearly independent analytical functions f; : U — R,i = 0,1,...,p,
where U C R is an interval. Suppose that there exists j € {0,1,...,p} such that f; has constant
sign. Then there exists p + 1 constants C;,i = 0,1,..., p such that f(x) = Y.!_, Cifi(x) has at least p
simple zeros in U.

3 Explicit expression of averaged function

This section is devoted to the derivation and simplification of the expression for the averaged
function.

After making the polar coordinate transformations x = rcos6 and y = rsin 0, system (1.2)
becomes the following

dr | eXt(0,r) +e*Y*(0,r,e), cosh >0, 3.1)
A6 | eX(0,r) +2Y(6,r,¢), cosb <0, .
where
Pt(6,r) _ P=(0,r)
+ — ’ = .
XT(0,r) = (rcosf +a)(rsind +b)’ X () = (rcosf +a)(rsind +b)’
Xt(6,r)Q"(6,r)
+ — 4 ¢
Y (Ore) = r(rcos@+a)(rsin® +b) +eQ*(0,r)’
B B X(6,r)Q(6,7)
Yo (0re) = r(rcos6 +a)(rsind +b) +eQ=(0,r)’
with

PE(6,7) = cosOf*(rcosh,rsin@) + sin g™ (r cos 6, rsinh),
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Q*(8,7) = cos8g* (rcos 8, rsin@) —sinOf*(rcosh,rsin ).

—a, a<o, a, a>0, b, b>0,
ry = Ty = r3 =
400, a>0, 400, a<0, —-b, b<0,
then the functions X*(6,7) and Y*(0,7,e) (X~ (6,r) and Y~ (6,r,¢€), resp.) are well defined in
(0,71) N (0,73) ((0,72) N (0,73), resp.) for ab # 0, while X (0,r) and Y*(6,7,¢) (X (6,7) and

Y~ (0,r,¢), resp.) are well defined in (0,71) ((0,72), resp.) for b =0, a # 0.
We rewrite system (3.1) as the form

Denote

Z; = eF(6,7) +€*R(0,1,¢), (3.2)

where

,r), cosf >0,
,r), cosb <0,

6,r,e), cosf >0,
0,r,e), cosb <O.

By Lemma 2.1, the averaged function of system (3.2) can be expressed as

£(r) :/an(e, r)dé

0
3l T
- 9rd9+/ F(G,r)d0:/2 X+(9rd9+/ ~(0,7)d6
-2 2

(SE}

n—+1

_ Z wr i~ 1/ cos’ 0sin/ 6 70 (3.3)
el v x (rcos®+a)(rsinf+b)

n+1 3n

i [7 cos' fsin/ 0
+i+]§11'1,]r /72r (rcos+a)(rsinf+b) ’

where w;; = a; 1+ bij1, Tj = ¢i-1j+d;ij1, and wop = Too = 0 provided that a_,; =
b, 1=c1j=4d;,1=0.

Define
7 cos' 0 sin/ 6
n=| o,
z (rcos® +a)(rsinf +b) (3.4)
T /2” cos' §sin/ 6 " '
28 z (rcos®+a)(rsinf +b)
fori,j > 0.

Remark 3.1. Note that in the interval N3_,(0,7;) = (0,min{|a, [b|}) ((0, |a]), resp.) for ab # 0
(b = 0,a # 0, resp.), the zeros of the function f(r) coincide with the non-zero zeros of

F(r) = rf(r). To make the calculation easier, we investigate the zeros of the function F(r)
instead of f(r) in the subsequent sections.
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Lemma 3.2. The function F(r) = rf(r) defined above can be expressed as

F(r) =rf(r) = Fi(r) + E(r), (3.5)
where
n+1 [n+1 z] [n z
EVLO Z P1]r2]+2r1+111 ZQ,]r]
n41 [n+1 1] : [n 1]
Fz(”)zzrﬁo Z P1]r]+zrl+]1 ZQzﬂ’]
i=0
with _ _
(5] - (5] -
Pij =) (=1)°Ceyjwiakoktoj,  Qij= ) (=1)"Cryjwi—okokr2j+1,
k=0 k=0
4l - _ [5] -
Pij =) (=1)"CeyjTi-akakt2i,  Qij= ) (—1)"CyiTiakakr2j+1-
k=0

k=0

Moreover, Pyy = 130,0 =0, C,’g 4] is the combinatorial number, and the other coefficients P; ],Ql s Pijj

and Qvi,j are independent.

Proof. From (3.3) and (3.4), we have

n+1 n+1

= Y w4+ Y ()
i+j=1 i+j=1

n+1 i n+1 i

=YY wi gl () + Y Y i)
i=1  j=0 i=1 j=0

w1 4] w1 1) (3.6)
=YY wigjoiliajnj(r) + Y ' Y wisai1pj41Lisoj_1j41(7)
i=1 j=0 =1 j=
n+1 i n+1 IT
+ Y Y tijnifioajai(r Z Z Tio2j-12j+1)i-2j-127+1(7)-
5 = =0
On the other hand, some computations shows that
J ]
Lini(r) = Z(—l)kc]khzk,o(r), Linjta(r) = Z(—l)kcﬁwzm(ﬂ,
k=0 k=0
; (3.7)
Jinj(r) = Z(—l)kc]k]i+2k,o(r)/ Jigjta(r) = Z(_l)kc;(]i—ﬂk,l(r)-
k=0 k=0
Putting (3.7) into (3.6), we can get (3.5). The independence of P; ;, Q; , P; ; and Ql i follows from
their definitions.
This completes the proof of Lemma 3.2. O
Define , ‘ , ,
Z i Sy s i <
Yij(”):/z cos' 0 sin 0519, Zij(T)=/2 cos Gs%n 9d9
’ —z a+rcosf ’ ~2 b+rsinf
. (3.8)
2

~ cos' 0 sin’ 0 ~ % cos'Osin/ 0
Yi’j(r)_/g a+rcos€d9' Zi’j(r)_/ﬂ b+ rsinf 46
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fori,j > 0, then a straightforward computation yields Lemma 3.3 below.
Lemma 3.3. For (3.4) and (3.8), the following equalities hold.

(i) Lio(r) = 2[Zi_19(r) —ali_19(r)] fori>1.

(ii) Zio(r) = —5[(0* = r?)Zi_20(r) — b*m;_5] fori>2.
(iii) Lia(r) = 1 [Yio(r) = blig(r)] fori>0.
(iv) Yio(r) = %[c mi_1—aYi_10(r)] fori>1.

@) Jio(r) = $[Zic10(r) —afiao(r)] fori>1,
i) Zig(r) = =34

LI = 12)Zi_s0(r) — b*m;_y] fori>2.
(vii) Ji1(r) = %[Yi,0(7’> —bJio(r)] fori>o0.
(viii) Yio(r) = Hermi_q — aYi_10(r)] fori>1,

1)1l
where m; = %, mo =my = 1, and

b 7th, iis even, o 7T, 11isodd,

2b, iisodd, 2, iiseven,
~ th,  iis even, 7T, iisodd,
b* c*

B —2b, iisodd, —2, 11iseven.

Moreover, we have

( 2Py rz) Too(r) = —bYoo(r) +rZ1o(r) — aZoo(r),
( —a? -+ 72) Joo(r) = =bYoo(r) = rZi,0(r) — aZoo(r).

Now, we start with simplifying F(r). Firstly, substituting Lemma 3.3 into (3.5), we get

sy 0 s (2] (254 |
Fi(r) =Y Woir*Ioo(r) + Y Zoio(r Z Wair1,jr? + Y Zoisao(r)r® ™! Z W2i+2,j7’2]
i=0 i=0 j=0 i=0 j=0
O ) L
—bY Toir*Ioo(r) —b Y Zaip( Z Toiy1,1”
i=0 i=0 =0
121 [4]-1-i 0 2l y
—b Y Zoiyro(r)r* ! Z Toigo, ™ + ZTO 7 Yoo(r) + ) myc*r Taita,jr7
i=0 ' i=0 =0
(3]-1 yiid [%]*1*1 "
+ Z Mo c*r? Z Taisa,ir7, 3.9)
i=0 =0
where
n+1-2j n—2j

1; Pej(—a)*, Z Qj(—
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(241] 3 N [251] (2] |
Z Wo, ™ Too(r) + Y Zaio(r)r® Y Woipr ¥ + Z Zoipr,0(r)r* Z Waigo,7
i=0 j=0 j=0
1 (251 ICSC T
— bz 0,7 Too(r) — b Z Zoio(r)r* Y o 1
i=0

0
[ |1 (5] [ T] '
Z Z 21+1]1’]

Z Toiia ¥ + ZToﬂ’ Yoo(r
]:

—b Z Zoit10(r
i=

=0 j=

[§1-1-i

e 2it1 2
+ Y mpiaCr Y. T,

i=0 =0
where
B n+1-2j . n—2j
Wi,j = Z Pk,j(_a)kilz 1] - Z Qk]
k=i
Obviously, W; s T; s W and T are independent.
From Lemma 3.3, we have when k>1
—1—i _.
T’ZkIQ,()(V) = <a2 + bz) I()() —b Z (ﬂ + bz) VZIY(),()(V)
- i - ) (3.10)
+ Z (a2 i bz) rzzHZLo(r) 4 E (az n bz) rZZZOO(T)
i=0 i=0
Noting Woo = —aWjy and substituting (3.10) into (3.9), we have
) ) 1) ,
Fi(r) Y Toit10(—b Z Wair1,0(=b%)"| (7T — bZoo(r))
i=0 i=1
[ [24]
Too—b Z (IJI + bz)] 1W0 + b2 Z TO] a® + bz) (Yoo(r) — blop(r))
j=1 j=1
[ (2] 3] ,
+ Wl,O —a Z (le + bz)] 1W0 + ab TQ,]'(QZ + bz)]_l (Zoro(i’) — aI(),()(T’))
j=1 j=1
[13) [5]-1 (252 o (41 [4] o ‘
+ Toi—b Yo (@ + )W+ b Y (@ +07) T | ¥ Yoe(r)
i=1 i=1  j=i+1 i=1 j=i+1
3] 13- [ [ ] )
+ W2k+2t+1 ]Cli+t Z Z T2k+2t+1,jcli+t<_b )t
i=1 t=0 k+j=i i=1 =0 k+j=i
[252]-1 [ o [5]-1 [3] o ,
—a Z (a2 + bz)]”’lwolj +ab Z Z (az + bz)]*”lTorj rZZZO,O(r)
i=1  j=i+1 =1 j=itl
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(2] (252 ] —i . [3]-1[3]-1- , o
Z Z W2k+2t+2 ]Ck+t( b°) =0 Z T2k+2t+2rfck+t(_b )
i=0 =0 k+j= i=0 =0 k+j=i

CoRErsy 21 3] |
+ Z @+ )T W —b Y ) (e + 0T Ty | T Z (1)
i=0 i=0 j=i+1
["5'] [3]-1[3]—i - ;
+1) Topsr,jc mo+ ) Wk a1, (—03)"710% Y G gy
i=1 kij=i =1 he1 ki =1
[ -1 [t i TS~ =
—b Tokrang,j(=07)"0° Y Gy
b Y o ) Sl b=h1
-1
+ Y. Toriajc Mo
i=0 k+j=i
(") -1 [t )i 1 k+h—1 -
+ Y Waksanan (=020 Y G mypony
iZ0 h=l Kijei t=h1
1§12 (5)-1-
—b

kth
2\h-Tp -l 2i41
Y Toryanioj(—b%)""'b G myg ey | T

20 W=l ke b=

(5]
Fl(i’) :Agl)(ﬂ'—bZoo(i’)) —|—A2<Zoo(1’) —LZIO,()(V)) —|—A3(Yoo< ) —bIoo ) ZBT’zZYQQ( )
i=1
5] , (5] ) ("7 (3]
+ZD( ) 2i700(r) + Z Ei( )rzz+1Z10 E r21+ E G ), 2i+1
i=1 i=0 i=1 i=0
Similarly, due to Wo,o = A

—aWh,, F2(r) takes the form

B _ [’l]

T — bZoo( )) + Ay (Zo,o(r) - ﬂ]o,o(ﬂ) + As (Yo,o( ) = bJoo(r ) + Y CirYo(r)
i=1

I 3

Z Ez( )7’21+1Z10

2
+ F 7’21 + G 2i+1 )
YR T

+ ‘ DSZ)VZiZO,O (1’) +

~.

Recalling that Zpp = ZO,O, Zip = -7 0, we get
F( ) A1(7T bZoo )+A2<Zoo —LZI()() ))

+A3<Yoo —blpo(r )+A4<Zoo —tl]oo()>
+ 4 (Yoo

3] 3]
Yoo(r) — bJoo(r)) + Y Bir¥Yoo(r) +

3.11
C ZZYOO _'_ZDT,ZZZOO( ) ( )
i=1 i=1
("]

1



10 D. Sun, Y. Gao, L. Peng and F. Li

where the coefficients A;(i =1,2...,5), B;,C;,D; (i=1,...,[5]), Ei(i=0,1,..., [”7*1]) ,
F; (1 =1,...,["5 ]) and G; (i =0,1,...,[5] - 1) are listed in Appendix.

In partlcular for b = 0,a # 0, recall Lip(r) = Jio(r) =0, Li1(r) = 1Yio(r), and Ji1(r) =
%Yi,g(r) for i > 0, then F(r) takes the form

3] s I - o
= Z ZZYOO Z ZIY()() Z Fﬂ’zz + Z Gﬂ’zH_l, (3.12)
i=0 i=0 i=0 i=0

where B;, C;, F; and G; are given by taking b = 0 in the corresponding coefficient formulas of
(3.11).

Choosing the appropriate parameter variables from (3.11) and (3.12), respectively, we can
get the following Jacobian determinants

a(A4rA3/B],---/B[%]/AS/CL---/C[ITI]rAZIDl/---/D[ Eosees

d (Wl,o,To,ofTo,l--~,TO,[%} To0,Toa "VTU,[

= () £0,

%] 'W1,0fW1,1""fW1,[ n } 'WZ/O""'WZ, [ n—1 ] ,T]lg,TLl,...,TL [ n-1 ] ’TZ/O""’TZ,[%} 71)

and

a(Bg,Bl ,,,,, B[ﬂ],CO,Cl,...,C[ﬂ},PO,Fl,...,PI:n71],GO,Gl ,,,,, G[%]—l)

2

J (TO,(]/TO,I-- T [%} TOO TO 1-- T [%] le,O/Tl,lf"'/Tl’[n—l ] ,Tzro,...,TZ,[%}il)
which imply Lemma 3.4 below.
Lemma 3.4. For the functions F(r) in (3.11) and (3.12), their coefficients are independent, respectively.

4 Properties of some integrals

In this section, we study the properties of some integrals defined in Section 3, which play the
important roles in the proof of Theorem 1.1.
A straightforward computation yields Lemma 4.1 below.

Lemma 4.1. For the integrals Ioo(r), Joo(r), Yoo(r) and Yoo (r) with ab # 0, the following equalities
hold.

f4b\/b27r2arctan,/%+mm1n %7”{\/@ 1> 07€ (0 a)
(7a27b2+r2)\/a27r2\/b27r2 s ’ 1)y
2B In Y2 ST [P In /a2 0
Too(r) = R W , a>0,r € (a,+0),
' 2 b
b lna+ +b2m/ a>0,r:a,
4b+/b2—r2 arctan L' 4 y/a2— rzmln b*’ anm
s a<0,re(0,—a)
L (—a2— 02 +12) Va2~ rz\/bz,,z ’ ’ :
—4bv/b2—r2 arctan /L ++/a2 =12V B2 12 In L —amy/a2—12 4> 0.7 c (0 a)
(—a2— b2+r2)\/a2—r2\/b2—72 ’ ) ,a),
WVPIn S R PR n PR (—a, +o0)
]OO(r) — (— uz b2+72)\/72—u2\/b2—72 4 s s s
, ) )
2 — ln’”r + o a<0,r=—a,
o R
(—a2—b2+12)\/a2—12\/D2—12 / ’ ’ )



\/% arctan \/Zj;:, a<0,re(0,—a),
Yoo(r) = ‘/’22—“2 n <r+\/2277> , a>0,r€ (a,+o0),
i a>0,r=a,
\ \/;7 arctan \/ijr:, a>0,re€(0a).
\/l% arctan \/%, a>0,re(0,a),
Yoo(r) = ;/ﬂiaz i Cﬁ/jéiﬁ) , a<0,r € (~a,+),
7’ a<0,r=—a,
\ \/% arctan \/g, a<0,re(0,—a).
Zop(r) = Zop(r) = \/;7 b>0,re(0,b) or b<0,re (0,—b).
Zio(r) = —Z1p(r) = %ani—:, b>0,re(0,b) or b<0,re(0,—b).

Limit cycles in piecewise smooth perturbations

Moreover, we have

11

Lemma 4.2. For the integrals Yo, (r), Yoo(r), Zoo(r) and Z1(r), the statements given below are true.

1. Ifa > 0, then Yo (r) can be analytically extended to the interval (—a, 4+o0). Furthermore, when

r— (—a)™, Yoo(r) ~

V2T qohen 1 — +00, Yoo(r) ~

21In(r)
—

2. Ifa > 0, then Yoo(r) can be analytically extended to the interval (—co,a). Furthermore, when

r—a,Yoo(r) ~

V2
a(a—

r)

; when r — —00,Y0(r) ~

_ 2In(—r)

3. If b > 0, then Zyo(r) and Z,(r) can be analytically extended to the interval (—b,b). Further-

more, when r — b=, Zgo(r) ~ =

T , leo(i") ~ %ll’l

2b(b+r)

—r

N
I~
—~
o
~

2b_
b+r-

And other cases can be discussed similarly.

Proof. For a > 0, when 0 € (—7,%), the function
(—a,+00),s0 Yoo(r) = f_%% a0 s also analytic.

For r € (—a,0), Ypo(r) takes the same form as given for r € (0,a). Thus we have that
when r — (—a)™,

when v — 400,

272

V27
\/a(a—kr)/

YO,()(T) ~

_ 1
a+rcos

, Z1,0(1’> ~ %h’l%,’ when r — (—b)+,Z0,0(}’) ~

g is an analytic function of r in

2Inr

Y0,0(T’) ~ p .

Similarly, we can prove other results. ]
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Lemma 4.3.

1. Ifa > 0, then Yo (r) can be analytically extended to the complex domain D1 = C\ {r € R |
r < —a}.

2. Ifa > 0, then Yo (r) can be analytically extended to the complex domain Dy = C\ {r € R |
r>a}.
3. If b > 0, then Zoo(r) and Z1(r) can be analytically extended to the complex domain D3 =
C\{reR|r<-br> b}
And other cases can be discussed similarly.

Proof. 1t is not difficult to know that Yy (r) takes the form

1 r 2
= (r— | i),
Vva? —r? <7T /0 Va? —z? Z>

The function v/a2 — r2 is analytic in the domain D* = C\ {r € R | > —a® > 0}, so Yoo(r) is
analytic in the domain D*. Together with Lemma 4.2, Y{o(r) is analyticin D; = C\ {r € R |
r < —a}.

The other results can be obtained in a similar way. O

Y(),o (7’) =

For r < —a with a > 0, denote by Y (r) (Y(r), resp.) the analytic continuation of Y0 (7)
along an arc such that Im(7) > 0 (Im(7) < 0, resp.) for 7 € D;. Similarly, we can define
Yéﬁo(r), ngo(r) and Zfo(r) forr € C\ D, and r € C )\ Dj3, respectively.

Lemma 4.4.

1. If a > 0, then the functions Y (r) defined in (—co, —a) satisfy

+ v . Cli
Yo,o(r) Yo,o(”) = 7\/@,
2. Ifa > 0, then the functions ?(fo(”) defined in (a, +o0) satisfy
o o Czi
Y (1) — Yo (r) = —,
0,0( ) 0,0( ) m
3. If b > 0, then the functions ngo(r) defined in (—oo, —b) U (b, +o0) satisfies
_ 2irt
tho(r) — ZO,O(T) = \/ﬁ, re (b, +00)/
Zio(r) — Zop(r) = —25, v (~c0,—b)
0,O 0,0 1’2 — bzl 7 .

4. If b > 0, then the functions Zfo(r) defined in (—oo, —b) U (b, +00) satisfy

_ 2imw
Zfo(”) - leo(r) = —

where ¢ and c are all nonzero real numbers and i> = —1.
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Proof. 1. A straightforward computation shows

<a2 - rz)Y(;ro(r) =1Ypo(r) —2.

Noting that Y;,(r) are the analytic continuation of Yy o(r) for r € (—oo, —a), we have

<a2 - r2>Y(fO,(r) = rY(fO(r) -2,
which leads to )
(2 =) (Yeo(r) = Y1) = r(Ygo(r) = Ygp(r)
Solving the equation, we get that
Vi)~ Yiplr) = =,

where c] = c1i,¢; is a nonzero real number. Otherwise, —a is the analytic point or the pole of
Yp,0(7), which contradicts with the fact

V2m
Yoo(r) ~ ——=——
a(a+r)
asr — (—a)™.
The second result can be proved in a similar way.

2. Note that ngo(r) are both analytic continuation of Z () for r € (b, +o0), where b is not an
analytic point, so we have

s 1 . 7T 1 Jo
ZI0(r) — Z5.(r) = b—r| 2e'2 — b—r| 2e "2
0,0( ) 0,0( ) \/m| | \/m‘ |
. 2im
V2 2
In a similar way, we can get the other results.
Hence we complete the proof of Lemma 4.4. O

5 Lower bound for the maximum number of zeros of averaged
function
In this section we firstly prove the linearly independence of the generating functions of F(r),

then give the estimate on the lower bound for the maximum number of zeros of the averaged
function f(r).

Lemma 5.1. For the function F(r), we have
1. If ab # 0 and |a| # |b|, then the generating functions of the function F(r) in (3.11) are the
following 4[%] + 2["52] + 6 linearly independent functions:
—bZoo(r), Zoo(r) — 11100( ), Zoo(r) — afoo(r), Yoo(r) = bloo(r), Yoo(r) — boo(r),
Yoo (r), ™Yoo(r), ..., Yo0(r), Yoo(r), *Yoo(r), ..., 7 Yoe(r),
r?Zoo(r), Zolo(r),...,r 231 Z00(r), 1Z10(r), 1*Z1o(r), P Z1o(r),. .., rz[%]+121,0(r),

.. .,rz[nTﬂ, rr, .. .,rz[%]_l. (5.1)
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2. If |a| = |b| 75 0, then the generating functions of the function F(r) in (3.11) are the following
3[2] + 2[5 + 6 linearly independent functions:

T —bZoo(r), Zoo(r) —aloo(r), Zoo(r) —aJoo(r), Yoo(r) — bloo(r), Yoo(r) —boo(r),
7’2Y0,0 (7’), 7’4Y0,0 (7’), ey TZ[%]YOIO(T"), TZZO,()(T’), 1’420/0(7’), e ,1’2[%]20,0 (7’),
rZ10(r), r*Z10(r), 1°Z10(7),.. -,72[%1+1Z1,0(7),

n—1 ny_
7’2,...,T2[T}, 1",7’3,...,7'2[7] 1.

3. If b = 0,a # 0, then the generating functions of the function F(r) in (3.12) are the following
3[8] + [%51] + 3 linearly independent functions:

Y0,0 (7’), T Yg 0(7’) 4Y0/0(7’), ey 1’2[%]YQ,0(1’),
Yoo(r), r*Yoo(r), ™Yoo(r),..., 7?5 0Y00(r),

1r 1’2[7} r, r3,...,r

~

where Yo,0(r), 170,0(1’), Zoo(r) and Zyo(r) are given by (3.8).

Proof. We only prove the first result, the other ones are similar.

From (3.11), we can analytically extend the domain of F(r) to the complex plane C \ {r €
R | |r| > min{|a|, |b|}} for ab # 0, and suppose that there exist some coefficients such that
F(r) =0, that is

F(r) = a1 (7 — bZoo(r) ) + a2 (Zoo(r) — aloo(r))
+ a3 <Yo,o(r) —blpo(r )) + a4 (Zo,o(r) - ﬂ]0,0(7)>
)

+ as <1~f0,0(1’) — b]o,o( ) + bii’ZiYO,o(T) + CiTZi?O,()(I’) + dirZiZOIO(T’) (5.2)
i=1 i=1 i=1
ol N
+ Z €i1’21+121,0(1’) + Z fl_1,21+ Z gi1,21+1 = 0/

we just need to prove ;=0 (i=12..,5),b=c=d =0 (i=1,...,[5]), & =
0(i=01,....[%5]), fi=0(i=1,.. [2]) andg;=0 (i=0,1,...,[4] - 1).
Obv1ous1y, F(r )_ 0 is equivalent to

Vi(r) := (—a*> = V> +r*)F(r) =0

forr € C\ {r € R||r| > min{|al|,|b|}} and ab # 0.
From (5.2), we have

2 2 2
V* (1") = Z A,‘T’ZZYO,()(T’) + Z BZ'T’ZIYO,O(T’) + CZT’ZIZO,()(T)
i=0 i=0 i=0
(] e S () N
+ Z Di721+1Z1,O(7> + E,‘TZZ + Fﬂ’zhLl,

i=0 i=0 i=0



Limit cycles in piecewise smooth perturbations

15
where
Ag = abay —a’az, Ay =az— (a*+ V)b, A; =bi_— (a®> +b*)b;, Z[wz] = bpy),
By = abay — a*as, By =a5— (a>+b*)c1, B;=ci_1 — (a®>+b?)c, E[%] = cpuy,
Co = b(a® +b*)a; — b*(ay +ay) +ab(as +as), Cy= —bay +ar +ay — (a®> +b?)dy,
Ci=diy— (@ + 1), oy =dy,
Do = a(ay — az) + b(as — a3) — (a®> +b*)ey, D; = ei_1 — (a®> +b?)e;, 5[%1] = €1y,

Eo = (—EIZ — bz)aln, El =a17 — (112 + bz)fl, Ei = fz',1 — (EIZ + bz)fi, E[Tl] 1= f[nf I

1
7
Fo = (_”2 - bz)go, Fi=gi1— (ﬂz + bz)gi, F[%] = &[1]-1- (5.3)
If a > b >0, then V,.(r) are analyticin D =Dy ND,ND3 =C\ {r e Rlr > b, r < —b}.
Similarly, we can define the functions V(r) as the analytic continuation of V.(r) to

(=00, —b) U (b, +0) from the upper and lower half planes, respectively.
By Lemma 4.4, when r € (b,a), we have

["3%] (3]
2i7 2 2im & —=
+ N Ve — 2i i 2i+1
Vi) =V (r) = S lgoclr += EO D;r
Thus V" (r) — V. (r) = 0 yields

(%32 (%3]

! i62i+ 22:51’21—0

ir 1 == Y
r—b* 5 i=0

which implies that C; =0 (i =0,1,2,...,[%$2]),D; =0 (i=0,1,2,..., [%]).
Similarly, when r € (a, +00),

V) = Vi () = —=2— Y Bir¥ =0
re—a 0
if and only if B; =0 (i =0,1,2,..., [2]).
And when r € (—o0, —a),
o
Vi) =V, (r) = 21 > E A =0
re—as -

ifand only if A; =0 (i =0,1,2,...,["$?]).
Consequently, V.(r) = 0 becomes

TZ _fpz

sowegetE; =0 (i=0,1,2,...,[%]+1)and F; =0 (i=0,1,2,...,[4]).
The above results lead to a; = 0 (i = 1,2,...,5),bi = ¢, =d; =0 (i=1,...,[5]), & =
0(i=01....[%2]), i=0(i=1...,[%]),and g =0 (i=0,1,...,[4] - 1).

2
211 + 6 linearly

Hence, for the case a > b > 0, the functions listed in (5.1) are 4[%] + 2]
independent generating ones of F(r).

The other cases for ab # 0, |a| # |b| can be investigated in the similar way.
This completes the proof of the first result in Lemma 5.1.
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Recall that [2] + [%52] = n — 1, then Lemma 5.2 follows from Remark 3.1, Lemmas 2.3
and 5.1.

Lemma 5.2. Denoting by N(f) the maximum number of simple zeros of the averaged function f(r)
inr € (0,min{|a|, |b|}) forab # 0 or r € (0, |a|) for b = 0,a # 0, we have

1. when ab # 0 and |a| # |b|, N(f) > 2[5] +2n+3;
2. when |a| = [b| #0, N(f) > [5] +2n+3;
3. whenb=0,a #0,N(f) >2[5] +n+1,

where [-] denotes the integer function.

6 Upper bound for the number of zeros of averaged function

In this section, we extend the variable r to the complex plane to investigate the upper bound
for the number of zeros of the function F(r), which is closely related to that of the averaged
function f(r).

Here, we look r as the complex number.

Lemma 6.1. For the complex variable r, we have

1. Ifa > 0, then when r — (—a)™, Yoo(r) ~ VAT ohen v — oo, Yoo(r) ~ 2In(r).

a(a+r) r
-V V2 . v 2In(—r)
2. Ifa >0, then when r — a~,Ypo(r) ~ =k when r — 00, Y o(r) ~ —=——.
ala—r
3. Ifb > 0, then when r — b=, Zoo(r) ~ ﬁ, Zio(r) ~ tInZ; when r — (=b)7,
—r

o= o lln2b
ZO,O(”) 2b(b+r)/ Zl,O (7’) B In bire

And other cases can be discussed similarly.

Proof. For Yy (r), we have
<a2 — 1,2) Yéo(r) =1rYpo(r) —2,
) , ’ ' 6.1)
(az — rZ)YO,O(r) —3rYy0(r) — Yoo(r) = 0.

It is easy to check that co and —a are the regular singular points (see [27]) of the second
equation in (6.1), so when the complex variable r — —a and oo, the solution Yjo(r) has the
same properties as for the real number r. This fact together with Lemma 4.2 yields the first
results.

Similarly, the other results can be proved. O

The results concerning the number of zeros of F(r) are given as follows.

Lemma 6.2. When |a| > |b| # 0, we have
N*(F) < 2[%} +dn + 14,

where N*(F) denotes the maximum number of non-zero simple zeros of F(r) in D = D1 N Dy N D3 =
C\{r e R | |r| > |b|}, and ['] is the integer function.
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Proof. We only give the detailed proof for the case 2 > b > 0, other results can be proved in a
similar way.
Let 0 < e < 1< R and D, be the domain obtained by removing four small discs
Cpe={reC||r—b| <e}, Coe={reC||r—a| <e},
Cope={reCl|r+b<e}, C_ge={reC|lrt+a|<e}

and four real intervals

Li=[b+ea—e¢, Ly=[a+¢R],
Ly=[-a+¢e—-b—¢], Ly=[-R,—a—¢

from Cg = {r € C | |r]| < R}, LZ-jE be the upper and lower bounds of L; for i = 1,2,3,4, see
Figure 6.1.

Figure 6.1: The domain D, r
Recalling F(r) in (3.11), we define

V(r):= (1’2 —a? - bz)F(r)

22] 2 (2]
= 2 AerZYOO(}") + Z iTZZYO,O(}") + Z CiTZIZO,O(}’)
i=0 i=0 i=0
2] e ()
+ Z D11’21+1Z1,O(1’) + EZVZI + Fz 21+1I
i=0 =0 =0

where A;, B;,C;, D;, E; and E; are similar to the coefficients o f (5.3), witha; (i =1,2...,
c, di(i=1,...,[4]), e(i=01,....[%5]), fi(i=1,..., [%2]) and g; (z:O,l,...,[%
being replaced by A; (1 = 1,2... 5), B, C, D; (i=1,...,[5]), Ei (i=0,1,...,[%5]),
F(i=1,...,[%5])and G (i=0,1,...,[2] — 1) in (3.11), respectively.

Since the zeros of F(r) coincide with those of V(r) for r € D, we investigate the latter
instead of the former. Now consider the change of the argument of V() along the boundary
of the domain D, g.

On 9Cy,, V(r) ~ \/%, where C* is a constant. This means that the argument of V(r)

increases by 7+ 0(1). Since V(b — ¢) is a real number, it intersects the real axis only once.
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On L], V(r) is real if and only if Im V(r) = 0, that is

N

2 . e )
0=V (1)~ V(1) = e ) ¥ + 22y D4,

where V*(r) denote the analytic continuation of V(r) to (—oo, —b) U (b, +0) from the upper
and lower half planes, respectively. Then letting u = 2, we can get that

H MN‘+

flew e vims

Define

and denote by n; the number of the root of the function Vi(u). Then V(u) intersects the
real axis exactly 77 times, which holds for L; . So the argument of V(r) increases by at most
2(n1 + 1)+ 0(1) on 9C, U LT

Similarly, the argument of V(r) increases by at most 2(n, + 1) + 0(1) on 9C_, U L7,
where 1, is the number of zeros of the function V,(u) defined by

[11+2]

n+l
("]
Z Ciul + Vu— b2 i Du'

On 9Cye, V(1) ~ % for some constant C**, which implies that the argument of V(r)

increases by at most 77 +0(1).
On Ly, V(r) is real if and only if Im V(r) = 0, that is

s
n
N
R
N

+
V)=V (r) 2 < L, 0 2 ‘& o 1)
0 — - — B 4 1 + - 21+1
i rz_azi;) ! 1/72_b2§) r ; -
— 1 Zzl B*T’Zl—f— 1 i C*VZZ—i— i D* 21
r? —a? i=0 l r? —b? i=0 i=0

where BY = 2B;,C; = 2nC;, D} = 2nD;. Let u = 72, then the function (6.2) becomes

i [ﬁ] i
2 B ; 1 2 ' 2
vVu —a? Z ! +\/u—b Z’ i Z (6.3)

By the Argument Principle, the number of roots of (6.3) is not greater than n + [5] + 4 on
Ly. So V(r) intersects the real axis at most 1 + [5] + 4 times, which is true for L, . Then the
argument of V(r) totally increases by at most 2 (n + [4] +5) 7 + 0(1) on Coe U L5

In a similar way, we get that the argument of V (r) increases by at most 2 (n + [4] +5) 7t +
o(1) on C_,e ULF.

On Cg, we have

P21y o (r) ~ A2 Uy, P o (r) ~ P51 (1),
PP Zoo(r) ~ APEI, A Z () o 2,
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then the corresponding arguments of these terms increase by 2 (2[%f2] —1) 7 + o(1),
2(2[%2] —1) m+o(1), 2(2[=2] — 1) 7, 2 (2[%5]) 7, respectively. And the argument of "1
increases by 2(n + 1)7. Since 2[%] 1 < n+1,2[%] < n+1, the argument of V(r) in-
creases by at most 2(n + 1)+ 0(1).

So along the boundary of D, g, the arguments of V(r) increase by at most

2(n1+1)7'£+2<n+ [g} —|—5) 7'c+2(nz+1)7'£+2<n+ [g} —|—5) m+2(n+1)mr+o0(1)
:2<3n+n1+n2+2[g} +13) 7+ 0(1).

On the other hand, a straightforward computation yields

52 i 232) (241)
Vi(u) - Va(u) = (ZCHWZ ) ( Zcu+mZDiui)

which implies that V; (1) - V(1) = 0 has at most 1 + 2 zeros, taking into account the multiplici-
ties. Thus we have 11 4 n, < n+ 2. By the Argument Principle, V() has at most 41 4 2[5] + 15
zeros in Dy .

Let ¢ — 0 and R — +oo, then we have that V(r) has at most 4n + 2 [5] + 15 zeros in
D = D; N Dy N D3 obtained by removing two real intervals (—oo, —b] and [b, +o0) from C.
Since V(0) = 0, we get that

N*(V) <2 [g] tdn+ 14,

where N*(V) denotes the maximum number of the non-zero simple zeros of V(r). Thus we
also have "
N*(F) <2 H +dn+ 14,

This completes the proof of Lemma 6.2 for the case a > b > 0. O

Similarly, we have

Lemma 6.3.
1. When |b| > |a] #0, N*(F) < [%] +3n + 14.
2. When |a| = |b| #0, N*(F) <
3. Whenb = 0,a # 0, N*(F) < [%] + n+ 1, where N*(F) denotes the maximum number of
non-zero simple zeros of F(r) inr € (0,min{|a|, |b|}) forab # 0orr € (0,|a|) forb = 0,a # 0.

Based on Remark 3.1, we get the upper bound of zeros of the averaged function f(r),
which is stated as follows.

Lemma 6.4. Let N(f) be the maximum number of simple zeros of f(r) in r € (0, min{|a|, |b|}) for
ab # 0orr € (0,|a|) for b =0,a # 0, then the following statements hold.

1. When ab # 0 and |a] > |b|, N(f) < 2[5] +4n +14;
2. When ab # 0 and |a| < |b|, N(f) < 4[5] +3n+14;
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3. When |a| = |b| #0, N(f) <3n+6;
4. Whenb =0,a #0, N(f) <2[5] +n+1,

where [-] is the integer function.

7 Proof of Theorem 1.1

Following Lemmas 5.2 and 6.4, we obtain Lemma 7.1 below.
Lemma 7.1. The following statements are true.
1. When |a| > |b| #0, 2[5] +2n+3 < N(f) < 2[5] +4n+14;
2. When [b] > |a] #0, 2[5]+2n+3 < N(f) < 4[5] +3n+ 14
3. When |a| = |b| #0, [5]+2n+3 < N(f) <3n+6;
4. Whenb=0,a #0, N(f) =2[5]+n+1,
where N(f) is the same as defined by Lemma 6.4.

Proof of Theorem 1.1. By the first order averaging theory, the number of non-zero simple zeros
of the averaged function f(r) corresponds to that of limit cycles bifurcating from the period
annulus around the center of the unperturbed systems (1.1). Then Theorem 1.1 follows from
Lemmas 7.1 and 2.1.

This completes the proof of Theorem 1.1. O
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Appendix. Coefficients of the function F(r) in (3.11)

For the odd number #, the coefficients in (3.11) take the form

=
—_
B
—_
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<T2i+1,0 + T21'+1,0> ( - bz)i y <W2i+1,0 + W2i+1,0) < - bz)i,

n+1 n
2
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-
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A4 = Wl,O —a WO,]' (112 + bz) + ab TO,j (112 + b2> ,
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Il
—_
Il
—_



Limit cycles in piecewise smooth perturbations 21

=1 j=1
ntl . n-1 )
- 2 2" ° 2, 2\
Bi=Tyi—b ) Woj(a +b> +02 ) T0]<a +b) ,
j=i+1 j=i+1

n+1 n—1
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