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Abstract. In this paper we investigate nonlinear systems of second order ODEs de-
scribing the dynamics of two coupled nonlinear oscillators of a mechanical system. We
obtain, under certain assumptions, some stability results for the null solution. Also, we
show that in the presence of a time-dependent external force, every solution starting
from sufficiently small initial data and its derivative are bounded or go to zero as the
time tends to +oo, provided that suitable conditions are satisfied. Our theoretical re-
sults are illustrated with numerical simulations.
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1. Introduction

Consider a mechanical system of coupled nonlinear oscillators, as shown in Figure 1.1. Specif-
ically, the block of mass m; is anchored to a fixed horizontal wall and the block of mass m,
by springs and dampers, and the block of mass m; is also attached to the wall by a pair of
springs and dampers. Suppose that the stiffnesses and the dampings are represented by the
functions k; : Ry - Ry andd; : Ry - R4, i€ {1,2,3},and §i: Ry x RxR = R, i€ {1,2},
denote external forces acting on the blocks. One may also consider an external force f(t)
acting on the block of mass m, but for the moment, we restrict our attention to the case J? =0.
We assume that when the two blocks are in their equilibrium positions, the springs and the
dampers are also in their equilibrium positions. Let x () and y(f) be the vertical displacements
of the blocks from their equilibrium positions.
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Figure 1.1: A mechanical system of coupled nonlinear oscillators

Then the system of ODEs describing the motion is (see, e.g., [27])

{mlx +ky ()x +2dy ()% — ks(£) (v — x) — 2d5(t) (y — %) = G1(£, %, ),
maij + 2ky (£)y + 4da()y + k3 (t) (y — x) + 2d3(t) (y — %) = &2(t, x, ),

{55 +2f1(t)x — fa(t)y + B(t)x — 1 (t)y +g1(t, x,y) =0, (1.1)
G265 — fa()E — 1a(E)x + 6(8)y + g2t 1, y) = 0,
where , ,

A= @O+ d(0), () = (0 + ()

fo(t) = nflda(t), falt) = nids(t),

BO) = o) +hat), 8= o (ha(t) + ha(t),

nit) = k), 7(t) = k()

|

|
S
~—~
S
Ry
<
SN—

1
si(t,x,y) == —Egl(t, X, Y), $(t,x,y) =

The general case of a single 1-D damped nonlinear oscillator is described by the following
equation which is well-known in the literature

X¥+2f (H)x+p*(H)x+g%(t,x) =0, teRy. (1.2)

T. A. Burton and T. Furumochi [2] introduced a new method, based on the Schauder fixed
point theorem, to study the stability of the null solution of Eq. (1.2) in the case p*(t) = 1.
In [14] we reported new stability results for the same equation. Our approach was based on
elementary arguments only, involving in particular some Bernoulli type differential inequal-
ities. In [15] we considered Eq. (1.2) under more general assumptions, which required more
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sophisticated arguments. For other investigations regarding the asymptotic stability of the
equilibrium of a single damped nonlinear oscillator, we refer the reader to [7,8,10,11,24], and
the references therein.

In the present paper, in Section 2 we will study the stability of the null solution of sys-
tem (1.1), by two approaches, based on classical differential inequalities and on Lyapunov’s
method. For other results regarding the asymptotic stability of the equilibria of coupled
damped nonlinear oscillators, we refer the reader to [9,16,17,20-23,25], and the references
therein. For fundamental concepts and results in stability theory we refer the reader to
[1,3,5,6,13,19].

In Section 3 we will consider that the block of mass m; is subject to the action of a time
dependent external force f : Ry — R. In this case, the system of ODEs describing the
dynamics of the mechanical system is

1.3
2100 FO% () + oy + (b Ty) =0 )
with the same functions as before, and f(f) := m%f(t), and we will derive certain qualitative
properties of the solutions of system (1.3) with initial data small enough.

The model in Figure 1.1 could be used, e.g., to describe the dynamics in vertical direction
of vibration reduction systems for horizontal cranes with loadings suspended in two sides
[12,28]. For other models of coupled oscillators or for models from electric circuit theory,
structural dynamics, described by systems of type (1.1) or (1.3), we refer the reader to the
monographs [4,18,26].

{x’ +2f1()x — f5(H)y + B(H)x — 1 ()y — f(t) + g1(t, x,y) =0,

2. A stability result for the system (1.1)

In this section we shall use the following hypotheses.

(H].) fl S Cl(R+),ﬂ € C(R+), fz(t) Z O, f](t) > O Vt € IR+, and f dt < 00,
Vi e {1,2},V] € {3,4};

(H2) there exist constants &, K7, K, > 0 such that
|fi(t) + f2(t)| < Kif(t), Vt € [h,+o0), Vi € {1,2},
where f(t) := min{f(t), f2(£)}, Vt € R,;
(H3) [, f(Hdt =
(H4) B, 6 € C}(Ry), B, § are decreasing and
B(t) > Bo >0, 6(t) > >0, VieRy,

where By, Jp are constants such that

Ky K
KK

VBo Vo

(H5) 7; € C(Ry), 7i(t) > 0,Vt € R4, and f t)dt < +oo, Vi € {1,2};
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(H6) gi = gi(t,x,y) € C(Ry x R xR), g; are locally Lipschitzian with respect to x, y, i €
{1,2}, and fulfill the relations

1g1(tx,y)| < ()O(|x]), VteRy, Vy R, (2.1)

|22(t, x,v)| <ra(t)O(ly|), Vte Ry, Vx €R, (2.2)

where r; € C(Ry), ri(t) > 0, Vi € Ry, 0+°°ri(t)dt < 400, Vi € {1,2}, and O(]x|)
denotes the big-O Landau symbol as x — 0 (similarly for O(|y|));

(H7) There is a p > 0, such that f;(t) > p, Vt >0, Vi € {1,2}.

Remark 2.1. If (H1) and (H2) hold, then f;, f; are bounded, i € {1,2}. Indeed, by (H2) we see
that

(t>h, fi(t) > K;) = f;(t) < 0.
This, combined with (H1), implies
fi(t) < M; := max{f;(h),K;}, Vt>h.
So, using again (H2), we obtain
fi(t)| <2M?, Vt>h
This concludes the proof, since, by (H1), f;, f; € C[0,h], i € {1,2}.

Remark 2.2. Since we are going to discuss the stability of the null solution of system (1.1) and
the large-time behavior of the solutions to (1.3) starting from small initial data, we can replace
the inequalities (2.1) and (2.2) by

g1t xy)l <n()lxl, g2t xy)| <ra(t)lyl, VE€ Ry, Vx, y €R, (2.3)
possibly with M;r;(t) instead of r;(t), where M; > 0, and some functions g; instead of g;,
Vie {1,2}.
Indeed, from (2.1) there exist M1, a; > 0, such that

lg1(t, x,y)| < r()M|x|, if |x] < a3.

If we define the function g7 : R X R xR — R as

gi1(t,a,y), if x > ay,
gi(t,x,y) =< q1(t, x,y), if |x| < ay,
gl(t/ —511/]/)/ lfx S —ai,

forallt > 0,y € R, then
1g1(t,x,y)| < r(H)Mi|x|, V(tx,y) e Ry x RxR,

21 € C(Ry xR x R), and g7 is locally Lipschitzian in x, y. Similar reasonings work for the
functions g, and ry, possibly with another constant a,.
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2.1. A stability result via differential inequalities
We can state and prove the following stability result.
Theorem 2.3.

a) Suppose that the hypotheses (H1), (H2), (H4)—(H6) are satisfied. Then the null solution of the
system (1.1) is uniformly stable.

b) If the hypotheses (H1)-(H6) are fulfilled, then the null solution of (1.1) is asymptotically stable.

c) If the hypotheses (H1), (H2), (H4)—(H7) are fulfilled, then the null solution of (1.1) is uniformly
asymptotically stable.

Proof. By using the following transformation (inspired from [2])

Xx=u— fi(t)x
= [0+ ) = B3 = A+ () = OAO+ AP -ailtxy) 4,
y=v—fat)y '
0= [12(t) = A fa(B)]x + fa(hu+ [fo(t) + (1) = 6(t) ]y — fa(t)o — g2(t,x,y)
the system (1.1) becomes
z=A(t)z+ B(t)z+ F(t,z), (2.5)
where
X —f1(#) 1 0 0
z=| " ( —B(t) —filt) m#) 0
y 0 0 —fa(t) 1 ’
v Y0 0 =4(t) —f(t)
0 0 0 0 0
By = | HOFAO 0 —pOp6) S0 | g [ atay
—ANfs(t)  fut) falt )+f2( ) 0 —&(t,x,y)

Using the boundedness of the functions f;, f,-, fir B, vi, 6, 1, Vi € {1,2}, Vj € {3,4}, we
easily deduce that our stability question of the null solution of the system (1.1) reduces to the
stability of the null solution z(t) = 0 of the system (2.5) .

Let to > 0 and

Z(t,to) = (as(t, to))i,jeﬁ, t > to,
be the fundamental matrix of the system
z = A(t)z, (2.6)

which equals the identity matrix for t = t;. Then we deduce

ﬁ(t)ai(tm+a%1<t,to>+5<t>a%1<t,to>+ail<t,to>smto)e%[‘zﬂ“) Wl @)

! —2F (1) du
B (b o)+ dha(h o) + S(0)aRa(t o) - aa(tfo) < ol T 28)

27 d
ﬁ(t)aﬁ(t»@+a%3<t,to>+a<t>a%3<t,to>+aia<t,to>s5<to>eﬁ°[ Fordile g

P2 )+ 2 g
BB b 10) + By (b o)+ ()aRa (1 o) - (1 f) < ol T (2.10)
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for all t > to, where y(t) := max{y1(t), v2(t)}, (t) := min{B(t), ()}, Vt € Ry.
Indeed, from (2.6) we get the following system

au(t to) = _fl( )llll(t, to) +l121(t, tO)
a21(t to) = (t)all(t, to) — fl(t)llzl(t, to) —+ ’yl(t)a31(t, to) (2 11)
a31(t to) = —fz( )a31(t, to) —|—El41(t, to) ’
a41(t to) = ’)’2( )an(t, to) — 5(t)£l31(t, fo) — fz(t)a41(t, to).
From the first two equations of (2.11) and hypothesis (H4) we get
d
2 S IBWa (1 to) + i (1, 10)]
—fi(t) [B(£)aty (¢ to) + a5y (£, to)] + 1 (t)az (t, to)az (¢, to) (2.12)
and, similarly,
3 53[50, t0) + i (1, o)
< —fa(t) [6(t)adi (t,to) + aZy (t, to)] + Y2 (t)ari (£ to)aar (L, to). (2.13)

By relations (2.12) and (2.13) we obtain successively

%% [B(t)aty (t,to) + ax, (. to) + 5(t)a3, (£, to) + agy (¢ to)]

< — f() [B(H)ady(t,to) + a3y (1, t0)] — fa(t) [0(£)a5, (¢ to) + ady (¢, to)]
+ ’h(t)a21<t, t0>a31(t, to) + ’Yz(t)llll(t, to)a41(i’, to)
iy v(H)
f(t) + SNO]

for all t > ty, and (2.7) follows immediately. The inequalities (2.8)—(2.10) can be derived in the
same way.
Let |-||, be the norm in R* defined by

] [B(t)at (t,to) + a3y (¢, to) + 0(t)a3 (£, to) + afy (t, to)],

|zl = ([Box2 +u?+ 50y2 + 7}2)1/2, forz = (x, u,y,v)T, (2.14)

which is equivalent to the Euclidean norm.
For zg = (xo, to, Yo, Uo)T € R*, from (2.7)-(2.10) and (H4), we deduce

El_ 7 7(w) d
128, to)zolly < Mzollyy/B(to) + (o) R o VP
where A := max{1,1//Bo, 1/},

(2.16)

forall t > s >ty > 0, where ex = (0, 1,O,O)T, ey = (O,O,O,l)T.
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Proof of a). Let zg # 0 with ||zo]|, small enough, ty > 0, and z(t, ty, z0) = (x(t, to,z0), u(t, to, zo),
y(t, to,20), v(t, to,2))" be the unique solution of (2.5) which equals z, for t = t.

From the continuity and the boundedness of the functions f;, f,-, fir B, vi, 6, 7i, Vi € {1,2},
Vj € {3,4}, there exists ¢ : R4 — R a continuous and bounded function, such that

IA(H)z + B(t)z + F(t,2) g < p(t)l1zllo,  V(tz) € Ry x R

By applying a classical result of global existence in the future to system (2.5) (see, e.g., [3,
Corollary, p. 53]) it follows that z(t, to, z9) exists on the whole interval [tp, +0).
We have
t
z2(t, to,20) = Z(t to)zo+ | Z(t,t0)Z(s,to) [B(s)z(s, to, 20) + E(s,z(s, to, z0))]ds,  (2.17)

fo
for all t > to.
From the relations (2.15)—(2.17) we get

AR ’ 1w |4,
12(£, o, 20) [lg < Mlzollo\/ﬁ(fo) +4(to) +2eft°{ 1 ZF} " [ E “”J

to

< |[fi(s) + F2(5)]1x(5, o, 20)| + [ fols) + F3(5)| (s, to, o))

+ f1(s) fa(s)[x(s, to, z0) | + f2(s) f3(s) [y (s, to, z0) |
+ f3(s)[v(s, to, z0)| + fa(s)|u(s, to, z0)|

+ ’g1(S X(S tQ,Zo) (S tQ,ZQ))‘
+ |g2(s, x(s, to, 20), y(s, to,zo))ﬂds, (2.18)

for all t > tg.
In what follows we consider two cases.

Case 1: 0 < ty < h. Since f; € C! [to,h],f]-,,B, vi, 6, € Clto, h], gi € C([to, h] x R x R), Vi € {1,2},
Vj € {3,4}, from (2.18) it results that

t
1z(t, to, z0) [lo < )\Dl\/ﬁ(fo) +6(to) + 2|zollo + D/t 1z(s, to, zo) lods, ¥t € [to, h],
0

with D, D positive constants. Using the Gronwall lemma we get

HZ(t, tO/ZO)Ho < AD; \/,B(to) + (5(1‘0) —|—2||ZoHoeDh, Vt € [to,h]. (2.19)

For all t > h, from the relation (2.18) and the hypothesis (H2) we deduce

h’ —flu)+ du
W@mJMMSA¢Mm+Mm+HMhmmmﬁWf(zf}

t : —f(u)-i— 1) |4y
+AeW =l (K0 75) (5, to,20)] + KaF(S)] (s, f0, 20)|

+ f1(s) fa(s)[x(s, to, z0) | + f2(s) f3(s) |y (s, to, 20)|

+ fa(s)[v(s, to, zo)| + fa(s)|u(s, to, z0)|

+181(s, x(s, to,z0),y(s, to, 20))
)

(s, x(
(s,x(s, to,z0),y(s, to, z0)

|
+1g y] (2.20)
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By (2.3) and (2.20) we obtain

.l[ 7"" )+
l2(t to,z0) Iy < Ay/B(A) +5< )+2Hz o)l T

+/” ot (Kf 5i>~<>

fi(8)fa(s) | fa(s)fs(s)
+ \/‘% \/* +f( )+f4(5)

ﬁ% + rf/%)] (s, to, 20) s
—o(t), Vt>h (2.21)

Straightforward calculations lead us to

o(t) < w(t)o(t),  VE>h, (2.22)

= Ay/BUR) + 8(1) +2]}2(h, to, z0) .

where
— KT K K
w(t) := =Kf(t) +¢(t), Vt>0,K=1 N 5
() f (1) fa(t) | fat)fa(t) ri(t) | ra(t)
p(t) == ZF o + N + f3(t) + fa(t) + \/E‘F NS Yt > 0.

From (2.21) and (2.22) using classical differential inequalities, we obtain

2t to,20) I < Ay/B(R) + 8(h) + 2l|z(, b0, 20) g < F el o> h (223)

It is readily seen from the hypotheses (H1), (H5), (H6), and Remark 2.1, that

+00
/h p(s)ds < +oo0.
Let € > 0 be arbitrary and

co fh s)dsq—Dh
A2Dy/B(0) +2\/5 (h) +o(h) +2
Then, if ||zo||, < #, by (2.19) and the hypothesis (H4) it results

n=n(e) =

ge— Ji " 9ls)ds

o< A/B() +6(h) +2

From the relations (2.23), (2.24), and the hypothesis (H4), it follows that ||z(f, to,z0) ||, < &,
vVt > h.

|z(t) Vt € [to, h]. (2.24)

Case 2: tg > h. We similarly get

l2(t, fo,20)lly < Ay/B(to) +8(t0) + 2|20 lge oD ¥eho 71, (2.25)
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for all t > to. With the same 7 as before, if ||zo||, < 7, then ||z(t, to, z0) ||, < &, VE > to.
Therefore, the null solution of (1.1) is uniformly stable.

Proof of b). If, in addition (H3) holds, then from (2.25) we can easily obtain that the null
solution of (1.1) is asymptotically stable.

Proof of c). We know from a) that the null solution of (1.1) is uniformly stable. It remains to
prove that there exists ¢ > 0, such that for every € > 0 there exists T = T(¢) > 0, such that
l|lzolly < ¢ implies ||z(t, fo,z0)||, < & forall tg > 0and t > to+ T.

Indeed, if (H7) also holds, then |, tz f(s)ds > p(t —to), Vt > tg > 0. From (2.25) we obtain
forall t > ty > 0, that

I2(t, to, 20) ly < A4/B(0) +6(0) +2zolpe "¢~ )N, (2.26)

where N := efo+°o p(s)ds et ¢ = — 1 ___ ¢>0,and
A/B(0)+3(0)+2

e 4

1 1. N
T = T(e) = K—pln— if e <N,
0, if e > N.

Consider zg € R%, zg # 0, with |zol|p < ¢ and let ty > 0. Then for all t > ty + T, by (2.26) we
successively deduce

2t to,20) I < Ay/B(0) +5(0) +25e KPIIN = Ne Krlt=to) < ¢,
Therefore the null solution of (1.1) is uniformly asymptotically stable. O

Example 2.4. An example of functions f;, fj, B, 6, vi, gi, i € {1,2}, j € {3,4}, is

1 1 1 2
He ) ()= ———, f5(t) = . falt) = —=—, vt >0,
W = vy PO = e AW (t+1)* fu®) (t+1)°
2t +3 23+5 1 _
H=""2 6= ()= ———\, () =e 2 V>0,
) =7 ) ="4515, nl) ETIT1 m2(t) = e >

2
/2,3

3 4
t,x,y) =e , t,x,y) = ——vy°, Vt>0,Vx, yeR.
81(t,x,y) 82(t,x,y) piri! y
These functions satisfy the hypotheses (H1)-(H6), with o = 2, 6o = 2, K1 = 1/ V2, Ky =
2+V3) x(3-2v2),h=1,r(t) = e /2, ry(t) = aurmi ¥t > 0. In Figure 2.1 the solution
of (1.1) and its derivative are plotted on two time intervals, for small initial data. The solution
in the planes (x, %) and (y,y) on the same time intervals can be observed in Figure 2.2.

Example 2.5. If in Example 2.4 one changes only fi, fo to fi(t) = 7 + t%l’ respectively
fa(t) = % + t%l' Vt > 0, then the hypotheses (H1), (H2), (H4)-(H?7) are verified with K; = 1/5,
Ky=4/5h=7p= 11—0, and the same By, do, 71(t), r2(t) and we obtain the solution of (1.1)
and its derivative plotted in Figure 2.3 on the same time intervals and for the same initial data.
In Figure 2.4 the solution is generated in the planes (x, %) and (v, ).
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z(t) )
i(t) —i(t)

t € [0,50] t € [0,200]
UW\f\f\f\f\f\f\/\!\l\l\)w\NWWV\NWvW\ivwwv\!w\
t € [0,50] t € [0,200]

Figure 2.1: The solution of system (1.1) and its derivative, with the initial data
zp = [0.01,0.01,0.01,0.01] and the functions f1, f2, f3, f1, B, 6, Y1, 72, §1, 2 given
in Example 2.4.
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(a(t),4(2)), t € [0,50]
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x10°
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-0.01

8

8 x10°

(a(t),4(2)), t € 0,200]

-0.005

x10°

W0,30), 1< 0,200

6 8

10
%107

Figure 2.2: The solution of (1.1) in the planes (x,x) and (y,y), with the data
from Example 2.4.
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%107

50 100 150 200

t € [0,200]

0.5

y(t)
y(t)

50 100 150 200

t € [0,200]

Figure 2.3: The solution of system (1.1) and its derivative, with the initial data
zp = [0.01,0.01,0.01,0.01] and the functions f1, f2, f3, f1, B, 6, Y1, 72, §1, 2 given

in Example 2.5.
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-3 -3
410 . . 4210 , , , : :
(2(t), #(1)), t € [0,50] (@(t), #(1)), t € [0,200]
2t 2f / ' \
\
\
o o
|
| \ |
& 2r T 2 1
/
4t /4 -4t / 1
6 / B 6 / 4
- - \\'—\;,,7% _—

8 — ‘ 8 ‘ ‘ ‘ — ‘

-4 2 0 2 4 6 8 10 -4 2 0 2 4 6 8 10

z %107 z %107
-3 -3
210 : : 5 10 : : ;
(y(®),9(1)), t € [0,50] (y(t),5(1)), t € [0,200]
o o
2t 2
-4t 4t
-6 -6
8 -8
10} 10
1 ‘ ‘ ‘ ‘ ‘ 12 ‘ ‘ ‘ ‘ ‘
2 0 2 4 6 8 10 2 0 2 4 6 8 10

Yy %107 v %107

Figure 2.4: The solution of (1.1) in the planes (x,x) and (y,y), with the data
from Example 2.5.

2.2. A stability result via Lyapunov’s method

We are going to use the following additional assumptions.

(HY) f; € C(Ry) NL2(Ry), f; € C(R+), fi(t) > 0, fi(t) = 0, % € Ry, and [[" fi(t)dt <
+o0, Vi € {1,2}, V] € {3,4};

(H3%) f,™ f(£)dt < +oo;
(H4*) B, 6 € CY(R), B, J are decreasing and

B(t) = Bo >0, 5(t) > >0, VteR,.

Let us state and prove the following result.

Theorem 2.6. Suppose that the hypotheses (H1%), (H3%), (H4*), (H5), (H6) are fulfilled. Then the null
solution of the system (1.1) is uniformly stable.

Proof. Let us remark that using the classical change of variables x = x, u = %, y =y, v =y,
the system (1.1) becomes

2= F(tz), 2.27)
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where
x u
|| Ren | POT 2RO A0l
v Y2(t)x + fa(t)u — 5(t)y — 2f2(t)o — ga2(t, x, y)

and our stability question reduces to the stability of the null solution z(f) = 0 of the system
(2.27). Let us remark that the global existence in the future of the solutions of (2.27) follows as
in the proof of Theorem 2.3, this time the boundedness of the functions f;, f, being ensured
by the hypothesis (H1%).

We are going to use again the norm |-||, defined by (2.14). Consider the function V :
Ry x A — R,

19+ | 4
V(t,z) = [ﬁ(t)x2+u2+(5(t>y2+vz] fo{ S +Hfalo)+ (:,) S,

N =

forz = (x,u,y, U)T € A, where A C R*is a neighborhood of the origin of R*,
p={zeRY, ||z], <a},
where a = min{ay/Bo, 42v/%}, a1 > 0, a > 0 are as in Remark 2.2, y(t) := max{7y1(t),

72(£)}, ¢(t) :== min{B(t),d(¢)}, Vt € Ry, and r(t) := max{ri (), r2(t)}, Vt > 0.
Obviously,

V(t,z) > (ﬁox +u? + 6oy* + 0%)e

~ [T e fale 21 as

N\P—‘ I\J\

Izlloe

for all (t,z) € R4 X A.
By using hypotheses (H1*), (H3%), (H4*), (H5), (H6), we deduce

(s)ds+ [y7 fa(s)ds+ [y fa(s)ds+ [ 1) g

V(tz) > szHO |17 w© } V(tz) € Ry x A

and so the function V is positive definite.
The function V is also decrescent. Indeed,

16416 | g
V(tz) < %[,3(0)3(2 +u? +5(0)y* + v*]e f"[ HEHAE |9
< 1max{’8(0), 3(0) }||z||§, V(tz) € Ry x A.
2 Bo = o

We prove that the time derivative of V along the solutions of the system (2.27) is less than
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or equal to 0. Indeed, for every (t,z) € Ry x A,

%(M) = % [B(t)x* + 2B(t)xx + 2uil + S()y* + 25(t)yy + 200]

_ 1(s)+r(s)
o Bi[Fer @A o

t)+r
VE(t)
< Ly (ully| + [x[|o]) + [f3(t) + fa()]|ullo| + [u|[g1(t, x, y)| + [v]|82(t, x, y) [}

- [T+ ute) 4 20 s

R0 + )+ fary + LDy

xe 70)
200 + fo(He? ]—fo[ EACRARIE
B f<t>+f3(t)+f4(f)+’W);<;(t) V(t,z). 228)

From (2.28) and (2.3) for all (f,z) € Ry x A we successively obtain

Cgt/(t/Z) < {V(t)(lullyl +|x[[o]) + [fs(8) + fa(®)]|ullo] 4 [ra (&) [x][u] +r2(8) [y[[0]]

ol ey e BT o
~|F+ A0+ Al + 2% vit,2)
< s(t)+f4(t)+% V2[00 + fat)e?]
o T e+ 1 s
- [f(t) w0+ £+ T2 v
TV —2[A0d + fltyFle H OO e 2.29)

Then, from (2.29) we easily get

‘fi‘t/(t 2)<0, ¥(tz)€R; X A.

From Persidski’s Theorem (see, e.g., [3, second Corollary, p. 101], [17, Theorem 2.1]), it
follows that the null solution of (1.1) is uniformly stable. O

Remark 2.7. Let us remark that by using the transformation (2.4) we obtained the uniform,
the asymptotic, and the uniform asymptotic stability, while by using the classical transfor-
mation (x = x, u = %, ¥y = y, v = y) and the Lyapunov’s method we were only able to
achieve the uniform stability of the null solution of (1.1). Hence the first method, based on the
transformation (2.4), is more effective.



16 G. Morosanu and C. Vladimirescu

Remark 2.8. Note that the null solution of the system (1.1) can be uniformly stable and not
asymptotically stable. Indeed, this can be seen by considering the following functions

et |cos® t| |sin 2| et
= > = >
A= PO ="grg, Y120 S =" Al =7g 20
1 1 t e 3|cos |
=03 5(t) =02 , t) = F, 5, VE>0,
B(t) tap 00 s nt) =5 72(t) = (i1 1) >
3x3 2y?
1Lxy)=———, @txy)=—"— Vi>0, Vx,yeR.
sty = 82(t,x,y) 3+ 1) y

These functions satisfy the hypotheses (H1%*), (H3*), (H4*), (H5), (H6), with By = 0.3, Jp = 0.2,
ri(t) = (t2i2)2' r(t) = (t+1)3’ Vt > 0. For small initial data, the solution of (1.1) and its

derivative can be observed in Figure 2.5 on some time intervals. The plottings of the solution
in the planes (x, x), (y,y) are given in Figure 2.6.

3 -3
440 . ; ; ; ppal ; ; ; ;
() —a(t)
s () 5 “4)
2 2 }“
H I R Ii

Il IR R CARTRRER

1 1\\“‘ H I (RO RN
“H‘\H“M\‘\H‘“‘H‘H“H“H‘HH\H\‘W“\H“\‘HH‘“\H\‘\\W\H‘”“‘H‘““HM

[l 111 (t

0 °M“‘\”mw\M“““W\H“u“\““\“\”H\‘\\‘H\H““‘\‘H“\”‘H\H”H‘\
It | T ‘ i I

1 71““‘\\\\ ‘H\M‘”\M”““M”‘”\”“‘\\‘\MH‘”\‘H\\””‘”“‘”‘
‘\‘““"\M“‘\\“‘H\‘\“‘\\“‘M‘\“\UH‘H

2 2

3 3

4 : 4 :

0 20 40 60 80 100 0 100 200 300 400 500

€ [0,100] t € 10,500]
4x10'3 ‘ ‘ ‘ ‘ 4X1073

y(t)

7 0 26 46 60 86 100 7 0 1 (;O 2(;0 3(;0 4(;0 500
€ [0,100] t € [0,500]

Figure 2.5: The solution of (1.1) and its derivative, with the initial data zy =
[0.001,0.001,0.001,0.001] and the functions fi, f2, f3, fa, B, 0, 71, Y2, 1, £2 given
in Remark 2.8.
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x10°
((t),&(t)), t €[0,100]
. . . ) ) ‘ ‘
¢ 8 2 1 0 1 2 3 4
’ %10
%10°
, , ,
(y(1),9(1)), t € [0,100]
. . . ) ) ‘ ‘
4 3 2 1 0 1 2 3 4

y %1073

Figure 2.6: The solution of (1.1) in
from Remark 2.8.

051

-0.5

(1), 9(t)), ¢ € [0,500]

the planes (x, x)

Yy %107

and (y,y), with the data

17
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3. Analysis of the inhomogeneous system (1.3)

Suppose that the block of mass m; is subject to the action of a time-dependent external force
f : Ry — RR. In this case, we obtain the inhomogeneous system (1.3).
We are going to use the following hypotheses.

(H8) f € C(Ry) and f € LY (R} );

(H9) f € C(Ry) and lim; 1 f(t) = 0.

3.1. Qualitative properties of solutions via differential inequalities

Theorem 3.1.

a) Suppose that the hypotheses (H1), (H2), (H4)—(H6), (H8) are fulfilled. Then every solution of the
system (1.3) starting from sufficiently small initial data and its derivative are bounded.

b) If the hypotheses (H1), (H2), (H4)—(H6), (H7) with p big enough, and (H9) are satisfied, then
for every solution (x,y) of (1.3) starting from small initial data, we have lim;_, o x(t) =

Proof. This time we use the following transformation (of the same type as the one from [2])
x=u— fi(t)x
= [fi(t) + 7 () = BB)]x = fu(Bu+ 11 () = fa(B) s(O)]y + fo()o + f (1) = g1 (t x,y) (3.1)

y=v—fa(t)y
o= [12(t) = Ait) fa(®)]x + fa(hu + [fa(t) + fF(t) = 6(8)]y — fa(t)o — ga(t, %, y)

and the system (1.3) becomes

z=A(t)z+ B(t)z + G(t,z), 32)
where
0
G(t,z) = f(t) _%(t,x,y)
—&(t,x,y)

and A(t) and B(t) are the same as in the proof of Theorem 2.3.
Let zg € R*\{0} with ||zo||, small enough, t; > 0, and

z(t, to, z0) = (x(t, to, 20), u(t, to, 20), y(t, to, 20), v(t, to, 20)) |

be the unique solution of (3.2) which is equal to zg for t = t,.
Similarly (by applying, e.g., [3, Corollary, p. 53]) we conclude that z(t, ty,zg) exists on
[to, +00), this time having

|A()z + B(Hz + G(t,2) ]y < 9(Ozllo + IF(B)],  ¥(t2) € Ry x R
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As before we deduce

z(t, to, z0) ||y < AHZOHO\/ﬁ(tO) +5(to) +2efti’ {7f(u)+2\7/(g()—u)}du N ttefst[f(u)+2v<u> }du
< L) + F ()] Ix(s o, 20) | + | fals) + F3(5) (s, o, 20)]|
+ f1(s) fa(s)|x(s, to, z0)| + f2(s) f3(s)|y(s, to, z0)|
+ f3(s)|v(s, to, 20)| + fa(s)|uls, to, z0)| + | £(5)]
+|81(s, x(s, to, z0), ¥ (s, to, 20)
(

)|
+ |g2(s, x(s, to, 20), Y (s, to,zo))ﬂds, (3.3)

for all t > ty.

We distinguish two cases again.

Case 1: 0 < ty < h. As in the proof of Theorem 2.3, we obtain the relation (2.19), with D,
D7 > 0.
From (3.3) and using Remark 2.2, we deduce for all t > h

I {717(1‘)*27(;(),,)} du

HaamammSA¢Mm+vw»+m4hmsze

ERforla [ K K )
f1(s)fa(s) | fa(s)fa(s)
\/‘370 + \/% +f3(5) —|—f4(5)

+”®+Q@1W@Mm%+V@@“

+

VB Voo
=:p(t), Yt > h.

Straightforward calculations lead us to
{mw U()+VU| vt > h,
A

VB(h) + (1) +2||z(h, to, z0) | s

with w(t), t > 0, as in the proof of Theorem 2.3.
We easily deduce

Eoor s o
et to )l < (p(h) + [ e KEKT 0k (g )l
—u(t), Vt>h (3.4)

Proof of a). By using the hypotheses (H1), (H5), (H6), and Remark 2.1, it is readily seen that
Q= fo t)dt < 4-o0. From (3.4) and the hypothesis (H8) we derive that

t t t
J2(t o 20)lo < p(yeli 79 4 [Tl P () s

<& (o) + [ 1£6)1as)

< e (p(h) + 1 lisjg.se) ) < o0, VEZ
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and so every solution of (1.3) with initial data small enough is bounded. The boundedness of
Z(t, to, zop) follows immediately.

Proof of b). Let us estimate the limit of y at +co. We have

h) + fht e~ [ [-Kf(w)+@(u)]du |£(s)|ds

li t) = li — 3.5
t%lrfooy( ) t%HJPoo e—j}:[—Kf(s)—&-q)(s)]ds (35
If [ AR ]d”\ f(s)|ds < 4oo, then, from (3.5) and the hypothesis (H7), we
easily obtam
tgrfooy(t) =0
If [*Te i [KF ol ]d”]f( s)|ds = 400, then we estimate
' di( + f fh Kf )+o(u ]du|f( )’dS) ' ‘f(t)‘
lim = lim ——————. (3.6)
oo 4 (e*fh [-KF(s +<o<s)]ds) t=Feo Kf (1) — (t)

Using the hypotheses (H1), (H5)-(H7), and Remark 2.1,
KF(t) = ¢(t) = Kp— g0, V20,

where ¢y = suptzo{(p(t)}. Hence, if p > £, then Kf(t) —¢(t) > 0,Vt >0, and, from (3.6), the
hypothesis (H9), and L'Hospital’s rule, we obtain lim;_, 1« y(t) = 0. Hence, by (3.4) it follows
that limy_, 1.||z(t, fo, 20) ||y = 0 and we also infer lim;_, | ||2(¢, fo, 20)||, = O.

Case 2: tg > h. The proofs of a) and b) follow as in Case 1, this time by using the inequality

Izttt )l < (Ay/Blo0) +0000) 2l + [ & ol 70191 )

w el [TKTO+eEds vy
O
Example 3.2. If we consider the functions
Int Int
-, t>e t>e
=< "= , t) =
Al) {eg(ze—t, te[oe) £l {e(el) (2e—1-1) [0,e)
arctan t Vit 2t+3
t) = —, t) = , t)y=——e"', Vt>0,
f3() (t—|—1)2 f4() (t+2)2 f() t4+2
9 1 49 e’3t sin” t
t) = =<+ ,0(t) = —— , t , Vt >0,
2|sin ¢|x° 3|cos t|y?
tx,y) =————, t,x,y) = ————F——, Vt>0,Vx,yeR,
st xy) == galtxy) (A DVirT y
then the hypotheses (H1), (H2), (H4)—-(H6), (HS8) are fulfilled with By = g%, by = I (e4_91)2,
Ki=2/e, Kr=1/(e—1), h = e, ri(t) = 2N 4 (¢) = 3ty > 0. In Figure 3.1 one

NS (t+1)Vt+1’
can observe the solution of (1.3) and its derivative, for small initial data on two time intervals

and in Figure 3.2 the solution is plotted in the planes (x, X), (y, ) on the same time intervals.
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08 08
—) E—)
—1 )
06, ,‘”\ 1 06 7\’\ 1
| \f
04t | 0.4 H
I
|l 1
02 ‘J‘ ‘ 02 \‘
i I
i ) ) \
oF | \“ ,‘/\\ S N——— OL\/\/W
i
02t 02F
(|
0.4+ 04
086 ‘ ‘ ‘ ‘ 06 ‘ ‘ ‘ ‘
0 10 20 30 40 50 0 20 40 60 80 100
t € [0,50] t € [0,50]
0.03 0.03
0.02
0.01
0
-0.01F
0.02
-0.03 1
—y(®)
y(t)
-0.04 ‘
0 20 40 60 80 100
t € 0,100] t € 0,100]

Figure 3.1: The solution of (1.3) and its derivative, with the initial data zy =
[0.01,0.01,0.01,0.01] and the functions fi, f2, f3, f1, f, B, 6, 71, Y2, £1, §2 given in
Example 3.2.
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0.6 — 0.6

/ -~y T T
0.4 0.4
021 7 21

|

\\ _r) (1)), t € [0,100]
w0 ] 1 ‘| r
/,‘
0.2 0.2
0.4 0.4

-0.6 ! ! ! -0.6 ! ! !
-0.2 -0. 0.1 .2 0.3 0.4 0.5 X 0.7 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
x xT
0.03 T T T 0.03 T T T
0.0, 105
0.02 0.02
0.01 - 0.01 -
0r 0r
= =
-0.01 -0.01
-0.02 -0.02
-0.03 -0.03
-0.04 -0.04
-0.02 -0.015 -0.01 -0.005 0.005 0.01 0.015 0.02 0.025 -0.02 -0.015 -0.01 -0.005 0.005 0.01 0.015 0.02 0.025

Figure 3.2: The solution of (1.3) in the planes (x,x) and (y,y), with the data
from Example 3.2.

Remark 3.3. Let us remark the difference between the graphs of the first and second compo-
nents of the solution near the origin. Due to the action of the external force f(t) on the first
block m, at least near the origin, the absolute values of x = x(t) are much bigger than the
ones of y = y(t).

3.2. Boundedness of solutions

Theorem 3.4. Suppose that the hypotheses (H1*), (H4%), (H5), (H6), (H8) are fulfilled. Then every
solution of the system (1.3) with sufficiently small initial data is bounded.

Proof. Let us remark that using the classical change of variables x = x, u = %, y =y, v =y,
the system (1.3) becomes

z=F(t,z), (3.7)
where
B B N B e GRS GEE O R AR %Y
y v
v Y2(t)x + fa(t)u — 6(t)y — 2fo(t)v — ga(t, x, )
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We will use again the norm ||-||, defined by (2.14) and the function V: Ry x A — R,

7 ) a )t fa ()4 20220 ] g
Vib2) = LI 442 4 6(0)2 4 P [Tyt fatoy+ 122

N —

for z = (x, u,y,v)T € A, where A C R* is as in the proof of Theorem 2.6, y(t) := max{71(t),
v2(£)}, ¢(f) :== min{B(t),d(t)}, Vt € Ry, and r(t) := max{r (), r2(t)}, Vt > 0.

Let us calculate the time derivative of V along the solutions of the system (3.7), whose
global existence in the future is deduced as in the proof of Theorem 2.6. For every (t,z) €
R x A we have

4 (t2) = % [B(£)x + 2B(t)xt + 2utt + S()y* + 25(t)yy + 200]

ds

_ 4+ 2(6)4r(s)
X e fo[ Jrf?v +f() \/@

R0 + S0+ falr) + YO

0 V(t,z).

By hypothesis (H4*) we get for every (t,z) € Ry x A,

(il‘t/(t’z) < {r@®)(ullyl + |x[[o]) + [fs(8) + fa(®)][u][0] + [ullg1 (£ %, y) [ + |v]|g2(t %, y)]

{f( )+f3(s )+f4(s)+7(s)€+(z()s)}ds

+fOflul} xe

- f<t>+f3<t>+f4<t>+"“>;([)(”

] fo{ (s)+fa(s +f4(5)+%+<';;)

V(t,z)

ds

—2[fi(u® + fo(t)o
From relations (3.8) and Remark 2.2, we successively deduce

%‘:(LZ) < {W(t)(lully\ + |x[fo]) + [fs(8) + fa(®)][ul o] + [ () [x[[u] + r2(8) ]yl ]0]

~ [T e ale) 10 as

+ Al = 2L + fo(5)2] fe

— () + f2(t) + fat) + 'Y(t)g\/%)(t)

v(8) +r(t)
V()

e - R [T Ao+ 250 as

V(t,z)

3(8) + fa(t) + V(tz) + |f(t)|[ule

(s)

—2[fi(t)u® + fa(t)v
— [F(t) + fs(t) + fu(t) + W

- fot {J?(S)+f3(s)+f4(s)+%} ds

V(t,z)

IN

— )V (t2) + (1)l |ule
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for all (f,z) € Ry x A. Then, from (3.9) we easily obtain V(f,z) € Ry x A

W (b2) <= FOV(2) + 01 BOR + i + 50y +

~ [Tl A+ 250 as

X e
<~ F(OV(t2) + |F(0)] 2V (t,2)e B O

which actually represents an inequality of Bernoulli type.
Let zo € A, tg > 0, and z(t, ty,zg) be the unique solution of (3.7) which is equal to z for
t = to. Using classical differential estimates, we find

V2

2
V(b 2(t to,20)) < e 0 /C vw@fo umy ﬂwmr VE > b,

Therefore, by using the hypotheses (H1%), (H5), (H6), it follows that

\/V(to,Zo + 7/ ‘f | _7f0 dudS] YVt > ty,

s)ds 1E16) | g
= /2’ L Fedstd Iy { RAEARARY 0 } . If the hypothesis (H8) comes into play,

1z(t, to, 20) |lg < M

where M :
then

1z(£, to, z0) [lo < M

2 ty 7,
V(to,z0) + \Z[HfHLl[O,Jroo)e_; foof(s)dS] , YVt >t O]

Remark 3.5. Note that by using the classical transformation (x = x, u =%, y =y, v = y), we
could only deduce the boundedness of the solutions of (1.3) for initial data small enough. In
contrast, the transformation (3.1) allowed us to obtain in addition that the solutions of (1.3),
starting from sufficiently small initial data, have the limit zero at +co.
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