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Abstract. In this article, multiplicity of nontrivial solutions for an inhomogeneous sin-
gular biharmonic equation with Rellich potential are studied. Firstly, a negative energy
solution of the studied equations is achieved via the Ekeland’s variational principle and
Caffarelli-Kohn-Nirenberg inequality. Then by applying Mountain pass theorem lack
of Palais-Smale conditions, the second solution with positive energy is also obtained.
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1 Introduction

We investigate multiplicity of solutions for the following singular biharmonic equations with
inhomogeneous terms

] (1.1)

Ay — WRp = w2 Af(x), inRY,
ueHg(IRN), u>0, in RN,

N—4 -
is a given function and f(x) # 0, H,?(RN) denotes the dual of H3(RN), the singular term Fi
comes from models in physics.

In the past decades, nonlinear elliptic equations involving biharmonic operator have re-
ceived much attention due to their wide application to mechanical and physical models such
as clamped plates, thin-elastic plates, and in the research of the Paneitz—Branson equation and
the Willmore equation (see [11]). Under the framework of nonlinear function analysis, there
are many results on qualitative properties, the existence and multiplicity of solutions for bihar-
monic equations with singular potential (see [1,7,9,12,14-16,19-22,25,26], and the references

where A’u = A(Au), N >5,0< u < i := W, pa =200 0<a <4, flx)e Hy?(RY)
u
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therein). At the beginning, Brezis and Nirenberg [4] considered the following problems:

—Au = Au—i—u%, in (),
u >0, in Q, (1.2)
u=0, on 0d(),

where Q € RY is a bounded smooth domain, and let

Sy= inf f“W”‘de;fQ’u'de,
dx

ueHy(Q) Jalu

A ER,

where 2* = 2 as Sobolev critical exponent. They basically proved that S, is reachable when

N and A satlsfy different conditions. Since the seminal work of Brezis and Nirenberg, the
study of critical growth in semilinear and quasilinear problem have gradually become a hot
subject. On the basis of (1.2), Jannelli [13] studied the following semilinear elliptic equations
involving the Hardy terms and critical exponents, and obtained at least a nontrivial solution
when N > 3 and

Vu|2dx — u 2 )dx
A< A(p) = min fﬂ(‘ | ‘ulx‘z)
ueH}(Q) Jo |uf?dx

Furthermore, Wang and Zhou [24] considered the problem of [13] with u? 14 \u being

replaced by “ | |s +h( ), where N >3,0< u < (N-27 ) ,2%(s) = (N 2),0<s<2 h(x) >
By using the upper and lower solution method and Mountam pass theorem, they proved the
given problem has at least two nontrivial solutions.

Tarantello [23] studied the following semilinear elliptic equations involving inhomoge-

neous perturbation and critical exponential terms:

T Ay — 22 :
{ Au=u*"*u+ f(x), inQ, (1.3)

u=20, on dQ).

When ||f|| is appropriately small, the author proved that problem (1.3) admits at least two
solutions by applying the Mountain pass theorem and the Ekeland’s variational principle.

By applying similar methods as in Ref. [23], Deng and Wang [8] studied the following non-
linear biharmonic problems with inhomogeneous perturbation terms and critical exponential
terms:

{Azu — A= |uf*Pu+ f(x), inQ, (1.4)

ulan = §lan =0,

where N > 5 and 0 C RY is a bounded smooth domain, 2, = 2. They proved that problem

(1.4) has at least two solutions when || f|| is appropriately small. Furthermore, they dealt with

the non-existence of solutions for the above studied equation under some assumptions on the
perturbation term f.

By using the strong Maximum principle and the Comparison principle, Ref. [17] discussed

the existence and nonexistence results of the following semilinear biharmonic problems with
the optimal exponent p:

Nu—prts = Af(x) +uP, inQ,
u>0, in (),
u=—-Au=20, on dQ),
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where p > 1,4 > 0,A > 0and Q C RV(N > 4) is a smooth bounded domain and 0 € Q.
Mousomi Bhakta [2] considered the following elliptic problem with singular terms:

[x[*

2, ou _ |uPu :
A“u V\x|4 = , InQ), (1.5)
uc HS(Q), u>0, in Q),

when () is an open subset of RN (N > 5), some nonexistence of solutions results are obtained
by applying Pohozaev identity and Nehari manifold, In addition, they further discussed the
existence of positive solutions when a = 0.

Through the analysis of the above mentioned studies, a quite natural question to ask is
whether the inhomogeneous biharmonic problem (1.1) possesses multiple nontrivial solu-
tion in RN? As far as we know, when « # 0 and Q) # RV in (1.5), the problem (1.5) does not
have a solution. Thanks to lack of compactness of the functional energy, the author obtain that
the non-existence result of solution in a bounded domain. Therefore, we consider adding a
perturbation term to overcome this difficulty and prove that the energy function I of problem
(1.1) admits at least two critical points. One is a negative energy solution obtained by using
Ekeland’s variational method in [10], and other is a positive energy solution achieved by ap-
plying Mountain pass theorem in [1] without Palais-Smale (PS) conditions. The main result
of this paper is the following theorem.

Theorem 1.1. Assume that N > 5,0 < u < 1,0 <a <4,p, = 2(}\1}1::) and f(x) € Hy?(RN) with
f(x) # 0. Then there exists a constant A* > 0 such that for any A € (0,A*), the problem (1.1) admits
at least two nontrivial solutions which one is of negative energy and the other solution with positive
energy, if
TN
Pou —2 PaSyi
HfHHO’Z(IRN) < e —1) |\ 205 — 1) ,

where S, will be given in (2.3).

2 Preliminaries

This section will mainly give some preparation to the proof of Theorem 1.1.
Due to the fact that the space H3(RY) is the closure of C°(RY) in regard to the following

norm
1/2
2
Iullggmoy = ( [, 1aufr)

Note that p < ji and by the following Rellich inequality [18]

2
— u 00
/]RN ’AM‘de > y/]RN de, Yu € CO (RN), (21)

__ N2(N-4)% . .
where ji = =3 is optimal, then we can show that the norm

uz 1/2
— 2_ 7
il = (I = )

is an equivalent norm to ||u|| H2(RN)-
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From [3], we have the following Caffarelli-Kohn-Nirenberg (CKN) inequality

2 ulpe NP o (N
Aul“dx < C(N,« dx , Yu € Cg°(RY), (2.2)
RN R 0

N[l

where the constant C(N,«) > 0. For each y with 0 < u < 7, the best Sobolev constant S, can
be given by

2
Jios (182 = i)

Sy = inf ) (2.3)
uEHg(]RN),u(x)$O (\[IRN ‘x’*“|u|pl\dx)ﬁia
where S, is achieved in RM. By applying (2.1) and (2.2), we know S, > 0.
To obtain our results, the energy function I of problem (1.1) can be defined by
_ L 1 [P 2N
I(u)_EHu”"_ﬂ v e dx—/\/]RNf(x)udx, u € H5(RY). (2.4)

According to f € Hy 2(RN) and (2.1)—(2.2), it is easy to obtain that the energy function I(u) is
a well defined C! function in H2(RN).
A function u € H3(IRV) is said to be a weak solution of the equations (1.1) if u satisfies

uv lu|Pa—2uv
—y— = = = 2.5
/]RN (AuAv y|x|4> dx /]RN P dx-l-/\/IRNf(x)uvdx (2.5)
for any v € HZ(RYN).

Definition 2.1. A sequence {u,}> ; C H3(RV) satisfy I(u,) — ¢ (c € R) and I'(u,) — 0 in
Hy?(RN) as n — co. Then the sequence {u,}%_; is called a (PS). sequence.

Lemma 2.1. Assume that the sequence{u, }%_, in H(RN) be a (PS). sequence for the energy func-
tion I of problem (1.1) at level ¢ € R. Then u, — u in H3(RN) and I'(u) = 0.

Proof. For n sufficiently large, there hold

1 » 1 || P _
2||un||ﬂ—m/w e A/RNf(x)undx_Honu),

and

Uy |Pe
Hunl\i—/RN it dx—A/RNf(x)undx:on(l),

x|«

where 0, (1) means that for n — o0, 0,(1) — 0. Thus, there holds

et on(1) = I(y) — (I (1), 1)

1 1 2 1
> (5= 50 ) Il =2 (1= - ) Wl

which means that {u,}%_; is a bounded sequence in H3(IRY). Up to a subsequence if neces-
sary, there holds

(2.6)

U, — u, in H%(]RN),
uy — u, in L, (RN, |x|7%), (2.7)
U, — u, ae.in RN,
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Thus, it is easy to obtain that

uv u|P"“uv
/IRN(AuAv - VW - ||\x|‘" —Af(x)uv)dx =0
for all v € CF(RN \ {0}), which means I'(u) = 0. O

Lemma 2.2. For some ¢ € R, let {u,, }?°_; in H(RN) be a (PS). sequence for the energy functional
I, that is to say I(uy) — ¢, I'(uy) — 0in Hy?(RN) as n — co. Then there is a ug € H2(RN) such
that u, — ug in H2(RN) holds and

1 1 Pa
either u, — uy or c > I(up)+ ( - > Sﬁrz'
2 pa

Proof. 1t follows from (2.6) that {u,}* ; is bounded in H3(RM). Due to boundedness of
{u,}3>_1, we know that the sequence {u,})° , possesses a weak convergent subsequence, still
denoted by {u,}? ;, then we can get that u, — 1 in Hg(IRN), and u,, — up a.e. in RY, as
n — oo. Denote w,, = u, — ugy, then we have w,, — 0, as n — +o0.

On the basis of Brezis-Lieb Lemma (see [5]), we could obtain that

tim [ (Ll ol g [ bl
W Sy T T R[]

Therefore, there holds

1 1 Wy, |P
1) — u0) = gllnlls = o [ A 0, 0) 28)

And It follows from Lemma 2.1 that I'(19) = 0, combining with (2.8) we can infer that

(L
(I'(ty), un) = (I'(uy) — I'(ug), wy + up) = Hwn||i — /}RN | ’;’L dx + 0,(1).
In this situation, we may assume that
lim ||w,|?> = lim |w"|padx =Z>0
n—oo ' T 150 JRN | x|« -

Pa
-2

Suppose ¢ > 0, together with the definition of S, we have { > Sﬁ“ . Furthermore, by (2.8),

we obtain . . ) . ,
Cc = I(M()) + <2 — pﬂ() C 2 I(HO) + <2 - pa> Slzaiz.

This ends the proof of Lemma 2.2. O

3 Proof of Theorem 1.1

In this section, we first take advantage of some analytical skills and functional idea to prove
that the functional I can admit a local minimizer, which is a nontrivial negative energy solu-
tion. After that we show the existence of a nontrivial solution with positive energy via using
Mountain pass theorem without (PS) condition.
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NZ(N 4)?

), N > 5,0 < a < 4. Then there exist constants

Lemma 3.1. Suppose that 0 < p < i =
(0,A1), there holds

NA1,10,& > 0 such that for every A €

W) >€>0 for llull, = no. G3.1)

Proof. From (2.4), Young inequality, and the definition of S,, we get

1 |ul
I(u) = ~|jul} — — —)\/ x)udx
() = gl = - [ o flx
1 B w
> *HuHi ~ S el = M g2y ] (32)
1 1 —1
~ e (3l = 25 el = A0l ) -
Set . 1
h(z) = =z — 75*7‘”2;@—1’ z>0.
Then from h'(zp) = 0, there holds
P 172
_ [ S )"
0 — Zp“ _2 7

which indicates that

pﬂ‘ pa—2 PTa I—;m—z
TETRY 0 R Y
2 2plx pp( ]’l 2plx - 2

o\ 2
_ Pa—2 PuSy >0
C 2pa—2 | 2py —2 '

In order to obtain h(zp) > Al|f]| H2(RN), We could choose

1
Pa pa—2
-2 pas 2
A= > ( ;42> N 2wy (3.3)

zplx - Zpa

Due to 0 < & < 4, then p, > 2. Choosing 1o = zo and ¢ = zo(h(zo) — A||fHHaz(1RN)), it
follows from (3.2) that there exists A1 > 0 (be given in (3.3)) such that

I(u) > ¢ >0 forany ||ul[, =no, and A € (0, A1),

and the conclusion is achieved.

We now show that there exists a nontrivial solution with negative solution.

On account of the continuity of f on RN and combining with f # 0, we can choose ¢ €
Co(RN\ {0}) such that [y f(x)¢dx > 0. Then for t > 0 sufficiently small with ||t¢||, < 7o,
there holds

I(tg) = ||4>||2—ﬁ Wt [ flpax <o

RN [x|"



Biharmonic equations with inhomogeneous term and Rellich potential 7

Therefore, we have
c; = inf{I(u):u € By} <0, where By = {uec HJR"),|ul,<no}-

According to the complete metric space By, with respect to the norm of H3(IRV), then
applying the Ekeland’s variational principle to I(u) in By, yields that there exist a (PS),
sequence {1, }%_; in By, and a u, € H3(RN) with |[u, ||, < o, such that u, — u..

We now turn to show that u, — u, in Hj(RN) as n — oo. Otherwise, it follows from
Lemma 2.2 that

1 1 Pa 1 1 Pa
c1 > I(u, +(—>S”“zc +(—>spaz>cl
1 < ) 2 pa H 1 2 plx 1

which is a contradiction.
Then the above proof yields that u. is a critical point of the functional I satisfying ¢; =
I(u,) < 0. Furthermore, it follows from (2.3) and (3.2) that

_ Pa—2 2 Pa_
or = B Sl =P [ Ao
-2 A
> P2y A1)

Hf”H 2(RN) H”*HM

= 2
a7 WHQEZ(RN) Apa—1) -1
2Po¢(P 2)2 - Da HfHHO*Z(]RN)m”)‘fHHO*Z(]RN)
_ (pa— ) A2 2
Thus, we can deduce that the problem (1.1) possesses a nontrivial solution u, with negative
energy. ]

Lemma 3.2. Let constant Ay > 0 such that
pa
(pe~ 2507 = X(pu — Dy o, > 0 forany A € (0,A9) (34)
Then there are a 1i(x) € H3(RN) and constant Az with 0 < Az < Ay such that

Pa —2 5t . A2 (pa — 1) 2
S Ie(pe—2) Hf|| 2(RN)’ forall A € (0,A3). (3.5)

sup [(tu) <

tz%)) (1) 2pa
Proof. From Theorem 2.1 of [2], we know that there is a nontrivial nonnegative solution as
A = 0 for problem(1.1), and then denote it as z(x). Next, we may choose u(x) = z(x) if the
function f(x) > 0 for each x € RV, ii(x) = —Zz(x) if the function f(x) < 0 for each x € RY,
il(x) = z(x — x¢) if there exists a point xg € RN satisfying f(xo) > 0. We now claim that there
holds

f( )u(x)dx > 0. (3.6)

Indeed, the inequality (3.6) holds 0bv1ously if the function f(x) > 0 or f(x) < 0 for each
x € RN. Now if there is a point xg € RN satisfying f(xy) > 0, then by the continuity of the
function f, we can deduce that there exists an open neighborhood B(x, T) C RN of x9, T > 0,
such that the function f(x) > 0 for all x € B(xg, 7). Therefore, one can deduce from the
definition of z(x — xp), that

f( )Z(x — x0)dx > 0.
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To prove the inequality (3.5), we discuss the functions g and g defined by

I T |ﬁ|Pa
= = — —_ t>
s(t) = 106 = Sl = [ At/ F(x)idx, t >0,

and

_ P |11] Pe

t — ] = — 2 dx, t>0.

a0 = Satg - [ W

Obviously, there holds

Pe—2g5%  A(pa—12 o
0)=0< S - ——
8(0) =0 < B s I
for every A € (0,Az). Thus from the continuity of function g, there exists some #; > 0
sufficiently small, such that

Pa —2 pﬁz A2 ( - ) 2
S ) >

forallt € (0,t7).
For another thing, by the definition of g there holds

p“_z p,f[iZ
max g(t) = 2 r

This together with the definition of g, we have

1 1 P ~
sup I(tu) < (2 - ) St — Ak /RNf(x)udx.

t>0 o

Choose A > 0 satisfying that

A (P — 1)
My [ FOT > 2B

Then from (3.6), one has

2pa(pa — 2)t1 [gu f(x)iidx
(p 17 Hf||§{o,z(RN

O< AL

Set

2pa(pa — 2)t )ud
A3z := min Palp 1fIR2N )i x, VAR
(P = D212, 2 e

For all A € (0, A3), we conclude that

o~ pa - 2 ptfiz A2( ) 2
sup I(tu) < S T
tzg (ti) 2pa ! 2pa(Pa )HfH

and this ends the proof. O
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Next we will show another critical point with positive energy of problem (1.1).

Since I(ti) — —oo as t — oo, then one may take t* > 0 sufficiently large if necessary,
such that I(#z) < 0. Taking 70 > 0, then Lemma 3.1 can show that I[3p, > & > 0 for every
AE (O,Al). Set

I = {y € C([0,1], H3(RY)), 7(0) =0, v(1) = t'@i},

and
¢y = inf I(y(t)).
2 = Inf max I(7(£))
Then it follows from Mountain pass theorem without (PS) condition that there exists a (PS).,
sequence {u,}_; in H3(RYN) satisfying

I(uy) — c2, I'(uy) — 0, in Hy?(RY)

as n — oo,

Furthermore, it follows from Lemma 2.1 that there exists a subsequence of {un} >, still
denoted by {u,} ,, and a u* € H3(RY), such that u, — u*, as n — oo. If u, - u* as n — o,
then from Lemma 2.2 we can deduce that

Pt\’

* Pa -2 ,fviz Pa -2 o AZ( ) 2
o> I(u*)+—=—=5"" > Sh —_— 3.7

But Lemma 3.2 shows that

~ Pa_z fa' /\2( ) 2
sup I(tu) < Sh —_— for any A € (0, Az).
up (1) < Py 25 e I ey forany A€ (0.9

This together with (3.7) means that u, — u* in H%(]RN), as n — co. Taking A* := min{A1, Az},
it is easy to show that for any A € (0,A*), the functional I has the second critical point u*
satisfying I(u*) > 0. Therefore the proof of Theorem 1.1 is finished.
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