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1 Introduction and main result

In many evolution processes, the states of systems are changed abruptly at certain instants,
which leads to impulsive behaviors in dynamical systems [2,11,13]. In recent years, the in-
vestigation of differential equations with impulses got particular attention by a lot of scholars,
because of the widespread application of these impulsive differential systems in biology, me-
chanics, engineering and chaos theory, etc. [5,6,13,21,22].

Some classical approaches, such as the method of upper and lower solutions with the
monotone iterative technique, the coincidence degree theory of Mawhin and the fixed point
theory, were used to study impulsive problems [2,11]. Especially, in the remarkable work of
Nieto and O’Regan [13], by constructing a variational structure, they converted the problem
of finding solutions for a second order impulsive equation to that of the existence of critical
points for the corresponding energy functional [19]. After that, the variational methods and
critical point theory were applied to prove the existence and multiplicity of solutions for
second order, fourth order and fractional order impulsive differential equations by more and
more researchers, see [1-4,7-11,13,14,16-20].
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Our purpose is to investigate the existence of multiple subharmonic solutions for the fol-
lowing second order impulsive systems

¥(t)+ VV(tx(t) =0,
M) =2 () - () =l (¥ (1) i=12. Nj=12,.., Q1)
x(0) = x(pT), £(0) = *(pT),
where x € RN, VV € C([0, T] x RN, RN) denotes the gradient of V in x, LjeC (RN, R) and
impulses occur at instants ¢; with j € Z* = Z\{0},0 < t; <--- <t < Tand tjy; = t;.

In [11], Luo, Xiao and Xu studied the existence of subharmonic solutions for the equation
with non-negative impulses as follows

¥(t)+ f(t,x(t)) =0, ae teR\{|keZ},
Ax(t) = x(57) —x(t) = L(x(k)), keZ*,

where f € C(R x R,R) and I > 0 are impulses that happen at instants t;. Bai and Wang [2]

generalized the results in [11] to allow a negative impulse term. Here, motivated by [2,11], we

investigate the existence of multiple subharmonic solutions for system (1.1).
By a classical solution of (1.1), we mean a function

x € fwe (o, pT),RY) rwly . € B[t 1] RY), j=1,2,...,1,

which satisfies the differential equation in (1.1) and the boundary conditions x(0) = x(pT),
x%(0) = x(pT), the limits xf(t].*),xi(t].—),i =1,2,...,N,j = 1,2,...,1, exist and verify the
impulsive conditions in (1.1).

Now we state our main result.

Theorem 1.1. Suppose that V (¢, x) and I;j(x) satisfy the following conditions.
(H1) V(t,x) =V(-t,x) =V(t,—x) = V(t+ L, x) for every (t,x) € [0,T] x RN.

(H2) For every x € RN, t € [0, T], there exist constants § > 0 and A > A > 0 such that

A
Vit > TR xl <6

and A
V(t,x) — (VV(t0),x) < EMZ'

(H3) Fori=1,2,...,N,j=1,2,...,1, there exist constants d;; > 0 such that

Ii]-(x) < di]'|X’, X € RN.

(H4) There exists an integer p > 1 such that

2 2.2
4w ’ CUSP

A—4D/T ~V = 2T+ A+ 20/T

1—20pT >0,

and

w—z—pTwz—B |x|2—V(t x) — 400, as |x| =

zpz T 7 7 y
wherew = 4,0 =Y, 1) 1 di;, D =Y, 4 (T, dij) and sy, is the smallest prime factor
of p.
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(H5) VV satisfies

T 2
/O IVV(t,0)P df < 8 min {Kl(Kz — k), <K1 - 3‘;2T> (4K, — Kg)},

- w? w?s, ) A p
K1—T<A—pz>—4D, Ky = 22 (1—20p°T), KB_E+T'

(H6) Suppose that g is rational. If both x(#) and VV (¢, x) have minimal period @, then g
is an integer.

Then the impulsive system (1.1) possesses at least three periodic solutions. Two of them have
minimal period pT and the other one has minimal period p—ZT.

Remark 1.2. In [11], Luo, Xiao and Xu investigated second order impulsive differential equa-
tions with a non-negative impulse term and obtained the existence of at least one solution
with minimal period pT. Bai and Wang [2] generalized the results of [11] by proving the
existence of at least one solution with prescribed minimal period for second order impulsive
systems allowing negative impulse terms. Here, we also do not have to assume that the im-

pulse term is non-negative. Giving a suitable range of p and fOT |VV(t,0)|?dt, we find three
solutions with prescribed minimal periods for system (1.1).

2 Proof of the theorem

In the first place, we recall some basic notations. Let p > 1 is an integer, T > 0. We denote the
inner product on RN by (,-). H;T(IRN ) is a Hilbert space, which defined as

H;T = {x:[0,pT] — RY | x is absolutely continuous, x(0) = x(pT), % € L*(0, pT;RN)}.

1

Let (-, -) be the inner product on H,

T 1€

pT o pT 1
y) = [ @ndt+ [T wd,  xye Hy,
which induces the norm ||x|| = (x,x). Additionally, the energy functional corresponds to
system (1.1) is
T, pL N () 1
p(x) = /0 2 |x|” =V (t,x)|dt+ Z; Z;‘./o I;i(s)ds, X € Hyr.
j=1i=
It follows that
, pT o pT
(@)= [ o= [ (TV(Ex),y)d

LN . .
+ Z E Iz']' <xl (t])> yl(t]'), X,y € HglaT‘

j=1j=1

2.1)

Definition 2.1. A function x is called a weak pT-periodic solution of (1.1) if and only if the
following equation holds

pl N . .
[ wider DYk (¢ (6)) ) = [C (Ve e i

j=1j=1
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The critical points of ¢ correspond to periodic solutions of impulsive system (1.1). Indeed,
suppose x is a critical point of ¢, by (2.1) and the Definition 2.1, x is a weak pT-periodic
solution of (1.1). Moreover, for every y € H;T, we have

(¢'(x),y) = / xydt—/op (VV(t,x),y dt—l—ZZLJ( ) ()

=1j=1 (2.2)
pT pT
— / (%,y)dt — / (VV (£ x),y) dt.

0 0
It follows from (2.2) that

x(t) + VV(t, x) =0, aete [t]', t]'+1].
Then we get x € H?([tj, tj;1], RY) and

¥(t)+VV(t,x) =0, ae. tel0,pT].

Multiplying the above equation by y € H;T and integrating over [0, pT], we obtain

pl

YA (¢ () i) = L0 (< (5) vt

j=1j=1 =1]=1

pl

—.

Thus, A (xi (tj)) = Ijj (xi (tj)) fori =1,2,...,N,j =1,2,...,1, and the impulsive conditions
in (1.1) are verified.
For the sake of convenience, let us define a couple of subspaces of H;T. Set

X = {er;T | x(t) :—x(—t)}, Y = {er;T | x(t+”2T> :—x(t)},

then we can define
X;=XnNY, X, =XNYT,
Y, =X"NY, Y, = Xtnyt.

Clearly, we have H;T = X1 ® X2 ®Y; @ Y>. In the following, we denote the norm of x on L%T
and L3 by ||x|[;2 and ||x ||« respectively.

Lemma 2.2 ([12]). Suppose that W is a reflexive Banach space, ¢ : W — R is weakly lower
semi-continuous and coercive on W, then ¢ attains its minimum on W.

Lemma 2.3. Under condition (H1), critical points of ¢ on X; (or X, Y1, Y>) are also critical
points of ¢ on H;T. The minimal period of such a critical point is an integer multiple of 7.

Proof. On the one hand, if x is a critical point of ¢ on X, then

(¢'(x),y) =0, VyeX
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Let y € X+, it can be deduced from (H1) and (2.2) that

“':
]

pT

@) = = [ Gpdt= [ (V) y)at

(%, y)dt — /0 T (VV(t,x),y) dt

N
o

(e(=0y(=0)t = [T (VV(tx(-0)y(-0)dt g

-]
_/O )

_ _/O (x,y)dt—/oz (VV(tx),y)dt

— [ 0 pena= [F (Vi) ) d
=0.

o

o

Thus, (¢/(x),y) =0, forall y € H.
On the other hand, providing that x is a critical point of ¢ on Xj, set y € X5, we find

(¢'(x),y) = —/i(ﬁé,y)dt—/%; (VV(tx),y)dt
- —/0 (5c',y)dt—/0 (VV(tx),y)dt
B RUGEIEICESIE

A I )
- _/0 (x,y)dt—/opg (VV(tx),y)dt

pT
)

(=0, y(0)dt = [T (TV(E—x(0),y(0) dt
=0.

B

o

R

It follows that x is a critical point of ¢ on X. From (2.3) we know that x is a critical point of ¢
on Hyy.

By a similar discussion, one can }ja_rove the cases of X5, Y7, Y, alike.

If the minimal period of x(t) is ’;—q, where g is an integer. From (1.1) we have

¢ (¢4 PL pT PTVY _

x(t—i—Zq)—l—VV(t—l—zq,x(t—l—zq =0. (2.4)
It follows from (2.4) that VV (¢, x(t)) has minimal period %T. Then by (H6), g is an integer,
which means that the minimal period of x(t) is an integer multiple of 1. O

Lemma 2.4 ([15]). Suppose that H(t,x) € C'([0, T] x RN, R) with H(t, x) — 400 as |x| — oo
uniformly in ¢ € [0, T], then there exist a real function v € L'([0,T],R) and a subadditive
function G : RN - R, i.e.

G(x+y) < G(x)+G(y), x,y €RN, (2.5)
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such that
H(t,x) > G(x) +v(t), x€RY, (2.6)
G(x) = 400 as |x| — oo, (2.7)
0<G(x)<|x|+1, x€RN (2.8)

Lemma 2.5. Under condition (H4), ¢ is coercive on X; (or X»,Y7)

Proof. From Lemma 2.4 and (H4), there exist G(x) and «(t) € L!(]0, T], R) such that
‘”—Z—me—B X2 = V(tx) > G(x) + () (2.9)
2p? T = ' '

To begin with, we claim that fop T x)dt is coercive on
Xi = {rsina;t |r e ]RN} C Xj.
Providing that {x, } is a sequence in X} with ||x,|| — oo asn — co, we can set x,(t) = r, sin %
where 7, € RN and |r,| — +o0 as n — 0. By (2.7), for every L > 0, there exists M > 0 such
that

Gx)>L,  |x|>M.

(2.10)
Since |r,,| — +00 as n — oo, there exists Ny > 0 such that |r,| > 2M for n > Np. Furthermore
it is clear that

Ixa(H)| > M,  Vte [PT 5PT} g [7;9T 11pT

12’ 12 127 12 ] , 1> No- @.11)
From (2.10) and (2.11) we have

pT
/ G(x,)dt > %, n > Np.
0

The coercivity of [ T G(x)dt follows from the arbitrariness of L and {x,}.
Let x € X; and x = x1 + X, where x; € X}, x; € (X])* N Xj. By the Parseval equality,

9w 9w?
.2 .12 2
%1172 = pz HX1HL2' 22|72 = s HXZHLZ' 2172 > 79w2+p2|\x2|\ - (2.12)
Additionally, (2.5) implies that
G(x) =

G(X — XZ) < G(X) + G(—XZ). (213)
It can be deduced from (H3) that

PlN
/ s)ds
]111

<ZZ 24y ()

j=1i=1

pl N
L1 (HyHLz + Tl ) (2.14)

< Elyliz: + o Tl

y € Hyp
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To the best of our knowledge, the formula (2.14) was first proved in [2]. For more details,
please refer to (2.9) in [2]. From (H4), (2.9), (2.12), (2.13) and (2.14), we have

pT pT Pl N pxi(t)
:;/ \x|2dt—/ txdt+22/ ]
0

j=1li=1

T T T
> l—ppzT /p ‘x’2dt_£/p ]x\zdt—/p V(t, x)dt
2 0 T Jo 0
1 pT
- (z—ppzT)/O (10 1 = 5 o = 5 ol
2
— ZT—P> xz—V(t,x)] dt
/ [( 0w’ ) o 215
8 .2 T
>3 " 1l dt+/ (G (x) + (b)) dt
8 pT PT
29< >||X2HL2+/ (wydt= 7 6 (-mar+ [ o
8
29< 2T> uxzr|Lz+/ (x1) dt = pT(L+ |22l + [ 7]l)

>7 2 / _ _
Z %21 2 (2 pp T) Ix2]* + (x1)dt = Ci|x2f| = &,

where C; and C; are positive constants. With fop T G(x1)dt being coercive on X; and
|x|| = oo if and only if (||x1]|* + |\x2|]2)% 5 oo,

it follows from (2.15) that ¢(x) is coercive on Xj.
Through replacing X with
X] = {bsinzc;t |b € IRN},

t
Yf:{ccosa;|celRN},

repeating the above arguments with a small modification, one can prove the coercivity of ¢
on X, and Y;. O

Proof of Theorem 1.1. According to Lemma 2.2, Lemma 2.3 and Lemma 2.5, there exists x] € X;
such that

(¢'(x1),y) =0,  Vye Hy. (2.16)

In what follows, we show that the minimal period of x] is pT by contradiction. Suppose
that x] has minimal per1od p , where g1 > 1 is an integer. From Lemma 2.3, the minimal
period of x} is multiple of I, wh1ch means that g, = 2 or g1 > s).

If g1 = 2, by Fourier expansion,

= 2kwt
xj =) aisin—, a; € RV,
=1 p



However, for every x € X;, we have

2k—1
X = Zaksm . Jwt , a € RN,

which implies x] = 0. It contradicts that x] has minimal period %T. So we get g1 > s, and

= k
X = 2 a! sin ‘7; . a eRV. (2.17)
It can be deduced from Parseval’s equality and (2.17) that
ok w *
e 2.18)

Now, from (H2), (H4), (2.14) and (2.18), we have

pT pT PLN () ()
o) =5 [P = [ vieanar- Yy [T
0 0

j=1li=1

1 .k T * * T *
> IR = [ V) = (VY0 x)]dE = [ (TV(,0),x)dt

— Elxil - opT5 22 (2.19)

1 A B N
> (5= ppT ) 15515 — (5 + 2 ) 11 = 9V (502 %12
2 T

A *
> <210q1 pTw'qi - _)H xillzz = IVV (£ 0)lpa [l |-

It follows from (H4) and g1 > s, that

2.2

w gy A p
2;92 pTw ql > T >0,
which combined with (2.19) yields to
* 1 (W 20 A P - 2
@(x7) > 1 (2192 —pTw gy — 5 T> IVV(t,0)|2- (2.20)

Choosing % (t) = (6sin “£,0,...,0) € X;, where 6 defined in (H2), the minimal period of

%1(t) is pT. According to mean Value theorem, the Cauchy-Schwarz inequality and (H3), we
have

I )it 2
y N/ ds<22d,]|9| ssin <p522<2d) , (2.21)

]11 j=1li=1
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where 6 € (0,6 sin 21 ) In view of (2.21) and (H2), we get

pT pT pl N (%) (¢
:i/ ]9?1|2dt—/ V(t, % dt+22/ 1 (’)L(s)ds
0

j=1li=1

1
1T ,w? L, wt pT _wt LMY ,)\°
< 5/ 52? cos® pdt_/o 14 <t,(5smp> dt +ps* ) (Zd%)

j=1 \i=1

1
1 ,w? rT A
< 1w _/ A 2
_4(5 PT ; 2(5 sin® pdt-l— po E (E d) (2.22)

=

Lo . W 2y (02 :
j=1 \i=

By (H4), (H5), (2.16), (2.20) and (2.22), we find
inf ¢(x) = @(x7) > @(%1).

xeXq
That is a contradiction. Hence, there exists a critical point x] € X; of ¢ with minimal period
pT.
Similarly, we can find x3 6 X, such that (¢'(x3),y) =0, for every y € 1T If the minimal
period of x5 is not equal to &~ T, then there exists g, > 1 such that x5 has minimal per1od
Lemma 2.3 implies that g, > sp Additionally, we have

—+o00

2kqgowt
x; =) _ bisin q;w , b eRN

and
200w

12| 2 > 22 | 2. (2.23)

It follows from (H2), (H4), (2.14) and (2.23) that

* 1 T .k |2 T PN
(xz):i/o |x2]dt—/ txzdt—ZZ/

j=1i=l (2.24)
1 (2 2 A _p
> _= —4pTw?P— = - £
N ]
Let %o(t) = (dsin 2;» 0,...,0) € X, then %,(t) has minimal period %T. After a computation

like (2.22), we get

9(%y) < i {(52pT <A — 4;"2> — 4ps? Z (Zdu )

]:

(2.25)

Taking (H4), (H5), (2.24) and (2.25) into consideration, we obtain

inf ¢(x) = ¢(x3) > ¢(%2).

xeXy



10 H. Ou

This contradiction leads to the fact that the minimal period of x3 is p—zT.

Using a similar argument, a critical points y] of ¢ with minimal period pT can be found
on Y;. Itis clear that xj, x; and y; are nonzero, which combines with H;T =X12XY18Y,
to give that three points are different. O

3 Example

To show how our theorem applies in practice, we give the following example.

Example 3.1. Consider the impulsive system (1.1) withT=1,N=[1=p =3,

5]

Il']‘(S) = %, 1,] S {1,2,3},

and
P <1,
6872 —1 _ 7—cosdmt, 2 1 2
T e L
LX) =
i (77co9s47rtw2 _ 681162271 + %) 2lx| — 1), 1< x| <2,

ST =L|x[2 — In|x|? + Toegpdrt 2 — STl 4 on — 1, |x] > 2.

We can take

w=2r = 71 = L
T T g T s
then , )
w o 681 —1
(L=20p"T) 5~ 7 = 3

292

It is easy to verify that V (¢, x) satisfies (H1). Let
di=%,  ije{1,23

17 /] S { 74y }/

and g
A= —w? A= Zw?, 5=1,

then D = g. One can easily check that (H3) is true and V(¢ x) satisfies (H2), (H4) and (H5).
By Theorem 1.1, Example 3.1 possesses at least three periodic solutions. Two of them have
minimal period 3 and the other one has minimal period 1.5.
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