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Abstract. In this paper, we look for solutions to the following critical Schrodinger
system

—Au+ (Vi 4+ A = [ul> 2u 4 [u|Pr2u + Bry|u|"2ulo|2 in RV,
—Av 4 (Vo + Ap)v = |0* 20 + |v|P2 =20 4 Bra|u| [v|2%0  in RN,

having prescribed mass [pn u? = a; > 0 and Jrn v? = a, > 0, where A\;,A; € R
will arise as Lagrange multipliers, N > 3, 2* = 2N /(N — 2) is the Sobolev critical
exponent, 1,7y > 1, p1,pa,r1 +12 € (2+4/N,2*) and B > 0 is a coupling constant.
Under suitable conditions on the potentials V; and V3, B« > 0 exists such that the above
Schrodinger system admits a positive radial normalized solution when g > .. The
proof is based on comparison argument and minmax method.
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1 Introduction and main results

We study the following critical Schrodinger system

—Au+ (Vi + A u = |u|* 2u+ [ulP~2u + Bri|u|"2ulv|?  in RN, @
—Av+ (Vo + A2)o = |[0]2 20 + [0|P> 20 + Bra|u|t o] %0 in RN, '
with prescribed mass
/ u*=a; >0 and / v =a, >0, (1.2)
RN RN

where A1, Ay € R will arise as Lagrange multipliers, N > 3, 2* = 2N /(N — 2) is the Sobolev
critical exponent, 11,172 > 1, p1,p2,711 +12 € (2+4/N,2%), V1 and V, are the potentials and
B > 0 is a coupling constant. Solutions of (1.1) with prescribed mass (1.2) are called as the
normalized solutions in the literature.

™ Corresponding author. Email: fengxj@sxu.edu.cn


https://doi.org/10.14232/ejqtde.2023.1.42
https://www.math.u-szeged.hu/ejqtde/

2 L. Long and X. |. Feng

The problem (1.1) comes from the research of solitary waves to the following system

—AD; + V1P — i%q)l = |<I>1|2*72q>1 + |<I)1|p172¢’1 + ﬁ1’1|q)1|r172q)1|q)2|r2
—ADy + Vo Py — l%¢2 = |¢‘2|2*72q>2 -+ |(I)2|P2*2(I)2 + ﬁ7’2|q)1|r1 |q>2|r272q>2 (1.3)
(Dj = d>j(x, t),(x,t) € RN x Ry, j=1,2

where t denotes the time, i is imaginary unit, ®; is the wave function of the jth component,
B is a coupling constant which describes the scattering length of the attractive and repulsive
interaction. If B > 0, then the interaction is attractive; if B < 0, then the interaction is repulsive.
Set @1 (x,t) = eMfu(x) and @, (x,t) = e?to(x). It is easy to see that a couple (P, ;) is the
solution of (1.3) if and only if (u,v) is the solution of (1.1). The system (1.3) appears in
many physical problems, especially in nonlinear optics and the mean-field models for binary
mixtures of Bose-Einstein condensation, see [1,13,14] and reference therein for more physical
background. An important, of course well known, feature of (1.3) is conservation of mass:

, 2 _ ) 2
/IRN @;(x, 1)] dx-/lRN ®;(x,0)]2dx,  tER,.

Physically, the mass represents the number of particles of each component in Bose-Einstein
condensates.

The presence of the mass constraint makes some methods developed to deal with uncon-
strained problems unavailable, and a new critical exponent appears, the mass critical exponent
2+4/N € (2,2%). In the mass subcritical case, the Schrodinger equation are usually consid-
ered by the minimization arguments, we refer the readers to [8,9,29]. As far as we are aware,
the mass supercritical case was first considered by Jeanjean in [21], for the Schrodinger equa-
tion. The key idea is to obtain mountain pass solution on S, by constructing the mountain pass
structure on a natural constraint related to the Pohozaev identity. Much work has been done
extensively on the normalized solutions to the Schrodinger equation in in the last decades
by variational methods. Since numerous contributions flourished within this topic and we
just mention, among many possible numerous choices, [23,30,31]. For the nonautonomous
Schrodinger equations, we refer the readers to [20,33] when mass subcritical case occurs and
[5,12,28] when mass supercritical case occurs.

The existence and multiplicity of normalized solutions to the Schrédinger systems also
attracted much attention of researchers in recent decades, see [2-4,6,7,10,17,18,22,25-27] and
reference therein. In particular, for the Schrodinger system

{—Au + Mu = iy |ulP~2u + vy |u|P2u + Bro|ul" " 2ulo|? in RY, (1.4)

— AV + A0 = Wz |0|P~20 + 1p|v|P2 20 + Bra|ul o220 in RN,

when N > 3,v; =1, =0, p =4 and r; = rp, = 2, the existence and multiplicity of normalized
solutions to (1.4) are studied in [4,6,7]; when N = 3,4, yy = up =0, ri,12 > 1, p1,r1 +12 €
(2,2*) and py € (2,2%], Li and Zou in [22] studied the geometry of the associated Pohozaev
manifold and obtained a normalized solution to (1.4); when N =4, p = 3, p1,p2 € (2,4) and
r1 = rp = 2, the coupling terms are the Sobolev critical case, Luo et al. in [27] considered
the existence, nonexistence and asymptotic behavior of normalized solutions to (1.4); when
N =3,4,r,rn >1,p=2%and p1,p2,11 +12 € (2+4/N,2%], recently, Liu and Fang in [26]
obtained the existence and nonexistence of normalized solutions to system (1.4).

To the best of our knowledge, a few studies have addressed the existence of normalized so-
lutions to Schrodinger system with potential. We know only [10,25], in which they considered
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the mass subcritical case. There is no work concerning normalized solutions to Schrodinger
systems with mass supercritical, Sobolev critical and potential. This problem is more com-
plicated and stimulating by the fact that both the potential and the critical term are present,
which is the focus of this article. Specifically, in this paper, we consider Schrédinger system
(1.1) with weakly attractive potentials, that is,

Vi(x) < limsup Vj(x) < oo, i=1,2,

|x|—o00
and obtain a positive radial normalized solution. For the weakly repulsive potentials, that is,

Vi(x) = liminf V;(x) > —oo, i=1,2,

|x|—o00

does the system (1.1) have a normalized solution? This still is an open problem.
Precisely, V; € CY(RV) fulfills

(H1) limy e Vi(x) = sup,gn Vi(x) = 0 and there exists 7; € [0,1/2) such that |Vj|n/2 < TS,

where
Jrw [Vuf?

S= nf o RICE
ueDI2(RN)\ {0} (fRN ‘u|2*)2/2

(1.5)

(Hy) set Wi(x) := (VVi(x)-x)/2, W; € CL(RN), lim o Wi(x) = 0 and there exists 0; € [0,1)
with (1 —1)/2 — (14 0;)/(min{7yp, p1, vp,p2, 1+7}) > 0 such that |[Wj|y/2 < 6;S, where
vq = N(q—-2)/(29).

(Hz) set Y;(x) := 7p,piW;(x) + Zi(x), where Z;(x) := VW;(x) - x and Z; € L*(R") for some
s € [N/2,00], there exists p; € [0,7p,pi —2) such that |Y; |y, < p;S for any u € Ej,
where Y; ; = max{Y;,0}.

An example satisfying the conditions (H;)-H3) is Vj(x) = _\X\C%’ x € RN with constant ¢ > 2
and suitable small constant b. Obviously, V' = 0 also satisfies the conditions (H;)—(H3). Hence,
the following theorem includes the autonomous case V = 0.

Normalized solutions of (1.1) can be found as critical points of the C! functional

1 1 * *
I(u,0) :7/ (|Vu|2+|Vv|2+V1u2+V202)——*/ (a2 +o/*)
2 JRN 2* JRN
1 1
—— [ = [ lelm =B [ ufol”, (w,0) € By < Es,
P1 JRN P2 JRN RN

on

SuleaZ::{(u,v)EElezz/ uzzal,/ vzzaz},
RN RN

with Lagrange multipliers A1, A» € R. Here
E = {uGH}(IRN):/NViuZ<oo}, i=1,2
R
and H} (RV) is the usual radial Sobolev space. The norm of E; is defined by

1/2
|ull; = </N(\Vu|2+Viu2+u2)> , uckE, i=12,
R
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which is equivalent to the usual norm ||u||n gry) = (frn (IVU]* + u2>)1/2 due to the condition
(Hi). The solution (u,v) € S, x S,, is called a positive radial normalized solution of (1.1) if
u>0and v > 0.

Now we state our main results.

Theorem 1.1. Let N = 3,4, r1,r2 > 1, p1,p2,r1+12 € (2+4/N,2%), B > 0 and (H1)—(H3)
hold. Then there exists B« > 0 such that the system (1.1) has a positive radial normalized solution
(u,v) € Sqy X Sy, with Ay, Ay > 0 when B = P

Remark 1.2.

(i) This seems to be the first study to consider the existence of normalized solutions to
Schrodinger system with critical exponent and weakly attractive potentials;

(ii) To simplify, note that r := r1 + 2. In the proof of Theorem 1.1, we discuss three cases,
that is, p1 = min{p1, p2, 7}, p2 = min{p1, p2,r} and r = min{py, po, r}.

Since the scalar setting will of course be relevant when dealing with system, it is necessary
to study firstly some related results of scalar equations. When p = 0, (1.1) turns to be the
scalar equations

—Au+ (Vi +A)u = |ul* 2u+ulP?u inRY, i=1,2. (1.6)

Normalized solutions of (1.6) can be found as critical points of the C! functional

_1 2 2 1 2% 1 pi .
]W(“)—E/RN('V”' +Vlu)—2—*/]RN|u] o b we s

SaiZ:{MEEiZ/ MZZCZZ'}.
RN

Moreover, u,, is a ground state normalized solution to (1.6) on S, if Jy, ‘/Sa (tg,) = 0 and

on

Jvi(ua,) = inf{Jy,(0) : v € So,, Jys, (v) = 0}.
Here comes our second main result.

Theorem 1.3. Let N = 3,4,i = lori =2, p; € (2+4/N,2*) and (H1)-(H3) hold. Then the
equation (1.6) has a positive radial ground state normalized solution u,, € S, with A; > 0.

Remark 1.4. This is probably the first result to consider the existence of normalized solutions
to Schrodinger equation with critical exponent and weakly attractive potentials.

To obtain normalized solution of (1.6), as [12,21,23], we introduce the Pohozaev set

/Pﬂi,Vi = {1/[ c Sai : PV,(u) = O},

Py, (1) :/}I{N|w|2—/RN Wiuz—/]RN|u\2*—’ypi/]RN]u|pf, u e E..

As a matter of fact, the condition Py, (1) = 0 obtained in Lemma 2.1 is the linear combination
of Nehari and Pohozaev identities. Furthermore, | is bounded from below on P, v, see
Lemma 2.5 (iv). Hence, for a; > 0, define

mVi(ai) := inf ]Vi (1.7)

Vi

where
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and consider the reachability of my,(a;). Inspired by [12,33], we need use the comparison
arguments between my, (4;)and that to the limit equation

— Au+ N = u* 2u+ [ulfi %y in RN, (1.8)

The analogue corresponding (1.8) are denoted by Jeo, Peo, Paj0 and meo(a;). Soave in [31,
Theorem 1.1 and Section 6] obtained that m«(a;) € (0,SN/2/N) can be reached by u,, when
N =3,4,a; > 0and p; € (2+4/N,2%), furthermore, u,, is a real-valued, positive and radial.

The Gagliardo—Nirenberg inequality is the key point to study the above problems varia-
tionally. For g € [1,00), |ul; = ([gn \u|”7)1/‘7 stands for the norm in L1(RY).

Proposition 1.5. Let N > 3 and u € H'(RYN). Then there exists a constant C(N,q) > 0 such that,
for any q € [2,2%], we have
lulg < C(N, q)|Vul§|ul;™,

where 0 € [0, 1] satisfies 1/q = 0/2* + (1 — 0) /2. In particular, when q = 2%, C(N,q) = S~1/2.

In this article, Bg denotes an open ball at 0 with radius of R > 0 and C, Cy, G, ... denote
various positive constants whose exact values are irrelevant.

The paper is organized as follows. In Sections 2 and 4, we give some preliminary results
about the scalar equation (1.6) and the system (1.1), respectively. The proofs of Theorems 1.3
and 1.1 are given in Sections 3 and 5, respectively.

2 Preliminaries about the scalar equation

In this section, without loss of generality, we may assume that i = 1 and the potential V;
satisfies (Hy)—(H3).

Lemma 2.1. If u € E; is a weak solution to (1.6), then Py, (u) = 0.

Proof. Let u € E; be a weak solution of (1.6). We see that the following Nehari and Pohozaev
identities hold

Gul+ [ (Vi A = u = fulf) =0, 2.1)
N-2_ , N ) 2 N o N - p
T — Vi+A Wiu — —|u|5 — — =0. 2.2
3 IVuBt o [ i [ W~ Sl 2)
Combining (2.1) and (2.2), we obtain Py, (1) = 0. O

Lemma 2.2. Assume that N = 3,4 and u € Eq is a nonnegative solution of (1.6). Then, u > 0 and
u # 0 implies that A1 > 0.

Proof. Since u # 0 satisfies
—Au=—Vi+A)u+ ul* 2u+|u"2u inRV,

it follows from u > 0 that the right hand side is nonnegative if A; < 0, and by [19, Lemma
A.2], we obtain u = 0, which contradicts to the assumption u # 0. Hence, A1 > 0. ]
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For u € E; and t € R, we introduce the transformation uf(x) := eN*/?u(efx), x € RV, it is
easy to check that |u'|; = |u|,. We fix u # 0 and consider the continuous real valued function
fu: R — R with

Ujp

1 1 _ 1 5 . 1
Fult) = J () = 3Vuli 5 [ Vile™ X = g s — el

and

Py, (u') = e*|Vul3 - /N Wi (e~ x)u? — e |ul3
R

- 'Ymevplplt‘”‘gi-

By a simple calculation, we see that Py, (u') = f(t).
Lemma 2.3. Fix u € S,,. Then Jy, (u') — 0" as t — —oo and Jy, (u') — —oc0 as t — oo.

Proof. By the condition (H;), we have

1—T]_ 1 * * 1
() > =5 Vs = ol — el

2 2:¢
and
() < 36 VuB = oo uff = el
it is easy to see that the conclusion holds. O

Lemma 2.4. Let Dy := {u € S,, : |Vul3 < k}. Then there exists ko > 0 such that Jy, (u) > 0 and
Py, (u) > 0 when u € Dy,.

Proof. By the conditions (H;) and (H;), (1.5) and the Gagliardo-Nirenberg inequalities, we
have

]Vl(u) =

3~ 5572 | Vul} - ;C<N, pr)all = 1mIP 2|y
1

and

Py, (u) = (1 —)|Vul3 = S72/2|Vul} — v, C(N, p1)at=mmP/2 gy P,

it is easy to see that there exists kg > 0 small enough such that Jy, (#) > 0 and Py, (1) > 0 for
all u € Dy,. O

Hence, we can define

my, (a1) == %2?2‘[3’1(] Jvi(7(t)) >0,

where I' = {y € C([0,1],S,,) : 7(0) € Dko,]VI( (1)) < 0}, ko is given by Lemma 2.4.
Consider the decomposition of Py, v, = P, U Py U P, v, and

Pr:vl —{uE’Palvl. u(0)>0}
Py, o= {u € Py, : f1/(0) =0},

Pﬂ:,vl - {u G Pﬂl V] . (0) < 0}

Lemma 2.5.
() Pﬂerl = Pc:l,Vl’.
(ii) for any u € S,,, there exists a unique t, := t(u) € R such that u' € P, vy, moreover,

Jv, (u') = maxer Jv; (u');
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(iii) Jy, is coercive on Py, v, that is, Jy, (1) — oo for any u € Pq, v, with ||u|| — oo;
(iv) there exist constants 6,0 > 0 such that |Vul|, > 6 and Jy,(u) > o for all u € Py, v,.

Proof. (i) Using Py, (1) = 0 and the conditions (H,) and (Hj3), we have

1) =2Vuld+ [ Zu? =2 uf — 2 palul}]

= [ Y+ 2= 7 p0) VUl + (v 01— 20|l
< (p1 +2_’)’p1p1)‘vu|% <0.

Hence, PLZ v = 7331,‘,1 = @, which implies that P, v, = 73;1 V-

(ii) By Lemmas 2.3 and 2.4, we know that max;er Jv, (u') is achieved at t, € R and
Jv,(u') > 0. In view of o]y, (u') = Py, (u'), we see Py, (u'*) = 0. Hence, u'* € Py v,.
Suppose that there exists another #, € R such that u't € Pal,Vl- Then by Lemma 2.5 (i), we see
that t, and ), are strict local maximum points of f,(t) := J(u'). Without loss of generality, we
assume that t, < t;,. Hence, there exists t;; € (t,, ;) such that f,(t;;) = min,c, 41 fu(t), and
we have f/(t/) = 0and f”(¢!) > 0. Thus, u'i € Pal v U PY ' v,» which contradict to (i).

(iii) For u € P, v,, by the conditions (H;) and (Hy), we have

1
YpiP1

1 1 1 1
> < - > |Vu|%+f/ Viu® + Wi u?
2 ypm 2 JrN YpiP1 RN

> (-2 ivu 3)
2 YpP1

]V1(u) = ]V1<u) -

PVl(”)

Hence, [y, is coercive on P, v;.
(iv) If

Vuly < mind (L200)F77 1-6, 1 Gy i)
2 352°/2 ’ 3’Yp1C(N,p1)a(1*7p1)Pl/2 ,

using the condition (H;) and Proposition 1.5, we have

Y(u):= /]RN Wi + [ul3e + yp, [l

< (81 + 5722 VuF 2 4 4, C(N, pr)al =1 2 a7 | uf3

2+91‘V ’
\ 2-

Now, we prove that there exists 6 > 0 such that |Vu|, > ¢ for all u € P,, y,. On the contrary,
there exists {u,} C P,, v, such that |[Vu,|, — 0, then, for n large enough, we have

1-0
0 = Py, (un) = ‘V“n’% — ¥ (un) 2 T1|v“n’% >0,

which is a contradiction. In view of (2.3), we see that there exists o > 0 such that Jy, (u) > o
for all u € Py, v, O
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Lemma 2.6. my, (a1) = iy, (a1) > 0. Moreover, there exist {v,} C S,, such that, as n — oo,
]V1 (Un) — my, (ﬂ]), ]Vl |/5a1 (Un) — O, PV1 (Un) — 0, (24)

and v, — O0a.e. in RV,

Proof. For any v € Pg, v,, there exist t1,t, € R such that vt € Dy, and Jy, (v"2) < 0. Set
Yo(t) := o0+t < 0,1],

then 79 € I' and max;c(o1) Jv; (Y0(t)) = Jv,(v) by Lemma 2.5 (ii), which implies 7y, (a1) <
my, (a1). Now, we prove that any path  in I crosses P, v;,. Using Lemma 2.4, for any v € T,
Py,(7(0)) > 0. On the other hand, by (2.3), Py, (v(1)) < ¥pp1/v;(v(1)) < 0. Therefore,
there exists tp € (0,1] such that Py, (y(tp)) = 0, which implies iy, (a1) > my,(a1). Thus,
1y, (a1) = my,(a1). In view of Lemma 2.5 (iv), we see that 1y, (a1) = my, (a1) > 0.

Now, we recall the stretched functional introduced first in [21]:

Jv, i E1 xR = R, (u,t) — Jv, (uh)
and define
I'={geC([0,1],S, xR):g(0) € Dy, x {0}, (1) € J° x {0}},

where k is given by Lemma 2.4 and J° := {u € E; : Jy,(u) < 0}. If y € T, then g:= (v,0) € T
) =

and Jy, (g(#)) = Jv, (7(+)),t € [0,1]. And if g = (¢1,82) € T, then 7 := gf* € T and Jy, (7(¢)
Jv,(g(t)),t € [0,1]. Hence, we have

;relg max Jvi(g(t)) = iy, (ar) = my, (ay).

Thus, using the Ekeland variational principle as in [21, Lemma 2.3], it follows that there exists
a sequence {(uy, ty)} C Sg X R such that, as n — oo,

TV] (ul’ll tn) _> mV1 (al)/ TVl |/Sa1><]R(ul’l/ tn) _> O/ ti’l _> O'

Note v, := uj. For any w € {z € H'(RN) : Jgn Unz = 0}, setting w,, := w™ ', then (w,,0) €
{(zt) € H(RY) x R : [ tinz = 0}. Hence,

Jvi(vn) = my,(a1),  (wls, (©0n),0) = (Jn s, (tn, tu), (wn,0))-

and by|w,| < 2||w|| for n enough large due to t, — 0, we have Jy, |/Sa1 (v,) — 0. Moreover,
by <]~V1’/sa1xnz(”nrtn)r(0z1)> — 0, we see Py, (v,) — 0. Hence, (2.4) holds. Since [y, (v,) =
Jv,(|onl), v, — 0 ae. in RN, =

3 Proof of Theorem 1.3

In this section, the potential V; # 0 and V; satisfies (H7)—(H3). When V; = 0, we denote
Jvi, Pv,, Pa, v, and my, (a1) by Jeo, Peo, Pay,c0, and e (a1), respectively.
Before proving Theorem 1.1, we first consider the monotonicity of Moo (+).

Lemma 3.1. The map me(-) is decreasing on Ry \ {0}.
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Proof. Fix a > a; > 0. By [31, Theorem 1.1 and Section 6], there exists u € P, « such that
Joo(u) = meo(ay). Set v := (a;/a)N=2/%u((ay/a)'/?-). Then |v|3 = a, and by Lemma 2.5 (ii),
there exists t, € R such that v'* € P, . Moreover,

V0§ = Vol = | Vul} = |Vu,

o >

|Ut”|§} _ 67P1P1t0|v|51 — e7p1pltv(al/u)Pl('Ypl_l)/zh/l’g} — (al/a)pl(')’pl_l)/z‘utv gi'

* * * * *
W3, =2 o3 = e o |ul3 = |uf

u

Let

1 _
Y(u,ty) = Ee”ml’ltv (1 — (al/a)pl(“m 1)/2) |u|§} < 0.

Then, we can deduce that
Moo @) < Jo(01) = Joo(17) + ¥ (1, £2) < Jo 1) = mio(ay),
which indicate m«(+) is decreasing on R \ {0}. O
Now, we present a key estimate for my, (a1).
Lemma 3.2. One has that my, (a1) < Me(ay).

Proof. By [31, Theorem 1.1 and Section 6], there exists a positive radial v,, € P, such that

Joo(va,) = Moo(a1). Using Lemma 2.5 (i), there exists t,, := t(v,,) > 0 such that UZ”I € Pa, vy
Since Vi < 0 and V; # 0, it is easy to check that

o o
my, (a1) < J(va,") < Joo(vg ") < rlf\;aox]m(v,ﬁ]) = Joo(Vay) = Mico(a1). O
Proof of Theorem 1.3. In view of Lemma 2.6, we can obtain a sequence {u,} C S, satisfying
Jv, () — m(ay), Jv, ’/Sal (un) — 0, Py, (u,) — 0, n— oo,

and u, — 0 a.e. in RN, and by Lemma 2.5 (iii), it is easy to see that {u,} is bounded in E;.

Up to a subsequence, we assume that u, — u,, in Ey, u, — u, in LS(RN), s € (2,2*), a.e. in

RY and u,, > 0 a.e. in RN. Moreover, since Jy, |5 (un) — 0, by [32, Proposition 5.12], there
a

exists A, € R such that, for any ¢ € H'(RV),
[ [T+ (Vi Mg — a2 P — P Pag] = 0u(Dllgl. 3

Choosing ¢ = u,, we deduce that {A,} is bounded in R, and hence up to a subsequence,
A — A1 € R. Now, we prove u,, # 0. If not, then u, — 0 in H}(RY) and u, — 0 in
L5(RN), s € (2,2%). By Lemma 2.5 (ii), there exists t, := t(u,) € R such that P (1) = 0 and
Ul € Payco- By Py (uy) — 0and Jy, (u,) — m(ay), we see that there exists & > 0 such that
|Viy|2 > 6 for sufficient large n. Using Py, (u,) — 0 again, we can assume that |u,|3. > 6% for
sufficient large 7. In view of Lemma 2.5 (iv), we see that liminf,_,« e" > 0. If t, — oo, then,

0 < e oo (1)
1

2*=2)t
2*8( )n‘u”

1 2 1 -2 p
= 51Vl - Bl

R
S 56— 53(2 g% 5 —oo, (3.2)
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which is a contradiction. Hence, {t,} is bounded in R and we can assume that f, — t. €
(—00,00). Since u, — 0 in L (RY) and limy|_,, W1(x) = 0, we can obtain that

lim Wiu? =0,
n—oo JRN
and by Py, (u,) — 0, we have
0 = Poo(uy))
— 2tn /]RN Wlu% + (eZt” _ ez*tn)|un|%: +’Yp1(€2t" _e"/plplt;l)’un’51 +0n(1)
= (% — ) |uy |3 + 0,(1) (3.3)

which implies t, = 0. Therefore,

eo(a1) < Jeo () = Ju, () + 0n(1) = my, (a1) + 0u (1),

that is, me(a1) < my, (a1), this is impossible, and thus u,, # 0. Moreover, passing to the limit
in (3.1) by the weak convergence, we infer that u,, solves (1.6) with A = A;, and by Lemma
2.2, we see that A; > 0. Hence, (]{,l (tay), thay) + A1|tta, |5 = 0 and Py, (u,,) = 0, and by (2.3), we
have Jy, (1z,) > 0.

Set a := |u, |3. We claim that a = a;. If not, then b := a; —a € (0,a;) due to a < a3.
Let v, := uy — Ug, then v, — 0 in E; and v, — 0 in L2 (RY), and by im0 Vi (x) =
limy| e W1(x) = 0, we have
fim /}RN Vie2 = lim [ W2 =o.

n—oo n—oo JRN

From the Brezis-Lieb lemma and (3.1), one have |v,|3 = b+ 0,,(1) and

Joo(vn) = vy (n) +0n(1) = Jv, (un) — Jv; (thay) + 0n(1) = my,(a1) — Jv, (ua,) +0u(1), (3.4)

(Jeo(On), vn) = <]{/1(Un)rvn> +0a(1)
= <]{/1(“n)r”n> - U{/] (”a1)r“a1> + 0, (1)
= —May — <]{/1(ual)’ua1> + Oﬂ(l)

P (vn) = Py, (vn) + 0n(1) = Py, (t4n) — Py, (ttg,) + 04 (1) = 04(1). (3.6)
We claim that
lim inf |Vo,[3 > 0. (3.7)
n o0

As a matter of fact, if not, then we may assume that v, — 0 in D?(RN) and hence in L? (RV)
by the Sobolev inequality. We also have |v,|,, — 0 by the Gagliardo-Nirenberg inequality.
Therefore, (J,(vn),vs) — 0, and by (3.5), we have b = 0, this is a contradiction. Thus, (3.7)
holds. Using Lemma 2.5 (ii) again, there exists t, := t(v,) € R such that Px(vly) = 0 and
A= P‘U”@,oo. By Lemma 2.5 (iv) and (3.7), it is easy to see that liminf, . e" > 0. Since
(3.6) and P (v)') = 0, by a similar proof as (3.2) and (3.3), we know that {t,} is bounded and
t, — 0. Hence, by (3.4), we have

oo (|0n]3) < Joo (0)) = Joo(0n) + 0n(1) = mys (a1) — v (tta,) + 0n (1)
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Noting that m(-) is decreasing in R4 \ {0} by Lemma 3.1, we have, for n large enough,

Moo(a1) < eo([0n]3) < 1y, (a1) = Jv; (1) + 0u(1) < meo(@r) — Jv; (4a,) + 0u (1),

which implies that Jy, (1s,) < 0 contradicting to Jy, (i,,) > 0. Hence, |uq |3 = a = a3. Using

Uy — Ug, in L2 _(RN) and im0 Vi(x) = limyy o Wi(x) = 0, we have

n—oo n—oo

lim V1u —/ Vlual, lim W1u —/ Wlual,

and by Py, (1,,) = 0, we deduce that

]V1<ua1>

= ]Vl(ulh) - ,yiPVl (uﬂl)

11 1 1 11
=|z- Vu 2-I-f/ Viuz + / Wu2+< —)u
(2 mm)' 22 oo Vit o e My T2 ) e

1 1 1 1 .
<liminf || = — Vu,ls + = / u + / Wi + ( —> u 2*]
n—reo [(2 7P1P1> ’ H‘Z 2 n TmP1 H Yr1P1 2% | "2

= lim Jy, (1) = m(a),

2%
2*

in view of my, (a1) < Jv, (s ), consequently, Jy, (uz) = my,(a1). Using the strong maximum
principle [16, Theorem 8.19], we see that u,, > 0. Therefore, u,, is a positive radial ground
state normalized solution of (1.6). O

4 Preliminaries about the system

In this section, we may assume that the potentials V;, i = 1,2 satisfy (H;)-(H3).
First, we prove the following monotonicity result.

Lemma 4.1. The map my,(-) is nonincreasing on Ry \ {0}, where my,(a) is defined in (1.7), i=1,2.

Proof. Here, we only consider the case i = 1. The case i = 2 is similar to the case i = 1. Fix
a > a; > 0. By the definition of my, (a1), there exists ug € Py, v, such that

Jv, (uo) < my,(ar) +¢/3. 4.1)

Let ¢ € CF(RYN) be a radial cut off function such that ¢(x) = 1 when x € By, ¢(x) = 0
when x € BS. Set us(x) := ¢(6x)up(x), x € RN,6 > 0. Then us; € E1 \ {0} and us — up
in E; as & — 0T, It follows from Lemma 2.5 (ii) that, for any u € S,,, there exists a unique
ty := t(u) € R such that u'* € P,, y,. Moreover, the map u > t, is C! by the Implicit Function
Theorem. Hence, t(us) — t(up) = 0in R and ug(“é) — up in E; as § — 0. Take a fixed 6 > 0
small enough such that

T, (u5)) < v, (o) +€/3 (4.2)

and take { € CJ(RYN) such that supp({) C Biyass \ Bays. Set ¢ := (a — |us|3)/|C|3¢. Then
|C13 = a — |us|3 and supp({) Nsupp(us) = @. For every s < 0, let ws := u; + {°, then ws € S,
and there exists t(ws) € R such that w!®@) e Pa,v,. We claim that f(ws) is bounded from above
as s — —oo. Suppose by contradiction that #(ws) — o0 as's — —oo, and by ws — us; # 0 a.e.
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in RN, we deduce that ]Vl(wé(ws)) — —oo as s — —oco. However, Jy, (wé(ws)) > 0 by Lemma 2.5

(ii). This is absurd. Hence, the claim holds. Since s + t(ws) — —o0 as s — —oco, we have, as
s — —oo,
AaasiCOIEN /}RN Vi(e~CH@ME2 0
‘gert(ws) |2* N 0/ |és+t(ws) |P1 0.

Consequently, Jy, (*+!(®:)) < ¢/3 when s < 0 small enough. Thus, by (4.2) and (4.1),

which implies my, (a) < my, (a1). Hence, the conclusion holds. O

Lemma 4.2. Assume that N = 3,4 and (u,v) € E; X Ey is a nonnegative solution of (1.1). Then,
u > 0and u # 0 imply that Ay > 0; v > 0 and v # 0 imply that A, > 0.

Proof. Since u # 0 satisfies
—Au = —(Vi + A)u A+ [u* “2u 4 JulP2u + Bro|u|" " 2ulo|?  in RY,

it follows from u > 0 that the right hand side is nonnegative if A; < 0, and by [19, Lemma
A.2], we obtain u = 0, which contradicts to the assumption u # 0. Hence, A; > 0. Similarly,
we also can obtain that v > 0 and v # 0 implies that A, > 0. O

The following lemma is a version of the Brezis—Lieb lemma.

Lemma 4.3. Suppose that N > 3, 1,12 > land r € (2,2*]. If (uy,v,) — (u,0) in Ey X Ey, then,
up to a subsequence if you need,

lim [ (fn]" 0|2 — g —u|" [on — 02 = [u["[0]"2) = 0.
n—oo JRN
Proof. See [11, Lemma 2.3] for the proof of the lemma. O

Leti]:IRXE1><E2—>E1><E2,

n(tu,0) = (u',0') = (N 2u(et),eN20(et)).

Then
e 2 2y, 1 —t),2 Sty € 2* 2*
I(7(t,u,0)) = - (|Vulz +|Vol3) + E/]RN (Vi(e™'x)u” + Va(e 'x)v*) — 5 (|u|2* +|v 2*)
e’nll Plt e’sz P2t
— o fulfy = —folfz — g [ ul ol
P1 p2 RN

Lemma 4.4. Fix (u,0) € Sg, X S, Then I(5(t,u,v)) — 0" as t — —oo and I(y(t,u,v)) — —oo
ast — oo,

Proof. The proof is standard, therefore it is omitted here. O
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Lemma 4.5. Let Dy := {(u,0) € Sq X Sa, ¢ |Vul5+ |Vol3 < k}. Then there exists kg > 0
sufficiently small such that
0< sup I< inf L
(U/U)GDkO (u,0) €9Dy,
Proof. For any (u,v) € S;, X S,,, using the condition (H;), (1.5), the Gagliardo-Nirenberg and
Holder inequalities, we have

/}RN(Vluz +Vao?) > — max{n, &} (|Vu2 + |Vol2),

1

* * 2%/2
5= (B + 105") < gz (IVul3+1V0l3) ",

1
2*
1
ool < CrTul"™ < G (|Tulz + Vol2) ™2,
1

1
oy [Pl < Ca|Vol3"" < Co (|Vul} + [Vof3) "2
2

and

B[ Iul" ol < Blultlol> < BCa (IVul3 + o3) """, @3
where C1 = C(N,p1,€l1), C2 = C(N,pz,ﬂz) and C3 = C(N,r1,rz,a1,a2). Setd := ‘VM’%-F |VU|%
Then

1

1
I(u,0) > 5 (1 —ma{n, ©})d - 57

d¥/% — Cd P12 — Cyd P2/ — BCad /2,

Since 2%, vp, P1, Ypa P2, Ve > 2, it is easy to see that there exists kg > 0 small enough such that
I(u,v) > 0 for all (u,v) € Dy,. Fixing (u1,v1) € D, and (u2,v3) € 0Dy, we have

I(uz,v2) — I(u1,01)

1 1 1 .
> > (|Vial3 + | Vo2 l3) +*/ (Vi3 + Vav3) — - (|u2l3 + [02]3)
2 2 JrN 2

1 1
= oy e 12l fe 1221 B [ Jualoal =5 [ (Vs 4| Vo )

1 1 .
> <2 — max{T, Tz})ko - W(Zko)z 12— Cy(2ko)1m1PV/2 — Cy(2kp) 72P2/% — BC3(2ko )" /?

1/1
>- (==
Z 7 <2 maX{Tl,T2}> ko,

for kg > 0 small enough. Thus, we can choose a sufficient small kg > 0 to satisfy the desired
result. O

Let 71 € S, be the positive radial ground state normalized solution of (1.6) with i = 1 and
¥ € S,, be the positive radial ground state normalized solution of (1.6) with i = 2. By Lemmas
4.4 and 4.5, there exist t1,t, € R with t; < —1 < 1 < t; such that

e (|Vill5 + |V3) <k, I(n(ty,1,7)) >0,

and
2 (|Vald+|Vold) > 2k, I(y(t1,4,5)) <0.

Set
To:= {h € C([0,1],S, X Sa,) : h(0) = #(t1,4,7), h(1) = 5(ty, i1, 5)}.
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Then I'g # @. In fact, set ho(t) = n((1 — t)t; + tt,i1,3), then hy € Tp. Thus, we can define

cp(ar, az) := jnf max I(h(t)).

Clearly, cg(ay,a2) > 0.
Lemma 4.6. limg_,q, cg(a,a2) = 0.

Proof. Since hg € Ty, we have

<
Clg(ﬂl,ﬂz) S tl’é’l[oa/)l(] I(h()(t))

1 2 ~12 ~12 Vit ~17 (T2
< max (3R(VaE+ (Vo) e [ laln

=C M2 50, B oo,

where C is a positive constant independent of B. O

5 Proof of Theorem 1.1

In order to construct a bounded PS sequence of I at the level cg(a1,a2). Adapting the approach
from [21], we introduce the C!-functional @ : E; X E; x R — R with ®(u,v,t) := I(1(t,u,v))
and define

C , ;= inf ®(h(t)),
¢p(ar,a2) fnf max (h(t))

where Tg = {h € C([0,1],S4, % Ss, x R) : h(0) = (5(t1,1,9),0), k(1) = (y(t,4,7),0)}. Tt is
easy to prove that cg(a1,a2) = ¢g(a1,a2). The next lemma is special case of [15, Theorem 4.5].
Lemma 5.1. Let X be a Hilbert manifold, F € C'(X,R) be a given functional, K C X be compact and

consider a subset
D C {E C X : Eis compact, K C E},

which is homotopy-stable, that is, it is invariant with respect to deformations leaving K fixed. Assume
that

max F(u) < ¢:= inf maxF(u) € R.
uck E€D ucE

Let e, € R, ¢, — 0 and E,, € D be a sequence such that

0 <maxF(u) —c< gy
uckE,

Then there exists a sequence u, € X such that, for some constant C > 0,

[F(un) —c <en, [IFlx(ua)ll < Cven, dist(un, En) < Ci/en.
Lemma 5.2. Let {h,} C T be a sequence such that

3 1
& (1, (1) < , )
max (ha(t)) < cplm az)+n

Then there exist a sequence (iin, Uy, ty) € Sa, X Say X R such that, as n — oo,
D (t, U, tn) — cplar, az), ®|g”] xSasz(un'vﬂ/tﬂ) — 0, (5.1)
and

min || (i, 0n, tn) — flﬂ(t)HHl(IRN)xIR — 0. (5.2)
te[0,1]
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Proof. This lemma follows directly from Lemma 5.1 applied to ® with
X =S54 XS4 X R, K:={(n(t1,i,9),0), (n(t2,1,7),0)},

D= {i([0,1])):heTo},  En:={fu(t):tc[01]}.

Indeed, ¢ := infrep max (o 1)ck ®(u,v,t) = infgep maXx (o )k I(n(t,u,v)) = cg(ar, az). On the

one hand, for any h € T, h([0,1]) = (h([0,1]),0) € D. Hence,

c < max I(n(t,u,v)) = max I(u,v) = max I(h(t)).
(u,0,t)€h([0,1]) (n( ) (u,0)eh([0,1]) (,0) te[0,1] (1(£))

Thus, ¢ < cg(ar,a2). On the other hand, we show that cg(a,a2) < c. Suppose by contra-
diction that ¢ < cg(a1,a2). Then max, g [(7(t,u,0)) < cp(ai, az) for some E € D, hence
SUP (1,0,1) By (E) I(n(t,u,v)) < cg(ar, az) for some & > 0, where Bs(E) is the 4 neighborhood of
E. Moreover, Bs(E) is open and connected, so it is path connected. Therefore, there exists a
path f1y € T such that maX;e|o ] D (ho(t)) < cp(a, az). This is impossible. O

Lemma 5.3. There exists a bounded sequence {(wy,zn)} C Sa, X Sa, such that, as n — oo,

I(wy, zn) — cg(ay, az), 1|/Sa1><5a2 (wn,zn) — 0, (5.3)

P(wn,za) = [V +[V2i = [ (Wreo? + Waz) = [wnl3: = [zl
— Al = vmlzalf = Bror [ wal"zal = 0, 54

w, — 0a.e in RN and z; — 0 a.e. in RN,

Proof. First, by the definition of cg(a1,a2), there exists a sequence {h,} C I'g such that

1
trél[g’ﬁ I(ha(t)) < cplay, az) + p
We observe that, since I(u,v) = I(|ul, |v|) for any (u,v) € E; X E, we can take hy,(t) > 0
a.e. in RN for every t € [0,1] and n € N. Applying Lemma 5.2 to f, := (h,,0) € T, we see
that there exists a sequence { (i, Uy, tn)} C Sa, X Sz, X R such that (5.1) and (5.2) hold. Note
(wy,zy) = (ufl”,v,tq”). By h,(t) > 0 a.e. in RN and (5.2), we see that, up to a subsequence,
u, — Oa.e. and v, — 0a.e.. Hence, w,, — 0 a.e. and z,, — 0 a.e.. For any

(w1, wy) € {(u,v) € E; X Ey :/ W :/ z,0 = 0},
RN RN

setting (w!, wh) := (w; ™, w; ™), then

(w’f,wg,O)G{(u,v,t)eElezx]R:/ unu:/ vnvzo}.
RN RN
Hence,

I(wy, zn) — cp(ay, az2), ty, =0

and
(115, sy, (@n20), (w1, 02)) = (@I, 5, ox(ttn, 0, ba), (W, 05, 0)).
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Since || (w], w})|| < 4|/(w1, w,)|| for n enough large, we have I]’Sal <Suy (wn,zy) — 0. Therefore,
(5.3) hold. Moreover, by <q)|,salxsa2xm(”"fv”/tn)~ (0,0,1)) — 0, we see P(wy,z,) — 0. Hence,
(5.4) hold.

Now, we prove that {(wy,z,)} C Ss X Ss, is bounded in E; x E;. By (Hp) and (Hp), if
r = min{p1, p2, r}, then, for sufficiently large n,

cﬁ(al,az) +1

1
> I(wy, zy) — ﬁP(wn,zn)

r

1 1 1 1
> <2 —W> (IVwa |5+ [Vzal3) +2/1RN(V1W%+VZZ%)+W/]RN(Wlwi‘i‘WZZ%)

1—T1 1+91 2 1—T2 1—|—92 2
> - - ;

if p1 = min{py, p2, 7}, then, for sufficiently large n,

cg(ar, a2) +1

> I(wy, zy) — P(wn,zn)

YpP1

1 1 2 2 1 ) 2
Z | z- Y + |V 5 Vi l
<2 ’)’mPl) (| Wnl2 +| Zn‘z) 2/1RN( 1% 2%)

1— 1+0 1— 140
>( ot 1)lwnl%( o_l* 2)|vzn|%;
2 Yp P1 2 YpiP1

if po = min{py, p2, r}, then, for sufficiently large n,

2 2
TpP1 /H{N(Wlwn * WZZn)

cglar, az) +1

> I(wn, zn) —

P(w,,z
YpaP2 ( " n)

1 1 2 2 1 2 2
|5 - Vwnly +[Vzalz) + 5 | (Viwy + Vazy) +
<2 mm) (IVenlz + V2l 2/1RN( 150+ Vaz)

1— 1+6 1— 1+6
>< 0T 1)Ian|%+< o_2* 2>|vZn|%-
2 Yp2 P2 2 Yp2 P2

In these three cases, we conclude that {(w z,)} is bounded in E; x Ej. O

2 2
Yp2P2 /IRN(Wlwn - Waz,)

It follows from Lemma 5.2 that there exists a nonnegative (wo,zo) € E; X E; such that, up
to a subsequence,

(wn,zn) = (wo,z0) in Ey X E,

(Wn,2) = (w,20) in LN (RY) x L2(RY), 41,01 € 2,27, 55
(Wn,2n) — (wo,20) in L7 (RN) x L2(RN), g1,91 € (2,2%), :
(wn/ Zn) — (wO,Zo) a.e. in RN.

Since I |/Su1x5u2(w"'2") — 0, by the Lagrange multipliers rule, there exists a sequence
{(A1,A%)} C R x R such that

I'(wy,zy) + Al (wy,0) + A5(0,2z,) — 0, in (E; x Ep)*. (5.6)

Take (w;,0) and (0,z,) as test functions in (5.6), we see that {(A},A})} is bounded in R x R.
Then there exists (A1,A2) € R x R such that, up to a subsequence, (A}, A}) = (A1, A2).
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Lemma 5.4. There exists B, > 0 sufficiently large such that (wy,z,) — (wo,z) in L? (RN) x
L (RN) when B > B.., moreover, (wo,zo) # 0.

Proof. We firstly prove that w, — wp in L2 (RN). Using the concentration-compactness prin-
ciple [24], we see that there exist finite nonnegative measure y and v, and a most countable
index set A such that |Vw,|> — u in sense of measure, |w,|> — v in sense of measure and

u= |Vl + Yiea Mjdx; 1 =0,
v=lwol* + Tjeavidy, V=0, (5.7)
v < S22y jen,

where x; € RN and dy; is the Dirac measure at x;. Let xr € C(RN) be a cut off function
satisfying xr(x) = 1 in Br(xj), xr(x) = 0 in Bj;(x;) and |[Vxr| < 2/R. It follows from
Lemma 5.2 that {xgw, } is bounded in E;. Now, take (xrwy,0) as a test function in (5.6), then

lim (I'(wy, zy) + A (wn, 0) + A5(0,2,), (Xrwn,0)) = 0. (5.8)

n—oo

By (5.5), the absolute continuity of integral and the Holder inequality, we can deduce that

lim lim [ Viwdye = lim [ Viwdre =0, (59)
Il{ig}) r}gr.}o - /\'fw%XR =M\ Iliiir}) /]RN w%XR =0, (5.10)
lim lim [ 0, V, - Ve = lim /]RN woVw - Vg = 0, (5.11)
lim lim [ | = lim [ ol = 0, (5.12)
and
lim tim [ ezl xx = lim [ ool 20l ™k = 0. (5.13)

It follows from (5.8) and (5.9)—(5.13) that

lim lim |Vw,|?xr = lim lim |wa]* X,
N RN

R—0n—o0 JR R—0n—o0
that is,
I du = 1 / dv. 14
ng})/RNxRV Hm [ ARAY (5.14)

Using (5.7) and (5.14), we can obtain v; > pj, furthermore, either y; = 0 or yj > SN /2 for
j € A. Observe that, for any j € A, y; = 0 if and only if v; = 0. If y; = 0, then v; = 0
and |wn|%: — |wo %i by (5.7), combining w, — wy in L*> (RN), we conclude that w,, — wj in
L% (RN). If y; > SN/2, then we split three cases.

If ¥ = min{r, p1, p2}, then, by Lemma 4.6, there exists f; > 0 sufficiently large such that,
for B > B4,

1-— T 1+ 91 N/2
— . 1
cplar, az) < < 5 o > S (5.15)
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It follows from (5.7) that

. 1
cp(ar, a2) = lim I(wy, zn) — 7P(wn,zn)

1-7n 1+6; )
> _ d
( 2 ,Yrr ) /]RN‘vwn‘ XR X

- 1—T1_1—|—91 d

= 5 T ]RNXR K

> 1—T1_1+91 y]} 1—T1_1—|—91 SN/Z,
2 Yt 2 Yt

which contradicts to (5.15). If p1 = min{r, p1, p2} or p» = min{r, p1, p2}, similarly as the case
r = min{r, p1, p2}, them also yields a contradiction.

In summary, going if necessary to replace a larger ., we obtain y; = v; = 0 forall j € A
and B > B.. Consequently, w, — wp in L2 (RN) when B > B.. z, — zo in L? (RN) can be
obtained in the similar way.

By Lemma 5.3, we know that (wy, zo) is a nonnegative solution of (1.1). Suppose that by
contradiction (wy, zg) = 0, and by (4.3), f]RN W1w% — 0, f]RN WQZ% — 0, the strong convergence
of L¥,LP,LP?,L" and P(w,, z,) — 0, we see that

lim | (|Vwu|* +|Vza|*) = 0.

n—oo JRN
Hence, by [pn Viwd — 0, [pn Voz2 — 0, we have cg(a1,a2) = limy_eo I(wy, z4) = 0, which
contradicts to c/;(al,az) > 0. Hence, (wy, z0) # 0. d

Lemma 5.5. If cg(ay,a2) < min{my, (a1), my,(az)}, then (wy, z,) — (wo, zo) in Ey X Ez. Moreover,
(10,v0) € Say X Sq, is a positive radial normalized solution of (1.1) with Ay > 0 and A, > 0.

Proof. We know from Lemmas 5.3 and 5.4 that (wy, zg) is nonnegative and (wy, zg) # 0.

If wy # 0 and zyp = 0, then wy is a nontrivial radial solutions of (1.6) with i = 1 and wy > 0
by the maximum principle, where |wg|3 = a < 4;. By Lemma 4.1 and Theorem 1.3, we see
that my, (a1) < my, (a) < Jy, (wo) = I(wo,0). It follows from the conditions (H;) and (Hy) that

lim - Vi [wh — (wy — wo)* —wh] =0, lim - Vi(w, — wp)* =0 (5.16)
and
lim o W [wh = (wa —wo)® —wg] =0, lim | Wi (ws —wp)® = 0. (5.17)

Applying the Brezis-Lieb lemma, Lemma 4.3, (5.17), (5.16) and the L1, L2, Lz, L strong con-
vergence, we deduce that

0n(1) = P(wy,zn)
= P(wy, — wo, zn) + P(wo,0) + 0,(1)
= | (IV(wp —wo)|> + [Vza|*) + 04 (1) (5.18)

]RN
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and

cplay, az) = lim I(wn, zn)

= lim I(w, — wo,zn) + I(wo,0) + 0,(1)

n—00

1 .
> — lim (|V (wy, — wo)]2 + \Vzn|2) + my, (a1) = my, (a1), (5.19)

n—oo JRN

which contradicts to cg(a1,a2) < my,(a1).

If wg = 0 and zy # 0, then zj is a nontrivial radial solutions of (1.6) with i = 2 and zy > 0
by the maximum principle, where b = |zg|3 < a2 and my, (a2) < my,(b) < Jv,(z0) = 1(0, zo).
Similarly as (5.18) and (5.19), we also can derive a contradiction.

Hence, (wo,zp) is nonnegative, wy # 0 and zy # 0, and by Lemma 4.2, we can obtain
A1 > 0and A; > 0. By the Pohozaev and Nehari identities, it is easy to see that

Mlwo2 + Aslzo2 = — /RN(vlwg Vazd) - /IRN(Wlwg + Wzd)
(=)ol + (1 =) olfE +Br(L =) [ ol zol”,
and combining P(wy, z,) — 0, we have
May+Aaay = lim (Af[wal3 + AS|zul3)

— lim [—/ (V1w%+szfl)—/ (Wya? + Waz2)
RN RN

n—00

£ (=) walfh + (1= mp)lalfi + BrL=10) [ rwn\“\znvz]
= —/IRN(VN/U%—{—VZ,Z%) _/]RN(Wlwg—*—WZZ%)

+ (1= p)lwolfi + (1= ) olfE +Br(L =) [ ool 2ol
= Mlwol3 + Az|z03,

which implies that |wy|3 = a1 and |zo|5 = ay, that is, (wy, z,) — (wo,2z0) in L2(RN) x L2(RN).
Therefore, from (5.5), (5.6) and Lemma 5.4, we know that

nlgrolo(anﬁ + A|wy|3) = lim (— /]RN Viws + w3 + [wah + Bra /]RN |wn|7’1|zn|r2>

n—soo
= — /IRN Vlw% + ’ZUO‘%* + ”(/Uo‘zi —|—,37’1 /]RN ’wo‘ﬁ’z()rz

|[Vawol3 + Mlwol3,

that is ||wy||1 — ||wol|1 as n — oco. Similarly, we also have ||z,||2 — ||zo||2. Hence, it is easy to
see that (wy,z,) — (wo, zo) in E1 X E;. This completes the proof. O

Proof of Theorem 1.1. By Lemmas 5.3, 5.4 and 5.5, we complete the proof of Theorem 1.1. [
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