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Abstract. In this paper, we consider the following concave-convex semilinear elliptic
system with double critical exponents:

−∆u = |u|2∗−2u + α
2∗ |u|α−2|v|βu + λ|u|q−2u, in Ω,

−∆v = |v|2∗−2v + β
2∗ |u|α|v|β−2v + µ|v|q−2v, in Ω,

u, v > 0, in Ω,
u = v = 0, on ∂Ω,

where Ω ⊂ RN(N ≥ 3) is a bounded domain with smooth boundary, λ, µ > 0, 1 <
q < 2, α > 1, β > 1, α + β = 2∗ = 2N

N−2 . By the Nehari manifold method and
variational method, we obtain two positive solutions which improves the recent results
in the literature.
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1 Introduction and main result

In this paper, we mainly study the following concave-convex semilinear elliptic system with
double critical exponents

−∆u = |u|2∗−2u + α
2∗ |u|α−2|v|βu + λ|u|q−2u, in Ω,

−∆v = |v|2∗−2v + β
2∗ |u|α|v|β−2v + µ|v|q−2v, in Ω,

u, v > 0, in Ω,

u = v = 0, on ∂Ω,

(1.1)
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where Ω ⊂ RN(N ≥ 3) is a bounded domain with smooth boundary, λ, µ > 0, 1 < q <

2, α > 1, β > 1, α + β = 2∗ = 2N
N−2 . System (1.1) is abstracted from some physical phe-

nomenon, especially some description in nonlinear optics. As we all known, it is also a model
in Hartree–Fock theory for a double condensate, i.e., a binary mixture of Bose–Einstein con-
densates in two different hyperfine states |1⟩ and |2⟩, which was first discovered and proposed
by B.D. Esry et al in 1997. There is a lot of literatures about the origin and physical background
of system (1.1), and we refer the readers to see [5, 7, 11, 26].

It is well known that many results have been obtained in these years on critical semilinear
elliptic equation and system. For example, in 1983, Brézis and Nirenberg in reference [3]
studied the case of positive solutions of semilinear elliptic equations with critical exponent in
different dimensions and got many important results. In 1994, Ambrosetti et al in [2] showed
that some problems of critical elliptic equation with concave-convex nonlineraities. With the
development of variational methods, people gradually shifted their focus from equation to
system. In 2000, Alves et al first studied elliptic system involving subcritical or critical Sobolev
exponent in [1] as following

−∆u = au + bv + 2α
α+β u|u|α−2|v|β, in Ω,

−∆v = bu + cv + 2β
α+β |u|αv|v|β−2, in Ω,

u, v > 0, in Ω,

u = v = 0, on ∂Ω,

where Ω ⊂ RN(N ≥ 3) with smooth boundary, and a, b, c ∈ R, α, β > 1, α + β = 2∗. They
obtained some existence results and nonexistence results for the corresponding elliptic system
with different dimensions and in different domain’s shapes. In 2009, Hsu and Lin in [19]
studied the following critical elliptic system

−∆u = λ|u|q−2u + 2α
α+β |u|α−2u|v|β, in Ω,

−∆v = µ|v|q−2v + 2β
α+β |u|α|v|β−2v, in Ω,

u = v = 0, on ∂Ω,

where 0 ∈ Ω is a bounded domain in RN with N ≥ 3, and λ, µ > 0, α, β > 1, α + β = 2∗. For

1 < q < 2, they got two positive solutions when 0 < λ
2

2−q + µ
2

2−q < Λ, where Λ is a positive
constant. What’s more, there are some other references on semilinear elliptic system with
critical exponent, such as [5, 6, 8, 9, 12, 13, 16–18, 20–22, 24–26]. However, among the references
mentioned above, the elliptic system involving double critical exponential terms with one
strongly coupled and the other weakly coupled was studied only in [9] and [8]. Recently,
Duan, Wei and Yang in [9], on an incompressible bounded domain, studied the following
nonhomogeneous semilinear elliptic system with double critical exponents

−∆u = |u|2∗−2u + α
2∗ |u|α−2u|v|β + ε f , in Ω,

−∆v = |v|2∗−2v + β
2∗ |u|α|v|β−2v + εg, in Ω,

u = v = 0, on ∂Ω,

where α, β > 1, α + β = 2∗, ε > 0, for non-homogeneous terms f , g, which satisfy 0 ≤
f (x), g(x) ∈ L∞(Ω), f , g ̸≡ 0, and for the incompressible bounded domains with smooth
boundary Ω satisfies the following condition:
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(V) Ω ⊂ RN(N ≥ 3), and there exist two positive constants 0 < R1 < R2 < ∞ such that

{x ∈ RN : R1 < |x| < R2} ⊂ Ω, {x ∈ RN : |x| < R1} ̸⊂ Ω̄.

If condition (V) holds, by splitting Nehari manifold and the knowledge of topology, they got
that there is a ε′ > 0, for any 0 < ε < ε′, such that the above system has at least three solutions
in the incompressible domain Ω, one of which is a positive ground state solution. Further-
more, if R1 in condition (V) is small enough, then there is a ε′′ such that for any 0 < ε < ε′′

there are at least four solutions on the incompressible domain Ω.
Inspired by [9], we replace the abstract inhomogeneous terms with the concave-convex

terms. In order to get a more general result, we extend the constraints of the “incompressible”
domain to the general bounded domain. So, we study system (1.1).

We denote the norm ∥u∥ =
(∫

Ω |∇u|2dx
) 1

2 of H1
0(Ω); and E = H1

0(Ω)× H1
0(Ω) with the

norm:

∥(u, v)∥E =

[∫
Ω
(|∇u|2 + |∇v|2)dx

] 1
2

.

Then, we use | · |p to denote the Lp(Ω)-norm, and denote S as the Sobolev optimal embedding
constant, where S is defined as follows:

S = inf
u∈H1(RN)\{0}

∫
RN |∇u|2dx(∫
RN |u|2∗dx

) 2
2∗

= inf
u∈H1

0 (Ω)\{0}

∫
Ω |∇u|2dx(∫
Ω |u|2∗dx

) 2
2∗

> 0. (1.2)

From reference [27], we know that S is achieved by the function:

U(x) =
[N(N − 2)]

N−2
4

(1 + |x|2)
N−2

2
, (x ∈ RN) (1.3)

which is also a solution of the following equation:{
−∆u = u2∗−1, x ∈ RN ,

u > 0, x ∈ RN ,
(1.4)

with |∆U|22 = |U|2∗2∗ = S
N
2 . Let

Sα,β = inf
(u,v)∈E\{(0,0)}

∫
Ω
(|∇u|2 + |∇v|2)dx[∫

Ω
(|u|2∗ + |v|2∗ + |u|α|v|β)dx

] 2
2∗

= f (τmin)S. (1.5)

According to [9, Lemma 1], we know that Sα,β = f (τmin)S, where

f (τ) =
1 + τ2

(1 + τ2∗ + τβ)
2

2∗

and f (τmin) ∈ [2−
2

2∗ , 1] for any τ ≥ 0.
Based on (1.1), we know that the corresponding energy functional as follows:

Iλ,µ(u, v) =
1
2
∥(u, v)∥2

E − 1
2∗

∫
Ω
(|u|2∗ + |v|2∗ + |u|α|v|β)dx − 1

q

∫
Ω
(λ|u|q + µ|v|q)dx (1.6)
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and (u, v) is a weak solution of system (1.1) if for any (ξ1, ξ2) ∈ E it satisfies

⟨I′λ,µ(u, v), (ξ1, ξ2)⟩

=
∫

Ω
(∇u∇ξ1 +∇v∇ξ2)dx −

∫
Ω

(
|u|2∗−2uξ1 + |v|2∗−2vξ2

)
dx

−
∫

Ω

(
α

2∗
|u|α−2|v|βuξ1 +

β

2∗
|u|α|v|β−2vξ2

)
dx −

∫
Ω

(
λ|u|q−2uξ1 + µ|v|q−2vξ2

)
dx = 0.

When (ξ1, ξ2) = (u, v), we can get:

∥(u, v)∥2
E −

∫
Ω
(|u|2∗ + |v|2∗ + |u|α|v|β)dx −

∫
Ω
(λ|u|q + µ|v|q)dx = 0. (1.7)

Define Nehari manifold as follows:

Nλ,µ = {(u, v) ∈ E : ⟨I′λ,µ(u, v), (u, v)⟩ = 0}. (1.8)

Set z = (u, v), ∥z∥E = ∥(u, v)∥E =
(
∥u∥2 + ∥v∥2) 1

2 . Define the function Ψ(z) = ⟨I′λ,µ(z), z⟩,
such that

⟨Ψ′(z), z⟩ = 2∥z∥2
E − 2∗

∫
Ω
(|u|2∗ + |v|2∗ + |u|α|v|β)dx − q

∫
Ω
(λ|u|q + µ|v|q)dx

= (2 − q)∥z∥2
E − (2∗ − q)

∫
Ω
(|u|2∗ + |v|2∗ + |u|α|v|β)dx

= (2 − 2∗)∥z∥2
E − (q − 2∗)

∫
Ω
(λ|u|q + µ|v|q)dx

(1.9)

for any z = (u, v) ∈ Nλ,µ. To obtain the two positive solutions, we now split Nλ,µ into three
parts as follows:

N +
λ,µ = {z ∈ Nλ,µ : ⟨Ψ′(z), z⟩ > 0},

N 0
λ,µ = {z ∈ Nλ,µ : ⟨Ψ′(z), z⟩ = 0}, (1.10)

N −
λ,µ = {z ∈ Nλ,µ : ⟨Ψ′(z), z⟩ < 0},

where Nλ,µ = N +
λ,µ ∪ N 0

λ,µ ∪ N −
λ,µ. In addition, we will prove N ±

λ,µ ̸= ∅ and N 0
λ,µ = {(0, 0)}

for 0 < λ
2

2−q + µ
2

2−q < T, where

T =

(
2 − q
2∗ − q

) 2
2∗−2

(
2∗ − 2
2∗ − q

) 2
2−q

(Sα,β)
2∗

2∗−2 S
q

2−q |Ω|−
2(2∗−q)
2∗(2−q) (1.11)

in Section 2.
Here is our main result.

Theorem 1.1. Assume that 1 < q < 2 and Ω ⊂ RN(N ≥ 3) is a bounded domain with smooth
boundary, λ, µ > 0, α > 1, β > 1, α + β = 2N

N−2 . Then,

(i) for any λ
2

2−q + µ
2

2−q ∈ (0, T), system (1.1) has a positive ground state solution;

(ii) for any λ
2

2−q + µ
2

2−q ∈ (0, ( q
2 )

2
2−q T), system (1.1) has two positive solutions, one of which is the

positive ground state solution.
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Remark 1.2. To the best of our knowledge, our result is up to date. On the one hand, we
generalize [9] to system (1.1) on general bound domain and obtain two positive solutions. On
the other hand, noting that [9, Claim 2], that is,∫

Ω
(u1 + tuσ,ρ

δ )2∗ − u2∗
1 − (tuσ,ρ

δ )2∗ − 2∗u2∗−1
1 tuσ,ρ

δ dx ≥ O(δ
N−2

2 )

and ∫
Ω
(v1 + tvσ,ρ

δ )2∗ − v2∗
1 − (tvσ,ρ

δ )2∗ − 2∗v2∗−1
1 tvσ,ρ

δ dx ≥ O(δ
N−2

2 ).

From [9] we know that [15, (4.7)] is used in the proof of Claim 2. However, [15, (4.7)] has a
restriction of q ≥ 3 on the exponential q. For 2∗ = 2N

N−2 ≥ 3, it implies that N ≤ 6. Thus,
when N > 6 the inequality in [9, Claim 2] may not hold, which may have some influence on
the estimation of corresponding energy functional. So, for N ≥ 3, we revalued [9, Claim 2],
which is important for estimating the value of corresponding energy functional Iλ,µ.

The content structure of this paper is organized as the following way. In Section 2, we will
give some important lemmas for preparation to prove our main result. In Section 3, we will
give the proof of the existence of positive ground state solutions for system (1.1). Finally, we
will prove the existence of two positive solutions in Section 4.

2 Some preliminary results

In this section, we first give some important lemmas which are valuable preparation for the
proof of our main result.

Lemma 2.1. Assume that z = (u, v) ∈ E\{(0, 0)} with
∫

Ω(|u|
2∗ + |v|2∗ + |u|α|v|β)dx > 0, then:

(i) there exist unique t+, t− with 0 < t+ < tmax < t− when λ
2

2−q + µ
2

2−q ∈ (0, T), such that
t+z ∈ N +

λ,µ, t−z ∈ N −
λ,µ and

Iλ,µ(t+z) = inf
0≤t≤tmax

Iλ,µ(tz), Iλ,µ(t−z) = sup
tmax≤t

Iλ,µ(tz); (2.1)

(ii) for λ
2

2−q + µ
2

2−q ∈ (0, T), N 0
λ,µ = {(0, 0)} and N −

λ,µ is a closed set.

Proof. (i) For t ≥ 0, z = (u, v) ∈ E such that
∫

Ω(|u|
2∗ + |v|2∗ + |u|α|v|β)dx > 0, we have

⟨I′λ,µ(tz), tz⟩ = t2∥z∥2
E − t2∗

∫
Ω
(|u|2∗ + |v|2∗ + |u|α|v|β)dx − tq

∫
Ω
(λ|u|q + µ|v|q)dx.

Then, set y1, y2 : R+ → R,

y1(t) = t2−q∥z∥2
E − t2∗−q

∫
Ω
(|u|2∗ + |v|2∗ + |u|α|v|β)dx −

∫
Ω
(λ|u|q + µ|v|q)dx, (2.2)

y2(t) = t2−q∥z∥2
E − t2∗−q

∫
Ω
(|u|2∗ + |v|2∗ + |u|α|v|β)dx. (2.3)

Obviously, y1(t) = y2(t)−
∫

Ω (λ|u|q + µ|v|q) dx. We now proceed with the analysis of y2(t),

y′2(t) = (2 − q)t1−q∥z∥2
E − (2∗ − q)t2∗−1−q

∫
Ω
(|u|2∗ + |v|2∗ + |u|α|v|β)dx

= t1−q
[
(2 − q)∥z∥2

E − (2∗ − q)t2∗−2
∫

Ω
(|u|2∗ + |v|2∗ + |u|α|v|β)dx

]
.
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It is easy to figure out that y′2(tmax) = 0 with

tmax =

[
(2 − q)∥z∥2

E
(2∗ − q)

∫
Ω(|u|2

∗ + |v|2∗ + |u|α|v|β)dx

] 1
2∗−2

> 0.

Moreover, y′2(t) > 0 for all 0 < t < tmax, and y′2(t) < 0 for all t > tmax. Through a simple
analysis, we can get that

y2(tmax) = max y2(t) =

[
(2 − q)∥z∥2

E
(2∗ − q)

∫
Ω(|u|2

∗ + |v|2∗ + |u|α|v|β)dx

] 2−q
2∗−2 2∗ − 2

2∗ − q
∥z∥2

E.

According to the definition of Sα,β, Hölder’s inequality and (1.2), one has

y1(tmax) = y2(tmax)−
∫

Ω
(λ|u|q + µ|v|q) dx

=

[
(2 − q)∥z∥2

E
(2∗ − q)

∫
Ω(|u|2

∗ + |v|2∗ + |u|α|v|β)dx

] 2−q
2∗−2 2∗ − 2

2∗ − q
∥z∥2

E

−
∫

Ω
(λ|u|q + µ|v|q) dx

≥
(

2 − q
2∗ − q

) 2−q
2∗−2 2∗ − 2

2∗ − q
∥z∥2

E

(
∥z∥2

E∫
Ω(|u|2

∗ + |v|2∗ + |u|α|v|β)dx

) 2−q
2∗−2

− (λ∥u∥q + µ∥v∥q) |Ω|
2∗−q

2∗ S− q
2

≥
(

2 − q
2∗ − q

) 2−q
2∗−q 2∗ − 2

2∗ − q
∥z∥2

E

(
∥z∥2

E∫
Ω(|u|2

∗ + |v|2∗ + |u|α|v|β)dx

) 2−q
2∗−2

−
(

λ
2

2−q + µ
2

2−q
) 2−q

2
(∥u∥2 + ∥v∥2)

q
2 |Ω|

2∗−q
2∗ S− q

2

=

(
2 − q
2∗ − q

) 2−q
2∗−q 2∗ − 2

2∗ − q
∥z∥2

E

(
∥z∥2

E∫
Ω(|u|2

∗ + |v|2∗ + |u|α|v|β)dx

) 2−q
2∗−2

−
(

λ
2

2−q + µ
2

2−q
) 2−q

2 ∥z∥q
E|Ω|

2∗−q
2∗ S− q

2

≥
(

2 − q
2∗ − q

) 2−q
2∗−2 2∗ − 2

2∗ − q
∥z∥2

E

(
∥z∥2

E

(Sα,β)
− 2∗

2 ∥z∥2∗
E

) 2−q
2∗−2

−
(

λ
2

2−q + µ
2

2−q
) 2−q

2 ∥z∥q
E|Ω|

2∗−q
2∗ S− q

2

= ∥z∥q
E

[ (
2 − q
2∗ − q

) 2−q
2∗−2 2∗ − 2

2∗ − q
(Sα,β)

2∗(2−q)
2(2∗−2) −

(
λ

2
2−q + µ

2
2−q
) 2−q

2 |Ω|
2∗−q

2∗ S− q
2

]
> 0, (2.4)

for all λ
2

2−q +µ
2

2−q ∈ (0, T), where T is defined by (1.11). Because y1(t) is a continuous function,
according to inequality preserving for continuous functions and (2.4), there exist unique t+, t−

with 0 < t+ < tmax < t−, which makes

y1(t+) = y1(t−) = 0.
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So, for t+ < tmax < t−, since y′2(t
+) > 0 and y′2(t

−) < 0, we have t+z ∈ N +
λ,µ, t−z ∈ N −

λ,µ.
Moreover, one has

Iλ,µ(t−z) ≥ Iλ,µ(tz) ≥ Iλ,µ(t+z),

for each t ∈ [t+, t−], and Iλ,µ(t+z) < Iλ,µ(tz) for each t ∈ [0, t+). Thus, one obtains

Iλ,µ(t+z) = inf
0≤t≤tmax

Iλ,µ(tz), Iλ,µ(t−z) = sup
tmax≤t

Iλ,µ(tz).

(ii) Set z0 = (u0, v0) ̸= (0, 0) ∈ N 0
λ,µ, from (1.9) and (1.10), we know

2∗ − 2
2∗ − q

∥z0∥2
E =

∫
Ω
(λ|u0|q + µ|v0|q) , (2.5)

2 − q
2∗ − q

∥z0∥2
E =

∫
Ω
|u0|2

∗
+ |v0|2

∗
+ |u0|α|v0|βdx. (2.6)

We can deduce from (2.4), (2.5) and (2.6) that

0 <

[
(2 − q)∥z0∥2

E
(2∗ − q)

∫
Ω |u0|2∗ + |v0|2∗ + |u0|α|v0|βdx

] 2−q
2∗−2 2∗ − 2

2∗ − q
∥z0∥2

E

−
∫

Ω
(λ|u0|q + µ|v0|q) dx

=

 (2 − q)∥z0∥2
E

(2∗ − q) 2−q
2∗−q∥z0∥2

E


2−q

2∗−2
2∗ − 2
2∗ − q

∥z0∥2
E − 2∗ − 2

2∗ − q
∥z0∥2

E

=
2∗ − 2
2∗ − q

∥z0∥2
E − 2∗ − 2

2∗ − q
∥z0∥2

E

= 0,

which is a contradiction for all λ
2

2−q + µ
2

2−q ∈ (0, T). So, for λ
2

2−q + µ
2

2−q ∈ (0, T), we obtain

N 0
λ,µ = {(0, 0)}. Then, we will prove N −

λ,µ is a closed set when λ
2

2−q + µ
2

2−q ∈ (0, T). Assume
{zn} ⊂ N −

λ,µ, zn → z, z ∈ E, and now we prove z ∈ N −
λ,µ. From (1.10), we have

(2 − q)∥zn∥2
E − (2∗ − q)

∫
Ω
|un|2

∗
+ |vn|2

∗
+ |un|α|vn|βdx < 0. (2.7)

According to zn → z, z ∈ E and (2.7), one has

(2 − q)∥z∥2
E − (2∗ − q)

∫
Ω
(|u|2∗ + |v|2∗ + |u|α|v|β)dx ≤ 0. (2.8)

From (2.8), we can get z ∈ N 0
λ,µ ∪ N −

λ,µ. We already know from the above proof that N 0
λ,µ =

{(0, 0)} when λ
2

2−q + µ
2

2−q ∈ (0, T). So, if z ∈ N 0
λ,µ, then z = (0, 0). According to (1.5) and (2.7),

we obtain

∥zn∥E ≥
[
(2 − q)
(2∗ − q)

(Sα,β)
2∗
2

] 1
2∗−2

> 0,

which implies a contradiction with z = (0, 0). Thus, z ∈ N −
λ,µ for λ

2
2−q + µ

2
2−q ∈ (0, T). So, we

can prove that N −
λ,µ is a closed set. The proof of Lemma 2.1 is complete.
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Lemma 2.2. The energy functional Iλ,µ is coercive and bounded from below on Nλ,µ.

Proof. Assume that z = (u, v) ∈ Nλ,µ. By the Hölder inequality, (1.2) and (1.7), one has

Iλ,µ(z) =
(

1
2
− 1

2∗

)
∥z∥2

E −
(

1
q
− 1

2∗

) ∫
Ω
(λ|u|q + µ|v|q)dx

=
1
N
∥z∥2

E −
(

1
q
− 1

2∗

) ∫
Ω
(λ|u|q + µ|v|q)dx

≥ 1
N
∥z∥2

E −
(

1
q
− 1

2∗

)
(λ∥u∥q + µ∥v∥q)|Ω|

2∗−q
2∗ S− q

2

≥ 1
N
∥z∥2

E −
(

1
q
− 1

2∗

)(
λ

2
2−q + µ

2
2−q
) 2−q

2 (∥u∥2 + ∥v∥2) q
2 |Ω|

2∗−q
2∗ S− q

2

=
1
N
∥z∥2

E −
(

1
q
− 1

2∗

)(
λ

2
2−q + µ

2
2−q
) 2−q

2 ∥z∥q
E|Ω|

2∗−q
2∗ S− q

2 .

(2.9)

Because 1 < q < 2 < 2∗, from (2.9) we know that Iλ,µ is coercive and bounded from below on
Nλ,µ. The proof of Lemma 2.2 is completed.

According to Lemma 2.1 and Lemma 2.2, we set Nλ,µ = N +
λ,µ ∪N 0

λ,µ ∪N −
λ,µ. And we define

m = inf
z∈Nλ,µ

Iλ,µ(z), m+ = inf
z∈N +

λ,µ

Iλ,µ(z), m− = inf
z∈N −

λ,µ

Iλ,µ(z). (2.10)

Lemma 2.3.

(i) We have m ≤ m+ < 0, for λ
2

2−q + µ
2

2−q ∈ (0, T);

(ii) there exists a positive constant m0 depending on λ, µ, S, N, such that m− ≥ m0 > 0 for all
λ

2
2−q + µ

2
2−q ∈

(
0, ( q

2 )
2

2−q T
)
.

Proof. (i) Assume that z = (u, v) ∈ N +
λ,µ, by (1.7), (1.9) and (1.10), we can get

2 − q
2∗ − q

∥z∥2
E >

∫
Ω
(|u|2∗ + |v|2∗ + |u|α|v|β)dx. (2.11)

Then, by (2.11) we have

Iλ,µ(z) =
(

1
2
− 1

q

)
∥z∥2

E +

(
1
q
− 1

2∗

) ∫
Ω
(|u|2∗ + |v|2∗ + |u|α|v|β)dx

<

(
1
2
− 1

q

)
∥z∥2

E +

(
1
q
− 1

2∗

)(
2 − q
2∗ − q

)
∥z∥2

E

=
q − 2
Nq

∥z∥2
E

< 0.

So, m = infz∈Nλ,µ Iλ,µ(z) ≤ m+ = infz∈N +
λ,µ

Iλ,µ(z) ≤ Iλ,µ(z) < 0.

(ii) For z = (u, v) ∈ N −
λ,µ, we can deduce that

2 − q
2∗ − q

∥z∥2
E <

∫
Ω
(|u|2∗ + |v|2∗ + |u|α|v|β)dx ≤ S− 2∗

2
α,β ∥z∥2∗

E .
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Consequently, from (1.5), (1.9) and (1.10), one has

∥z∥E >

(
2 − q
2∗ − q

) 1
2∗−2

S
2∗

2(2∗−2)
α,β . (2.12)

By (2.9) and (2.12), for all λ
2

2−q + µ
2

2−q ∈
(
0, ( q

2 )
2

2−q T
)
, we will get

Iλ,µ(z) ≥
(

1
2
− 1

2∗

)
∥z∥2

E −
(

1
q
− 1

2∗

)(
λ

2
2−q + µ

2
2−q
) 2−q

2 ∥z∥q
E|Ω|

2∗−q
2∗ S− q

2

= ∥z∥q
E

[ (
1
2
− 1

2∗

)
∥z∥2−q

E

−
(

1
q
− 1

2∗

)(
λ

2
2−q + µ

2
2−q
) 2−q

2 |Ω|
2∗−q

2∗ S− q
2

]

> ∥z∥q
E

[ (
1
2
− 1

2∗

)(
2 − q
2∗ − q

) 2−q
2∗−2

S
2∗(2−q)
2(2∗−2)
α,β

−
(

1
q
− 1

2∗

)(
λ

2
2−q + µ

2
2−q
) 2−q

2 |Ω|
2∗−q

2∗ S− q
2

]
≥ m0

> 0,

(2.13)

where m0 is a positive constant. So, m− = infz∈N −
λ,µ

Iλ,µ(z) ≥ m0 > 0. Then, the proof of
Lemma 2.3 is complete.

Lemma 2.4. Suppose z0 ∈ E is a local minimizer of Iλ,µ on Nλ,µ, then we have I ′λ,µ(z0) = 0 in E−1.

Proof. Set z0 = (u0, v0)∈E is a local minimizer of Iλ,µ on Nλ,µ. Then, Iλ,µ(z0) = minz∈Nλ,µ Iλ,µ(z).
According to the Lagrange multiplier theorem, there is a θ ∈ R such that I′λ,µ(z0) = θΨ′(z0),
where Ψ(z) = ⟨I′λ,µ(z), z⟩. Due to z0 ∈ Nλ,µ, we have

0 = ⟨I′λ,µ(z0), z0⟩ = θ⟨Ψ′(z0), z0⟩.

By Lemma 2.3, if z0 /∈ N 0
λ,µ, we can get ⟨Ψ′(z0), z0⟩ ̸= 0 for λ

2
2−q + µ

2
2−q ∈ (0, T) . Thus, θ =

0, I′λ,µ(z0) = 0. The Lemma 2.4 is proved.

3 The positive ground state solution

Lemma 3.1. For any λ
2

2−q + µ
2

2−q ∈ (0, T), then there exists a (PS)m-sequence {zn} = {(un, vn)} ⊂
Nλ,µ for Iλ,µ and T is defined as (1.11).

Proof. The proof process is the same as [28, Proposition 9], which is omitted here.

Lemma 3.2. The energy functional Iλ,µ has a minimizer z∗ = (u∗, v∗) ∈ N +
λ,µ, for λ

2
2−q + µ

2
2−q ∈

(0, T). What’s more z∗ is a positive ground state solution of system (1.1), which makes Iλ,µ(z∗) = m =

m+ < 0.
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Proof. According to Lemma 3.1, there is a (PS)m-sequence, which is recorded as {zn} =

{(un, vn)} ⊂ Nλ,µ. Then, we have

Iλ,µ(zn) = m + on(1), I′λ,µ(zn) = on(1), (3.1)

where on(1) → 0 as n → ∞. Combining with (2.9) and (3.1), we can get

m + on(1) = Iλ,µ(zn)

≥ 1
N
∥zn∥2

E −
(

1
q
− 1

2∗

)(
λ

2
2−q + µ

2
2−q
) 2−q

2 ∥zn∥q
E|Ω|

2∗−q
2∗ S− q

2 .

Thus, {zn} is bounded in E. Then, {zn} has a subsequence (still denoted by {zn}) which
weakly converges to z∗ = (u∗, v∗) ∈ E, and

un ⇀ u∗, vn ⇀ v∗, in H1
0(Ω),

un → u∗, vn → v∗, in Ls(Ω)(1 ≤ s < 2∗),

un(x) → u∗(x), vn(x) → v∗(x), a.e. in Ω.

(3.2)

According to (3.1), we have ⟨I′λ,µ(zn), ξ⟩ → 0 as n → ∞ for any ξ ∈ E. What’s more, combining
with (3.2), we have

⟨I′λ,µ(z∗), ξ⟩ = 0, for all ξ ∈ E,

which implies that z∗ is a solution of system (1.1) and z∗ ∈ Nλ,µ.
Then, we will prove zn → z∗. By using the Lebesgue dominated convergence theorem, we

can get

lim
n→∞

∫
Ω
(λ|un|q + µ|vn|q)dx =

∫
Ω
(λ|u∗|q + µ|v∗|q)dx. (3.3)

Since z∗ ∈ Nλ,µ, by Fatou’s Lemma and (3.3), one has

m ≤ Iλ,µ(z∗)

=

(
1
2
− 1

2∗

)
∥z∗∥2

E −
(

1
q
− 1

2∗

) ∫
Ω
(λ|u∗|q + µ|v∗|q)dx

=
1
N
∥z∗∥2

E − 2∗ − q
2∗q

∫
Ω
(λ|u∗|q + µ|v∗|q)dx

≤ lim
n→∞

inf
(

1
N
∥zn∥2

E − 2∗ − q
2∗q

∫
Ω
(λ|un|q + µ|vn|q)dx

)
= lim

n→∞
inf Iλ,µ(zn)

= m,

which implies Iλ,µ(z∗) = m, ∥zn∥2
E → ∥z∗∥2

E. By combining with (3.2), we can derive zn → z∗
in E. Thus, z∗ is a solution of system (1.1) that means z∗ ∈ Nλ,µ. Moreover, we are going to
prove z∗ ∈ N +

λ,µ. Since z∗ ∈ Nλ,µ, from (1.6) and (1.7), we have

∫
Ω
(λ|u∗|q + µ|v∗|q)dx =

q(2∗ − 2)
2(2∗ − q)

∥z∗∥2
E − 2∗q

2∗ − q
m

≥ − 2∗q
2∗ − q

m

> 0.

(3.4)
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Then, z∗ ̸= (0, 0), which implies z∗ ∈ N +
λ,µ or z∗ ∈ N −

λ,µ. If z∗ ∈ N −
λ,µ, by Lemma 2.1 there are

unique t+, t− with t+ < t− = 1 such that t+z∗ ∈ N +
λ,µ, t−z∗ ∈ N −

λ,µ. From (1.10) we know that

d
dt

Iλ,µ(t+z∗) = 0,
d2

dt2 Iλ,µ(t+z∗) > 0.

Moreover, according to Lemma 2.1 , for any t with t+ < t < t− = 1, one gets

m+ ≤ Iλ,µ(t+z∗) < Iλ,µ(tz∗) ≤ Iλ,µ(t−z∗) = Iλ,µ(z∗) = m,

which implies a contradiction. Thus, z∗ ∈ N +
λ,µ and m = m+, and according to Lemma 2.3 (i),

we have m+ = Iλ,µ(z∗) < 0.
Finally, we are going to prove z∗ is a positive solution. We have z∗ ̸= (0, 0) from (3.4). Then,

the main purpose now is to exclude semi-trivial solutions. Assume that u∗ ̸≡ 0, v∗ ≡ 0, then
u∗ is a nontrivial solution to the following equation:

−∆u = |u|2∗−2u + λ|u|q−2u, in Ω,

u > 0, in Ω,

u = 0. on ∂Ω.

(3.5)

Because (u∗, 0) is a solution of equation (3.5), we have

∥(u∗, 0)∥2
E = W∗(u∗, 0) > 0,

where W∗(u∗, 0) =
∫

Ω |u∗|2
∗
dx +

∫
Ω λuq

∗dx. And similarly, we could take ϕ ∈ H1
0(Ω)\{0} such

that

∥(0, ϕ)∥2
E = W∗(0, ϕ) > 0.

Now,

W∗(u∗, ϕ) = ∥(u∗, ϕ)∥2
E = W∗(u∗, 0) + W∗(0, ϕ).

According to Lemma 2.1, there exists a unique 0 < t+ < tmax such that (t+u∗, t+ϕ) ∈ N +
λ,µ,

where

tmax =

[
(2∗ − q)W∗(u∗, ϕ)

(2∗ − 2)∥(u∗, ϕ)∥2
E

] 1
2−q

=

(
2∗ − q
2∗ − 2

) 1
2−q

> 1

and

Iλ,µ(t+u∗, t+ϕ) = inf
0≤t≤tmax

Iλ,µ(tu∗, tϕ).

Then, we can deduce the following result:

m+ ≤ Iλ,µ(t+u∗, t+ϕ) ≤ Iλ,µ(u∗, ϕ) < Iλ,µ(u∗, 0) = m+.

It is impossible. Finally, we can know that u∗, v∗ > 0 in Ω by using the strong maximum
principle, and z∗ = (u∗, v∗) is a positive solution of system (1.1). The proof of Theorem 1.1 (i)
is complete.
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4 Proof of Theorem 1.1

In this part, we will prove Theorem 1.1 (ii), and obtain the second positive solution of system
(1.1). Before that, due to lacking of compactness condition for Iλ,µ, we first give the local (PS)c

condition which is satisfied for the corresponding energy function.

Lemma 4.1. Let {zn = (un, vn)} be a (PS)c sequence of Iλ,µ with

c < m +
1
N

S
N
2

α,β,

we can get that Iλ,µ satisfies the (PS)c condition in E.

Proof. Let {zn} = {(un, vn)} be a (PS)c-sequence for Iλ,µ such that

Iλ,µ(zn) = c + on(1), I′λ,µ(zn) = on(1). (4.1)

Combining with (2.9), we have

c + on(1) = Iλ,µ(zn)

≥ 1
N
∥zn∥2

E −
(

1
q
− 1

2∗

)(
λ

2
2−q + µ

2
2−q
) 2−q

2 ∥zn∥q
E|Ω|

2∗−q
2∗ S− q

2 .

Since 1 < q < 2, we know that {zn} is bounded in E. Passing to a subsequence (still denoted
by {zn}), there exists z = (u, v) ∈ E such that zn ⇀ z in E, and we have

un ⇀ u, vn ⇀ v, in H1
0(Ω),

un → u, vn → v, in Ls(Ω)(1 ≤ s < 2∗),

un(x) → u(x), vn(x) → v(x), a.e. in Ω.

(4.2)

Similar to [9, Proposition 1], as n → ∞, from (4.1) and (4.2), one has

lim
n→∞

⟨I′λ,µ(zn), ξ⟩ = ⟨I′λ,µ(z), ξ⟩

=
∫

Ω
(∇u∇ξ1 +∇v∇ξ2)dx

−
∫

Ω

(
|u|2∗−2uξ1 + |v|2∗−2vξ2

)
dx

−
∫

Ω

(
α

2∗
|u|α−2|v|βuξ1 +

β

2∗
|u|α|v|β−2vξ2

)
dx

−
∫

Ω

(
λ|u|q−2uξ1 + µ|v|q−2vξ2

)
dx

= 0,

for any ξ = (ξ1, ξ2) ∈ E. Particularly, choosing ξ = z, one obtains ⟨I′λ,µ(z), z⟩=0 and z =

(u, v) ∈ Nλ,µ.
Set {(ηn, µn)} = {(un − u, vn − v)} in E, then, (ηn, µn) ⇀ (0, 0) in E. And next, we give the

following version of Brézis–Lieb Lemma from [14, Lemma 3.4]∫
Ω
|un|α|vn|βdx =

∫
Ω
(|ηn|α|µn|β + |u|α|v|β)dx + on(1), (4.3)
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and the Brézis–Lieb Lemma for the other terms,∫
Ω
|∇un|2dx =

∫
Ω
(|∇ηn|2 + |∇u|2)dx + on(1), (4.4)

∫
Ω
|un|2

∗
dx =

∫
Ω
(|ηn|2

∗
+ |u|2∗)dx + on(1), (4.5)

where (4.4) and (4.5) are equally applicable to vn. Moreover, according to the Lebesgue domi-
nated convergence theorem, we have

lim
n→∞

∫
Ω
(λ|un|q + µ|vn|q)dx =

∫
Ω
(λ|u|q + µ|v|q)dx. (4.6)

Then from (4.3)–(4.5), we have

on(1) = ⟨I′λ,µ(un, vn), (un, vn)⟩

= ∥(ηn, µn)∥2
E −

∫
Ω
(|ηn|2

∗
+ |µn|2

∗
+ |ηn|α|µn|β)dx + on(1).

(4.7)

Assume that there exists a constant l, which makes ∥(ηn, µn)∥2
E → l. Then, from (4.7) we can

get
∫

Ω
(|ηn|2

∗
+ |µn|2

∗
+ |ηn|α|µn|β)dx → l. According to (1.5), one obtains

Sα,β

[∫
Ω
(|u|2∗ + |v|2∗ + |u|α|v|β)dx

] 2
2∗

≤
∫

Ω
(|∇u|2 + |∇v|2)dx.

Then, l ≥ Sα,βl
2

2∗ , which implies that l = 0 or l ≥ S
N
2

α,β. On the one hand, if l = 0, the proof is
complete. On the other hand, if l ≥ S

N
2

α,β, according to the definition of m and (u, v) ∈ N,, it
follows from (4.3)–(4.7) that

c = Iλ,µ(u, v) +
1
2
∥(ηn, µn)∥2 − 1

2∗

∫
Ω
(|ηn|2

∗
+ |µn|2

∗
+ |ηn|α|un|β)dx + on(1)

= m +

(
1
2
− 1

2∗

)
l

≥ m +
1
N

S
N
2

α,β,

which is contrary to the given condition of c < m + 1
N S

N
2

α,β. So, l = 0, i.e. (un, vn) → (u, v) in
E. The proof of Lemma 4.1 is complete.

Set ψ ∈ C∞
0 and satisfies 0 ≤ ψ ≤ 1, |∇ψ| ≤ C. The definition of ψ as follows:

ψ(x) =

1, |x| ≤ ρ0

2
0, |x| ≥ ρ0,

where ε ∈ (0, 1). Moreover, setting

uε(x) = ψ(x)Uε(x) ∈ H1
0(Ω), vε(x) = τminψ(x)Uε(x) ∈ H1

0(Ω). (4.8)

Then, we will have the following estimates.
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Lemma 4.2. Under the assumptions of Theorem 1.1 (ii), for any λ
2

2−q + µ
2

2−q ∈ (0, ( q
2 )

2
2−q T), there

exist ε0 > 0 for any ε ∈ (0, ε0) such that

sup
t≥0

Iλ,µ(u∗ + tuε, v∗ + tvε) < m +
1
N

S
N
2

α,β.

Proof. From [3], we can obtain the following classical conclusion:

|uε|22∗ = |Uε|22∗ + O(εN); (4.9)

∥uε∥2 = ∥Uε∥2 + O(εN−2). (4.10)

Then, we have

Iλ,µ(u∗ + tuε, v∗ + tvε) =
1
2
∥(u∗ + tuε, v∗ + tvε)∥2

E

− 1
2∗

∫
Ω
(u∗ + tuε)

2∗ + (v∗ + tvε)
2∗ + (u∗ + tuε)

α(v∗ + tvε)
βdx

− 1
q

∫
Ω

λ(u∗ + tuε)
q + µ(v∗ + tvε)

qdx

=
1
2
∥(u∗, v∗)∥2

E +
1
2
∥(tuε, tvε)∥2

E

+ t
∫

Ω
u2∗−1
∗ uε +

α

2∗
uα−1
∗ vβ

∗uε + λuq−1
∗ uεdx

+ t
∫

Ω
v2∗−1
∗ vε +

β

2∗
uα
∗vβ−1

∗ vε + µvq−1
∗ vεdx

− 1
2∗

∫
Ω
(u∗ + tuε)

2∗ + (v∗ + tvε)
2∗ + (u∗ + tuε)

α(v∗ + tvε)
βdx

− 1
q

∫
Ω

λ(u∗ + tuε)
q + µ(v∗ + tvε)

qdx.

According to [23, (4.11)]:

(a + b)q ≥ aq + qaq−1b, a, b > 0, 1 < q < 2. (4.11)

Then, we have

t
∫

Ω
u2∗−1
∗ uε +

α

2∗
uα−1
∗ vβ

∗uε + λuq−1
∗ uεdx

+ t
∫

Ω
v2∗−1
∗ vε +

β

2∗
uα
∗vβ−1

∗ vε + µvq−1
∗ vεdx − 1

q

∫
Ω

λ(u∗ + tuε)
q + µ(v∗ + tvε)

qdx

≤ t
∫

Ω
u2∗−1
∗ uε + v2∗−1

∗ vε +
α

2∗
uα−1
∗ vβ

∗uε +
β

2∗
uα
∗vβ−1

∗ vεdx − 1
q

∫
Ω
(λuq

∗ + µvq
∗)dx.

Thus,

Iλ,µ(u∗ + tuε, v∗ + tvε) =
1
2
∥(u∗, v∗)∥2

E +
1
2
∥(tuε, tvε)∥2

E

+ t
∫

Ω
u2∗−1
∗ uε +

α

2∗
uα−1
∗ vβ

∗uε + λuq−1
∗ uεdx

+ t
∫

Ω
v2∗−1
∗ vε +

β

2∗
uα
∗vβ−1

∗ vε + µvq−1
∗ vεdx
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− 1
2∗

∫
Ω
(u∗ + tuε)

2∗ + (v∗ + tvε)
2∗ + (u∗ + tuε)

α(v∗ + tvε)
βdx

− 1
q

∫
Ω

λ(u∗ + tuε)
q + µ(v∗ + tvε)

qdx

≤ 1
2
∥(u∗, v∗)∥2

E +
1
2
∥(tuε, tvε)∥2

E

− 1
2∗

∫
Ω
(u∗ + tuε)

2∗ + (v∗ + tvε)
2∗ + (u∗ + tuε)

α(v∗ + tvε)
βdx

+
∫

Ω
(u2∗−1

∗ tuε + v2∗−1
∗ tvε +

α

2∗
uα−1
∗ vβ

∗ tuε +
β

2∗
uα
∗vβ−1

∗ tvε)dx

− 1
q

∫
Ω
(λuq

∗ + µvq
∗)dx

= Iλ,µ(u∗, v∗) +
1
2
∥(tuε, tvε)∥2

E

− 1
2∗

∫
Ω
(tuε)

2∗ + (tvε)
2∗ + (tuε)

α(tvε)
βdx

− 1
2∗

∫
Ω
(u∗ + tuε)

2∗ − u2∗
∗ − (tuε)

2∗ − 2∗u2∗−1
∗ tuεdx

− 1
2∗

∫
Ω
(v∗ + tvε)

2∗ − v2∗
∗ − (tvε)

2∗ − 2∗v2∗−1
∗ tvεdx

− 1
2∗

∫
Ω
(u∗ + tuε)

α(v∗ + tvε)
β − uα

∗vβ
∗ − (tuε)

α(tvε)
β

− αuα−1
∗ vβ

∗ tuε − βuα
∗vβ−1

∗ tvεdx. (4.12)

Let Φε(t) = Φε,1(t) + Φε,2(t) + Φε,3(t) + Φε,4(t), where

Φε,1(t) =
1
2
∥(tuε, tvε)∥2

E − 1
2∗

∫
Ω
(tuε)

2∗ + (tvε)
2∗ + (tuε)

α(tvε)
βdx, (4.13)

Φε,2(t) =
1
2∗

∫
Ω
(u∗ + tuε)

2∗ − u2∗
∗ − (tuε)

2∗ − 2∗u2∗−1
∗ tuεdx, (4.14)

Φε,3(t) =
1
2∗

∫
Ω
(v∗ + tvε)

2∗ − v2∗
∗ − (tvε)

2∗ − 2∗v2∗−1
∗ tvεdx, (4.15)

Φε,4(t) =
1
2∗

∫
Ω
(u∗ + tuε)

α(v∗ + tvε)
β − uα

∗vβ
∗ − (tuε)

α(tvε)
β

− αuα−1
∗ vβ

∗ tuε − βuα
∗vβ−1

∗ tvεdx. (4.16)

Notice that Φε(0) = 0, limt→+∞ Φε(t) = −∞, and limt→0+ Φε(t) = 0 uniformly for all ε. On
the one hand, when inf supt≥0 Φε(t) ≤ 0, one has Iλ,µ(u∗ + tuε, v∗ + tvε) ≤ Iλ,µ(u∗, v∗) = m <

m+ 1
N S

N
2

α,β. Conclusion naturally holds in this case. On the other hand, when inf supt≥0 Φε(t)>
0, then, supt≥0 Φε(t) > 0 and it attains for some tε > 0, that is, supt≥0 Φε(t) = Φε(tε). Accord-
ing to the monotonicity of Φε near t = 0, we can find two positive constants T0, T0, such
that

|Φε(T0)| = |Φε(T0)− Φε(0)| < ξ =
Φε(tε)

4
.

Similarly, we can obtain tε < T0. So, T0 < tε < T0 is bounded. Now, we evaluate the four parts
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separately. Let us evaluate (4.13) first, from (4.8) we can get:

Φε,1(tε) =
t2
ε

2
∥(uε, vε)∥2

E − t2∗
ε

2∗

∫
Ω
(|uε|2

∗
+ |vε|2

∗
+ |uε|α|vε|β)dx

=
t2
ε

2

∫
Ω
(|∇uε|2 + |∇vε|2)dx − t2∗

ε

2∗

∫
Ω
(|uε|2

∗
+ |vε|2

∗
+ |uε|α|vε|β)dx

=
t2
ε

2
(1 + τ2

min)
∫

Ω
|∇uε|2dx − t2∗

ε

2∗
(1 + τ2∗

min + τ
β
min)

∫
Ω
|uε|2

∗
dx.

Then, define

J(t) =
t2

2

[
(1 + τ2

min)
∫

Ω
|∇uε|2dx

]
− t2∗

2∗

[
(1 + τ2∗

min + τ
β
min)

∫
Ω
|uε|2

∗
dx
]

.

Obviously, J′(tε
max) = 0 with

tε
max =

[
(1 + τ2

min)
∫

Ω |∇uε|2dx

(1 + τ2∗
min + τ

β
min)

∫
Ω |u2∗

ε |dx

] 1
2∗−2

> 0.

By simple analysis, we get that J(t) attains maximum at tε
max. Next, by using (1.5), (4.9), (4.10),

we have the following result:

J(tε
max) =

1
2

[
(1 + τ2

min)
∫

Ω |∇uε|2dx

(1 + τ2∗
min + τ

β
min)

∫
Ω |uε|2∗dx

] 2
2∗−2 [

(1 + τ2
min)

∫
Ω
|∇uε|2dx

]

− 1
2∗

[
(1 + τ2

min)
∫

Ω |∇uε|2dx

(1 + τ2∗
min + τ

β
min)

∫
Ω |uε|2∗dx

] 2∗
2∗−2 [

(1 + τ2∗
min + τ

β
min)

∫
Ω
|uε|2

∗
dx
]

=
1
N

 (1 + τ2
min)

∫
Ω |∇uε|2dx[

(1 + τ2∗
min + τ

β
min)

∫
Ω |uε|2∗dx

] 2
2∗


N
2

≤ 1
N

S
N
2

α,β + O(εN−2).

Then, we can get

Φε,1(tε) ≤ J(tε
max) ≤

1
N

S
N
2

α,β + O(εN−2). (4.17)

Next, let us analyze (4.14). According to [23, (4.12)]:

(a + b)γ ≥ aγ + bγ + γaγ−1b + C1abγ−1, 0 ≤ a ≤ M, b ≥ 1, M > 0, γ > 2. (4.18)

Then, according to (1.5) we can find a positive constant C2 > 1, where C2 satisfies:

S
N
2 =

(
1

f (τmin)
Sα,β

) N
2

≤ C2S
N
2

α,β.

(4.19)
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Moreover, by the standard elliptic estimates, we know that u∗, v∗ ∈ C(Ω). Assume that
tεuε ≥ 1 for all tε ≥ 1√

C2 N(1+τ2
min)

, by using (4.18), we get

Φε,2(tε) =
1
2∗

∫
Ω
[(u∗ + tεuε)

2∗ − u2∗
∗ − (tεuε)

2∗ − 2∗u2∗−1
∗ tεuε]dx

≥ 1
2∗

∫
Ω
[u2∗

∗ + (tεuε)
2∗ + 2∗u2∗−1

∗ tεuε

− u2∗
∗ − (tεuε)

2∗ − 2∗u2∗−1
∗ tεuε + C1u∗t2∗−1

ε u2∗−1
ε ]dx

=
t2∗−1
ε

2∗

∫
Ω

C1u∗u2∗−1
ε dx

≥ O(ε
N−2

2 ).

(4.20)

By using the same method as (4.20) to (4.15), we can get

Φε,3(tε) ≥ O(ε
N−2

2 ). (4.21)

At last, let’s evaluate (4.16). First of all, we define a new function f (x, y) : [0,+∞)× [0,+∞) →
R, and

f (x, y) = (1 + x)α(1 + y)β − xαyβ − αx − βy − 1.

Since

∂ f (x, y)
∂x

= α(1 + x)α−1(1 + y)β − αxα−1yβ − α

≥ α(1 + x)α−1(1 + yβ)− αxα−1yβ − α

= α(1 + x)α−1 − α + α(1 + x)α−1yβ − αxα−1yβ

≥ 0.

We can also get
∂ f (x, y)

∂y
≥ 0 in the same way. Obviously, f (0, 0) = 0, so for any x ≥ 0, y ≥ 0,

we have f (x, y) ≥ 0. Because of u∗, v∗ > 0, we have

Φε,4(tε) =
1
2∗

∫
Ω
(u∗ + tεuε)

α(v∗ + tεvε)
β − uα

∗vβ
∗ − (tεuε)

α(tεvε)
β

− αuα−1
∗ vβ

∗ tεuε − βuα
∗vβ−1

∗ tεvεdx

≥ 0.

(4.22)

Therefore, for t = tε ≥ 1√
C2 N(1+τ2

min)
, we know that there exists a ε1 > 0 such for any

ε ∈ (0, ε1) that

Iλ,µ(u∗ + tuε, v∗ + tvε) ≤ m +
1
N

S
N
2

α,β + O(εN−2)− O(ε
N−2

2 )

< m +
1
N

S
N
2

α,β

(4.23)

by (4.17), (4.20), (4.21) and (4.22).
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When 0 < t < 1√
C2 N(1+τ2

min)
, according to (4.8)–(4.11) and (4.19), there is a ε2 > 0, when

ε ∈ (0, ε2) we have the following estimates:

Iλ,µ(u∗ + tuε, v∗ + tvε) =
1
2
∥(u∗, v∗)∥2

E +
1
2
∥(tuε, tvε)∥2

E

+ t
∫

Ω
(u2∗−1

∗ uε +
α

2∗
uα−1
∗ vβ

∗uε + λuq−1
∗ uε)dx

+ t
∫

Ω
(v2∗−1

∗ vε +
β

2∗
uα
∗vβ−1

∗ vε + µvq−1
∗ vε)dx

− 1
2∗

∫
Ω
[(u∗ + tuε)

2∗ + (v∗ + tvε)
2∗ + (u∗ + tuε)

α(v∗ + tvε)
β]dx

− 1
q

∫
Ω
[λ(u∗ + tuε)

q + µ(v∗ + tvε)
q]dx

= Iλ,µ(u∗, v∗) +
t2

2
∥(uε, vε)∥2

E

+
1
2∗

∫
Ω
(u2∗

∗ + v2∗
∗ + 2∗u2∗−1

∗ tuε + 2∗v2∗−1
∗ tvε)dx

− 1
2∗

∫
Ω
[(u∗ + tuε)

2∗ + (v∗ + tvε)
2∗ ]dx

+
1
2∗

∫
Ω
(uα

∗vβ
∗ + αuα−1

∗ vβ
∗ tuε + βuα

∗vβ−1
∗ tvε)dx

− 1
2∗

∫
Ω
[(u∗ + tuε)

α(v∗ + tvε)
β]dx

+
1
q

∫
Ω
(λuq

∗ + µvq
∗)dx

− 1
q

∫
Ω
[λ(u∗ + tuε)

q + µ(v∗ + tvε)
q]dx

≤ m +
t2

2
∥(uε, vε)∥2

E

= m +
t2

2

∫
Ω
(|∇uε|2 + |∇vε|2)dx

= m +
t2

2
(1 + τ2

min)
∫

Ω
|∇uε|2dx

= m +
t2

2
(1 + τ2

min)
[
∥Uε∥2

E + O(εN−2)
]

≤ m + t2(1 + τ2
min)S

N
2

≤ m + t2(1 + τ2
min)C2S

N
2

α,β

< m +
1
N

S
N
2

α,β. (4.24)

Therefore, choosing ε0 = min{ε1, ε2}, for any 0 < ε < ε0, we can draw a conclusion

sup
t≥0

Iλ,µ(u∗ + tuε, v∗ + tvε) < m +
1
N

S
N
2

α,β

from (4.23) and (4.24). The proof of Lemma 4.2 is finished.

Lemma 4.3. There is a t−ε (uε) > 0 such that (u∗ + t−ε uε, v∗ + t−ε vε) ∈ N −
λ,µ, when λ

2
2−q + µ

2
2−q ∈(

0, ( q
2 )

2
2−q T

)
. What is more, 0 < m− < m +

1
N

S
N
2

α,β.
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Proof. According to Lemma 2.1, there is a t−(z) > 0 for any z = (u, v) ∈ E\{(0, 0)} such that
t−(z)z ∈ N −

λ,µ. Let

E1 =

{
z ∈ E : u = 0 or ∥z∥ < t−

(
z

∥z∥E

)}
,

E2 =

{
z ∈ E : ∥z∥ > t−

(
z

∥z∥E

)}
.

Then, we have N −
λ,µ =

{
z ∈ E : ∥z∥ = t−

( z
∥z∥E

)}
. So, E = E1 ∪ E2 ∪ N −

λ,µ. We have N +
λ,µ ⊂

E1, since t+ < t−. Now, there is a positive constant M1 such that 0 < t−(z) < M1 for ∥z∥E = 1.

When t0 =

∣∣M1−∥(u∗,v∗)∥2
E

∣∣ 1
2

∥(uε,vε)∥2
E

+ 1, we claim that

ωε = (u∗ + t0uε, v∗ + t0vε) ∈ E2,

for ε > 0 small enough. By (4.10), we can deduce that

∥(u∗ + t0uε, v∗ + t0vε)∥2
E = ∥(u∗, v∗)∥2

E + ∥(t0uε, t0vε)∥2
E

+ 2t0

∫
Ω
(u2∗−1

∗ uε +
α

2∗
uα−1
∗ vβ

∗uε + λuq−1
∗ uε)dx

+ 2t0

∫
Ω
(v2∗−1

∗ vε +
β

2∗
uα
∗vβ−1

∗ vε + µvq−1
∗ vε)dx

≥ ∥(u∗, v∗)∥2
E + t2

0∥(uε, vε)∥2
E + on(1)

> M2
1

≥
[

t−
(

ωε

∥ωε∥E

)]2

.

We denote h : [0, 1] → E by h(t) = u∗ + tt0vε, then there exists 0 < (tε)− < t0, which makes
(u∗ + (tε)−uε, v∗ + (tε)−vε) ∈ N −

λ,µ. Moreover, from Lemma 4.2 and Lemma 2.3 (ii), one has

0 < m− ≤ Iλ,µ(u∗ + (tε)
−uε, v∗ + (tε)

−vε) ≤ sup
t≥0

Iλ,µ(u∗ + tuε, v∗ + tvε) < m +
1
N

S
N
2

α,β.

Thus, the proof of Lemma 4.3 is complete.

Next, for z = (u, v), φ = (φ1, φ2) ∈ E, we define

z − φ = (u − φ1, v − φ2),

⟨z, φ⟩ =
∫

Ω
∇u∇φ1 +∇v∇φ2dx,

Gλ,µ(z, φ) =
∫

Ω

(
λ|u|q−2uφ1 + µ|v|q−2vφ2

)
dx,

H(z, φ) =
∫

Ω

(
|u|2∗−2uφ1 + |v|2∗−2vφ2

)
dx +

∫
Ω

(
α

2∗
|u|α−2|v|βuφ1 +

β

2∗
|u|α|v|β−2vφ2

)
dx.

Then, we have the following conclusion.

Lemma 4.4. When λ
2

2−q + µ
2

2−q ∈ (0, ( q
2 )

2
2−q T), there exist η > 0 and a differentiable function

ζ : Bη(0) ⊂ E → R+, for z = (u, v) ∈ N −
λ,µ such that ζ(0) = 1, ζ(φ)(z − φ) ∈ N −

λ,µ for any
φ = (φ1, φ2) ∈ Bη(0), and

⟨ζ ′(0), ϕ⟩ =
2⟨z, ϕ⟩ − 2∗H(z, ϕ)− qGλ,µ(z, ϕ)

(2 − q)∥z∥2
E − (2∗ − q)H(z, z)

for all ϕ = (ϕ1, ϕ2) ∈ E.
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Proof. For z ∈ N −
λ,µ, we define a function Fz : R × E → R and

Fz(ζ, ϕ) =
〈

I′λ,µ(ζ(z − ϕ)), ζ(z − ϕ)
〉

= ζ2∥z − ϕ∥2
E − ζ2∗ H(z − ϕ, z − ϕ)− ζqGλ,µ(z − ϕ, z − ϕ).

Then, we have Fz(1, 0) = ⟨I′λ,µ(z), z⟩ = 0, moreover, from (1.8) and (1.9) we have

d
dζ

Fz(1, 0) = 2∥z∥2
E − 2∗H(z, z)− qGλ,µ(z, z)

= (2 − q)∥z∥2
E − (2∗ − q)H(z, z)

< 0.

According to the implicit function theorem, there is a η > 0 and a differential function ζ :
Bη(0) ⊂ E → R, which makes ζ(0) = 1, then, Fz(ζ(0), 0) = Fz(1, 0) = 0, one has

〈
ζ ′(0), ϕ

〉
=

2⟨z, ϕ⟩ − 2∗H(z, ϕ)− qGλ,µ(z, ϕ)

(2 − q)∥z∥2
E − (2∗ − q)H(z, z)

and

Fz(ζ(φ), φ) = 0, for all φ ∈ Bη(0)

which is equivalent to〈
I′λ,µ(ζ(φ)(z − φ)), ζ(φ)(z − φ)

〉
= 0, for all φ ∈ Bη(0).

This means that for all φ ∈ Bη(0), we have ζ(φ)(z − φ) ∈ Nλ,µ. The proof of Lemma 4.4 is
complete.

4.1 The proof of Theorem 1.1

Proof. For λ
2

2−q + µ
2

2−q ∈ (0, ( q
2 )

2
2−q T), there exists a z ∈ N −

λ,µ such that m− = inf Iλ,µ(z) > 0, by
Lemma 2.3. Setting {(un, vn)} ⊂ E, which is a minimizing sequence of Iλ,µ at m−. Now, we are
going to prove that {(un, vn)} is a (PS)m−-sequence of Iλ,µ. According to Ekeland’s variational
principle (see [10]), there exists a sequence (we still denote it as {(un, vn)}) that satisfies

(i) Iλ,µ(un, vn) < m− +
1
n

;

(ii) Iλ,µ(un, vn) ≤ Iλ,µ(w1, w2) +
∥(w1, w2)− (un, vn)∥E

n
, (w1, w2) ∈ N −

λ,µ.

So, we only need to prove I′λ,µ(un, vn) → 0 as n → ∞ in E−1 to get that {(un, vn)} is a (PS)m−-
sequence of Iλ,µ. According to Lemma 4.4, there exist a ηn > 0 and differentiable function
ζn : B((0, 0); ηn) ⊂ E → R+ such that ζn(0, 0) = 1, ζn(w1, w2)((un, vn)− (w1, w2)) ∈ N −

λ,µ, for
any (w1, w2) ∈ B((0, 0); ηn). Let (φ1, φ2) ∈ E, ∥(φ1, φ2)∥E = 1, and 0 < σ < ηn. Then we
choose (w1, w2) = σ(φ1, φ2), which makes (w1, w2) = σ(φ1, φ2) ∈ B((0, 0); ηn) and ωσ,n =

ζn(σ(φ1, φ2))((un, vn) − σ(ϕ1, φ2)) ∈ N −
λ,µ, for 0 < σ < ηn. From (ii) and the mean value
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theorem, let σ → 0+, we have

∥ωσ,n − (un, vn)∥E

n
≥ Iλ,µ(un, vn)− Iλ,µ(ωσ,n)

=
〈

I′λ,µ(t0(un, vn) + (1 − t0)ωσ,n), (un, vn)− ωσ,n

〉
=
〈

I′λ,µ(un, vn), (un, vn)− ωσ,n

〉
+ o(∥(un, vn)− ωσ,n∥E)

= σζn(σ(φ1, φ2))
〈

I′λ,µ(un, vn), (φ1, φ2)
〉

+ (1 − ζn(σ(φ1, φ2)))
〈

I′λ,µ(un, vn), (un, vn)
〉
+ o(∥(un, vn)− ωσ,n∥E)

= σζn(σ(φ1, φ2))
〈

I′λ,µ(un, vn), (φ1, φ2)
〉
+ o(∥(un, vn)− ωσ,n∥E),

where t0 ∈ (0, 1). Next, let σ → 0+, we have〈
I′λ,µ(un, vn), (φ1, φ2)

〉
≤

∥ωσ,n − (un, vn)∥E(
1
n + o(1))

σ|ζn(σ(φ1, φ2))|

≤
∥(un, vn)(ζn(σ(φ1, φ2))− ζn(0, 0))− σ(φ1, φ2)ζn(σ(φ1, φ2))∥E(

1
n + |o(1)|)

σ|ζn(σ(φ1, φ2))|

≤ ∥(un, vn)∥E|ζn(σ(φ1, φ2))− ζn(0, 0)|+ σ∥(φ1, φ2)∥E|ζn(σ(φ1, φ2))|
σ|ζn(σ(φ1, φ2))|

(
1
n
+ |o(1)|

)
≤ C(1 + ∥ζ ′n(0, 0)∥)

(
1
n
+ |o(1)|

)
.

Due to {(un, vn)} and ζ ′n(0, 0) are bounded, we could learn that I′λ,µ(un, vn) → 0 in E−1 as
n → ∞. Thus, {(un, vn)} is a (PS)m−-sequence of Iλ,µ.

In accordance with Lemma 4.1, Lemma 4.2 and Lemma 4.3, there is a list of convergent sub-
sequences {(un, vn)}, such that (un, vn) → (u∗∗, v∗∗), where (u∗∗, v∗∗) ∈ N −

λ,µ. What’s more,

when λ
2

2−q + µ
2

2−q ∈
(

0, (
q
2
)

2
2−q T

)
, we can get Iλ,µ(u∗∗, v∗∗) = m− > 0. Since Iλ,µ(u∗∗, v∗∗) =

Iλ,µ(|u∗∗|, |v∗∗|) and (u∗∗, v∗∗) ∈ N −
λ,µ, we can deduce that

∫
Ω
|u∗∗|2

∗
+ |v∗∗|2

∗
+ |u∗∗|α|v∗∗|βdx >

2 − q
2∗ − q

∥(u∗∗, v∗∗)∥2
E > 0 (4.25)

from (1.9) and (1.10). So, (u∗∗, v∗∗) ̸= 0. Applying the strong maximum principle, we could
get that (u∗∗, v∗∗) is a positive solution of system (1.1). Finally, due to N +

λ,µ ∩ N −
λ,µ = ∅,

which implies that (u∗, v∗) and (u∗∗, v∗∗) are entirely different. The proof of Theorem 1.1 is
complete.
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