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Abstract. In this paper we consider the Dirichlet problem for quasi-linear second-order
elliptic equation with the m(x)-Laplacian and the strong nonlinearity on the right side
in an unbounded cone-like domain. We study the behavior of weak solutions to the
problem at infinity and we find the sharp exponent of the solution decreasing rate. We
show that the exponent is related to the least eigenvalue of the eigenvalue problem for
the Laplace-Beltrami operator on the unit sphere.
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1 Introduction

In recent years there has been an increasing interest in the study of various mathematical prob-
lems with variable exponent, see e.g. [4,16,17,21-23,28,29] and references therein. The basic
properties of variable exponent function spaces were derived by O. Kovéacik and ]J. Rdkosnik
in [18] and (by different methods) by X.-L. Fan and D. Zhao in [14]. For a comprehensive
survey concerning Lebesgue and Sobolev spaces with variable exponent we refer to [12].

Differential equations and variational problems with m(x)-growth conditions arise from
the study of elastic mechanics, oscillation problem, electrorheological fluids [11,24,25], image
restoration [10], thermistor problem [31] and other. Moreover, the motion of a compressible
fluid in a nonhomogeneous anisotropic porous medium obeys to nonlinear the Darcy law [3].
The model of electrorheological fluids considered in [25] includes an integral of the symmetric
part of gradient in a variable power which is caused by the action of an electromagnetic field.
A similar structure of energy is also presented in the thermorheological model proposed in
[30] for fluids with the stress tensor depending on the temperature. This system can be
referred to as a coupled Boussinesq type sytem for a non-Newtonian fluid.
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Our interest is in the studying of the behavior of weak solutions to the Dirichlet problem
with boundary condition on the lateral surface of a cone-like unbounded domain at infinity.
For other results in unbounded and bounded cone-like domains we refer to [5-8,27]. We refer
also to some very recent works dealing with complementary aspects [20,26]. These works can
provide some ideas for further investigations in the cone-like domain too. For putting more
emphasis on the effects of a gradient dependent reaction in the principal equation we refer to
[15,19].

This paper is organized as follows. At first, we formulate the Dirichlet problem in an
unbounded cone-like domain for second order elliptic quasilinear equations with variable
nonlinearity exponent. Then, we introduce notations and function spaces that are used in
the following sections. The main result, Theorem 1.2, is also formulated. In Section 2 we
formulate an eigenvalue problem for the Laplace-Beltrami operator on the unit sphere, a
Friedrichs-Wirtinger type inequality and some auxiliary inequalities and lemmas. In the next
sections local estimate of the weighted Dirichlet integral and local estimate of weak solutions
at infinity are investigated. Finally in Section 5 the power modulus of continuity near the
infinity for weak solutions is considered.

Let B1(O) be the unit ball in R"”, n > 2 with center at the origin O and G C R" \ B;(O)
be an unbounded domain with the smooth boundary dG. We assume that G D Gg, where Gr
is a cone-like domain, Gg = {x = (r,w) € R" | r € (R,0), w € Q C S* !, n>2},R > 1,
S"~1 is the unit sphere (see Figure 1.1).
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Figure 1.1: An unbounded cone-like domain

We consider the following Dirichlet problem for a quasi-linear elliptic equation with the
variable growth exponent:

— e (V"™ 2u3) + b(x,u, Vu) = 0, x € Gg,
(x = O, X € rR, (QL)
— 0,

~— ~— <

u
u(x as |x| — oo.



The Dirichlet problem with variable nonlinearity exponent 3

The following conditions will be needed throughout the paper:
() 1 <inf{m(x):x € Grim(x) =m_ <m(x) <my = supy m(x) : x € Gr} < o0;

(ii) the function m(x) is Holder continuous in Gg, i.e. there exist a positive constant M and
an exponent « € (0,1) such that

jm(x) —m(4o00)| < M|x|™%, Vx € Gg,
where m(+00) = lim)y|_, ;o m(x) = 2;

(iii) b(x,u,¢) is a Carathéodory function Gg x R x R" — R and

1
[b(x,u, )| < p(lul +1)7ME"™, 0<p< <L
Jr

(iv) 9Q € C*7, v € (0,1).
We introduce the following notations:

* C:arotational cone {x; > rcos 5 };

dC : the lateral surface of C : {x; = rcos L };

Q) : a domain on the unit sphere S"~! with smooth boundary 9(Q) obtained by the inter-
section of the cone C with the sphere gn-1.

00 =aCNS 1

Gl ={(r,w) |a<r<b; weQ}NG: thelayer in R%;

I = {(r,w) |a <r <b; w €90} NIG : the lateral surface of layer G}, T, = Iy

and the class of functions
Wioe(Gr) = {u : u € Wy (G, TR), |Vu|™™ € Ly(Ggr), VR > 1},

where W&’l (Gg, I'r) is the Sobolev space of those functions with zero trace on I'g that, together
with all their first order distributional derivatives, are Ll—integrable in Gg.
We denote W} (Q) = W, *(Q).

Definition 1.1. A function u(x) € Wj,.(Ggr) such that u(x) — 0 as |x| — oo is said to be a
weak solution of problem (QL) provided the integral identity

/G (\Vu]m(x)_zux,.qx, +b(x, u,Vu);y(x)) dx =0 (I7)
R

holds for all test functions 77(x) € Wio.(Gr) such that #(x) — 0 as |x| — co.

We use the Sobolev embedding theorem for functions ¢ € Wy? (G2):

1
= i B n
(/G% ‘(P|n‘7dx/> < CL% |V/(P’qu,’ = m/ Vq >1, (1‘1)
where x' = %x, 0 > R. Our main theorem is the following;:

Theorem 1.2. Let u be a weak solution of problem (QL), | = max {m(x) : x € ng}, A_ be as in
(2.4) and assumption (i)—(iv) be satisfied. Then there exist R > 1 and a positive constant C such that

lu(x)| < C-|x|*1#)  vx e Gg. (1.2)
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2 Preliminaries

2.1 Eigenvalue problem

We consider the eigenvalue problem for the Laplace-Beltrami operator A, on the unit sphere

{Awl/J +0p =0, wey (EVE)

P(w) =0, w € ),

which consists of the determination of all values ¢ (eigenvalues) for which (EV P) has non-zero
weak solutions (w) # 0 (eigenfunctions).

Definition 2.1. A function ¢ is said to be a weak solution of problem (EV P) provided that
P € W(Q) and satisfies the integral identity

1 oy oy _
/Q (qiawi S 191/;;7) d0 =0

for all 7(w) € W3 (Q).
Throughout the paper we need only the least positive eigenvalue:

240
%, = inf —fQ |Vw1£|
peni@\{0}  Jo [9[2dO

For the existence problem of the least positive eigenvalue to problem (EVP) see for example
Section 8.2.3 [9].

2.2 The Friedrichs—Wirtinger type inequality

From the definition of 8, (()) we obtain the following Friedrichs—Wirtinger type inequality:

Theorem 2.2. For all € W}(Q) the inequality

1
/Q [p[2dQ < ﬁ—*/|Vw1/J|2dQ 2.1)
Q

holds with the sharp constant 19%.

Corollary 2.3. Let v(x) € W}(GR). Then for any o > R and for all «

Je

provided that the integral on the right is finite.

r*|v)Pdx < 1;/ 2| Vo|*dx (2.2)
x J Gy

Q

Proof. Consider the inequality (2.1) for the function u(r,w). Multiplying it by r**"~! and
integrating over r € (g, 0), we obtain the desired inequality. ]
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2.3 Auxiliary integro-differential inequalities

Lemma 2.4 (see Lemma 2.9 in [27]). Let Gg be an unbounded cone-like domain and Vu(o,-) €
Ly (Q)) for almost all o € (R, o). Suppose also that

U(o) = / P21 Vu2dx < co.
G

Q

/ 8u+n—2 2
or 2
r=e

where A_ is a negative number connected with 9, by the equality

Then

0 Ly
40 > —2-U'(o), (2.3)

2—n—/(n—2)2%+49,

A= >

(2.4)

Theorem 2.5 (see Theorem 2.10 in [27]). Suppose that U (o) is a monotonically decreasing, nonneg-
ative differentiable function defined on [R,o0), R > 1, satisfying

{u%@ +P(o)U(0) —Q(0) <0, ¢ >R,

(CP)
U(R) < Uy,

where P(0), Q(0) are nonnegative continuous functions defined on [R,c0) and Uy is a constant. Then

Q Q Q
U(o) < Upexp <—/ P(a)da) —I—/ Q(t) exp <—/ P(U’)dU’) dt.
R R t
Now our aim is to estimate the gradient modulus of the problem (QL) solutions at infinity.
Lemma 2.6. Let u(x) be a weak solution of (QL) and assumptions (i)—(iv) hold. Then
|Vu(x)| < Mj|x|™!, Vx € Gg, R> 1. (2.5)

We consider the solution u to the problem (QL) in the domain GE C Ggr, 0 > R. We make

2
the change of variables x = gx’. Then the function z(x’) = u(ox’) satisfies the problem

d’i (o-—m(ex)| 7/ z|m(ex) §) +0"b(ox',z,07'V'z) =0, x' € Gé, o)
z(x') =0, x' €TL.
2
We verify that function d(x') = ¢ ~"(@) is Holder continuous at infinity.
First of all, by the mean value Lagrange theorem, we have
") — g = [m(f00) — m(ox')| - o' Ing,
where t is a negative number between m_ — m(ox") and m_ — m(+4o0). Hence and by the

Holder assumption (ii), we get
d(x') = d(+o00)| = ") — ") < MIx'| "0 Ing,

Now, using first derivative test, we can conclude that

1
|a)’|In |a|| < 5 lal<1, vo>0. (2.6)
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Thus, we obtain the required
M
A < 20
d(x') — d(+o0)| < ||
Further, assumptions (i), (iii) yield:
0" [b(ex', 2,07 V'z)| < V2", g >1

and therefore we can apply the X. Fan Theorem 1.2 and Remark 5.2 [13] about a priori estimate
of the gradient modulus of the problem (QL') solution

max |V'z| < M.
x'€GY
2

Returning to variable x and function u(x), we obtain

Vu| < Mjo™!, xe Gg, 0> R

Setting now |x| = 30 we obtain the required (2.5).

Lemma 2.7. Let u be a weak solution of problem (QL) and assumptions (i)—(iv) be satisfied. Then we

have:
/ P Vu|"®dx < oo, / 7| Vuldx < oo (2.7)
Gor Gar
0
lim N[ A V02, 2 gy = o, (2.8)
N—+oo Gy V or
Proof. At first we will show the convergence of the first integral. We set r, = 2k . R,

k=0,1,2,... and let 5 € C5°(G;,) with the following properties:

me=1 xeG

Tkt1®

{OSWSL Vil <c-rt x€G,,

We choose 17 = u17,’j1+ as a test function in (I/I). Then we obtain:

/ |Vu|" 0y dx = —/ (m+u|Vu|m(x)_2VuV77k S AT CRTRTI RETR 17,'3”) dx. (2.9)
G G

"k k

m(x)
m(x)—1’

Next, using the Young inequality, with g = q = m(x), we get

. o me=nto) el
e ful | Vu " g gt = (mul[Vgelge ") [V e

mT(X)
m(x)

m(x) m(x)  my—1m m x)_l m(x) M4
|ul Vg M + m(x |Vul Me -

Thus, from (2.9) we get

1ol < elmme) [l o [ b, g d.
k

Tk Tk
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Next, using assumption (iii), the inequality above yields
(1- m+y)/c [Vu| "t dx < c(mﬂ,m)/c 1] [V g ) ) g
Ty "

In view of the choice of #;, we get

A=mp) [, IVul"dx < E(m,m.) [

- |u|™r~"dx.
Tk+1 k

We use the fact [2] that any solution u is Holder continuous in Gg:
lu| < Ho|x|™*, Vx € Gg.

Hence, by assumption (ii) and because

. —
lim 7 =1,
r—+o0

we can estimate

’u‘m(x) < (HO + 1)m+r72a0ra0(27m) _ (HO + 1)m+1,720cgruco(m(+oo)—m(x))
< (Hp + 1)’”+r_2"‘°r"‘°Mr_a < C(Ho, M, ap, o, m) 720 x € Gg;
P = 2 2em) < 2 M < (M )2

Hence
‘u|m(x) : rim(x) < C(H(), MI &, xo, m+)77272a01 X e GR‘

In this way, from (2.10)

/r |Vu|"dx < C2(Ho, M, &, g, m) /V r2a0tl) gy
iz i

Multiplying both sides of (2.14) by r; ", by the definition of ry, we find

. 72_”|Vu|mdx < G P2%0 Ty
Glk+2 G’k+1
Tk+1 "k

Summing up above inequalities for all k = 0,1,2,..., we obtain
/ rZ*”\Vu]m(x) < Cz/ r2n gy < Co|Q) / 2001y — C5 - R2%,
Gar Gr R

Thus, the convergence of the first integral in (2.7) is proved.
Now we observe that, in virtue of (2.5), (ii) and (2.11), we get

|Vu|2 _ ‘vu|m(x)’vu|2—m(x) < C|vu|m(x)er“ < C|V1/l|m(x)/

which, by (2.15), yields the convergence of the second integral in (2.7).
m(x) /

We shall prove (2.8). Applying the Young inequality with g = - -1

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

g = m(x) we have
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‘/,wﬁ rz_”|Vu|m(x)_2ua—udx
G

./V ar

</N |2 O | e

m(x)—1 3—n—m(x)
— //\’ < m(x) |v1/l|m(x)_1> . <r m(x) |u‘) dx
< <N+> </N+1 rz_”|Vu|m(x)dx+/N+1 rz_”_m(x)|u|m(x)dx>.
B N G/\/' N GN N

We can estimate the first integral using (2.5) and (2.12) in the following way:

2—n m(x) 2—n—m / N3 1 1
/Gmﬁr |Vl dxgc/cjwﬁr dng(M,Ml,tx,|Q|)/N ;dr:Cln 1+m ,

N N

while the second integral using (2.13):

N+
/ 2—n—m(x)|u|m(x)dx < C/ m P2 2200 =1 g CN—Z(XO
/\/'+~r — = .
Gy N N

From above inequalities we get

lim N[ s r27”]Vu|m(")*2uafudx
N—=+oo Gy N or
. 1 )
S/\/lgl[looc'<1+,/\/2>'{1n< _/\/2) +NT “0}20,
which is the required (2.8). O

We indicate another consequence of the integral identity (II) for solutions u to the problem
(QL) which is essentially used in the further consideration.

Lemma 2.8. If assumptions (i)—(iv) are satisfied, then

/ rz_”|Vu|m(x)+(2—n)/ P11 V|72 audx
GQ GU a

+ [ P Mub(x,u,uy)dx = —Q2_”/ |Vu|m(x)_2ua—udﬂg, Vo> 4R > 1. (2.16)
Go 0, or

Proof. Let N' > ¢ > 4R. On [R, ) we consider a Lipschitz piecewise linear function 7r(t)
defined by

0, if te€4R, 0UN+ 4, 00),
1, if telo+ 4, N,
v (t) = .
N(t—o), if te[g,g+7v-]
[

NN -=t)+1, if te [N, N+ 4]

(0,  if te[4R,0)U(0+ &, N)U N + 1, ),
— () =N, if te (g0t ),

|-V, i te WA )
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and take a test function 77(x) = > "5 (r)u(x) in the integral identity (II). Calculating

n —nXi —nXi
e, = P2 (D, + u(x) - (2= m)r =Sy (r) + 27 )

we arrive at the equality

u

2—n m(x) _ 1-n m(x)—2
/GSJV% <r |Vu|™ ¥ + (2 —n)r' " Vu| s

+ " ub(x, u, ux)> N(r—o)dx
u

E» + rz’”ub(x, u, ux)> dx

+ / <72n|vu‘m(x) + (2 _ n)rlfn|vu‘m(x)72u
GV,
ot A7

u

2—n m(x) _ 1-n m(x)—2
+/G/,\V;+ﬁ(r [Vul"™ + (2 —n)r "|Vu| U=

+ " ub(x, u, ux)>- IN(N —r) +1]dx

du

or

dx+/\/'/N+1 rz_”]Vu|m(")_2ua—udx.
Gy NV

_ 2—n m(x)—2
— N/Gé’*ﬁr |Vu| u p»

First of all we observe that by assumption (iii) we have ub(x, u, u,) < pu|Vu|"™).
In virtue of (2.7) it is clearly that

. 2—n m(x) —
I Lt R
‘ (2.17)
lim P27 V" dx = / P2 V") dy,
N—=too JGN | G,
otar )
Since
2—n m(x) | _ 2—n m(x)
Og/c;g*ﬁr |Vul N (r Q)dxg/(;g%r |Vu|"*dx,
0< /Gxﬁlv P2 Vu"0) NN —7) +1]dx < /Gx*f%’ P2 V()
by (2.17), we get
. 2—n m(x) | _ — T 2—n m(x) — =
Nliqkloo/cyﬁr |Vl N(r—o)dx Nligtloo Gj/\f%r |Vul NN —r)+1]dx =0.
Applying now the Young inequality with g = m’?x()x 21, q' = m(x) we have

'/ 1’1_”|Vu\m(x)_2ua—udx
Go or

< / P u 07y d
G

Q
_oym(x)—1 2—m(x)—n
:/ <r(2 1’1) m(x) |Vu‘m(x)1> . <r m(x) |u’> dx
GQ
S/ r27n’vu’m(x)dx+/ r27m(x)fn|u’m(x)dx
G(’ GE’

<Co ™, o€ (R,00),

by (2.13) and (2.15). Consequently

_, 0u

ugdx.

lim P71 V|72 dx :/ P V)
N—=too JGN | Gy
oty )



10 M. Borsuk and D. Wiéniewski

Now we consider the integral

ou 1 ou
—-n m( 2 _ - 2—n m(x)— _
‘/N+1r |V | r[N<N r) +1]dx S/\/'/Gf;*?lvr |Vu| pw dx
and hence, by (2.8)
lim L W) Zua—u IN(N —r)+1]dx =0.
N—+o0 G;XJFN or
Next, because of (2.18),
lim P71 )2 audx =0,
N—+o0 Go ‘ or
and therefore we can apply the L'Hospital rule:
o+ m(x)=2,,0u
o JEF (Jo IVl %) dQdr
. 1 n m( 2 —
Q lirzrlooN Q+N |Vu| 8 = Qe ILIE:OO N1
ou
_ 2N m(x)—2,, Y%
0 /Qg [Vl = dQo
and
lim N - 2 )2, M g Va2 2 40
ey S [Vl u——dx =" | ul 5,100
Hence 5
u
ngr; G“?%’ P71 V") 2u§/\/(r —0)dx =0. O

3 Local estimate of the weighted Dirichlet integral

Theorem 3.1. Let u be a weak solution of problem (QL) and assumptions (i)—(iv) be satisfied. Let A_
be as in (2.4). Then there exist R > 1 and a constant C > 0 such that

/ P71 Vul?dx < Co?-(171, Vo > R.

4

Proof. We rewrite the inequality (2.16) in the form:

LI(Q):/ rz’”\Vulzdx:/ P77 (|Vul|? — |[Vu|"™ )dx—/ P2 "ub(x, u, uy )dx
G G

Q Q Q

+(2—n) / 71— | Vu" 82 gy, dx + (n - 2) / M, dx (3.1)
G

Q GQ

— 0" /Q (Va2 — 1)uu,dQ, — g*" /Q uu,dQ,.

Q Q

Now, we observe that

1
g = o' [ utd0p. 32
/Ggr uuydx 59 N u=dQo (3.2)

e
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In fact, we get

N
/GQN M, dx = /Q/Q un,drdQ = 2/ / aldrdﬂ = E/Q(MZ(N’w) — (g, w))dO)

—1 2 L 1-n 2
_Z/Qu (N, w)dQ) ZQ /Q u*dQy,.

Q

Passing to the limit N’ — +oc0 we obtain (3.2).
By assumption (iii), we get

V| — ]VuH dx.

/ 72’”ub(x, U, uy)dx
GQ

< P27 Vul*dx + / P2
<p /GQ [Vl H e,
Hence and from (3.1), (3.2) it follows that

(A -mule) < (+p) [ r

Q

+ (n —2)/G pl=n

[4
+ 2—n /
Q 0,

(V02 1| Jul |, O, — 2" /Q i, Q). (3.3)
0
Let us estimate the integrals:

| V™) — |Vu|2‘ dx

1-— |Vu|m(x)_2‘ |u] |1ty |dx — n_zgl_”/ u?dQ,
2 Q,

/Zn
/111

/ (V072 1| Jul |, .

| V| ") |Vu|2‘dx,

1— | V™) ‘|u!|ur|dx,

To estimate them we set
Fi={x: x € G,y |Vu| < |x|"},

F={x: x € Gy, |x|" <|Vu| < Mf|x|'},

where the constant ¢y < —1 will be defined above.
By assumption (ii) and (2.11) for any x € F;, we get

|Vu]2 + |Vu|™ < |x|27 + |x|7(m_2) . |x|27 (3.4)
< [T x| MBI 2T < Gy (M, ) - [T

In this way
/ 2 n |Vu|2_|vu‘m 2'y+2
i3]
Next, (ii) yields for x € F,, that
(Vul? + | Vu|"™ = |[Vul?(1 4 |Vu|"*)=2) (3.5)

< V(14 M) < C(M, ) [Vuf,



12 M. Borsuk and D. Wiéniewski

because
(m(x) —2)In|Vu| < —M|x| *In|Vu| < —M|x|"*In |x]|".

Hence, once again in virtue of (ii) and by the inequality
1
121 = |2l < Slt2 = B[ (J2)" + |z)|Infz|], z € R\ {0}, 120, 220 (36)

(see Proposition 2.1 in [1]), we obtain

1V = 97| < 2 pm(x) — 219" + V) [In [ Vul] < Y22 |5 TuP|In [Vu |
Applying inequality (2.6) with § = —%, we get
Y o< T2V
| In|Vul|| < |In|x|7| < ?MZ x € b. (3.7)
Eventually, we find that
I, < Cyo 2 U(0) + Co¥" 2. (3.8)
Integrals I, and I3 are estimated similarly. Arguing as in (3.4), (3.5), we establish that
IVu| + |[Vu|"™-1 < Clx|Y Vxekh, (3.9)
IVu| + |Vu|"™)~1 < C|Vu| VxeF. (3.10)

From (3.9) and by our assumption about Holder continuity we get

/ rlfn
i3]

J = 192 ful a0 < cgre . (3.12)
0 1

Repeating steps (3.6)—(3.7) and using (3.10), we have

|1 — ]Vu|m(x)’2‘ ||| uy|dx < C/ 17| 7 Ju|dx < Co7 %, (3.11)
i3]

V] @1 |Vul| < C5|Vul|x|~5 (3.13)

on the set F,. Thus

/ rlfn
k

< CQ*%/G P Vu||u|dx = Co™2 /G (71*%]Vu]) : (r’ﬂu\) dx

Q Q

) 1/2 1/2 . 1
<Cot (/ 72_”|Vu|2dx> (/ r_nuzdx> <Cotg [P IVaPdx
G G

0. G,
in virtue of the Hardy-Wirtinger inequality (2.2), where 9, is the smallest positive eigenvalue
of the Dirichlet problem for the Laplace-Beltrami operator in the domain ). Using (3.11), we
obtain the estimate

1-— |Vu\m(x)’2‘ |1y ||u]dx < C/ P12 |V |u|dx
k

Q

L<Co2- ﬁiu(g) 4 CoV ot (3.14)

*

Now, by (3.13), we have

/(;dTFZ

(Va0 1| Ju |, 4O < cQ*%/Q 1y ] A2y
[4
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Taking into account (3.12) we find that
I, < Cot / iy || u]dQYy + CoY 01, (3.15)
OQ
Thus, inserting (3.8), (3.14), (3.15) into (3.3), we obtain

(1-n-cot)ue) <cot [ fusllulde
n—2
2

/ u?dQ — Q/ uu,dQ + C(0*11% 4 7%t (3.16)
0 0
Now we can use Lemma 2.4. Hence, (3.16) takes the following form

(1 —p - CQ’%) U(e) < Z/\L_UI(Q) +Co'2 /Q |Vl [uldQ 4 C(*712 + @740,

Applying the Cauchy inequality and (2.1), we have

1
o [ 1ul[Vuldn < 5 [ (@*ul + [uP)d0) < —ai(8.)eU (o)
Thus we get

(1-p—Co#) U(e) < 57— (1+Cq U (@) +C(T + g7~ ™)

or

A 1—u— -4 2y+1 T—p
. V~CQ5¥2U(Q)+2/\_C'%

¢ 1+Co2 14 Co7

In this way we have the Cauchy problem (CP) with

<0.

u'(e) —

22 1—u—Co 2
0 1+CQ*%

27+1 v —a
Qo) = —2A_C- i

P(e) = —

4

a

1+Co 2
Now we show that U(R) < Uy = const. We can rewrite inequality (3.16) in the following form

(A=m—cot)ule) < 1+Co e | |Vullulde,

_|_n;2Q1—n/Q udeQ+C(Q27+2+Q7_“O+1).
0

Hence

1_&@_% 1 . n—2 - ) 6(Q27+2+Q’y—w0+1)
S0 ey < —— / VulluldQ, + == ”/udQ—i— )
14+ Co2 (@)= 1—pu® ng‘ 1€, 20-w° o, ¢ 1+Co

Since v < —1 for sufficiently large 0 > 1, we have

1-Co
1+ Co™

6(Q27+2 _}_Q'yfa(ﬁl)

1+Co2

>1—0 1 and < ot

NIR[ MR
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In this way
n—2

» 1
(1= ¢ U(e) < 7, [ (el Vullul + 5 52)d0r 4 7
Hence, from (2.5) it follows that U(R) < oo.
All assumptions of Theorem 2.5 are satisfied. Since

20 (1—p) _2A-(1—wee ™8 _ 20 (1—

) —1-4
. —2A-(1- :
0 1+Co %~ @ =mae

—P(0) =
it follows that

_/QP(U)da <2A_(1—p) /RQ ((17 — o2

R

)
+ C3(/\—/ ", R/ l9*>

Nl
—_
N———
QX
S)
A\
e
o}
/~
|
—
N
r
T
=

which yields
Q 0\ 2A-(1=n)
exp <—/R P(U’)d0'> <cyg- (E> .

Qo) < —2CA_(@*"*! + g7 ™),

Next, because

choosing v = —1 4 2A_ (1 — u) we have:

/R “O(t) exp (— /t QP((T)dU) dt

< 2\ ¢ MW /Q(t—l—ao A0y g < o (),
R

Eventually, by Theorem 2.5 we get

U(g) < Co?- (1. =

4 Local estimate at infinity

The weak solution of problem (QL) is locally bounded at infinity. More precisely, we have

Theorem 4.1. Let u be a weak solution of problem (QL) and assumptions (i)-(iv) be satisfied. Then
forany k <0, » € (1,2), 0 > R with R > 1 the inequality

sup [u] < C* (@7 F|lull, 2o + ¢*).

xEGSi
holds, where constant C* depends only m4.,m_, u, M, M1, «, R, k,n, s.

Proof. Set
I = maxm(x).

GQ

Let us consider the case t > I > 1. We make the coordinate transformation x = ox’, ¢ > R in
the integral identity (II). Let v(x") = u(ox’). We choose a test function 7 as

n(ox’) = v(x")o" () (1),
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where 7 = |o| + ¢ with a certain k < 0, {(|x'|) € CP([1,2]) with the property that 0 <

{(x") <1 for x’ € [1,2]. Then (II) takes the following form

=t—1 |7/, |m(ox") ,—m(ox) _ |U| l
/G% [v V'] 0 <1—|—(t l)5 g
+ lvﬁf*’|v’v\m(@x/Hg*m(@x/)g’*lvxggx; + 09t b(ox’, 0,0 Yo ) dx =0

> 0, it follows that

o]
/GZ |U|5t_l|V/U|m(gxl)_1Q_m(Qx,)€l_l|V’€|dx/
1

Now, in virtue of (t —1)=
=t—1l |7/ |m(ox") ,—m(ox") 71
J 7V g g <

+ [ lolo' v 0,0 Mow) I
Gl

Now, by assumption (iii) regarding that |v| < 7 and in virtue of o~"(¢¥) > o~/ we obtain
/Gz gt |vlv|m(gx/)—1Ql—m(qx/)€l—l |V’€|dx’. (4.1)
1

(- ) [ oIV <
Gl
Next, by assumption (ii) we can estimate for all x’, x5 € G3:

I—m(gx') = m(gxy) —m(ox") < Mo *(|xa| ™ + [x'| ") < 2Mg™".
This estimation, with regard to (2.11) implies that
Qlfm(gx/) < QZMQ*"‘ <C.

For estimating the integral from the right-hand side of (4.1), we apply the Young inequality

. _ m(ox")
with p = m(gf’)—l'
3 Vo @)1V g = (|0 e (557 Vg )
2\ 1-m(ox’) / / /
- gmlex) g=m(ex) |7/ g |mlex),

Vo ™) + (‘;)

7=mlex), 0=

~| o

<

Hence, (4.1) takes the following form:
/ Sl—m(gx’) . Zm(gx’) ‘Et—l—&-m(gx’)gl—m(gx’) |v/§’m(gx’)dx/-
G

1

(1_‘14_5)/Zﬁt—l|vlv‘m(gx’)€ldx/ S
G

Choosing 6 = 177”, we get
=t=lx7/ | m(ox") 71 3.,/ 2 mwx,)ftflwtm(gx’) I—m(ox") |x7! 7 |m(0x") 7./
/Zv |V'y| g'dx S/GZ = v g V'] dx
1
m(ox’)
) s (6

1
Now we observe that gl—*"(QX’) <1 forx' € G%, because 0 < ¢ <1 and (

By these arguments, we obtain
/ 5t—l+m(gx’) |V/C|m(qx’)dx/’
Gt

/Zﬁt—l|v/v|m(gx’)§ldx/ e

1
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where C; = (%)l Now our aim is to estimate the integral from the left hand side. For this
purpose we write
|V/U’l _ |V/U|m(gx’) . |V/U’l—m(gx’).

If |[V'v| < 1, then |V'o|' < |[V'0|™@). Let 1 < |V'v| < M. Hence, by (4.2):
|V/U|l—m(ex’) < |V'oMet < ]\/1121‘/19_LY < C(M,M),,a,R).

Thus
V'o|! < C|V'o|™(eX), (4.4)

Further, in virtue of 7 > Qk,k <0, by (2.11), (4.2):
o) < gFml) < MK < C(M, K, a). (4.5)

From (4.3), (4.4) and (4.5) it follows that

/G T Vllglar < C /G TV dy, (4.6)
1

1

Applying now the Sobolev embedding theorem’s formula (1.1) for ¢ = E%C, g = I, we obtain

n

—t I I=t—1 Il | =tio! 7] / ~
||U§Hﬁ,G%§C/G%<tU yvU|g+v|vg|>dx, = 4.7)
Eventually, from (4.6), (4.7):
17| o2 < CH / 7 (V™) |v'g|Hdx'. (4.8)
71 GZ

1

For any s € (1,2) we define sets GE].) = G2

(e 1)27 j=0,1,2,... We see at once that

G2 =Gly) C .- C G{j1y) C G[j C ... C Gl = Gi.

Now we consider the sequence of cut-off functions 7;(x') € C”(GE j)) such that

0<gi(x) <1inGj; and gj(x') =1in Gjyyy,
Zi(x)=0 forl< [x'| < =271 (32— 1);

j+1

Vi < 2

x—1

for s =271 (5e—1) < |¥'| < e =277 (5= 1)

and the number sequence t; = t7, j=0,1,2,.... We rewrite the inequality (4.8) replacing {
by {; and t by t;. As a result, by virtue of properties of functions {;, we obtain

1

1
~ g j+1
(/ v"tfdx’> < Ct;-/ ol ( 2 ) dx’.
,j+1) G{ x—1

( ()

Hence, taking t;-th root we get

_ C \y & o
B0y < (527) 62 7 1ollyg,

(+1) V4
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After iteration process we find

_ _ (¢t ITron o [T 12120% _
HUHth,ngH) S\ S HUHt,G%‘

The series 2]7”:0 %,2}’10 ]J[—l are convergent according to the d’Alembert ratio test, while the
] ]

series ) ° % =1L (1) = # as a geometric series. Hence, letting j — oo, we obtain

_ c* _
sup v < ﬁHUHt,G%'
veGz  (s—1)%

Thus, by the definition of 7, we obtain the required estimate.

5 The power modulus of continuity near infinity for weak solutions

By Theorem 4.1 with t = 2, we have

sup [u] < C* (¢7F ull 2 + 0*)
XEG23QQ )
2

We can observe that

N

_n n “n.2
0 2”11”2,G(2)Q <22 </G§Qr "u dx)
Then, by (2.2) we get
% %
sup |u| <C*- </2 r_"uzdx> + kY <C*- </2 rz_"|Vu|2dx> +0 .
xeGZSQ Ge' Ge'

2¢

Next, by Theorem 3.1, choosing k = A_(1 — i) we obtain

sup |u(x)] < Cot-(=#),
xeGZ;'Q
2

Putting now |x| = 70 we eventually obtain the desired estimate (1.2). O
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