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Abstract. This paper is concerned with the long time behavior of solution for the
equation derived by the Trojan Y Chromosome (TYC) model with spatial spread.
Based on the regularity estimates for the semigroups and the classical existence theo-
rem of global attractors, we prove that this equations possesses a global attractor in
H*(Q)* (k > 0) space.
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1 Introduction

An exotic species is a species which resides outside its native habitat, when it
causes some sort of measurable damage, it is often referred to as an invasive
species. In recent history, the economic process of globalization has accelerated
the pace at which the exotic species are introduced into the new enviromnents.
Once it is established, these species can be extremely difficult to manage and
almost impossible to deracinate (see [6, 11]). The effect of these invaders is thus
devastating (see [3]). The present approaches for controlling exotic fish species
are limited to general chemical control methods applied to small water bodies
and/or small isolated populations that not only kill the exotic species but also
the native fish in addition to the target fish (see [8]).

In 2006, a strategy for eradication of invasive fish in which a Trojan fish
is added to the population was reported by Gutierrez and Teem [4]. This
strategy is relevant to species a menable to sex reversal and with an XY sex-
determination system. In this strategy males are the heterogametic sex (carry-
ing one X chromosome and one Y chromosome, XY), females are the homoga-
metic sex (carrying two X chromosomes, XX). The eradication strategy requires
adding a sex-reversed ”Trojan” female individual bearing two Y chromosomes,
that is, feminized supermales (r), at a constant rate p, to a target population
of an invasive species, containing normal females and males denoted as f and
m, respectively. Matings involving the introduced r generate a disproportionate
number of males over time. The higher incidence of males decrease the female
to male ratio. Finally, the number of f decline to zero, causing local extinction.
This is the Trojan Y Chromosome (TYC) strategy.

Recently, Gutierrez et al. [5] considered the spatial spread in aquatic set-
tings for the Trojan Y Chromosome (TYC) model, which resulting in a PDE
model. In [9], Parshad and Gutierrez demonstrated the existence of a unique
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weak solution to the infinite dimensional TYC system. Furthermore, they ob-
tained improved estimates on the upper bounds for the Hausdorff and fractal
dimensions of the global attractor of the TYC system, via the use of weighted
Sobolev spaces. These results confirmed that the TYC eradication strategy is a
sound theoretical method of eradication of invasive species in a spatial setting.
Parshad and Gutierrez [10] also give the the existence of a global attractor for
the TYC system, which is H? regular, attracting orbits uniformly in the L2(£2)
metric. They also showed that this attractor supports a state, in which the
female population is driven to zero, then resulting in local extinction.

Let Q be a bounded domain in R? with smooth boundary 9, then the
model with spatial spread is given by

0 1
o = DA+ 5fmBL =31, floa=0, [(-0)=fo (11)
om 1 1
yrke DAm + (§fm + 3rm + fs)BL — ém, mloa =0, m(-,0)=mg, (1.2)
0s 1
5= DAs + (§rm +7s)BL —ds, slaa =0, s(-,0) = so, (1.3)
or
g = DAr+p—90r, rlaa =0, r(-,0) =ro. (1.4)
Also
o, fAmtr+s
L= i, (15)

where K is the carrying capacity of the ecosystem, D is a diffusivity coefficient,
B is a birt coefficient (i. e. what proportion of encounters between males and
females result in progeny), and J is a death coefficient (i. e. what proportion
of the population is dying a any given moment). Assume that initial data in
L?(Q), define the phase space for the model as follows

H=L*(Q) x L*(Q) x L*(Q) x L*(Q),

Y = HY(Q) x HY(Q) x HY(Q) x H(Q),

There are many studies on the existence of global attractors for diffusion
equations. For the classical results we refer the reader to [2, 14, 17]. Recently,
based on the iteration technique for regularity estimates, combining with the
classical existence theorem of global attractors, Song et al [12, 13] considered the
global attractor for some parabolic equations, such as Cahn-Hilliard equation,
Swift-Hohenberg equation and so on, in H* (0 < k < o) space. Zhao and Liu
[15] studied the global attractor for a fourth order parabolic equation modeling
epitaxial thin-film growth in H* (0 < k < 5) space. However, since the difficulty
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arise from the components’ interaction, there’s none consider the H’-global
attractor for the diffusion systems.

In this paper, we are interested in the existence of global attractors for the
diffusion system (1.1)-(1.4). Based on R. D. Parshad, J. B. Gutierrez’s article
[9] and T. Ma, S. Wang’s recent work [7], we shall prove that the equations
(1.1)-(1.4) possesses a global attractor in H¥(Q)* (0 < k < o) space.

The outline of this paper is as follows: In the next section, we give pre-
liminary considerations, we also give the main result on the existence of global
attractor for the problem (1.1)-(1.4); In section 3, the main result is proved;
Finally in Section 4, conclusions are obtained.

2 Preliminaries

Assume X and X; are two Banach spaces, X; C X a compact and dense
inclusion. Consider the following equation defined on X,

{ U, = AU + GU, 2.1)

U(0) = U,

where U is an unknown function, A : X; — X a linear operator and G : X; — X
a nonlinear operator. Then the solution of (2.1) can be expressed as

U(t, Uo) = S(t)Uo,

where S(t) : X — X (¢ > 0) is a semigroup generated by (2.1).

We used to assume that the linear operator A : X; — X in (2.1) is a
sectorial operator, which generates an analytic semigroup e*4, and A induces
the fractional power operators % and fractional order spaces X, as follows,

Z° = (“A)*: X, — X, a € R, (2.2)

where X, = D(Z?) is the domain of .£*. By the semigroup theory of linear
operators, Xg C X, is a compact inclusion for any 8 > a. If you want to know
more about the space H,, I recommend you read [7].

Now, we introduce a lemma on the existence of global attractor which can
be found in [7, 12, 13].

Lemma 2.1 Assume that U(t,Uy) = S(t)Uy (Up € X,t > 0) is a solution of
(2.1) and S(t) the semigroup generated by (2.1). Assume further that X, is the
fractional order space generated by A and

(B1) For some « > 0 there is a bounded set B C X, which means for any
Uy € X,, there exists ty, > 0 such that

U(t, Uo) € B, Vt> tuy;

(B2) There is a > «, for any bounded set E C Xg, 3T > 0 and C > 0
such that
Ut Uo)llx, <C, Vt>T, Ug € E.
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Then (2.1) has a global attractor o/ C X, which attracts any bounded set of
X, in the Xo,—mnorm.

We also have the following lemma which can be found in [7, 12, 13].

Lemma 2.2 Assume that A : X1 — X, is a sectorial operator which generates
an analytic semigroup T(t) = . If all eigenvalues X of A satisfy Reh < —Xo
for some real number Ao > 0, then for £*(£ = —A) we have

(C1) T(t) : X — X, is bounded for all « € R' and t > 0;

(C2) T(t)L*x = LT (t)x,Va € Xu;

(C8) For each t >0, Z°T(t): X — X is bounded, and

|- LT (t)|| < Cut™ e

where some § > 0 and Cy > 0 is a constant depending only on «o;

(C4) The Xo—norm can be defined by ||z||x, = ||-L*z| x.
For the problem (1.1)-(1.4), we introduce the spaces as follows
H=H=L*(Q) x L*(Q) x L*(Q) x L*(Q),
L =Y = HUQ) x HY(Q) x HY(Q) x H(9), (2.3
Hi = (H*(Q) x H*(Q) x H*(Q) x H*(Q)) My,

Let u = (f,m, s, r), where (f, m, s, r) represents a column vector. Define the
operators L and G; (i = 1,2,3,4) by

Lf=DAf, Lm=DAm, Ls= DAs, Lr = DAr,

Glu = gl(fvmvsvT = %mﬂL - 5f7
= (%fqu irm + fs)BL — ém, (2.4)

)
GQUZQQ(fvmv‘S?T)
Gzu = g3(f,m,s,r) = (zrm +rs)BL — ds,
G4U = g4(f7m757T) =K 5T7

where g;(f,m,s,r) (i = 1,2,3,4) are nonlinear functions. Obviously, the linear
operator L : H%(Q) — L?(f2) given by (2.4) is a sectorial operator.
Define

DA 0 0 O L
0 DA 0 0 L
A=l o opa o |~ L T =,
0 0 0 DA L
and
G1U g1(f,m,s,r) %mﬁL_é‘f
G — Gou | | g2(f,m,s,7) | _ (%fm—i— %rm—i—fs)ﬁL—ém
| Gsu || gs(fymus,r) || (5rm+rs)BL— s ’
G4U g4(f,m,5,7") :u’i(;r
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then the initial boundary value problem (1.1)-(1.4) is formulated into the fol-
lowing problem:

du _ Au+ Gu, t>0, (2.5)
dt
where u = (f,m, s,r) for any initial data u(0) = ug = (fo, M0, S0, 70). We define
lullre, = (IF1Z, + ImllZ, + Isl%, + rlZ,)3. Clearly, in (2.5), 4 is a linear
operator and G a nonlinear operator.

Compared with (2.1), it is easy to see that X = H, X1 = Hy, A: Hy — H is
a linear sectorial operator and G a nonlinear operator in (2.5). We can define the
fractional order spaces .£* as (2.2), where H, = D(¥%) = H, xH,xH, xH, =
D((-L)*) x D((—L)*) x D((—=L)%) x D((—L)%) is the domain of .£*.

We summarize the following results in [9, 10].

Proposition 2.1 Consider the Trojan Y Chromosome model, (1.1)-(1.4). The
solution (f,m,r,s) of the system are bounded as follows:

[fllee < K, mll~ < K, [ls]lee < K, |rlze <K, (2.6)

where K > 0 is a is the carrying capacity of the ecosystem which can be seen as
a constant.

Proposition 2.2 Consider the Trojan Y Chromosome model, (1.1)-(1.4). There
exists a (H, H) global attractor of for this system which is compact and invariant
i H and attracts all the bounded subsets of H in the H metric.

Now, we give the main result, which provides the existence of global attrac-
tors of the equations (1.1)-(1.4) in any kth space H*(Q)*.

Theorem 2.1 Consider the Trojan Y Chromosome model, (1.1)-(1.4). For any
a >0, uo = (fo,mo, s0,70) € Ha, the semigroup S(t) associated with problem
(1.1)-(1.4) possesses a global attractor of in H, space and <f attractors any
bounded set of Hy in the Hq-norm.

3 Proof of Theorem 2.1

We are now in a position to state and prove the main theorem in this paper,
which provides the existence of a global attractor of the equations (1.1)-(1.4) in
spaces ‘H,, of any ath differentiable function.

For any (fo,mo, s0,70) € H, the solution (f, m,s,r) of the problem (1.1)-
(1.4) can be written as

t
Ftfo) = eTfot / =G udr
0

t
etho—i—/ e(t_T)Lgl(f,m,s,r)dT, (3.1)
0
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t
m(t,mg) = etho—i—/ et Goudr

0
t
= eth0+/ e(th)ng(f,m,s,r)d'r, (3.2)
0
t
s(t,sg) = etho—i-/ e L Qaudr
0
t
= ot [ gy (om s, (33)
0
t
r(t,ro) = €tLT0+/ LG udr
0
t
= etLr0+/ e(th)Lg4(f,m,5,T)d'r, (3.4)
0

By Lemma 2.1, in order to prove Theorem 2.1, we first prove the following
lemma.

Lemma 3.1 If (f,m,s,r) is a solution to the Trojan Y Chromosome model,
(1.1)-(1.4), then, for any a > 0, ug € Ha, the semigroup S(t) associated with
problem (1.1)-(1.4) is uniformly compact in He,.

Proof. It suffices to prove that for any bounded set E C H, with initial value
uo = (fo, Mo, S0,70) € E C He, there exists C' > 0 such that

lu(t, uo)lln, < C, Vt>0, a>0. (3.5)
Obviously, if we get
LF(t folllfr, + lm(t, mo)llfr, + IIs(t, so)ll3r, + I7(t 7o), < C, V6 >0, a >0,

then (3.5) is obtained immediately.

For o = 0, this follows from Proposition 2.2, i.e. for any bounded set E C 'H
with initial value (fo,mo, s0,70) € E C H, there exists a constant C' > 0 such
that

£t fo)llE + llm(t, mo)llf + [Is(t, so) I + llr(t,ro)llf < C, VE =0,  (3.6)

Hence
|lu(t, uo)|ln < C, Vt>0.

So, we only need to show (3.5) for any o > 0. There are three steps for us

to prove it.
Step 1. We prove that for any bounded set E C H, (0 < a < 1), there
exists a positive constant C such that V¢ > 0, 0 < a < 1,

£t fo)llfr, + [lm(t,mo)IF, + lIs(t. s0) 7, + lIr(tro)l, < C. (3.7)
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It follows from Proposition 2.1 that
[flleee < K, [Imllze < K, [[s]lee < K, [~ < K,

where K is a positive constant. Hence
1
lon(fm )l = [ (G fmoL o1 Pdo
Q

= /Q(gfm* %ﬁm*%fﬂf* %mrf*%msff(ﬁfdx

IN

1 1 1
2,2 4, 2 2,4 2,22
C/Q(fm +—=fm + = fm"+ = fTmr

1
K?

1 1
C/ supm? - f2+ —sup f4-m? + — supm? - f?
Q(meg f K2 megf K2 zeg f

+ f2m252 +f2)d(I)

IN

1 1
Figa S g s f 4 e

C/(f2+m2+r2+s2)d:c
Q

IN

= C(IFI? + Iml* + lIsI* + [Ir]]*) < C. (3.8)
Based on Proposition 2.1, simple calculations show that

lg2(f,m, s.0) 1 < CULFIZ + lml] + NIl + [I7]]*) < €, (3.9)

lgs(f,m, s.0) 1 < CULFIZ + lml] + |Isl* + [I7]]*) < €, (3.10)

lga(f,m, s, 0)[F < CUFIP + [Imll* + [Isll* + [I7[I*) < C, (3.11)

By (3.1), (3.6) and (3.8), using the properties of Lemma 2.2, we obtain

I ln, = o+ g (. m, s 7)dr |,
< e sal, 1 [ (s,
< Ol + [ 1T M fon( s
< Clfollu +c/t7ae‘”df
< C, Vt>0, (foc,)mo,so,ro) € F, (3.12)

where 0 < o < 1. By (3.2), (3.3), (3.4), (3.6), (3.9), (3.10) and (3.11), simple
calculations shows that

||m(t,m0)||Ha < C, Vit > 0, (fo,mo,SO,To) S E, (313)
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||S(ta SO)”HQ < C; vt > 05 (fo,mo,So,To) € Ea (314)

||7’(t,7’0)HHa < C; vt > 05 (fo,mo,So,To) € E7 (315)

where 0 < a < 1. By (3.12), (3.13), (3.14) and (3.15), we obtain (3.7) immedi-
ately.

Step 2. We prove that for any bounded set E C H, (3 < a < 2), there
exists a positive constant C such that V¢ > 0, % <a< %,

£t folllfs,, =+ llm(t, mo)llfy, + lIs(t, so)lfi, + I7(t,mo)lfi, < C. (3.16)

By Proposition 2.1 and the following embedding theorems of fractional order
spaces
1
Hy, — HY(Q), Va > 3 (3.17)

we obtain

s (F, 5,7

= [ VotmsnPde = [ [V mpL - 5)Pdo
Q Q

= /(6fV +é foﬁ(f+m+r+s)(fvm+mv1‘)
Q

*%fm(Vf +Vm + Vs + Vr) — 6V f)dx

1 1
< C/ (PIVmP 2 VI + g f9mP o+ g o2 Vm
Q
1 1
f‘2 2|V7n|2+—f2 AVt 5 PPV 4 2 m V]
1 2 2 2 2 2 2
Jrﬁm |V + — 7ok IVFI*+ K2 2m?|Vs|
t42 m?|Vr|? + |V f|?)da
2 2 2 4 2
< C [ (sup f2-|Vm| +supm IVII®+ = supf |Vm|
Q zeQ K
1 1 1
K2 sup 2m? - |Vm* + — e supf2 2o Vm|* + — e supf2 2. |Vm|?
L sup f2m? - [V + — e 9P
K2 sup m? K2 gsclelgm K2 supm r?
1
+ﬁ supm 2 |VF2+ e ilelgf2m2 | Vs|?
1
K2 sup 2m? - |Vr|? + |V f?)dz
< C/(|Vf|2+ |Vm|* + |Vs|* + |Vr|*)dx
Q
< CUIfl, + Imlif, + sl + lI7l5) < C. (3.18)
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Based on Proposition 2.1 and (3.17), simple calculations show that

lg2(f.m, 5,05, < CUS N, + Imll, + sllE, + lI7lf) <€ (3.19)

1
2

lgs(f,m. s, 0)f, < CUSIE, + ImllE, + sl +IrE,) <€, (3.20)

[V

lga(f.m, 5,05, < CUS IR, + Imll, + sllE, + IrlE) <€ (3.21)

1
2

By (3.1), (3.7) and (3.18), using the properties of Lemma 2.2, we obtain

t
If(t, fo)lln, = HethoJr/ e =g (fym, s,r)dr||u,,
0

IN

t
1™ folli, + | / =g, (., s, 7)dr |,
0

t
< Ol + [ N R fga (om0 dr
0 2

t

Cllfolln, +C [ 7P 5war
0
< C, vt>0, (fo,mo,80,70) € E, (3.22)

IN

where 3= a — 1 (0 < 8 < 1). By (3.2), (3.3), (3.4), (3.7), (3.19), (3.20) and
(3.21), simple calculations shows that

||m(ta mO)”Ha < C; vt > 05 (an mo, So, 7’0) € Ea (323)
||S(ta SO)”HQ < C; vt > 05 (an mo, So, TO) € Ea (324)
||7’(t, TO)HHQ < C; vt > 05 (an mo, So, TO) € E7 (325)

where 2 < a < 2. By (3.22), (3.23), (3.24) and (3.25, we obtain (3.16) immedi-
ately.

Step 3. We prove that for any bounded set £ C H, (1 < a < 2), there
exists a positive constant C' such that V¢ > 0, 1 < a < 2,

£t folllf, + llm(t, mo)llf, + st so)llf, + llr(t,ro)llE, < C. (3.26)

By Proposition 2.1 and the following embedding theorems of fractional order
spaces

H, — H*(Q), H, — W'*(Q), Va>1, (3.27)
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we obtain

1
lon (.ol = [ 18(fom.s.n)Pde = [ 1AGfmBL—5p)Pda
Q

= < fAmMm + mAerﬂVfVm

,i (Vf+Vm+Vs+ Vr)(fVm+mVf)

—%(f+m+s+r)(fAm+mAf+ V/Vm)

B B
—ﬁfm(Af—i-Am—i—As—i—Ar) —ﬁfVm(Vf—i-Vm—i—Vs—i—Vr)

2
—%me(Vf—f—Vm—i—Vr—i—Vs) —5Af) dx

IN

1 1
C/Q (f2|Am|2 +mA|AfP + VIV 4 S VIV + o 2 Vm]t

1 1 1
+—|fVmVs|2+—|fVmVr|2+ mQ|Vf|4—l——2|meVm|2

K_
|meVs|2+—|meVr|2+ (f+m+s+r)fAm|2
(f+m+s+rmAf|2—|— (f+m+s+r)VfVm|2

+ﬁ|fmAf|2 + ﬁ|]‘7’lﬁ7’l|2 + ﬁ|fmm"|2 + ﬁ|fmA3|2

VST o PVmlt S fTmr o+ | fTm s

[V 4 o mVfVmP 4 o ¥ fVs]?

+F|meVr|2 + |Af|2) da

IN

¢ (supﬁ (AP + supm? - [AF + V]! + [T
Q e

1
7z sup /2 [V

gz sup £ (VI + V) +

K2

1 2 4 4 1 2 4 4
K2 Supf (Vm[* +Vs[) + = ilelgf (IVm[* +[Vr[%)

+—supm AV + —=

_ s supm? - (V1] + [9ml')

K

1
72 5P I(f +m~+s+7r)f[>-|[Am|?

1
gz swm® (V4 Vsl + 2

K

1
75 ((f +m+s+r)m> - |Af]?

ez s ([ V) 4

K
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—l——sup(f—i—m—i—s—l—r (|Vf|4—|— |Vm|4)

K2 ) Sup f2 |Af|2

K

1
5 sup ?m? - |As|?

1
5 sup 2m? - |Ar)? + — e

1
— sup 2m? - |Am* + — e

K

= sup F2(VF A+ [Vmfh) +

e —5 sup f2-|vm|?

K

1 2 4 4 1 2 4 4
oz s [ (Vm[* +Vrl®) + 75 sup f (IVm[* +[Vs|%)

1
3 Supm (VI + [ Vml?)

1
=5 Supm AVt = %

K

1 1
+73 Supm (VA + Vs + o= Supm (VI + |Vt )+|Af|2) dx

K2 K
< ¢ / (S + |AmP + |As + |Ar? 4+ [V f]*
Q
—|—|Vm|4 + |Vs|4 + |V7“|4)dac
< IR, + mllE, + IslE, + 172, + 1F14

Him i, + sl + IrlE,) < €. (3.28)

Based on Proposition 2.1 and (3.27), simple calculations show that

lg2(f,my s, 0)llE, < CUIFIR, + Imli, + Islf, + i, + 115,

Hmll, + llsll, + lI7li,) < C, (3.29)
lgs(fm.s, )5, < CUSIR, + Imll, + IslE, + Il + 1115,

Hlmll, + sl + lIrli,) < C, (3.30)
lga(fm,s, )5, < CU IR, + lmll, + Islf, + Il + 1115,

Himll, + sl + I7lk,) < C, (3.31)

By (3.1), (3.16) and (3.28), using the properties of Lemma 2.2, we obtain

t
I o)l = e o+ / I gy (fom s, r)dr |,
0

IN

t
1™ folli, + | / eI (., s, 7)dr |,
0

t
< Ol + [ UL M (om0

IN

Clpl, +€ [ 70e=5ar
C, vVt >0, (f(),mo, 80,7“0) € F, (332)

IN
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where B =a—1 (0 < 8 < 1). By (3.2), (3.3), (3.4), (3.16), (3.29), (3.30) and
(3.31), simple calculations shows that

||m(t,m0)||Ha < C, Vit > 0, (fo,mo,SO,To) S E, (333)
||S(t, SO)HHQ < C, Vit > 0, (fo,mo,SO,To) S E, (334)
||T(t,7“0)HHa < C, Vit > 0, (fo,mo,SO,To) S E, (335)

where 1 < o < 2. By (3.32), (3.33), (3.34) and (3.35), we obtain (3.26) imme-
diately.

In the same fashion as in the proof of (3.26), by iteration we can prove that
for any bounded set £ C H,, there exists a positive constant C' such that

1£ (2, fo)llfr, + llm(t,mo) I, + st s0) i, + It ro)llfr, < C. Yt =0, a>0.

Therefore
llu(t, wo)||ln, < C, Vt>0, a>0.
That is, for all & > 0, the solution u = (f,m,s,r) of (1.1)-(1.4) is uniformly

bounded in H,,.
Hence, Lemma 3.1 is proved. Now, we give Lemma 3.2.

Lemma 3.2 If (f,m,s,r) is a solution to the Trojan Y Chromosome model,
(1.1)-(1.4), then, for any o > 0, ug € Hy, the problem (1.1)-(1.4) has a bounded
absorbing set in He,.

Proof. Tt suffices to prove that for any bounded set E C H,, (o > 0) with initial
value (fo, mo, S0,70) € F, there exists T > 0 and a constant C' > 0 independent
of (fo,mo, S0,70), such that

|ut,wo)llr, <C, VE>T. (3.36)
Obviously, if we have
£t fo)llfr,, + llm(t, mo)lf., + IIs(t, so)lf, + lIr(t,ro)llfr, < C, Ve =T,

then (3.36) is obtained immediately.

For a = 0, this follows from Proposition 2.2. So we shall prove (3.36) for
any a > 0. We prove the lemma in the following steps:

Step 1. we prove that for any 0 < « < 1, the problem (1.1)-(1.4) has a
bounded absorbing set in H,,.

It then follows from (3.1)-(3.4) that

t
flt,fo) = e“TRAT, fo) + / gy (fom, s, r)dr, - (3.37)
T

t
m(t,mg) = e(t_T)Lm(T,mo)—i—/ =Ly (f,m, s, r)dr,  (3.38)
T

EJQTDE, 2012 No. 36, p. 12



t

s(t,s0) = e(t_T)Ls(T,so)—i—/ e ga(f,m, s, 7)dr, (3.39)
T

t

T(ta TO) = e(t_T)Lr(Ta TO) + / e(t_T)Lg4(f) m,s, T)dT. (340)
T

Assume B is the bounded absorbing set of the problem (1.1)-(1.4) and satisfy
B C H, we also assume Ty > 0 the time such that V¢ > T, (fo,mo,s0,70) €
E C Ha,

(f(t, fo),m(t,mo), s(t, so),r(t,m0)) € B, a>0. (3.41)

It is easy to check that
HetLH < Ce—d)qt,

here, A1 > 0 is the first eigenvalue of the equation

{ AN =A%, (3.42)

El@ﬂ = 0)

where ¥ = f,m, s, .
Then, for any given T > 0 and (fo, mo, S0, 70) € (E1, F2, E3, Ey) C He (o >
0), we deduce that

Jlim [[eC=EL(T, fo)lln, = 0. Tim [l Em(T, mo)|n, = 0.

tlim ||e(t_T)Ls(T, s0)|lm, =0. lim ||e(’5_T)L7“(T7 ro)|lu, = 0.

t

Then, by (3.37) and (3.41), we obtain

1/ (t, fo)llu.,

t
< T ol + [ DT ga(f s, ) adr
To
t
< T fo)ln, +C [ L)t ar
T
;ﬂng
< et (T, fo)ln, +C / o7 gy
0
< eI F(Ty, fo)llu, + Ch, (3.43)

where (' is a positive constant independent of ug. Using the same method, we
can also obtain

Im(t, mo) . < lle"~ T m(Ty, mo)|n, + Ca, (3.44)
ls(t, s0) 1. < [le!*~ s (T, s0)llw,, + Cs, (3.45)
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(¢, 70) 1. < et~ 87 (To, ro) |, + Ci, (3.46)

where Cs, C3, Cy are positive constants independent of uyg.

Then, by (3.43)-(3.46), we obtain (3.36) holds for all 0 < a < 1.

Step 2. We prove that for any % <a< %, the problem (1.1)-(1.4) has a
bounded absorbing set in H,,.

By (3.37) and (3.18), we obtain

1/ (t, fo)llm.

et =T £(Ty, fo)llm. +

IN

t
=Ly 2“7 - [lgr (f,m, 5,7) [y dr
To 2

IN

t

€T £ (T, fo)llu, +C [ [I(-L)* 2L ||dr
To
t

< eI F(Ty, fo)llu, +C [ 7T DeTdr

To

< [T F(Ty, fo)llu, + Cs, (3.47)

where (5 is a positive constant independent of ug. Using the same method, we
can also obtain

[m(t, mo)|l, < lle"= " m(To, mo)|u,, + C, (3.48)
I5(t, s0) |l < [le=s(Ty, s0) |1, + Cr,s (3.49)
It ro) |, < [le =Xy (Ty, 7o) 1., + Cs, (3.50)

where Cg, C7, Cg are positive constants independent of ug.

Then, by (3.47)-(3.50), we obtain (3.36) holds for all 1 < a < 3.

By iteration, we can prove that for any « > 0, (3.36) holds. Therefore, the
problem (1.1) has a bounded absorbing set in H,,.

Then, Lemma 3.2 is proved.

Now, we give the proof the the main result.
Proof of Theorem 2.1. By Lemma 2.1, Lemma 3.1, Lemma 3.2, we immediately
conclude that the proof of Theorem 2.1 is completed.

4 Conclusions

In this paper, we have shown the existence of global attractor for the Trojan Y
Chromosome (TYC) model. It is well known that a necessary condition for the
existence of a global attractor is the presence of a bounded absorbing sets in
the phase space, whose existence implies that indeed the population of invasive
species under consideration will be confined to bounded regions after a long time.
The results on the existence of global attractor have an analytical complexity
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slightly above what biologists normally encounter, then potentially making the
analysis more difficult to interpret for a non-mathematician. Since we provide
a biological interpretation of these results, we believe that our approach is more
satisfying than multiple numerical simulations because with computed solutions
there is always the question of whether all interesting states of the system have
been detected.

In [10], Parshad and Gutierrez considered the existence and finite dimension-
ality of global attractor for TYC model in H?(2)* space. Here, we introduce a
generalized space H, (a > 0), which is a fractional dimension space. Using the
iteration technique for regularity estimates and Sobolev’s embedding theorem,
we extend the result on the existence of global attractor of TYC model to the
generalized space H,. Clearly, this results is the extend of [10], which is more
generalized than [10]. We believe that this result will provide a big step forward
in posing an effective strategy for eradication/containment of invasive aquatic
species. We also believe that this result will help biologists to carry out the
strategy in a realistic scenario, thus protecting the environment, aiding ailing
fishing industries, and reducing other industry expenditures.
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