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Two-Point Boundary Value Problems For Strongly
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Abstract

For strongly singular higher-order differential equations with deviating argu-
ments, under two-point conjugated and right-focal boundary conditions, Agarwal-
Kiguradze type theorems are established, which guarantee the presence of Fred-
holm’s property for the above mentioned problems. Also we provide easily verifi-
able best possible conditions that guarantee the existence of a unique solution of
the studied problems.
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1 Statement of the main results

1.1. Statement of the problems and the basic notations. Consider the differential
equations with deviating arguments

m

ul(t) = " pi(t)ul V(1) + q(t) for a<t<b, (1.1)

j=1
with the two-point boundary conditions

@) =0 (=1 m), W) =0G=1n-m) (L

bO

)
W@ =0@G=1,-,m), u Db =0G=m+1,-,n). (L.

Here n > 2, m is the integer part of n/2, —oo <a <b <400, pj,q € Lic(la, b]) (J
1,---,m), and 7; :]a, b[—]a, b] are measurable functions. By uV=Y(a) (uU~Y(b)) we
denote the right (the left) limit of the function uU~" at the point a (b). Problems (1.1),
(1.2), and (1.1), (1.3) are said to be singular if some or all the coefficients of (1.1) are
non-integrable on |[a, b], having singularities at the end-points of this segment.

w
~—
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The linear ordinary differential equations and differential equations with deviating
arguments with boundary conditions (1.2) and (1.3), and with the conditions

/@—aw*w—sﬂwwew”%m@nm5<+m,

a

b
/(s —a)" (b - s)zm’j\pj(sﬂds <400 (j=2,---,m), (1.4)

b
/ (5 — a)"=™V2(h — §y"12)g(s)|ds < oo,

and

/(s —a)"|p;(s)|ds < 400 (j=2,---,m), (1.5)

b
/@—aﬂ”%mmwmw<+w,

a

respectively, were studied by I. Kiguradze, R. P. Agarwal and some other authors (see [1],
2], [4] - [22]).

The first step in studying the linear ordinary differential equations under conditions
(1.2) or (1.3), in the case when the functions p; and ¢ have strong singularities at the
points a and b, i.e. when conditions (1.4) and (1.5) are not fulfilled, was made by R. P.
Agarwal and 1. Kiguradze in the article [3].

In this paper the Agarwal-Kiguradze type theorems are proved which guarantee Fred-
holm’s property for problems (1.1), (1.2), and (1.1), (1.3) (see Definition 1.1). Moreover,
we establish optimal, in some sense, sufficient conditions for the solvability of problems
(1.1), (1.2), and (1.1), (1.3).

Throughout the paper we use the following notation.

Rt =10, +00];

[z], is the positive part of number z, that is [x], = HQ‘:B‘;

Lioe(Ja, b]) (Lioc(]a,b])) is the space of functions y :]a, b[— R, which are integrable on
la+¢e,b—c¢];(Ja+ ¢, b]) for arbitrary small € > 0;

Lap(Ja, b)) (L2 5(Ja,b])) is the space of integrable (square integrable) with the weight
(t —a)*(b — t)? functions y :Ja, b}— R, with the norm

b b

olle,s = [G=are=sPlulds (i, = ([6-are-s? ) ")

a

L([a,b]) = Loo(Ja, ), L*([a,b]) = L§o(Ja, b]);
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M(Ja, b) is the set of measurable functions 7 :Ja, b[—]a, b[;
L2 5(Ja,b]) (L7(Ja,b]) is the Banach space of functions y € Lis(la,b]) (Lioc(]a, b])),
satisfying

t t

o = max{[/(s —a)a(/y(é)dfyds} v ra<t< b} < +00.

a S

The norm in this space is defined by the equality || - ||2 , = (] - 172 = p2)-

Cn=tm(la, b)) (C*t™(Ja, b])) is the space of functions y € C*'(Ja, b])
(y € C*~(Ja, b)), satisfying

loc

/|y s)[Pds < +oo. (1.6)

When problem (1.1), (1.2) is discussed, we assume that for n = 2m, the conditions

bj S LlOC(]a7 b[) (j = 17 o 7m) (17)
are fulfilled, and for n = 2m + 1, along with (1.7), the conditions

t

lim sup ’(b — )2t /pl(s)ds

t—b

a+b
2

< 400 (t; =

) (1.8)

t1

are fulfilled. Problem (1.1), (1.3) is discussed under the assumptions
pj € LlOC(]a’a b]) (J = 17 e 7m)' (19)

A solution of problem (1.1), (1.2) ((1.1), (1.3)) is sought in the space C"~-™(]a, b])
(Gt (Ja, B])).

By hj :]a, b[x]a, bj— R; and f; : R x M(]a,b]) — Cis(Ja, b[x]a,b]) (j =1,...,m) we
denote the functions and the operators, respectively, defined by the equalities

(1) = / @)= [(— 1)y (€)] - de],
(1.10)

(L 9) )/ )" mp(©)de| (=2, ,m),
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and,

¢ 75 (£)
, 1/2 .
fem)ts)=| [Ea @] [@-oria| el G=vem. @y
s 3
Let, moreover,
1 for m <0
mll =

1-3-5---m for m>1"’

iftm=2k+1.

2. Fredholm type theorems.
Along with (1.1), we consider the homogeneous equation

m

V() =) pi eI (r(t) for a<t<b. (1.1p)

j=1

In the case where conditions (1.4) and (1.5) are violated, the question on the presence
of the Fredholm’s property for problem (1.1), (1.2) ((1.1), (1.3)) in some subspace of the
space C~ "™ (la, b]) (C-"™(Ja, b])) remains so far open. This question is answered in
Theorem 1.1 (Theorem 1.2 ) formulated below which contains optimal in a certain sense
conditions guaranteeing the Fredholm’s property for problem (1.1), (1.2) ((1.1), (1.3)) in

the space C" 1™ (]a, b]) (C" 1™ (]a, b))).

Definition 1.1. We will say that problem (1.1), (1.2) ((1.1), (1.3)) has the Fredholm’s

property in the space C" 1™ (]a, b[) (C"~+™(]a, b])), if the unique solvability of the cor-
responding homogeneous problem (1.1p), (1.2) ((1.1p), (1.3)) in that space implies the
unique solvability of problem (1.1), (1.2) ((1.1), (1.3)) for every g € L2, 2. 2m_2(]a, b[)

(q € Zgn—Qm—Q(]aa b]))-

Theorem 1.1. Let there exist ag €la, b, by €|ag, b[, numbers l;; > 0, v; > 0, and
functions 7; € M(Ja, b[) (k=0,1,j=1,...,m) such that

(t —a)®Th(t,s) <ly; for a<t<s<ay,

lim sup(t — a)" 37" fj(a, 7;)(t, 5) < +o00, (1.12)
t—a
(b — t)2m—ﬂ’hj(t, s) <ly for by<s<t<b,
lim sup(b — t)m—%—ﬁjfj(b’ 7)(t, s) < 400, (1.13)
t—b
and i 1
m 2 _ 92m-— i+
3 m— j) ly <1 (k=0,1). (1.14)

£ (2m — Dl2m —2j + 1!
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Let, moreover, (1.1y), (1.2) have only the trivial solution in the space C"~2™(a, b[). Then
problem (1.1), (1.2) has the unique solution u for every q € L3, 5, 5 5, o(la, b[), and
there exists a constant r, independent of q, such that

s < il L (1.15)
Corollary 1.1. Let numbers ky;,vp; € R be such that
v > 2n+2—2k(2m—n), vy >2 (k=0,1; j=2,....m), (1.16)
. |7;(t) — 1] : |7;(t) — 1]
lll?j;lp G—aym < 400, lll?j;lp =t < 400, (1.17)
and
i 92m—j+1 ( )
, Ky < 1 (k=0,1). (1.18)
= (2m — DN (2m — 25 + D!
Moreover, let k € RT, po; € Ln—j 2m—j(]a,b[; RT), and
. () < (1) "m(t) <
G —ap—ppr = e 19
Ro1 K11 ( : )

< + poi(t),

(t—a)y | (t—ay—2m(b—t)2m

Koj R1j .
Ip;(t)] < (F—a)yr it + (0= )2 (b = )i +poi(t) (J=2,...,m).  (1.20)

Let, moreover, (1.1y), (1.2) have only the trivial solution in the space C"~+™(Ja, b]). Then

problem (1.1), (1.2) has the unique solution u for every q € L3, s, 5 om_o(la, b[), and
there exists a constant r, independent of q, such that (1.15) holds.

Theorem 1.2. Let there exist ag €|a, b, numbers lo; > 0, vo; > 0, and functions 7; €
M(]a, b]) such that condition (1.12) is fulfilled and

m 2m ])22m J+1
lo; < 1. 1.21
;Qm—l"Qm—QjJrl)” 07 (121)

Let, moreover, problem (1.1), (1.3) have only the trivial solution in the space C"~+™(]a, b]).

Then problem (1.1), (1.3) has the unique solution u for every q € L2, ,(la, b)), and
there exists a constant r, independent of q, such that

1™ |2 < rllallz : (1.22)

2n—2m—2

Corollary 1.2. Let numbers koj, vo; € RT be such that

Vo1 > 2n + 2, v; >2 (j=2,...,m), (1.23)

: |7 (t) — |
lll?j;lp Gy < 400, (1.24)
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and
m 92m—j+1

< 1.
; (Qm—l)!!(Zm—2j+1)!!KJOJ (1.25)

Let, moreover, k € RY, poj € Ly—j o(Ja,b]; RY), and

TR —poi(t) < (=1)"""pi(t) < i—ay + por(t), (1.26)
0] < e ei(t) G=2m) (1.27)

Let, moreover, problem (1.15), (1.3) have only the trivial solution in the space C™~>™(]a, b)).

Then problem (1.1), (1.3) has the unique solution u for every q € E%n_ZM_Z(]a, b)), and
there exists a constant r, independent of q, such that (1.22) holds.

Theorem 1.3. Let ¢ = a,co = D,

75(t)
m—j—1 .
P Tt — i / € = " I7dg| < Hoo (= 1,...m) (1.28)
t
ifi=1,2 (if i=1),
Pj € Lu—j 2m—j(]a, b)) (pj € Ly—j o(]a, b])) (Gj=1,...,m), (1.29)

and let problem (1.1), (1.2) ((1.1), (1.3)) be uniquely solvable in the space énj’m(]a, b[)
(in the space C"~ 1™ (Ja, b]). Then this problem is uniquely solvable in the space C"(]a, b|)
(in the space C"(]a, b)) as well.

Remark 1.1. In [3], an example is constructed which demonstrates that if condition
(1.29) is violated, then problem (1.1), (1.2) (problem (1.1), (1.3)) with 7;(¢t) =t(j =
1,...,m) may be uniquely solvable in the space C" ™ (Ja, b]) (in the space C" 1™ (]a, b]))
and this problem may have infinite set of solutions in the space éloc(]a, b[) (in the space
Gt (la, b)),

Also, in [3] it is demonstrated that strict inequalities (1.14), (1.21), (1.18), (1.25) are
sharp because they cannot be replaced by nonstrict ones.

1.2. Existence and uniqueness theorems.

Theorem 1.4. Let there exist numbers t* €la, b, lg; > 0, ly; > 0, and y; > 0 (k =
0,1; j=1,...,m) such that along with

S (e Ty L
- 2m—1 1 2m—2]+1) (@m—2j —@em -3/ 2 (130)
Zm:( Py 22T b — ) ) < 1.31
- 2m—1 12m -2+ DI @m—2 - )iem -y 2 (13
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the conditions
(t—a)®™ I hy(t,s) <loj, (t—a)™ 72 (a,7,)(t,s) <lo; for a<t<s<t*, (1.32)

(b—1)>" T h(t,s) < Ly, (b=t)" V280, 7,)(t,s) <1y; for t*<s<t<b (1.33)

hold. Then for every q € E§n72m7272m72(]a, b[) problem (1.1), (1.2) is uniquely solvable in
the space C"~-m(]a, b]).

To illustrate this theorem, we consider the second order differential equation with a
deviating argument

u’(t) = p(t)u(r(t)) + q(t), (1.34)

under the boundary conditions
u(a) =0, u(b) = 0. (1.35)

From Theorem 1.4, with n =2, m = 1, t* = (a +)/2, yo1 = y11 = 1/2, loy = l11 =
Ko, lo1 =l = V/2k1/Vb — a, we get
Corollary 1.3. Let function 7 € M(Ja,b]) be such that
26 b
6(15—(1)7 for a<t< ¢ ,
(b—a) 2 (1.36)

26 . a+b
— <t-— < — < .
(b—a)ﬁ(b ) <t—r7(t) <0 for 5 <t<b

0<7(t)—t<

Moreover, let function p :la,b|— R and constants ko, k1 be such that

- (b — a)?k (b — a)Sr .
[(b—t)(t —a)]? <pi(t) < == f <t<b (1.37)

and 1
4"’60 + R < 5 (138)

Then for every q € Eg,o(]a,b[) problem (1.34), (1.35) is uniquely solvable in the space
Ct1(Ja, b))

Theorem 1.5. Let there exist numbers t* €la, b], lo; > 0, lo; > 0, and vo; > 0 (j =
1,...,m) such that conditions

(t—a)®™ 7 h;(t,s) <loj, (t—a)™ Y2 f(a,7)(t,8) < lo; for a<t<s<b, (1.39)

and

i ( 2m 9)22m AR l(] 22m_j_1(t* — a)%j ZOj

+ ) <1 1.4
2m — DN2m — 25+ 1)1 (2m — 25 — D)!I1(2m — 3)!1\/270; (1.40)

J=1

hold. Then for every q € L%, . _,(la,b]) problem (1.1), (1.3) is uniquely solvable in the
space C"~ 1™ (]a, b]).
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Theorem 1.6. Let there exist numbers t* €la, b, lg; > 0, 1; > 0, and y; > 0 (k =
0,1; j=1,...,m) such that along with (1.40) and

m Im, — )22m—i+1] . 22m—j—1(p _ 4* VOJ'Z ]
Z( ( ”J) by | (” ) '1‘J )<17 (1.41)
= 2m —DNE2m =27+ 1)1~ (2m — 25 — DI(2m — 3)11\ /274,
conditions (1.32), (1.33) hold. Moreover, let 7; € M(]a,b]) (j =1,...,n) and
sign[(7;(t) —t*)(t —t")] >0 for a<t<b. (1.42)

Then for every q € z§n72m7272m72(]a,b[) problem (1.1), (1.2) is uniquely solvable in the
space C™1™(Ja, b]).

Also, from Theorem 1.6, with n =2, m = 1,t" = (a +0)/2, o1 = 711 = 1/2, lpy =

i = ko, log = l11 = V2k1/Vb — a, we get

Corollary 1.4. Let functions p :|a,b[— R, 7 € M(Ja,b]) and constants ko > 0, k1 > 0 be
such that along with (1.36) and (1.37) the inequalities

b b
sign[(7(t) — a; )(t — a; N>0 for a<t<b (1.43)
and
4/*{,0 + R < 1 (144)

hold. Then for every q € Z%vo(]a,b[) problem (1.34), (1.35) is uniquely solvable in the
space C1(Ja, b]).

2 Auxiliary propositions

2.1. Lemmas on integral inequalities. Now we formulate two lemmas which are
proved in [3].

Lemma 2.1. Let € CI"'(Jto, t1]) and

loc

11
W () =0 (j=1,...,m), /|u(m)<3)‘2d5 < +00. (2.1)

to

Then

/ w1 (s))? m—j+1 2 /
/ (S(— t0)27(”—)3j+2d8 < (( & )!!> /|u(m)<5)‘2d5 for to <t <t. (2.2)

2m — 25+ 1

to
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Lemma 2.2. Let u € C™"

loc

(]to, tl[), cmd
w9 (t)=0 (j=1,...,m), /|u(m)(s)\2ds < +00. (2.3)

Then

/ (Wf D(s))? ds < (7 ) [lumspds for e 2

(t; — s)?m—2i+2 2m — 25 + 1)!!

t

Let to, t1 €]a,b], u C{gc "(Jto, t1]) and 7; € M(Ja,b]) (j=1,...,m). Then we define
the functions pu; : [a, (a+b)/2] x [(a +b)/2, b] X [a,b] — [a,b], pg: [to, t1] — Ry (k =

: [
0,1), \;:[a,b]x]a, (a+0b)/2] x [(a+b)/2, b[x]a,b]— R, by the equalities

[
7;(t) for T;(t) € [to, t1]
,uj(to,tl,t) =A<ty for T; (t) < iy )
t1 for T]<t> >ty (2 5)
Mj(tovtlvt) / .
q1)2
u™ 2ds|, Ai(e tg,ti,t) = s —c)2m=ags| .
j

t
Let also functions «; : RY x [0,1[— Ry and §; € Ry x [0,1[— Ry (j = 1,---,m) be
defined by the equalities
2m_jsz 22m—j—1
5 : » Bily,y) =

m—2j — 1! (2m — 25 — DH(2m — 3)”\/_
Lemma 2.3. Let ag €]a, b, ty €la, ao[, t1 €Jag, b], and the function u € Cfgc Y(to, t1])
be such that conditions (2.1) hold. Moreover, let constants ly; > 0, Zoj >0, v, >0, and
functions D; € Lise(]to, t1]), 75 € M(Ja,b[) be such that the inequalities

aj(z,y,2,7) =z + ( (2.6)

ag

(t— 1) / [Pr()]ads < lox, 2.7)
(t —to)*™ /ﬁj(s)ds <ly; (j=2,...,m), (2.8)

t
ag

/]_?j(S)Aj(tQ, to, tl, S)dS

t

(t — to)™ 2705

<ly; (j=1,...,m) (2.9)

hold for to <t < ag. Then

1/2 12 (2.10)

< a;(log, log, a0 — a,70)p8 - (75)p! (&) + Lo (a0 — a, o5)p6 > (7)o (o) +

(2m—j)22m j+1
@m — lizm —2j ¢ ol Jor fo<i<a,

+l0j
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where 7 = sup{p;(to, t1,t) 1 to <t <ap,j=1,....,m} <ty.

Proof. In view of the formula of integration by parts, for ¢ € [tg, ag] we have

7ﬁj(s)u(s)u(j_1)(uj(to, t1,$))ds = 7ﬁj(s)u(s)u(j_1)(s)ds +
ao wj(tost1,s) ao
s [neue( [ a©d)ds = utut ) [7(s)ds
1 aot ao ) ao Mj(io,tlvs) (2'11)
+3 / ( / Py ()€ )u (5)u = (5)ds + / P (s)uls) / ) (€)de ) s
(j=2,...,m), and
[ Pusuts)ututta,tr)ds < [ py(s)) (s
ag pa(to,t1,s) ag
[ mene] [ ©dds <) i) (2.12)
ao ’ t ul(to,tl,s)
w2 / By (€))e) [u()ed (s)]ds + / mousl| [ ©deas

On the other hand, by conditions (2.1), the Schwartz inequality and Lemma 2.1, we
deduce that

=D (t)| = ’/ (t —s)™Iytm ds’ < (t — to)™ 2 pi 2 (1) (2.13)
(m —j)!
forto <t <ag (j =1,...,m). If along with this, in the case j > 1, we take into account
inequality (2.8), and lemma 2.1, for ¢ € [t, ap], we obtain the estimates
aop ag
’u(t)u(jfl)(t) /ﬁj(s)ds < (t—to)?™ /ﬁj(s)ds po(t) <lo;po(t), (2.14)
t t
and
1 ag ag
3 ul u(]
> [ ([ pie)ut st (s <3 /' LT
k=07 s 0
1 a0 a0
u®(s)[*ds \1/2 M (s)*ds \ 1>
ey ([ sy Ve em
) ; J (S _ tO)Qm—Zk J (S _ t0)2m+2k—2j
1 .
227)’I,7_]
< ly; .
< lojpolao) ; (2m — 2k — D)1(2m + 2k — 2j — DI
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Analogously, if j = 1, by (2.7) we obtain

ao

W2(1) / ()] ds < loupol).
! (2.16)

2 / ( / 1 ()] () ()| ds < zmpo<ao>%

for tg <t < ag.
By the Schwartz inequality, Lemma 2.1, and the fact that py is nondecreasing function,
we get
Hj (tovtlvs)
[ we <

for ty < s < ap. Also, due to (2.2), (2.9) and (2.13), we have

om—
(2m —2j — DIl

)\j(to,to,tl, )p(l]/2< *) (217)

u t)|/|]_)j(s)|)\j(t0,t0,t1,s)ds: (t — to)™ 2 pt 2 (1 /|p] )| (to, to, tr, s)ds <

< ZOj (t —to)™ p(l]/Q(t)v

([ @t o odeas <, [ e

Z 2m—1<a0 _ a)’YOJ p1/2( )
T (2m = 3)11/27;

IN

for tg <t < ag. From the last three inequalities it is clear that

j(to,t1,s)

s ool [ o

s

/|p] |)\ t07t07t17 )dSS

< (o) [ 13, os ot s)ds+ [ 1) [ BN (o to, 1, ) s <
t t (2.18)

2m—1(a0 _ a)’YOj 1/2<
(2m — 3)!'\/270;

for ty < t < ap. Now, note that from (2.11) and (2.12) by (2.14)-(2.16) and (2.18), it
immediately follows inequality (2.10). O

< ZO (t — to)fmj p1/2 (t) + Zoj CL())

The following lemma can be proved similarly to Lemma 2.3.
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Lemma 2.4. Let by €la, [, t, €]bo, b, to €a, bo[, and the function u € CV(Jto, t1]) be
such that conditions (2.3) hold. Moreover, let constants l;; > 0, l;; > 0, v; > 0, and
functions D; € Lige(Jto, t1[), 75 € M(Ja,b[) be such that the inequalities

t

(=7 [y ()ds < 1, (2.19)
(b1 — £)2m /ﬁj(s)dslgzlj (G=2,....m), (2.20)

t

/]_Dj(S)Aj(tl, to, tl, S)dS

bo

(t, — )™ 2~ <lL; (j=1,...,m) (2.21)

hold for by <t <ty. Then

t

/pj(s)u(s)“(j_l)(ﬂj(to,tl, §))ds <

bo
1/2 (2.22)

< aj(hy, Iy b —bo, 11))p > (R pr 2 () + 1185 (b — boy yz) oy () oy (bo)+
(2m — j)22m—i+1
(2m — D (2m — 25 + 1)

+1; ”P1(bo) for by <t <ty

where T, = inf{y;(to,t1,t) 1 bo <t <ty,j=1,...,m} > t.

2.2. Lemma on the property of functions from the space 5"‘1””(]&, bl).

Lemma 2.5. Let

i
e
i
E

w(t) = cik(t)u("_k)(t)u(i_l)(t),

i

where C""Y(1a, b), and each ¢y, = [a,b] — R is an (n — k — i + 1) ~times continuously
differentiable function. Moreover, if

|cii(t)]

m<+00 (izl,...,n—m),

uV(a)=0(i=1,...,m), limsup

t—a

then
lign inf |w(t)| =0,

and if u=V(b) =0 (i=1,...,n—m), then

liminf |w(t)| = 0.

t—b
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The proof of this lemma is given in [9].

2.3. Lemmas on the sequences of solutions of auxiliary problems.
Now for every natural k we consider the auxiliary boundary problems

ul () = pi(0)uO ™ (uy(tor, tir 1) + qu(t)  for tor <t <ty (2.23)
j=1
u V() =0 @G =1,...,m), uvYI V(ty)=00G=1,....,n—m), (2.24)
where
a<to <ty <b (k c N), lim tg, = a, lim ty, = b, (225)
k—+o00 k—+o00
and .
ul™ () = " pi(0)u Y (s (tor, b, 1)) + qr(t)  for tor <t <D, (2.26)
j=1
W) =03G=1,....m), W9 VB =00G=1,....n—m 2.27
0k ; ) ) J ) ) )
where
a<ty <b(keN), klim tor = a. (2.28)
— 400

Throughout this section, when problems (1.1), (1.2) and (2.23), (2.24) are discussed we
assume that

pj S LlOC(]a’7 b[) (] = ]-7 LS m)7 q, dk € Zgn—Qm—Z,Qm—Z(]aﬂ b[)’ (229)

and for an arbitrary (m — 1)-times continuously differentiable function z :]a, b[— R, we
set

Aw(2)(t) = ij(t)ﬂf(jfl)(uj(tom tig, 1)), A@)(t) = ij(t)ﬂf(jfl)(n (®)- (2:30)
Problems (1.1), (1.3) and (2.26), (2.27) are considered in the case
Dj € Lloc(]a7 b]) (.7 = 17 "'7m>7 q;qr € z31172m72,0<]a7 bD7 (231)

and for an arbitrary (m — 1)-times continuously differentiable function z :Ja,b] — R, we
set

m m

Ae(@)() = Y2079 (yton, b, 1)), Al2)(6) = D ps(0)aV V(7(1).  (2.32)

=1 j=1

Remark 2.1. From the definition of the functions p; (j = 1,...,m), the estimate
0 for Tj(t) G]t()k, tlk[
max{b — tlk, tOk — CL} for Tj(t) g]tok, tlk[

follows. Thus, if conditions (2.25) hold, then

| (tow, tie, t) — 75(8)| < {

klim wi(tog, tik, t) = 7;(¢t) (j=1,...,m) uniformly in Ja,b[. (2.33)
— 400
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Lemma 2.6. Let conditions (2.25) hold and the sequence of the (m—1)-times continuously
differentiable functions zy :Jtox, tix|— R, and functions U~ € C([a,b]) (j = 1,...,m)
be such that

kl_l)l’_{l x,gj_l)(t) =20 V@) (j=1,....,m) wuniformly in la,b] (Ja,b]). (2.34)

Then for any nonnegative function w € C([a,b]) and t* €]a,b],

t t

khIJP w(s)Ag(zr)(s)ds = /w(s)A(x)(s)ds (2.35)
t* t*

uniformly in |a, b, where Ay, and A are defined by equalities (2.30).

Proof. We have to prove that for any ¢ €]0, min{b— t*, t* — a}[, and € > 0, there exists

a constant ng € N such that

’/ V(Ag(xr)(s) — A(z)(s))ds| <e for t€fa+0,b—10], k> no. (2.36)
Let, now w(t,) = n<1?<xbw(t), and g1 = ( Z f+5 Ipi(s) |ds) Then from the

inclusions x,(ﬁjfl) € C(la+9,b—46]), 207V ¢ C([a, b]) (j = 1,...,m), conditions (2.33)
and (2.34), it follows the existence of such constant ny € N that

|x](€j*1) (Mj(t()kv tllm S)>_x(j71) (Mj(t(]/m tlka ))‘ < €1, |.T (:uj (tOka tllm ))_x(jil) (Tj(8>>| <é

fort €la+0,b—10], k>ng, j=1,...,m. Thus from the inequality
[Ak(ze)(s) = AMa)(s)] < |Aw(an)(s) = Ae(2)(s)] + [Aw(2)(s) — Alz)(s)] < 2e4 Z |p;(t)

we have (2.36). O
The proof of the following lemma is analogous to that of Lemma 2.6.

Lemma 2.7. Let conditions (2.28) hold and the sequence of the (m—1)-times continuously
differentiable functions xy, :Jtox,b] — R, and functions V=Y € C([a,b]) (j = 1,...,m)

be such that lim 297V = 2UD(@) (= 1,...,m) uniformly in |a,b. Then for
— 400

any nonnegative function w € C([a,b]), and t* €]a, b], condition (2.35) holds uniformly in
Ja,b], where Ay, and A are defined by equalities (2.32).

Lemma 2.8. Let condition (2.25) hold, and for every natural k, problem (2.23), (2.24)

have a solution uy € C’l’fml(]a b[), and there exist a constant ro > 0 such that

tik
/ ™ (s)|ds < 12 (k € N) (2.37)
tok
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holds, and if n = 2m + 1, let there exist constants p; > 0, p; > 0, 15 > 0 such that

t

[ s =amys)as

t1

pj = sup {(b — t)2m= (<t < b} < o0,

t (2.38)
7, = sup {(b _ gy /(5 — a) | (8)| Ay (0, top, ta, 8)ds o < t < b} < oo,
t1
fort; = aT*b, (7 =1,...,m). Moreover, let
kEr—ir—loo ||Qk N Q||z%n72m72,2m72 =0, (239)

and the homogeneous problem (1.1y), (1.2) have only the trivial solution in the space

C"=tm(la,b[). Then nonhomogencous problem (1.1), (1.2) has a unique solution u such
that
[[u™ |2 < o, (2.40)
and ' '
klim ug_l)(t) =uU V@) (j=1,...,n) uniformly in la,b| (2.41)
— 400
(that is, uniformly on [a 4+ 6,b — 6] for an arbitrarily small 6 > 0).

Proof. Suppose t1,...,t, are the numbers such that

a+b
2

=t <---<t,<b, (2.42)

and g¢;(t) are the polynomials of (n — 1)-th degree, satisfying the conditions

gj(tj)zla gj(ti) =0 ('L#jv Zajzlaan) (243)

Then for every natural k, for the solution uy, of problem (2.23), (2.24) the representation

ug(t) = ; (Uk(tj) - ﬁ /(tj — )" (Ag(ur) (5) + Qk(s))ds)gj(t)+
+ﬁ / (= )™ (Ap(ur)(3) + gul(s))ds (2.44)
is valid. For an arbitrary ¢ €]0, “TH’[, we have

t1

— (n-J)| / (s =0 [(au(©) - ate)ag)ds

S

<

’ /1(5 — )" (q(s) — q(s))ds

t1 t1 ty

< n( /(8 — a)2m21ds)1/2(/(5 _ a)2n2m2</(qk(£> B Q(f))d§>2ds> 1/2 -

t t s
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1/2
<n llar — allzz -

, for a+6 <t <ty

2m—2j+1 2m—2j+1
(tl B al) - 5 ) 2m—2,2m—

t
, , . 111/2
)/(t o s)"*](qk(s) B q(s))ds‘ < n‘(() B t1)2n72WL72]+1 _ §2n—2m—2j+1 X (245)
t1

*llae = allz;, - for t;<t<b—4 (j=1,...,n—1).

Hence, by condition (2.39), we find
31
klim (s — )" (qr(s) — q(s))ds =0 uniformly in Ja,b[ (j =1,...,n—1). (2.46)
—4-00
¢
Analogously one can show that if ¢y €]a, b[, then

t

khI—P (s —to)(qr(s) —q(s))ds =0 uniformly on I(ty), (2.47)
to

where I(ty) = [to, (a+b)/2] for ty < (a+b)/2 and I(ty) = [(a+b)/2,to] for to > (a+b)/2.
In view of inequalities (2.37), the identities

G-1)py _ 1 / m—j, (m)
u t)=— [ (t—s u;. (s)ds 2.48
fori=0,1;j=1,...,m; k€ N, yield

V(O] < 75t = a)(b - ) (2.49)
for to, <t <ty (j=1,...,m; k€ N), where

"0 o —9j 41 L —1,....m). 2.50

T (m_j)!(m j+1) P (U m) (2.50)

By virtue of the Arzela-Ascoli lemma and conditions (2.37) and (2.49), the sequence

{ur}{29 contains a subsequence {ug,};"% such that {u,(f;l) 20 (j =1,...,m) are uni-
formly convergent in |a, b[. Suppose

i u (t) = u(t). (2.51)

Then in view of (2.49), uU~Y € C([a,b]) (j = 1,...,m), and
lim u,(gl;l)(t) = u(jfl)(t) (j=1,...,m) uniformly in ]a,bl. (2.52)

l—+o00

If along with this we take into account conditions (2.25) and (2.46), from (2.44) by lemma,
2.6 we find

)= 32 ()~ gy [ = 7M@) + alas)as (014
” t b (2.53)
1 1
+(n — /(t — )" (A(u)(s) + q(s))ds for a<t<b,

t1
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ROl S il = @)= D" for a<t<b(i=1..m),  (254)
uwe O Y(Ja, b]), and

loc

lim u,(ﬂ U(t) =uY V() (j=1,...,n—1) uniformlyin ]a,b[. (2.55)

l—+o0
On the other hand, for any ¢ €|a, b[ and natural [, we have

t

(t = to)ug V() = w2 (1) — ul " (k) + / (5 — to) (Ag(ur ) (s) + i (5))ds.  (2.56)

to
Hence, due to (2.25), (2.47), (2.55), and Lemma 2.6 we get

lliin ul(:*l)(t) = u" V() uniformly in Ja, b[. (2.57)
Now it is clear that (2.55), (2.57), and (2.37) results in (2.40) and (2.41). Therefore,
w e C™(Ja,b[). On the other hand, from (2.53) it is obvious that u is a solution of
(1.1). In the case where n = 2m, from (2.54) equalities (1.2) follow, that is, u is a solution

of problem (1.1), (1.2).

Let us show that w is the solution of that problem in the case n = 2m + 1 as well.
In view of (2.54), it suffice to prove that u(™ (b) = 0. First we find an estimate for the
sequence {u}; 2. For this, without loss of generality we assume that

th <ty (keN). (2.58)

From (2.44), by (2.39) and (2.49), it follows the existence of a positive constant po,
independent of k, such that

"V (1)) <

k >
. . (2.59)
§p0+ ’/ A (ug)( ds’+’/ (t—s)™ qk(s)dzs’)
for t; <t < ty, and
Nawllzz, o, 0oy S PO (2.60)
for kK € N. On the other hand, it is evident that
t m 1
’/(t _ S)m—lAk(uk)(S)dS S Z ’ /(t — s)m_lpj(S)ug_l)(S)ds"F
1 ]:1 1
: t (2.61)

5 (tok stk ,S)

+i ‘ /(t— s)m—lpj(s)( / u,ﬁ”(&)dﬁ)ds)

s

fOI'tlgtStlk (kGN)
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Let, now m > 1. From Lemma 2.2 and condition (2.37) we get the estimates

! ‘ (J)( )|2 1 | (j)< )|2
Uy Ug (S 2m,, 2
—r — = ds <2 2.62
/(b_S)Zm 2; 45 /(tlk_s)Qm 2; 4% (2.62)
t1 to

fort; <t <ty (j =1,...,m). Then by conditions (2.38) we find

}/(t‘ S)m_lpj(S)U,ﬁj’”(s)ds‘ _

s

’/ b—st j as(t—s)s_a(a 1)(5)>((b—s)2mj/(f—a)pj(f)dg)ds <

t1

t
dmp; ju ()] / ui(s)]
< K 71 <
_b—a</(b—s)mj+2d8+ (b= s ]Hds)_

t1 t1

Mo / W (s 1/2 / w9 (5))2 1/2
. ébl_,o; ( / (b(_ks)Qé_)2i+2d5> ” ( / %dbﬂ) /}x (2.63)

t1 t1
t

12 2™mrgp;
-2 < 0P5 ;1 N—1/2
x(/(b ) ds) < =B (-1
t1

for t7 <t <ty (j = 1,...,m). On the other hand, by the Schwartz inequality, the
definition of the functions y; and (2.4) it is clear that

pj(tok tik,s)

A 2m=i
| / “/(c])(f)df’é(Zm—Zj—l)!!Abtokatlkv /'u’“ ng E (2.64)

s

< 2™ (b, tok, tik, s)

forty < s <ty (j = 1,...,m). Then by the integration by parts and (2.38), (2.64) we
get

pj(tok t1k,s)

[amor=ne( [ i) <

¢
m d(t—s)m!
=2 "Omai( s_)a
t1
¢

t1

(/S<§ —a)|p;(§)|A; (D, tomhmf)dﬁ)ds’ < 2™ X (2.65)

t1

B (t— )

0s s—a

(b—s)mi—mHL20s < 2"rop, X
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_ _ 127+ 5. (b — a)
x/(m 1+ e >(b—s)“j—3/2d3§ (m+1) rop;(b —a) J><
s—a (s—a)? b—a

t
1)274 270 (b — a) 197,
X/(b—8)3/2d8§ (m+ ) bjoc(L a) Jp]<b_t>71/2
t1

fort) <s <ty (j=1,...,m).
Thus from (2.61), by (2.63) and (2.65) we have

‘ /(t — )™ Ag(ug) (s)ds| < ko(b—t)~1/? (2.66)

for t; <t <ty,, m > 1, where ky = m;rl 2 Z(Pj +7;(b—a)).
=1

Let, now m = 1, then due to (2.37), (2.38), and (2.64) we obtain

"
= ’/pl(s)uk(s)der
t1
t w1 (to1,tik,s)

+/p1(8)( / ul (€ dg)d ‘ < ‘“’“ ‘/ a)pi(s ds‘—i—

s

| / (t = )™ Ax(ug) (s)ds

S

+‘/ ((s Jik)((?L 9 G —|Z§2(<Sg|_ 5)><<b_5)/<5_“>p1<5>d5>d5‘+

t1

t

2 ur(t
a/(s—a)\pl(s)\)\l(b,tm,tlk,s)ds§ - p [' A0l

—Qa

27"0
ty —

+

t1
t t

1 1/2 2 uz(s) 1/2 (2.67)
7d) t—t 1/2(/ k d) }
+“)(/(5—5)2 ) Lt b—s2") 1T
t1 t1
4o py
+b—a
On the other hand, from (2.24), (2.37), and Lemma 2.2 it follow the estimates

(b—t)m=Y2 for t; <t <ty.

tik

o) = | [ 6105 < (1 -0 [ a1s) ™ < oo o1,

t

tik 9 tik 9
/ uk(s)st < /ui(s)ds < 2rg,
J o= ) T—sp
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for t; <t < tyx. Then from (2.67) by these inequalities we get

2p1 2T0 4T0
<
‘/ ) ds‘ b—a((b—t)1/2+(b—a)1/2)+

4rop,
o-a

(2.68)
(b=t < (b= )7+ (b= ) +

where K, = If_%(pl +0y), ke = (bfa%pl.
If m > 1, due to conditions (2.60) and the fact that n = 2m + 1, we have

| /t<t—s>’“%<> = (m-1)| [ / R (R ki / 4x(€)1d€ ) ds| <

<m(b—t)""?|ql|z2 <mpo(b—1)"Y* for t, <t<b, (2.69)

2n 2m—2,2m—2

and if m =1,

/t | / ar(€)de

Also it is clear that

ds < (b— t)1/2||qk||zg’0 <po(b—1)Y?* for t, <t <b. (2.70)

ul™(t) = / u™ ) (5)ds, (2.71)

since ulgm) (tix) = 0.
Now, from (2.59), by (2.66) and (2.69) if m > 1, and by (2.68) if m = 1, we have,
respectively,

WD) < o+ (o + o) (b~ 1),

t
2.72
|u(m+1)(t)| Spo_i_/w_i_/ﬁ[(b_t)1/2+(b—t>“{111/2]+/|qk(5)|d8, ( )

for t; <t <ty From (2.71), by (2.72), and (2.70), it follows the existence of a constant
p* > 0 such that

O I = 0 (b= ] for b <t <ty m2 1,

from which, in view of (2.25), (2.55), and (2.57), it is evident that u(™ (b) = 0. Thus we
have proved that w is the solution of problem (1.1), (1.2) also in the case n = 2m + 1.
To complete the proof of the lemma, it remains to show that equality (2.41) is satisfied.
First note that in the space C" 1™ (]a,b[) problem (1.1), (1.2) does not have another
solution since in that space the homogeneous problem (1.1p), (1.2) has only the trivial
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solution. Now assume the contrary. Then there exist § €]0, bg—“ [, € > 0, and an increasing
sequence of natural numbers {k;},°% such that

maX{Zm(ﬂ D) —ul V() a+8<t<b-0}>e (l€N). (2.73)

By virtue of the Arzela-Ascoli lemma and condition (2.37) the sequence {ul(gl _1)};:’10 (j=
1,...,m), without loss of generality, can be assumed to be uniformly converging in |a, b|.
Then, in view of what we have shown above, conditions (2.55) and (2.57) hold. But
this contradicts condition (2.73). The obtained contradiction proves the validity of the
lemma. 0

Analogously we can prove the following lemma if we apply Lemma 2.7 instead of
Lemma 2.6.

Lemma 2.9. Let condition (2.28) hold, for every natural k problem (2.26), (2.27) have

a solution uy € C’l’f)cl(]a b]), and let there exist a constant ro > 0 such that

b

/|u,gm>(s)|ds <r2 (keN), (2.74)
tok
kl—l>r-il-loo ||qk B Q||Zgn—2m—2 - 0’ (275)

and the homogeneous problem (1.1y), (1.3) has only the trivial solution in the space

Cn=tm(la,b]). Then the nonhomogeneous problem (1.1), (1.3) has a unique solution u
such that inequality (2.40) holds, and

klirf u,(gjfl)(t) =uU V@) (j=1,...,n) uniformly in ]a,b] (2.76)

(that is, uniformly on [a + 6,b] for an arbitrarily small 6 > 0).

To prove Lemma 2.11 we need the following proposition, which is a particular case of
Lemma 4.1 in [8].

Lemma 2.10. If u € C'~*(|a, b]), then for any s,t €a,b| the equality

loc

t

(—1ymm / (€ — @) (E)u(€)dE = wa(t) — wals) + v / WPl (277)

S

is valid, where Vo =1, Vi1 = ZEEL wy,(8) = 0 (= 1) a0 (Hu(t),
j=1

t—a
2

Wansa (£) = S (=1 [t — a)u19) (8) — =) () Jul (1) -
7j=1

™ (2)]?.
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Lemma 2.11. Let ag €la,b[, by €]ag, b, the functions h; and the operators f; be given
by equalities (1.10) and (1.11). Let, moreover, 7; € M(]a,b]), and the constants I ; >
0, v; > 0(k=0,1; j =1,...,m) be such that conditions (1.12)-(1.14) are fulfilled.
Then there exist positive constants 6 and ry such that if ag €]a, a+ 9, by €]b—0,b[, to €
la, aol, t1 €lbo, b], and q € L2, , 2. 2m_2(Ja, b]), an arbitrary solution u € C}*(Ja,b]) of
the problem

ul™(t) = ij(t)u(j "V (pyto 1, 1)) + q(2), (2.78)
u V() =0 (i=1,...,m), w9 Vt)=0 (j=1,....,n—m) (2.79)

satisfies the inequality

/|u s)|2ds <

S [t = a2 ny (sl ot sds| + llallyy | L)

Sﬁ(
J

(2.80)

=1

Proof. From conditions (1.12) and (1.13) it follows the existence of constants f;; > 0 such
that ) ~
(t—a)" 277% fi(a,1)(t,s) < ly; for a<t<s<ay,

(b— )™ 275 f;(b,7;)(t,s) < &y for by <s<t<b

Consequently, all the requirements of Lemma 2.3 with p;(t) = (t — a)"~>™(—1)"""p;(t),
a < ty < ag, and Lemma 2.4 with p;(t) = (b — ¢)" " (=1)"""p,(t), bp < t; < b, are
fulfilled. Also from condition (1.14) and the definition of a constant v, it follows the
existence of v €]0, 1] such that

<2m _j)22m—j+1
(2m — D!N(2m — 25 + 1!

Uy <vp—2v (k=0,1). (2.81)

On the other hand, without loss of generality we can assume that ay €]a,a + ] and
by €]b — 6,b[, where § is a constant such that

Z 1oj (8, 705) + 113 8;(0, 1)) < v, (2.82)
j=1

where the functions §; are defined by (2.6). Let now ¢ € Z%n—Qm—Q,Qm—Q(]a’7bD7 u be a
solution of problem (2.78), (2.79), and

r= 22" 1 4+ b—a)’v 2 (2.83)
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Multiplying both sides of (2.78) by (—1)"""(t — a)" *™u(t) and then integrating from ¢,
to t1, by Lemma 2.10 we obtain

to
(n—Zm) |u(m)(t0 | + v, /|u(m) | ds =

= (=)™ Z /(3 — a)"’2mpj(s)u(s)u(jfl)(uj(to, t1,8))ds+ (2.84)

(=1~ /(s —a)"*"q(s)u(s)ds.

to

From Lemma 2.3 with p,(t) = (t — a)"?m(=1)"""p;(t), Lemma 2.4 with pi(t) = (b—
)" 2™ (—1)""™p,(t), and the equalities po(to) = p1(t1) = 0, by (2.81) we get

) mZ/ s —a)" " *™p;(s)u(s)u "V (1;(to, t1,8))ds <
J= 1t

(2m — j)22m—*t 5 )
< @ — 2m =2 + 1)”503'/)0(@0) + E lojBj(a — ao, Y0;)po(77) < (2.85)
I I —

t1
< (v~ 2)poa) + YTy 0.709) [ 1 (),
j=1 to

) mZ/ s —a)" " *™p;(s)u(s)uV (1;(to, t1,8))ds <
=g,
(2m — jy2m-in
— (2m—1D!N2m — 25+ 1!

m

lljpl bO Z 1]/8] - 7’Ylj)p1(7_*) < (286)

< (v — 20 (bo) wam/m )[2ds.

If along with this we take into account inequalities (2.82) and ay < by, we find

"MZ/*w“m@mwM%wmm@s
]1t
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+‘ Z/(S — )" 2" p; (s)u(s)ub ™Y (u;(to, 1, s))ds‘.

On the other hand, if we put ¢ = (a + b)/2, then again on the basis of Lemmas 2.1, 2.2,
and Young’s inequality we get

‘/ yr—2m s)u(s)ds‘ < }/c(s—a)n—% ds‘+‘/ )" Eg(s)u(s)ds| =

C

— ’ /c[(n —2m)u(s) + (s — a)" >/ (s)] ( / Q(f)d§> d5’+

s

s

+) / [(n —2m)u(s) + (s — a)"—Zmu’(s)]< / q(f)d&)ds‘ <

C

S[<n_2m)</%d8>1/2+(/%ds)lﬂ}x

< f=apm(f a€)de) ds) "+
+(1+b—a) [(n - 2m)</ (buj%als)l/2 + (/ (bq_ii%ds)lﬂ] X

< fo- sy / a€de) ds) " <2t b-allallyy | x
/\u 2ds /|u(m )|*ds 2] <

/ ™ (5)|%ds + 223 (1 + b — )20 [gl |2,

L2n72'm727 2m—2

(2.88)

In view of inequalities (2.87), (2.88) and notation (2.83), equality (2.84) results in estimate
(2.80). O
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The proof of the following lemma is analogous to that of Lemma 2.11.

Lemma 2.12. Let ay €|a, b, the functions h; and the operators f; be given by equalities
(1.10) and (1.11). Let, moreover, 7; € M(]a,b]), constants lp; > 0, vo; > 0, (j =
1,...,m) be such that conditions (1.12) and (1.21) are fulfilled. Then there ezists a
positive constant vy such that for any to €la, aol, and q € L%, _, _,(la,b]), an arbitrary
solution u € C7*~*(Ja, b]) of the problem

loc

ZP] ub = (5 (to, b, 1)) + q(1), (2.89)

uW V() =0 (i=1,...,m), w9 V0O =0 (j=m+1,...,n) (2.90)

satisfies the inequality

/|u s)|2ds < 7

Lemma 2.13. Let 7; € M(]a,b]), ag €la,b], by €|ao,b], conditions (1.7), (1.12)- (1.14),
hold, and let in the case when n is odd, in addition (1.8) be fulfilled, where the functions
h;, B; and the operators f; are given by equalities (1.10)-(1.11), and ly;, lk;, Yk (kK =
0,1; 7 = 1,...,m) are nonnegative numbers. Moreover, let the homogeneous problem
(1.10), (1.2) in the space C"~2™(|a, b[) have only the trivial solution. Then there exist § €
10, 54 and r > 0 such that for any to €]a, a+], t1 €]b+6,b], and q € L2 2 2m—2(]a, b[)
problem (2.78), (2.79) is uniquely solvable in the space C™*(]a, b)), and its solution admits
the estimate

Z / s = a)" 2 (s)u(s)ulT Vg (b, b, 9))ds| + [Jall2, ).

(2.91)

2n—2m— 22m2

/\u s)Pds) " < ol

Proof. First note that all the requirements of Lemma 2.11 are fulfilled, and in view of
(1.8) and (1.13), conditions (2.38) of Lemma 2.8 hold.

Let, now d €]0, min{b—by, ap—a}] be such as in Lemma 2.11 and assume that estimate
(2.91) is invalid. Then for an arbitrary natural k there exist

tok G]a, a+ 5/]{3[, L1k E]b — 5//{3, b[, (292)

and a function ¢ € z%n72m7272m72(]a, b[) such that problem (2.23), (2.24) has a solution
w, € C"Y(Ja, b]), satisfying the inequality

b (m) 1/2
(o ora™ s vt ., o
tok
In the case when the homogeneous equation
ZP ub~ M; (toks tik,t)) (2.330)
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under the boundary conditions (2.24) has a nontrivial solution, in (2.23) we put that
qx(t) = 0 and assume that u; is that nontrivial solution of problem (2.33y), (2.24).

Let now
tik
(m) -1/2 (m) -1/2
vk(t):< ! (s)|ds> un(®), qou(t) = |u \ds an(t). (2.94)
tok

Then vy is a solution of the problem

pi(t Y(pi(tor ties 1)) + qon(t)  for tor <t < tyy,
Z ) + qont) .
v D (tg) = 0 (i=1,...,m), V() =0(G=1,....,n—m).
Moreover, in view of (2.93), it is clear that
1
\v (s)]Pds =1, aowllzs . < P (k € N). (2.96)

On the other hand, in view of the fact that problem (1.1y), (1.2) has only the trivial
solution in the space C"~1™(]a,b[), by Lemmas 2.8, 2.11, and (2.96) we have

tligrn v,gj_l)(t) =0 uniformly in Ja,b] (j =1,...n),

bo

1< m() / (s — a)"‘QmAk(vk)(s)ds‘ + k‘Q) (k € N),

ao

(2.97)

where 7 is a positive constant independent of k. Now, if we pass to the limit in (2.97) as
k — +o00, by Lemma 2.6 we obtain the contradiction 1 < 0. Consequently, for any solution
of problem (2.78), (2.79), with arbitrary ¢ € L3, 5, 5 5,,_o(]a, b[), estimate (2.91) holds.
Thus the homogeneous equation

m

v () = pi (Y (uy(te, 1, 1)) for to <t <ty (2.82))

J=1

under conditions (2.79), has only the trivial solution. But for arbitrarily fixed ¢, €
la,a + 5[, t1 €]b—9,b[, and ¢ € L([to, t1]) problem (2.78), (2.79) is regular and has the
Fredholm property in the space C"(]to,[). Thus problem (2.78), (2.79) is uniquely
solvable. O

Analogously we can prove the following lemma if we apply Lemmas 2.7 and 2.12
instead of Lemmas 2.6 and 2.11.

Lemma 2.14. Let 7; € M(Ja,b]), ao €la,b], conditions (1.9), (1.12) and (1.21) hold,
where the functions h;, 3; and the operators f; are given by equalities (1.10)-(1.11), and
loj, lojv0; (J = 1,...,m) are nonnegative numbers. Let, moreover, the homogeneous prob-

lem (1.15), (1.3) in the space C"*(Ja,b]) have only the trivial solution. Then there eist

EJQTDE, 2012 No. 38, p. 26



positive constants § and r such that if ag €]a, a + 0], and q € L%, _,(la,b]), problem
(2.89), (2.90) is uniquely solvable in the space C"(]a, b)), and its solution admits the
b

estimate [ |u™(s)?ds < r||q||z2

to 2n—2m—2
Lemma 2.15. Let 7; € M(Ja,b[), o> 0, 3> 0, and let there exist § €]0,b— a] such that
I7;(t) —t| < ki(t —a)’ for a<t<a+d. (2.98)

Then
7(t)

Fomaraf {sispeomcar o o2
- /{;1515+/€1] (t—a)®8  for 0<pB<1’

fora<t<a+4o.
Proof. First note that
7(t)
‘ /(s - a)o‘ds‘ < (max{r(t),t} — a)®|7(t) —t| for a<t<a+§,

and max{7(t),t} < t+|r(t) —t| for a <t <a+J. Then in view of condition (2.98)
we get

7(t)
‘ /(5 — a)o‘ds‘ < kit —a) + kit —a)’]*(t —a)’ for a<t<a+9.

From this inequality it immediately follows the validity of the lemma. O
Analogously, one can prove
Lemma 2.16. Let 7; € M(]a,b]), a >0, 8 >0 and let there exist 6 €]0,b— a[ such that
I7;(t) —t| <k (b—1)° for b—8<t<b. (2.99)
Then

‘/b—tad‘ 1+ k16912 (b— )™+ for §>1
- klélﬁ—i-kl] (b—t)*8 for 0<B<1’

forb—0 <t <b.

3 Proofs

Proof of Theorem 1.1 (Theorem 1.2). Suppose problem (1.1p), (1.2) (problem (1.1y),
(1.3)) has only the trivial solution, and r and ¢ are the numbers appearing in Lemma
2.13 (Lemma 2.14). Set

t0k:a+5/k’ tlk:b—é//{? (k?GN) (31)
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By Lemma 2.13 (Lemma 2.14), for every natural k, problem (2.78), (2.79) in the space
C~'(Ja, b) (problem (2.89), (2.90) in the space C™*~'(]a, b])) has a unique solution u,

loc loc
and

2
/ u()Pds) < rllalzy L / u()Pds) " < rllallzy L) 32

where the constant r does not depend on ¢. From (3.2), by Lemma 2.8 with
ro = 7||ql|32 (by Lemma 2.9 with ry = T||q||z2 2 72), it follows that problem

2n—2m—2,2m—2

(1.1), (1.2) (problem (1.1), (1.3)) in the space C" !(Ja, b)) (C1(Ja, b])) is uniquely

solvable for an arbitrary ¢ € E%n—Zm—Q,Qm—Z(]a o) (qe L% ., .(a, b])). Thus that
problem has Fredholm’s property, and its solution admits estimate (1.15) (estimate

(1.22)). 0

Proof of Corollary 1.1. In view of conditions (1.18), there exists a number £ > 0 such
that

On the other hand, in view of conditions (1.19) and (1.20) we have

. ao B 9m—j ago A
(t — )2 Ihy(t, s) < %mlj / H#H] dé + / (& — a)"po; (€)dé

for a<t<s<a,

[ g (3.4)
+ oj/< —d&+

(b _ t)Qm_Jh](t, S) S f — a)2m7]+1

m — ]
bo
b
+(b—a) ™ /(b — g)Qm*jpoj(g)dg for by < s <t <b.

bo

Let ¢ be the constant defined in Lemmas 2.15, 2.16. From (1.19) it follows the existence
of ap €]a,a + [ and by €]b — 6, b] such that

(1)) < = Q)Z) —pr +por(t) for € [a,ao]Ulbo,b]. (3.5)

On the other hand, from lemmas 2.15, and 2.16 by the condition (1.17) it follows the
existence of a constant kg such that

75 (1)
1

) / (s — a)2m=gs| "

! (3.6)

7 ()
. 1/2 .
‘ / (b— 5)2<W1>ds‘ < K2(b— syl for by <t <.

t

< kl/Z( —a)™ 2 for a <t < a,
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Consequently, if po; € L,,—j 2m—;(]a,b]), then by (1.16) and (3.6), from (1.19) and (1.20)
it follows the existence of a nonnegative constant ks such that
(t—a)" ' fi(a,m)(t,5) < kolag — a)™® for a<t<s<a,
(b—8)" (b, 1)(t, 8) < ko(b—by)™ for by <s<t<b,
where 0 < g9 = min{yy; —2n—242k(2m—n), ;-2 : k=0,1; j =2,...,m}. Now, from
(3.4), and (3.7) it is clear that we can choose 0; < § so that if max{b — by, ap — a} < dy,
then

(3.7)

I{IA
Y 4e for a<t<s<ay,
2m — j

(t — a)™h(t,s) <

g - +¢e for by <s<t<hb,

m-—=1]

je{l,...,m}. From (3.7), the last inequalities and (3.3), it is clear that all the assump-
tions of Theorem 1.1, with ¢;; = - - = 1/2, and max{b — by, ag — a} < 4, are
fulfilled, and thus the corollary is valid. O

Proof of Theorem 1.3. 1t suffice to show that if u € CI'-'(Ja, b)) (u € CI'(Ja, b])) is

loc loc

solution of problem (1.1p), (1.2) ((1.1p), (1.3)), then

(b—t)*" T h(t,s) <

/\u s)|2ds < +o0. (3.8)

For an arbitrary ¢, €|a, b[ we have

t m

m 1 n—m-— j—
u™ () = w(ty) + h—m=1) /(t —5) l(jzlpj(s)u(] 1>(s))ds, +
to -
1 . (®) (3.9)
- n m—1
+(n—m—1)!/ (Zp] / >d§>
to s
where w(to) = Z+1 %u“ D(ty). Now note that by the equalities
j=m
(1)) = m) / (t— s)k_’_lu(k)(s)ds) for a<t<b, (3.10)
k=1,...,m, 1=0,...,k—1, with ¢ = a, from (3.9) we get the estimate
m—1 tg
™ ()] < w(to)| + (1= i) [[u™ Pl Y </(S —a)" " p;(s)lds+
Jj=1 t
to 7 (s)
s [s=ar )| [ € - amtaeas)+ (311)
t s
to

+[|u™ V|| ¢ /(5 —a)" " pn(s)ds for a<t<t,

t
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where §;; is Kronecker’s delta. Then conditions (1.28) yield

to

IMMUNShM%N+ﬂ—ﬁmNWW*Wc/@—aY%@Mﬁ

t

to to

+’yHu(m_1)Hc/p(s)ds + ||u(m_1)HC/(s —a)" " Hpm(s)|ds for a<t<t,
t t

where p(t) = i(t —a)"p;(t)],

Jj=1

75 (1)

! / (6 —a)™ 77|, v =max{V,...,Ym}.

’YJ = €sssup m

a<t<b

Consequently, in view of condition (1.29), u™ € L([a,ty]). Analogously, by (3.10) with
c = b, we can show that u(™ € L([ty,b]). Finally u(™ € L([a,b]) and if we put v(t) =

f |u(™)(s)|ds, then

v e C([a,b]), (3.12)
and from (3.10) it is clear that

WD) < (t—a)™ " lo(t) (i=1,...,m—1) for a<t<to. (3.13)
In view of condition (1.29) we can choose § > 0 such that
a+d

/p@MS<%- (3.14)

a

From (3.9), by conditions (1.28), (3.12) and inequality (3.13), we get

to m to 7;(s)
@) < o)+ [ P2 a0 5[50y ) /f )" u(€)dgds <
=17

t

to

< |w(to)| +/%ds+7||v||(;/p(s)ds, for a<t<a+d.

t a

Consequently, if wy = |w(to)| + v||v||c fp )ds, then

to
|u(m)(t)| < wp +/Md$ for a<t<a+id. (3.15)

t
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From the last inequality, by the integration by parts and (3.14), we get

p(s)v(s)

S—a

to

v(t) < wo(t—a)+(t—a)/

t

1
ds+§v(t) for a<t<a-+d.

The last inequality, by the Gronwall-Bellman lemma, results in
()
t—a
Due to this inequality, from (3.15) by (3.14) we get [u™(t)] < wo(1+e) for a <t <

a+ 8. Analogously we can show that (™ is bounded in the neighborhood of the point b.
Therefore, condition (3.8) is satisfied. O

<2w62ft (5)ds < 9 for a <t <a+9d.

Proof of Theorem 1.4. From Theorem 1.1 by conditions (1.30)-(1.33) it is obvious that
problem (1.1),(1.2) has Fredholm’s property. Thus to prove Theorem 1.4, it suffice to
show that the homogeneous problem (1.1), (1.2) has only the trivial solution in the space

5”’1””(]&, b[). Suppose u € 5”’1””(]&, b[) is a solution of problem (1.1p), (1.2). Then
from Theorem 1.1 it is clear that

P / ™ (5)[2ds < +o0. (3.16)

Multiplying both sides of (1.1) by (—=1)""™(t — a)"?™u(t) and integrating from ¢, to ¢y,
by Lemma 2.10 we obtain

wn®) = wn(s) + v [ [ O = "mz / )" " €)u r€)ul€)ds.

Moreover, from Lemma 2.5 it is evident that

lim inf |w,(s)| = 0, liIl;n ibnf |w,(t)] = 0.

Then by (3.16) we get

m 0
np = (17 Y [ (€= a2 ©ulr V() ule) s (317)

According to (1.32), (1.33) and (3.16), all the conditions of Lemmas 2.3 and 2.4 with
p;(t) = (=1)""(t—a)""*"p;(t), ap = by = t*, to = a, ty = b and pu;(to, t1,t) = 7;(t) hold.
Consequently, due to equalities py(a) = p1(b) = 0, we have

" m/ )" (€)uY ) (1(6))u(€)dE <

(2m — j)22m—i+l
@m — D)(2m —2j + 1

m e
Gm—iem =2+ o)

<lo;B(t" —a 70])00/2( )p(l]/z( ) + lo, (3.18)

I ,po(t*)"‘

85 (b — 7)) p > (r)pr P (1) + Ly,
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for a < t* < b. On the other hand, due to conditions (1.30) and (1.31), the number
v €0, 1[ can be chosen such that inequalities

Zm (2m — j)2%m—i+1 _ v
l l ed] t* - W, j ) < )
(O] 2m ”(2m_2.]+1)” + 0]/8]( a ’YO]) 2

Jj=1

(3.19)

m

(2m — j)22m—it1 - . Up —V
2 (l” —1)11(2m — 25 + D! =t ’7”)) ST

J=1

are satisfied. Thus according to (3.18), (3.19), and inequalities ,0(1]/ (T )pé/Z( t*) < p,
pi/Q( )pi/Q(t*) < p, (3.17) implies the inequality v,p < (v, — v)p, and consequently,

p = 0. Hence, by

() 5 )/t—sml ™ (s)ds| < (t — )" 2p for a<t<b.

we have u(t) = 0. O

Proof of Theorem 1.5. The proof is analogous to that of Theorem 1.4. The only difference
is that instead of Theorem 1.1, Theorem 1.2 is applied. O

Proof of Theorem 1.6. Let u be a nonzero solution of the problem (1.1j), (1.2). Then
analogously to Theorem 1.4, from conditions (1.40),(1.41), (1.32) and (1.33) it follow the
validity of relations (3.16), (3.17), (3.18) and the existence of v €]0, 1] such that

m 2m j 22m 7+1 _ i}
Z (loj o — ) -+ lojﬁj(t — a, ’)/Oj)) < Vp—V,

- D!(2m — 25 + 1)!!
J; Qm_j)22m j+1 (320)
;( D2m —2j + D + 11585 ( Y15) v, — U

For the constants 7" and 7., appearing in inequality (3.18), which are defined in Lemmas
2.3 and 2.4 (with tg = a, t; = b, ag = by = t*, and p;(to, t1,t) = 7;(¢)), from the condition
(1.42) we have the estimates

<t for a<t<th, t" <71, for t"<t<hb.

By the last estimates, from (3.18) it immediately follows the inequality v,p < (v, — v)p.
Thus v = 0.
U
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