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Abstract. In this paper, we study the existence of multi-bump solutions for the follow-
ing Schrodinger-Bopp—-Podolsky system with steep potential well:

—Au+ (AV(x) + Vo(x))u+ K(x)pu = [u|P~%u, x € R3,
—Ap + a?A2p = K(x)u?, x € R3,

where p € (4,6),a > 0 and A is a parameter. We require that V(x) > 0 and has a
bounded potential well Q = V~1(0). Combining this with other suitable assumptions
on ),V and K, when A is large enough, we obtain the existence of multi-bump-type
solutions u, by using variational methods.
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1 Introduction and main results

In this paper, we investigate the existence of multi-bump solutions for the following problem
with steep potential well:

{_Au + (AV(x) + Vo(x))u + K(x)pu = [ul[P~2u, x € R®, (1.1)

—Ap + a?NPp = K(x)u?, x € R?,
where p € (4,6),a > 0 and A is a parameter.

To illustrate the significance of this article, we first introduce some background about
Schrodinger-Bopp—-Podolsky system. As mentioned in [10], problem (1.1) is a version of
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the Schrodinger—-Bopp-Podolsky system, which is a Schrodinger equation coupled with a
Bopp-Podolsky equation. It is worth mentioning that, Podolsky’s theory is a second-order
gauge theory for the electromagnetic field developed by Bopp [7], independently by Podolsky—
Schwed [14]. For some more details about the Bopp—-Podolsky equation, we refer to [5,6,15]
and the references therein.

If a = Vy(x) = 0,A = K(x) = 1, system (1.1) gives back the classical Schrédinger-Poisson
system as follows:

—Au+V(x)u+¢u = f(x,u), x€eR’
—Ap =12, x € R?,

which has been first introduced by D’Aprile-Mugnai [9]. The authors studied the existence
of radially symmetric solitary waves by using the variational approach method for the above
question when V(x) is a constant. In this system, the potential function V is regarded as
an external potential, # and ¢ represent the wave functions associated with the particle and
electric potential respectively. For more details on the physical aspects of this system, we refer
the readers to [4,8] and the references therein.

In the last decades, the classical Schrodinger—Poisson system has been widely studied
under variant assumptions on V and f. By using variational methods, the existence, nonex-
istence, and multiplicity results are obtained in many papers. For example, when f(u) =
|u|P~u with p € (3,5), Cerami and Vaira in [8] studied the following Schrodinger-Poisson
system:

—Au+u+Kx)p(x)u=a(x)f(u), xeR>
—A¢p = K(x)u?, x € R3.

Without requiring any symmetry property on K(x) and a(x), they proved the existence of the
positive ground state and bound state solutions by minimizing energy functional restricted to
a Nehari manifold when K(x) and a(x) satisfy different assumptions. After that, Sun et al. in
[18] extended the result to a general nonlinear term.

Note that, the steep potential well has been introduced by Bartsch and Wang [3] in the
study of nonlinear Schrodinger equation. Our assumptions on V are similar to [11], in
which Ding and Tanaka have proven the existence of multi-bump-type solutions for nonlinear
Schrodinger equations. After that, more and more researchers have studied multi-bump-type
solutions, we refer the readers to the papers [1,12,19]. In particular, Zhang and Ma in [21]
considered the following system with steep potential well

—Au+ (Aa(x) +ao(x))u + K(x)pu = |u|P~2u, x € R3, 12)
—Ap = K(x)u?, x €R?, '

they obtained the existence of multi-bump solutions for (1.2) by using variational methods.
Compared with [21], although our paper also studies the existence of multi-bump solutions,
it studies a new system which has great significance.

If a # 0, system (1.1) is a Schrodinger-Bopp—Podolsky system. Based on variational
methods, D’Avenia-Siciliano [10] first proved the existence and nonexistence results which
depended on the parameters p and q to system

—Au+ wu + g*pu = [ulP~2u, x € R®, 13)
—AP + AP = 4mu?, x € R3. '
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Later, for p € (2,3], Siciliano-Silva [17] obtained the existence and nonexistence of solutions
to system (1.3) by means of the fiber map approach and the Implicit Function Theorem. Note
that, the authors in [10] and [17] merely considered system (1.3) with subcritical growth, so
Liu and Chen in [13] filled the gaps. More precisely, they studied the existence, nonexistence,
and asymptotic behavior of ground state solutions to system (1.3) which involves a critical
nonlinearity.
Recently, Wang et al. in [20] considered Schrodinger—-Bopp-Podolsky system with general
nonlinear term:
—Au+wu+ ¢*pu = f(u), x€R3, 1.4
—APp + NP = 4mu?, x € R?, '
where f is a continuous, superlinear, and subcritical nonlinearity. They proved the existence
and multiplicity of sign-changing solutions of system (1.4) by using the method of invariant
sets of descending flow incorporated with minimax arguments. In addition, the asymptotic
behavior of sign-changing solutions was also established.
Motivated by all results mentioned above, it is quite natural to ask, does the system (1.1)
have multi-bump solutions? In the present paper, we give an affirmative answer.
In this paper, we make the following assumptions:

(V1) V(x) € C(R3%R") and Q := intV(0) is a non-empty bounded set with smooth
boundary. Moreover, there is a positive constant My such that the measure of the set
A={x€eR>:V(x) < My} is finite.

(V2) Thereisa Vp(x) € C (R? R) and a constant M; > 1 such that |Vp(x)| < My (V(x) +1).

(V3) Q possesses m connected components ()y,..., Q) such that ﬁjﬂ 0\Q; = @, and

infueHé(QjMu‘z:l Jo [IVul> + Vo(x)u?] dx > 0 for j =1,2,...,m.

Now, we say something about (V;): although A and My in (V) are not explicitly men-
tioned in the article, they are used in the proof of Proposition 2.4. Note that the proof of
Proposition 2.4 is very similar to Corollary 1.4 in [11], so it is omitted. In [11], Corollary 1.4 is
proven by using Proposition 1.1, but the proof of Proposition 1.1 requires the use of A and M
to ensure the vanishing of the energy outside the sphere. Please see [11] for details. Therefore,
the role of (V4) is to ensure that Proposition 2.4 holds in our manuscript.

We also assume that

(K) K€ L®(R?),K(x) > 0and K #0.
The main result of this paper reads as follows:

Theorem 1.1. Assume that (V1) ,(V2),(V3) and (K) hold. Then, for any small v > 0 and any non-
empty subset | of {1,2,...,m}, there exist A = A(v) and k(v) > 0 such that, when A > A and
|K|oo < k(v), (1.1) has a solution u, € H' (R®) satisfying

<v, JE]T

/Oj [|VM/\|2 + (AV(x) + Vo(x)) uﬂ dy — <; B ;) -1 (@)

and
/R . [V + (AW (x) + Vo(x)) 3] dx < v,

where Q) = Ujey Q¢ (Q;) are some constants. Moreover, for any sequence of solutions {u,,} with
An — o0, going if necessary to a subsequence, u,, converges strongly in H' (R®) to a function u
satisfying u(x) = 0 for x € R3\ Q.
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Remark 1.2. The constant ¢ (Q]) in Theorem 1.1 is the least energy of all the nontrivial solu-
tions for the following boundary value problem

—Au+Vo(x)u = |ul"2u in Q;, ”|aQ]- =0.

Hence under the assumption of (V3),c (Q;) > 0.

This paper is organized as follows. In Section 2, we give some variational frameworks.
After that, we introduce a modified functional and verify the Palais-Smale condition. In
Sections 4 and 5, we give some results on the Nehari manifold and the proof of Theorem 1.1
respectively.

2 Variational frameworks

We consider the following functional space
E:= {u € H' (R%): / V(x)udx < oo}
R3
with the inner product
(u,0)g := /3 [VuVov+ (V(x) +1)uv] dx,
R

and the corresponding norm is ||u||g = (u,u)}/?. It is easy to see that (E, | - ||g) is a Hilbert
space and the embedding E — H' (R%) is continuous. For any open set D C R3, we also
define

E(D) = {u e H'(D) : /D V(x)uldx < oo},

fulleoy = [ (190 +(V(x) + 1] .

Note that || - [g(p) is equivalent to || - || 1(p) when D is bounded.
Now, we define D be the completion of C7* (R?) with respect to the norm || - ||p induced
by the scalar product

(u,0)p = / (VuVo + a?Aulv) dx.
R3

Then D is a Hilbert space, which is continuously embedded into D' (R®) and consequently
into L°(IR®). We denote that L7(IR®) is the usual Lebesgue space with the standard norm

1
il := ( fio 7)1, 1< g < .
Proposition 2.1 (see [10]). The space D is continuously embedded into L (IR?).

By using the Lax-Milgram theorem, for every fixed u € E, there exists a unique solution
¢s € D of the second equation in system (1.1). In order to explicitly write such solution (see
[15]), we consider that

||
1—e
=T

As for K, we have the following fundamental properties from [10].
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Proposition 2.2 (see [10]). Forall y € R3, K(- — y) solves in the sense of distributions
—Ap + a*N*¢ = 4716,
Moreover,

(i) if f € L}, (R®) and for a.e. x € R3, the map y € R® — é(y;‘ is summated, then K x f €
Li. (R3);

loc
(i) if f € LF (R®) with 1 < p < 3, then K= f € L1 (R) for q € (%,—f—oo].

In both cases K * f solves
—Ap + a*N>¢ = 4nf.

Then if we fix u € E, the unique solution in D of the second equation in system (1.1) can
be expressed by

—lx—yl

1 1—e =
o= Kon (ki) = oo [T K () )y,

Now, let us summarize some properties of ¢.

Proposition 2.3 (see [10]). For every u,v € E, the following statements are correct.
(i) ¢t > 0.
(ii) Foreacht > 0,¢f, = t>¢5.

(iii) If uy — uin E, then ¢, — ¢y, in D.

() 1981l < CllulRy < Cllull? and fys g4juf? dx < Cllullf, < Cllull.

By using the classical reduction argument, system (1.1) can be reduced to a single equation:

—Au+ (AV(x) + Vo(x)) u 4+ K(x)p2u = |u|P2u, x € R (2.1)

From now on, the solutions of system (1.1) are equal to the solutions of equation (2.1). It is
easy to see that the solutions of equation (2.1) can be regarded as critical points of the energy
functional I, : E — R defined by

1 1
IL(u) = 5/1113 (|Vul> + (AV(x) + Vo(x)) dx—|—4/ X)plurdx — p/S\uV’dx.

According to (V;) and (V3), it is easy to check that I, is a well defined C! functional in E.
Moreover, V¢ € E, we have

(I\(u), 9) = /R3(VMV(p+ (AV(x)+ Vo(x))ug dx+/ x)ppupdx — /3 lulP~2ugpdx.

By assumption (V3), there exist smoothly bounded open sets )}, (), ...,Q, C R3 such
that O); C Q; and Q/ N Q; = @ for i # j. In the following proposition, which is one of the keys
of our argument, we will give the positivity of the operator —A + (AV(x) + Vy(x)) acting on
the space E(D), where D is one of the following sets:

D=R’, Q}(j=12...k), oo RAYQ, (Jc{12... k}).
j€l
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Now, we define a norm || - ||, p on E(D) for A > A; by

[uldo = [ [IVul+ (AV(x) + Vo(x)) 1] dox.

We write || - || = || - ||, gs for simplicity. From Corollary 1.3 in [11], we can get that there exist
Cy,1,C1 5 > 0 such that

Ciallullepy < llullap < Crpllullgpy for u € E(D).
Proposition 2.4. (see [11]) There exist &y, vo > 0 such that for any set D and u € E(D)

Sollulfp < 1ul3 o — (p — Dvollulapy for A > Au.

3 Compactness condition

Since I, given in Section 2 does not satisfy the Palais—-Smale condition easily, we modify it and
establish the compactness conditions in this section. For ¢ € R and vg given in Proposition 2.4,

set )
HP72t, i |E <),
f(t) = 1

vot, if |t > v) 7,

and F(t fo s)ds. Let ] C {1,2,...,k} and x; : R® — [0,1] be the characteristic function
of O := U]e I Q We consider the penalized nonlinearity

gl t) = xj () [HP 2+ (1= xp(x)) f(1).

Setting G(t) = [, g(s)ds, we define J, : E — R by

Ja(u) = ;_/IR3 (|Vul> + (AV(x) + Vo(x)u?)) dx + 4/ X)pludx — /]RSG(x,u)dx.

By using a standard method, one can see that [, is of class C! and its nontrivial critical points
are nontrivial solutions of

—Au+ (AV(x) + Vo(x)) u 4+ K(x)¢? (x)u = g(x,u) in R,

1
Since f(t) = |t|P~2t for ]t| < vy, a critical point u of ], solves the original problem (1.1)

when it satisfies |u(x)| < vj " forall x € ]R3\Q’
Next, we verify the Palals—Smale condition of Ja. First of all, the following lemma can give
the boundedness of the (PS), sequence of Jj.

Lemma 3.1. For any (PS). sequence {uy,}, C E of ]\, there exists a positive constant M(c) which is
independent of A > Ay such that
lim sup ||u,]|5 < M(c).

n—oo

Proof. Due to {uy,}, is the (PS). sequence of J,, we have

1
Ja (un) — E(]ﬁ (tn) , un) = c+0(1) +en |lunll,,
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where ¢, — o0 as n — oo. Then by using the fact F(t) — %f(t)t < (3- %)voﬂ for t € R and
Jrs K(x)¢f uzdx > 0, we get

1,5
c+o(1) +en||un|ly = Ja (un) — ;UA (Un) , tin)

— 1_1 2 1_1 a 2
= (5 ) Il + (55 Koot e

oo (F ) = ) )= [ (F () = 37 G ) i

]

— 1_1 2 1_1 a .2
= (5 ) Il + (55 ) [ Kot it

Using Proposition 2.4, we obtain

1 1
<2 B p) o [Jun3 < e+ 0(1) +enlunll; -

Hence, ||u,||, is bounded as n — oo and

limsup ||u, |5 < M(c). O

n—o0

Now we have the following fact.

Lemma 3.2. When ¢ > 0, there exists Ay > 0, such that ], satisfies the Palais—Smale condition at
level ¢ on E for A > Aq large enough.

Proof. By using Lemma 3.1, we know that any (PS).-sequence {u,}, is bounded in E. So,
going if necessary to a subsequence, we may assume that

u, —u in E and H'(IR?),
(R%), 1<g<6,

U, — u a.e.in R3.

Uy, — U In quoc

Now we prove that u, — u in E. Firstly, it is easy to check that J)(u) = 0. In fact, by
Proposition 2.3, we know that ¢? — ¢% in D. For any ¢ € C° (IR?), since K(x)ug € L? (R3),
we have

/]R3 K(x)ug (¢f, —¢4)dx — 0 asn — oo.
Similarly,
[ K90t (s = w)ex < Kl llgllalgf, ol s = ulizca,
< Cllun — ullr2(q,)

—0
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as n — oo, where (), is the support of ¢. Consequently,

[ (K94, 1 = K(x)¢iug) dx
= [ K(x)ug (¢h, - 9t) dx+ [ K(x)ggf, (1w, —u)dx

R3
—0

as n — oo, thus we see that

(T (un) = T7 (), @) = (T3 (un), @) — (Ja (1), @)
(Vuano + (AV(x) 4+ Vo(x)) une)dx —I—/ x)¢y, unpdx

(VuVg — (AV(x) + Vo(x)) ug)dx — [ K(x)pugds

\

R3
ngxun q)dx+/ (x,u)pdx
o(1).

So J}(u) = 0. Then we have

(Jo (un) = Ja (1), ty — 1)
= (J) (un) ,un —u >_<]§\( ), U — 1)

= s = w3+ [ (KO8, (1 = 1) = K)o (1 — 1)) v

_/]113\0' (un) — f(u)) (un —u)dx—/ (]u P2 \u|p_2u> (uy —u)dx
_Hun—uHA—i—/ X)h (un — 1) dx+/ ¢ — ) u (uy — u) dx

_ oo (f (uy) — f(u)) (un—u)dx—/a; (’un’P 2un— \u‘P*2u> (uy, —u)dx

= o(1)

as n — oo. Because of maxyer |f'(x)] < (p — 1)vo, by using the Mean Value Theorem, we get
that

n) — n— dx < -1 n— : .
g U ) = ) (3 = ) < (p = Dy s =
Noting that 1, — u in Llp0 C(]R3), so we have

/ (\un\pfz Uy — \u|p’2u> (uy —u)dx =o0(1) asn — oo.
Q/
]

We also remark that u,, — u in L3 (]R3). Thus, by the uniqueness of limit, we have |u, — u]g —
0in L3 (IR?). Then according to K € L*(R%) and lulg € L3 (IR®), we obtain

[ KO 68, = 980 0 o = ) < K18, = s [ 0 1n = e )

=0(1) asn — oo.
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Combining all these and the fact [ K(x)¢% (uy —u)*>dx > 0, by using Proposition 2.4, we
have

o it =3 < s =l = (p = Do s = w3+ [ K8, (1tn = 0)” dx < o(1)
as n — oo, which completes the proof. O
Following the spirit of Lemma 3.2, we have
Lemma 3.3. Suppose the sequences A, — o0 as n — oo and {uy}, in E satisfy
o (n) < ¢, IV, ()], = 0.
Then, after passing to a subsequence, we have:
(a) uy, — uin E for some u € E;

(b) u = 0in R3\Qy, and uj = ulg, € H (©)) solves —Av + Vo(x)v 4+ K(x)¢phv = |v]P~?v in
QO weakly for j € J;

(c) llun —ul|, — 0, consequently u, — uin H' (IR%);
(d) For n — oo, u, also satisfies:
(1) Jgs AnV (x)uzdx — 0;
@) Jroray (IVmal* + AV (x) + Vo(x)) 13 ) dx = 0;
(3) fQ} (\Vun|2 + AV (x) + Vo (x)) u%) dx — fQ]’ (IVul> + Vo(x)u?)dx,j=1,...,m

Proof. By a similar method of Lemma 3.1, we obtain that {u,}, is bounded in E and H! (IR?).
So we could assume that for some u € E,

u, —u in E and H'(R?),
up —u inL] (R*),1<g<6,

U, —u ae in R3.

Let C, = {x €R3:V(x) > %} When 7 large enough such that A, < 2(A, — A1), we have

that
/ 2dx < —/ AV (x de

2

< )Tn o (A — A1) V(x)ujdx
2m ’ 2m 2

< 1, e (An — A1) V(x)u;dx + n, [unlly,
2m

= /3 (|Vun|2 + (A V(x) + Vo(x)) u%) dx

2m
= Hun||/\ —0 asn — oo

Therefore, u(x) = 0 a.e. in JC, = R*\Q. For any ¢ € C5° () ,j € ], we get
m

b, (), 9) = [ (V1 Vg + Vol + K(x)9%, s — sl t1p) .

j
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Due to K(x)ug € L& (R%),® (uy) — ®(u) in D and u, — uin L] _
n — oo, we have

(KG9 009 = K)9lug) dx = [ K098, (=) g+ [ K(3) (g1, = of) updx

j j

(]R3) for1 < g < 6, for

— 0.

Similar to the proof of Lemma 3.2, we have (J} (ux) —J) (), ) — 0. Thus it follows from
(J4, (un), @) — 0 that

/Q (VuVe + Vo(x)ug + K(x)p2ug — |u|P2ug) dx = 0.
j
As a result, for j € J,uj = ulg € Hj () solves —Av + Vo(x)v + K(x)¢plv = [0]P~2v in O
weakly. When j € {1,2,...,m}\ ], let ¢ = u, then we get
/Q (|Vul® + Vo(x)u? + K(x)piu® — f(u)u) dx = 0.
j
Because of ¢ = u € C7° (Q);), we have
/Q, (|Vul® + Vo(x)u? + K(x)piu® — f(u)u) dx = 0.
j
From Proposition 2.4, f(t)t < vpt? for t € R and the fact that K(x)¢?u? > 0, we have
ol < Il = (p = Vool

< Jullp, 0 = VoHuHLz(Q,)

</ (VP + ool + K¢ = fa)u) dx

=0.

So that, u = 0 in O; when j € {1,2,...,m} \ ] and we get (b).
In order to prove (c), we use the following fact:

(1) = (I, (0x) = I3, (1), s — )
= (I3, (1a) 1 — >—<Iﬁn( ) 0y =)
_ ||un—u|]An+/ )G ity (i — 1) — K(x)ghu (1t — 1)) dx
= Jyony O ) = F0) Gt == [ (Jal” 0 2 (=) i
=l = ull, + [ K8, (0= n) dx+/ ) (94, — #8) u (0x — u) dx
- /IRS\Q} (f (un) — f(u)) (up —u)dx — /Q, (|Mn|p 21y — |u]P’2u) (up —u) dx.

]

Similar to the proof of Lemma 3.2, we also have
2
o U (1) = F100) Gt =) b < (p = Dy s = ],

/ <|un|’”*2 Uy — |u]p_2u> (up —u)dx =o0(1) asn — oo
Q/
]
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and

/]Rs K(x) (¢, — ¢u) u (un —u)dx =0(1) asn — oco.

So we have
Bo it — I, < lw — w3, = (p = Vvo lin — w3+ [ K(x)gt, ()2 dx < 0(1).

This completes the proof of (c).
For (d), we use (c) and for sufficiently large 1, A, <2 (A, — A1). Then as n — oo, we have

1/ MV < [ (= A) Vi = [ (= A) V() (g — 1) dx

2 Jre R3 R3
gA;uﬂ—Agvugwn—ufdewn—m&:4wn—m&,+o

Thus (1) in (d) is obtained. It is easy to show that (2),(3) in (d) also follows immediately

from (1) in (d) and (c), and we obtain the conclusion. O

Lemma 3.4. For any fixed ¢ > 0, there exists A, > Ay such that if u, is a critical point of ] satisfying
_1_
[Ja (up)| < ¢ for A > A, then |upy| < v~ on R3\QY, v is defined in Proposition 2.4. In particular,

uy solves the original problem (1.1) .

Proof. Since u, € E is a critical point of J, with |J) (u))| < ¢, u, is bounded in E uniformly for
A > Aq. And it satisfies the equation

—Auy + (AV(x) + Vo(x)) up +K(x)gj ur = g (x,up)  in R,

Due to Lemma 5.1 in [2], H; ' := (—=A + (AV(x) + Vo(x))) " is a well-defined bounded oper-
ator from L (R®) to L" (R®) provided 1 < s < r < 400 and % — % < % And there exists a
constant C, s > 0 (independent of A sufficiently large) such that

|g| <coliglhs  ge LR,

Let x50 be the characteristic function of the set {x € R?: |u(x)| < 1} and definev,y =

Xa0Ur, Wag = Uy —0r0 = (1—xa0)ur. Setting Lo = g (-, vr0) — K(-)$y,va0 and hy o =
g (- wrp) — K(-)¢j wrp, we have g (-, ur) = Iro+ hyo. Since u, is bounded in E,¢j, is
bounded in L*. Thus, I, o is bounded in L®(R3) uniformly in A. Moreover, h, o is bounded

uniformly for A in L7t (R3). In fact,

A K@)JWMﬂ

s e =yl

édmm<éﬂ /g\x—m )
< ¢|K|eo <</B1 = yP )1 ( uA dy):
Uit o))

< dK|eo-

1
‘(PMA } 47-[
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In the set |u,| < 1, we have |w, o] = 0; and in the set |u| > 1, we have |w) o| = |uy —vap| =
| (1 —xa0) ur| = |up| > 1. So we have

</]R3 ‘wM)‘p_l dX> - </{x'u |<1} ’ZU)\,()”H dx+/{x'u [>1} ‘wA’O‘p_l dx>
JHA S I HA

p—1

6
< <0—|—/ Wy ol® dx>
{x:up|>1}

p—1

= </ ‘w/\,0|6 dX) ’
R3

Therefore, combining this with Minkowski inequality, we have

Inolls, < llg Cowno)ll s + [ KC)ghwaoll <.
r p r—1

%71 6
6
< </ ‘M/\|6 dx> + ’K|oo ‘(PZA}OO (/ |w/\,0|p—1 dx>
R3 R3
pr] 6
< (ol ar) Kbt ([ ol dx)

1
< Cllua|lf.

Now we define v) ; = H;ll r0and wy 1 = Hxlh A0 SO that uy = vy 1 + w) 1. Then, there exists
C, > 0 such that
[Urtle <C and  [[wpal, < G

uniformly in A; here p; = oo if pg = % > %, and p; is arbitrarily close to and less than 332(;0

if po < 3. In the case py > 3 we are done. In the case py < 3, we have 5 < p < 6. Thus, we can
assume that there is a positive constant < 1 such that p = 6 —J. Let x, 1 be the characteristic
function of the set

Ay={xeR:|wyi(x)| < Cr+1}.
Setting
Oa1 = XAk = X1 (0a1 +wan),
Wr1 =ur—0x1 = (1—xa1) (o1 +wr1),
Ihi=g(,0x1) — K(-)py, Or1,
hag =g (- wan) — K(- )iy, @an-
We see that |l 1], is bounded uniformly in A. In addition, since the measure of the set A§
is finite and [|w,[[, < Cp, we have h,; is bounded in L%(IR3). Now repeating the above
argument with v, , = H;ll A1 and wy o = H;lh A1, we obtain a constant C3 > 0 such that
Va2l <C3 and  flwaall,, < Cs,
where pr = 0 if P = % > %, and py is arbitrarily close to and less than 33’;%1 if p1 < %
Using the assumption p = 6 — 6,0 < 6 < 1 and after a finite number of such steps we get a

uniform bounded for |u, .
According to the definition of ¢ and uniform boundedness of |¢} | , we obtain that

A(x) = % + K(x)¢y, is bounded in L*(IR). Moreover, the negative part of W, =




Multi-bump solutions of a Schrodinger—Bopp—Podolsky system 13

AV 4+ Vy — A is bounded uniformly in A. It follows from Theorem A.2.1 in [16] that the norm
of W, in the Kato class K3 is bounded uniformly in A. Therefore, Theorem C.1.2 in [16]
implies that there is a constant C(r) which is independent of A such that

@ <CO) [ uld,

r X)
where B, (x) is a ball in IR? centered at x with radius . From Lemma 3.3(b), as n — o0
uy =0 inL*(R3\Q).

Thus, choosing r = 3 dist (Q, R*\(Y'), we have uniformly in x € R*\(Y/,

@ <CO) [ lmldx

L (x
1
< C(r) (meas By (x))? |ualy p, (v
1
< C(r) (meas Br(x))? |ua|pp3\ 0
—0 as A — oo. O

4 Nehari manifold and minimax arguments

Consider the following nonlinear problems for j € J,

—Au+ Vo(x)u = [ulP~2u, inQy,
u=20, on BQj

and

ou
on
with their corresponding functionals

{Au + (AV(x) + Vo(x)) u = |u|P~%u, in Q;,

=0, on 80}

Ii(u 2/ (|Vul> + Vo(x) x——/ |u|Pdx; Hj () = R,
I 2/ (V2 + (AV(x) + Vo(x) x—f/ updy,  H'(0]) 5 R

It is easy to check that both I; and I) ; possess the mountain pass geometry and satisfy the
(PS) condition. On the other hand, the infimum of I; and I, ; on their Nehari manifold

N; = {u € HY () \{0} : (VIi(u),u) = 0},
Ny = {u e H' () \{0} : (VI;(u),u) =0}
are achieved by some w; € N and w,; € N, respectively. By a standard argument, we can
see that wj,w, ; are critical points of I; and I, ; separately. The critical values ¢; = I; (wj)

and cy; = I (aJ A ]) are equal to the mountam pass value of their corresponding functlonal
Moreover, we also have the following lemma (see Lemma 3.1 in [11] and (3.8) for details).
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Lemma 4.1. The following statements hold:
(a) thereisap > 0such0 < p <cy; <cjfor A > Aq sufficiently large;

(b) ¢j = maxT; (rw;) ,cr; = max Ty (rwy,);

(c) crj —>cjas A — oo

(d)

) 1 1\"
Cj :mf{l]-(v) v € H} (Q]-),/Qj lo|Pdx = <Z_P> C]},
=inf<{ I 10 € H' (O Pdx = (2 o
crj=inf¢ I i(v) 10 € ( j>, Q;|v| X = E_E Crj (-

In the following, we give a minimax argument for J,(u). First of all, we fix R > 2 such

that
I] (Rw]) <0,
-1 4.1)
2 2 o P 1 1
R ey =Rl ll 22 (3-3)
for all j € J. By relabeling the indices, we could assume | = {1,2,...,1} (I < m). We define
Y0:[0,1)) = E,

1
Yo (t1,t2,...,t1) (x) = thij(x), (42)
j=1

1"] = {’)’ eC ([O,l]l,E) ,")/(tl,tz,...,tl) = Y0 (tl,tz,...,tl),(tl,fz,...,tl) €0 ([0,1]1)}
and
by = inf max Jy(y(t)).
'yel"] tE[O,l]I

Obviously, I'; # @ since 7y € I'j. Thus b, ; is well defined.
According to Lemma 3.3 in [11], by using a topological degree argument we can get the
following conclusion.

Lemma 4.2. For any «y € T, thereis a t, € [0,1]' such that for j € |

Lemma 4.3. 25-21 crj S by < Z§:1 ¢j + u, where

R4 l , )
Tk /. KOGy, () @3)

Proof. According to Lemma 4.2, for any 7 € I';, we have

l
max (1 (0) 2 Ja (7 1) 2 gy (0 (0)) + K ey (7 (1),
, b=
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where | /\,Q;(u) is defined by
1
Jaor (1) :f/ (IVul> + (AV(x) + Vo(x)u?)) dx + — / x)pnu de—/ G(x,u)dx.
7 2 o 4 o}
And the definition of | MRa\Q;(u) is similar. According to Propos1tion 2.4 and the fact that
|G(x,t)] < 3vot* when x € R*\Q)), we get that
]AR3\04(14) >0 forueEandje].
By using fQ, x)¢piu?dx > 0 and Lemma 4.1(d) we obtain

max Jx(7(t))
te[0,1]!

Vv
™1~

[y

1
o (v () 2 1 (7 1)
e

-1
inf{IA,j(v) ‘ve H (Q}) /Q lo|Pdx = (; _ ;) CM}
J

C)\,]'.

Il %
~. ~
~ ~ |
—_

.
Il
ey

According to the arbitrary choice of 7y, we have Z}:l caj < by On the other hand,

byy < max Ja (v0(t))

2
= 2 2 tRw] + - 2/ (PZZ | R, (t]-Rw]-) dx

Thus, we get the conclus10n. O

In the following, we denote Z;‘:l c; by cj. It is easy to see that, for v € I';,y(t) = 70(t) on
0[0,1]%. So, for t = (t1,ta,...,t) € 9[0,1]!, one has

I
MﬂmthWDSZIOMU+fZ/ )9E ., ()" dx
j=1
Choosing k small enough such that

1
]Zl/ (PZ’ ) dx < - 5 ming;

j€l

when |K|e < k. Due to Lemma 4.1(b), I; (tjRw;j) < ¢; for j € J. But on the other hand, because
of t = (t1,t2,...,1) € 9[0,1]', there must be some jo € ], t;, € {0,1}. Thus I;, < 0. Hence

1
<ZC1 o+ 5 I?GI}IC]<ZCJ P~
By Lemma 4.3 and ¢, ; — ¢; for j € ], we have b, ; > ijl cj— 1p when A is sufficiently large.
Combining this and the Palais-Smale condition of J,, we conclude that b, ; is a critical value
of J) by using a standard deformation argument. Therefore, we have

Corollary 4.4. There exists k > 0 such that when |K|e < k, by j is a critical value of ] for large A.
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5 Proof of Theorem 1.1

In this section, we find the so-called multi-bump solution u,.
Firstly, we define

1 1\ ! ,
DX{”EE:“A,R3\Q}<VI lullr0 = <2—> ¢l=v, JE]}'

and
Jis={ue€E:y(u) <c}.

Then we have

Lemma 5.1. For 0 < v < minjej /(3 — %)ch, there exist ki(v) > 0 and oy > 0, such that for

A > Ay sufficiently large and u € (D\DY) N ;™" we have

IVIa(w)]y = o0 (5.1)

when |K|e < k(v). Here
2
Z/ 4)21 1 W) (/J]') dx

is defined in (4.3).

]I“'P‘

Proof. 1f the conclusion is false, we can assume that there exists u, € (Di‘;\DX )N such

that |[V]y, (un)l[,, — 0,Ay — 0.

Since (u,) C ];]nﬂl, according to Lemma 3.3, we have for some u € E, [[u, —u||, — 0and
cj+u= 7}1_{20])&” (1tn)

:;/ (IVul + Vo(x)u )dx+i () Zuz—;/ﬂ ulPdx

—E/ (|Vul® + Vo(x)u?) dx + / X)plu*dx — /|u|”dx,
4 Q

jel

where u = 0 in R*\Q)j, and u; = ulg, € Hj (©)) is the weak solutions of —Av + Vy(x)v +
K(x)¢gv = [v|P~2vin Q; for j € |. Hence, if uj # 0,j € ] and tju; € Nj, we have

1 2 1 1
2/0/<Wuj} +Vo(x)u]2> dx+1/ K(x)¢fusdx — p/ |uj|” dx

:maxtz/ (‘Vu"z—l—v dx—|— / X)pnu de—tp/ ‘u“pdx
>0 2 Jo, ] ol 4 ult p Jo ]
5 ) t;
2

> I (tjuj) = ¢j.
Thus, we have two possibilities:

(1) there exist some jp € | such uj, = u| 0, = 0;
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@) 3 Jo, (IVuy]* + Voloud)dx + § [ K(x)ghuddx — 3 [ ;| dx € [¢, ¢+ ]

When (1) occurs, by Lemma 3.3(d) we obtain

1 1\ ! 1 1\"
e, =1/ (5-3) )= (5-5) @z

which contradicts to the assumption u, € D%Z\D"n.
If (2) occurs, by Lemma 3.3(b), it is easy to check

(; - ;) /Qj (}Vuj‘z + Vo(x)u]z> dx + <i — ;) /Qj K(x)cpf,u]zdx

1 ) 1 . 1
= 2/0; (’Vuj} +Vo(x)u]2> dx+4/QjK(x)cpuu]2-dx— P/Q; |uj|” dx.

G - 1) / (IVul? + Vo(x)u?) dx + (i - 1) / K(x)¢ru’dx € [cj, ¢+ p] -

P/ Jo; P/ Jo;

Since ||u||g < M (cj + p), we can choose ki (v) > 0 such that for j € J,

@ [(G-1) "= (-2 -1) Jo, K@pitdx] " 2 /(3= 1) e — v, when |K| <

Hence we have ‘(fQj(]VuF - Vo(x)uz)dx)l/2 —/(3— %)_1(?]-‘ < v. By Lemma 3.3 again we

get that u,, € D}\Z as n is large, which is a contradiction. O

Lemma 5.2. For0 <v < %minjel (% - %)cj, there exists k(v) > 0, such that for A > Ay sufficiently

large, (1.1) possesses a solution satisfying u) € DY when |K|e < k(v).

Proof. If the conclusion is false, we assume that ], has no critical point in D} N ]j’ ** here uis
defined as that in Lemma 5.1. Since |, satisfies the Palais-Smale condition (see Lemma 3.2),
there is a constant ¢, > 0 such that

IV )l > on,  ueDynjy
By (5.1) there holds, for A > A; and |K|« < k1 (v),
IV, > 00,  we (D\D§) Ny

Combining these, we could define a Lipschitz continuous function 6 : E — [0,1] such that
0(u) =1 for u € D3/%0(u) = 0 for u ¢ D3'. Then, the vector field

V]a(u)
VA ()5

is well defined and Lipschitz continuous. And moreover

VU S B V(u) = —6(u)

IV(u)a<1,  u€E (52)
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Now we consider the associated gradient flow # : [0, +-00) x ];’ L ];’ " defined by

d
&=V, nOu)=u

By a standard argument, one can show that

d
3 A (su)) = —0(u) [VIa(u)fl, <0 (5.3)
and
n(s,u)=u, >0, ue]) "\D¥. (5.4)

Recalling ¢ € I'j, a path which is defined by (4.2). Because of (4.1), we have that
Yo(t) ¢ D3,  tea[0,1]".
Therefore, by using (5.4), we have

7(s,70(H) =),  teao1].

Thus, 7 (s, 70(+)) € I'y for any s > 0.
Since supp 70 C Ujej Qj for t € [0,1], thus Jx (70(t)) and 70(t)]13 oy do not depend on
"
A > 0. Considering about

My = max {]A(u) L1 € 7 ([o,1]l> \DK}, (5.5)

we also have that m(y does not depend on A > 0. Furthermore, we claim that there exists
k(v) > 0 such that
mg < ¢j (5.6)

when |K|o < k(v). In fact, for any u = 2§'=1 tiRw; € 70 ([0,1]") \DY, there must exists some

jo € ] such that
1 1\!
tj,R wao}|/\,0} o <2 - P) Cjo

> .

1
=(3- %) ¢j,- Thus,

According to the definition of wj,, we know that ||wj, Hiﬂ; ti,R—1| >

11
(3 - %) *cj, *v. So there exists J(v) > 0 such that
t]20R2 2 2 tZRF’ p
5 (}ijo\ + Vg(x)wjo) dx — =— /Q |wj, [P dx < ¢jy — 6(v).
j j

And consequently,
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Obviously, there is a k(v) > 0 such that
R4 ! . ) 1
4]_21/0] K(x)472§=1ij]-dx < §§<V) for ’K‘oo < k(l/)

Thus, [ (1) < ¢j — 36(v) and we show the claim.
Next, we prove that there is k(v) > 0 such that for some S > 0 and |K|e < k(v),

1
max J (17 (S,v0(t))) < max {mo, cj— 001/} . (5.7)
te[0,1]! 4

If this is true, according to Lemma 4.3 and 7 (S, 70(+)) € I'; we have

1
Y e <byy < max Jy (17(S,70(t))) < max {mo,c] - (701/} <cj,
=1 te[o,1]E 4

which contradicts to the fact Z§:1 cy,j — ¢j. Thus, we obtain the lemma.
Next, we want to prove (5.7). Setting u = o(t) € E, if u ¢ DY, because of (5.3) and (5.5),
Ja(m(s,u)) < Ja(u) < mg forall s > 0. If u € DY, we consider two possibilities:

1) y(s,u) € D3*/* forall s € [0,S];
() 5(s,u) € dD3/? for some sy € [0, S].

When (1) occurs, we have 6(1(s,u)) = 1 and ||V]\(1(s,u))||, > min{op, 0} when |K|, <
ki(v) and A > A; (see Lemma 5.1). Thus, setting S = >—2—— by (5.3)

Zmin{ag,m} 4
5d
Ir(S0) = 1(w) + [ S Ta(n(s,))ds

S
= Jalw) = [ 0(n(s,)) [ VI Gr(s, )] s 59
<cj+u—Smin{og, 0}
1
=Ccj+u— EUOV'
When (2) occurs, there exist 0 < s7 < sp < S such that

s1,u) € 0D},
so,u) € 9DY/?, (5.9)
n(s,u) € DiV/Z\DK,s € (s1,82] -

7 (
7 (
So we have, for some jj € J,

1 1\
g, =y (3-5)

We only see the latter case and the former one can be dealt with by a similar method. Follow-
ing from (5.9), we have

3
17 (52/“)||A,1R3\0', =5V or

1 1\
I eunlae =y (3-5)
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1 1\!
|\77(52/“)—’7(511”>||A,Q; > (s2,w)l[y o — (2—> Ciy
0 Jo

p
1 1\"
-l —y(3-5)
-1,
-2
This implies |77 (s2,u) — 1 (s1,u)]|, %
According to (5.2), || £7]|, = | ( )|[x < 1. Hence
1 2. dy 2|l dy
—v < — < — < — < §9 — 57.
2 < Iz —n sl < | [ Glas| < [7GH ds<s -

According to (5.1), we have

S
Ja(n(S,u)) = Ja(u) —/O 0(n(s,u)) [IVIa(n(s,u))|l, ds
<c+p— /52 opds (5.10)
<cptu— %001/.

Then, we can choose k(v) > 0 such that p < fogpv if |[K|e < k(v). Combining with (5.8)
and (5.10) we get (5.7). And hence ], possesses a critical point u, in D} for A > A; and
|K|eo < k(v). According to Lemma 3.4, we know that u, is a solution of (1.1). O

Proof of Theorem 1.1. Setting u,, (A, — o) be a sequence of solutions of (1.1) obtained by the
procedure above. Then, they are critical points of ], with critical value bounded by cj + p.
According to Lemma 3.3, we get the conclusion. O
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