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Abstract: In this paper, we consider the controllability of a general reaction-diffusion
system with homogeneous Dirichlet boundary conditions. We prove the exact controllability
to the trajectories and the approximate controllability of the system which contains certain
superlinear nonlinearities. The Kakutani fixed point theorem, global Carleman estimates,
and the regularity argument of the parabolic system are used.
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1 Introduction and main results
In this paper, we consider the following reaction-diffusion systems

Uy = Au+f1(uav)+waa

1) €N x(0,Ty), 1.1
vy = Av + fo(u,v) + xug, (@:8) (0.To) (1)

with initial and boundary conditions

u(z,0) = ug(x), v(z,0)=wvy(x), x € ), (1.2)
u(z,t) =v(z,t) =0, (x,t) € 0Q x (0,Ty),

where Q is a bounded domain in RY,1 < N < 6, with the smooth boundary 99, Q7 =
Qx (0,Ty), fi € CHR x R) with f;(0,0) = 0,4 = 1,2, and f, g are control functions
acting on the nonempty open set w C €. x,, denotes the characteristic function of the
set w.
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Throughout this paper, the symbols W*?(Q) and sz’l(QTO), 1 < p < o0,k integer,
denote the usual Sobolev spaces and

I/V1 (Qn) ={ vy € W (Qn); y vanishes for (z,t) € 99 x (0,Tp) and ¢ = 0}.

We assume that

(H1) gy is a positive integer. gy € (2,00) when N = 1,2, and gy € (822, Q%V_JF;))
when N = 3,4,5.

With the assumption (H1), we have the following embeddings (see [15], p.61):
N+2

gN

W2HQn) — Co(Qg,), WITHvav(Q) — [2°(Q) with 0 < ap < 2 —

Due to the system (1.1)—(1.3), we are interested in the generalized solution in the
following sense.

Definition 1.1 (u,v) is said to be a generalized solution of (1.1)—(1.3) if it satisfies
the following conditions:
(i) (u,0) € (L0, To; Wy ™ (2)) N Wl (Qm)):
(i) (u,v) satisfies (1.1) a.e. in Qr and (u — ug, v — vy) € (W;&l(QTO))Q.

Let us consider local existence of the generalized solutions. We can do some
deformation for (1.1)—(1.3) as

U = Au+f1(U,U) - f1<070> +wa7

UV = Av + f2(u7v) - f2<070) + Xwd,

u(z,0) = ug(x), v(x,0)=wv(x), x € Q, (1.5)

u(z,t) =v(x,t) =0, (z,t) € 092 x (0,Tp). (1.6)
Rewrite (1.4)—(1.6) in the following form

(,8) €Qx (0,Tp),  (1.4)

= Au+ Fi(u,v;0,0)u + Fy(u,v;0,0)v + xuf,

1) € Q x(0,Tp), 1.7
= Av+ Fy(u,0;0,0)u + Fy(u, v;0,0)v + Yo, (@) €@ (0,T0),  (17)

u(z,0) = up(x), v(z,0)=wvy(zx), xeQ, (1.8)
u(x,t) = v(x,t) =0, (xz,t) € 00 x (0,Ty),  (1.9)
where
Fy(u,v;0,0) = fl(e 0v)do,
Y 3 Y 0 au
_ _ [ 9h
Fy(u,v;0,0) = o 7 ——(0u, Hv)do,
amo [ 9f
F3(u,v;0,0) = . 9 ——(Ou, 0v)db,
Fy(u,v;0,0) = 0/ ——(Ou, 0v)db
Y Y Y 0 av Y
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and assume that
(H2) F; : R x R — R satisfy

: | Fi(s, 11,0, 0)]
lim 32
(s, =00 In”=(1 4 |s| 4 |u])

=0, i=123,4.

Then we have the following local existence result for the solution of (1.1)—(1.3).

Theorem 1.1 Let (H1) and (H2) be satisfied. Then for any f,g € L™ (Qr,), (uo, vo) €
(Wy ™ (Q)NW2IV (Q))2, there exists Ty € (0,Ty) such that (1.1)~(1.3) has a generalized
solution (u,v) in Qr,.

The result above may not be new, but it is difficult to find its proof. For the
completeness of the text, we will give the proof in the Appendix at the end of this
paper.

Let us now analyze the controllability property. Consider the solution of the
problem (without control functions)

up = Au™ + fi(u*,0%),

x,t) € QA x(0,7T), 1.10
e e (.0 €QxO1),  (110)
with the initial and boundary conditions
u*(z,0) = uy(x), v*(x,0) =vi(x), x €Q, (1.11)
u*(z,t) =v*(z,t) =0, (x,t) € 0 x (0, 7). (1.12)

Let (u*,v*) be an arbitrary bounded trajectory of (1.10)—(1.12) globally defined on
[0,T],T < T*, where T* € (0, 00| is the maximal existence time, corresponding to the
data uf, vi € Wy ™ (Q) NW2IN(Q). Setting u =7 —u*, v =7 —v*, where (4,7, f, g)
satisfies (1.1)—(1.3), we obtain

up = Au+ fi(u+u’,v+0%) = fi(u”, o) + xo f,
v =Av+ folu+u’,v+07) = fou’, 07) + xug,
u(z,0) = up(x), v(x,0)=wvy(zx), reQ, (1.14)
u(z,t) =v(z,t) =0, (x,t) € 0Q x (0,T), (1.15)

(z,t) € Q% (0,T), (1.13)

where ug(z) = u(z,0) — ui(z), vo(x) = v(x,0) — vi(x). Then the system (1.13)—(1.15)
can be rewritten as follows:
w = Au+ Fy(u,v;u”, 0" )u + Fy(u, v;u*, 0" )v + xo f,
vy = Av + Fa(u,v;u™, v")u + Fy(u, v;u®, v")v + xu9,
u(z,0) = ug(x), v(z,0)=wvy(x), x e Q, (1.17)
u(z,t) = v(z,t) =0, (x,t) € 02 x (0,7T),
(1.18)

(z,t) € Q% (0,T), (1.16)

EJQTDE, 2012 No. 11, p. 3



where

Fi(u,v;u*,v*) = —(Ou + u*, 0v 4 v*)db,
0 Ou
1
Fy(u,v;u*,v*) = / %(Qquu*,@erv*)d@,
0 Ov
1
Fs(u,v;u*,v*) = %(ﬁu—i—u*,ev—l—v*)dﬁ,
0 8U
1
0
Fy(u,v;u*,v*) = ﬁ(@u—i—u*,@v—l—v*)d@.
0 Ov

In this paper, we assume that
(H3) F; : R x R — R satisfy

Fl' y 5 S0, .
(s, =00 In®/2 (1 + | s| + |p])

uniformly in (sg, 0) € K x K, with K C R being compact.

Definition 1.2 The system (1.1)—(1.3) is said to be exactly controllable to the trajec-
tories at time T < T* if for any initial data (ug,ve) € (Wy ™ (Q) N W2V (Q))2, there
exist control functions f,g € LIN(Qr) such that the corresponding solution (u,v) of
(1.1)—(1.3) is also defined on [0,T] and satisfies

(u(,T),v(,T)) = (u*(-,T),v"(-,T)) a.e. in Q. (1.19)

Definition 1.3 The system (1.1)—(1.3) is approzimately controllable at time T if for
any T > 0, initial data (ug,vo) € (Wy ™ (Q) N W2I¥(Q))?, ug,vg € L*(Q) and € > 0,
there exist f,g € L™ (Qr) such that the corresponding solution (u,v) of (1.1)—(1.3)
satisfies

|u(-,T) = uall 2 < € and |Jv(-,T) — val|r2@) < €. (1.20)

Remark 1.1 Clearly, the exact controllability to the trajectories of (1.1)—(1.3) is equiv-
alent to the exact null controllability of (1.16)—(1.18). Therefore, we only need to prove
the exact null controllability of (1.16)—(1.18).

In recent years, the controllabilities of the nonlinear parabolic systems have been
studied by many authors (see [3]-[9] and the references therein). For reaction-diffusion
systems, Anita and Barbu [3] have considered the local null controllability with f;(z, u,v)
= asa(r)uv, © = 1,2, where the «; are the positive constants and a is a function in
L>(Q) such that a > ag > 0 a.e. in Q, where ag is a constant. Wang and Zhang [6]
extended that result to the systems with only one control force. In [7], F. Ammar
Khodja, A. Benabdallah and C. Dupaix obtained local null controllability of a gen-
eral reaction-diffusion system. There seems to have been relatively little work devoted
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to the global exact controllability and the approximate controllability of the systems
which contains certain superlinear nonlinearities. This is a precisely problem which we
consider in this paper. It is worth mentioning that these nonlinearities may lead to
the state of the systems blow-up without imposing any control functions (see Section
2). It is well-known that the blow-up phenomena is usually adverse to us in reality.
Therefore, we want to prevent the blow-up phenomena happening. Our method is that
we introduce some control functions into the systems to change the dynamics of the
systems. The advantage of this method not only avoids the occurrence of the blow-up
phenomena, but also leads the state to the ideal targets at the given time. In other
words, the systems achieve the controllability. Since the control functions act on a
subset of the domain where the state work on, the method is realizable in the point
view of practice.
Motivated by the article [1], our main results are stated as follows:

Theorem 1.2 Let 1 < N < 6. Suppose that (H1) and (H3) hold. Then the system
(1.1)—(1.3) is exactly controllable to the trajectories at time T.

As a consequence of Theorem 1.2, we have the approximate controllability result.

Theorem 1.3 Let 1 < N < 6. Suppose that (H1) and (H3) hold. Then the system
(1.1)—(1.3) is approzimately controllable at time T .

Our results rest on a generalized fixed point theorem of Kakutani (see [10], p.7)
which has been used in a variety of areas in differential equations and control theory
(for instance see [1], [4]).

Theorem 1.4 (Kakutani) Let K be a compact convex subset of a Banach space X and
let T : K — 2% be an upper semicontinuous mapping with convexr values T(x) such
that T(x) C K, VYx € K. Then there is at least one x € K such that x € T ().

The rest of this paper is organized as follows. In Section 2, we give some blow-up
and global existence results to a special case of (1.1)—(1.3), which point out that blow-
up may occur. The exact controllability and the approximate controllability results
are proved in the Section 3 and the Section 4 respectively. In Appendix at the end of
the paper, we give the proof of Theorem 1.1 for the sake of completeness.

2 Blow-up and global existence of solutions for (1.1)
—(1.3) in the absence of control functions

In this section, we will give an example to show that the solutions of (1.1)—(1.3) may

occur blow-up phenomena, provided that F; (i = 1,2,3,4) satisfy (H3). Our crucial
theorem is the following result to be proved later.
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Theorem 2.1 Take fi(u,v) = (1+u+v)In" (1 +u+0v), i =1,2 with 1 < ; < 3/2
in (1.1). Then (H3) holds and the solutions of (1.1)—(1.3) blow-up in the absence of
control functions with large nonnegative initial data.

In order to prove Theorem 2.1, we merely consider the classical solutions of the
following weakly coupled reaction-diffusion system

up = Au+ (14+u+ ) In" (1 +u +v),

t) e Qx(0,T 2.1
vp=Av+ (1 +u+v)?In®?(1+u+v), (%) < (0.7), (2.1)
with initial and boundary conditions
u(z,0) = up(x), v(z,0)=v(x), x € €, (2.2)
u(z,t) =v(z,t) =0, (z,t) € 02 x (0,T), (2.3)

where ug,v9 € C?>*°(Q)(0 < ay < 1) are nonnegative functions and constants p;, ¢; >
0,i=1,2.

For the local existence of a classical solution for (2.1)—(2.3) we refer to Chapter 12
in [16]. Many authors have considered the global existence and blow-up of solutions
for some reaction-diffusion systems (see e.g. [13][14]). As far as we know, there are no
the similar results for the reaction functions in (2.1). Therefore, we prove the global
existence and the blow-up of the solutions for the system (2.1)—(2.3) first.

Let us begin with a single parabolic equation.

u — Lu = f(u), (x,t) € Q x (0,7T), (2.4)
u(z,0) = ¢(x), x €, (2.5)
u(z,t) =0, (x,t) € 0Q x (0,T), (2.6)
where
Lu := Z (aij(T)ug,)e; + Z bi(x)uy, + c(x)u,

(aij(z)) is a uniformly positive definite matrix, the coefficients of L are sufficiently
smooth in ©Q x [0,7), ¢ is a Holder continuous function in €2, and f(u) is Lipschitz
continuous in R. The following blow-up results are basic and well known (see [12]):

Lemma 2.1 If f(u) >0, f'(u) >0 foru >0, f is convex with [~ du/f(u) < co and
¢ >0, fﬂgb dz is sufficiently large, then there is a 17 > 0 such that the solution of
(2.4)-(2.6) exists in Qr+, but does not exist in Q1. for any e > 0.

Remark 2.1 We note that f(u) = (1 + u) In”(1 + w) with p > 1 satisfies the require-
ments in Lemma 2.1, and the solution of (2.4)—(2.6) may blow-up in a finite time.

Since the reaction functions in (2.1) are quasi-monotone increasing, we have the
following existence-comparison theorem.
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Lemma 2.2 Let (u,v) and (u,v) be a pair of upper and lower solutions ([13]) of equa-
tions (2.1)—(2.3) in Qr such that (u,v) < (u,v) in Qr. Then the problem (2.1)—(2.3)
has a unique solution (u,v) and

(av 6) < (uvv) < (ﬁv 6) in QT-

This lemma is a particular case of Theorem 2.2 in [13]. Therefore, we omit the
proof here. Now, we are in a position to show the following global existence result for
(2.1)—(2.3).

Theorem 2.2 Assume 0 < p; + ¢; < 1,i = 1,2. Then the solution of (2.1)—(2.3) is
nonnegative and global.

Proof. If 0 < p;+¢; < 1, weput U(t) = V(t) = Ce'—5 with C > max{sgp uo(z)+

Pita;
1,supwvg(x) + 1,2-wite) }. Then, we can consider (U(t),V(¢)) and (0,0) as a pair of
Q
upper and lower solutions of problem (2.1)—(2.3). U(t) and V() satisfy

Ui(t) =AU () + (L+ U (1) + V(§)™
>AU(t) + (1+U@) + V() In" (1 4+ U(t) + V(t)),
Vi(t) ZAV (1) + (1+ U() + V(5))=Te
>AV()+ 1 +U@E)+ V() In?(1+U(t) + V(t)),
with p; +¢; < 1,i = 1,2. Moreover, (U(t),V (t)) > (0,0) on the parabolic boundary.
Thus, we know from Lemma 2.2 that problem (2.1)—(2.3) has a unique solution (u,v)

and
0 < u(w,t) SUW), 0<o(e,t) < V), (0,1) € Qr.
If p; + ¢; = 1, the solution of the following linear system
=Au+ (1+u+v),
=Av+ (1+u+wv),
U<SL’7O) = uO('r)? ’U(SL’,O) = ’l]o(.T), T e Qu
u(z,t) =v(z,t) =0, (z,t) € 002 x (0,T),

(z,1) € Q % (0,T),

could be regarded as a upper solution of (2.1)—(2.3), since

u =Au+ (1 +u+ ) In?(1+u+v)
<Au+ (1+u+0) " < Au+ (14 u+v),
=Av+ (1+u+v)?In?(1+u+v)
<Av+(1+u+o)P*T2 < Av+ (1+u+v).
We can get the conclusion as the solution of linear system is global. U

Corresponding to Lemma 2.1 for the single equation case, we have the following
blow-up result for (2.1)—(2.3).
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Theorem 2.3 Assume
(1) p1217 QZ>17 Z:1727

(ii) /uo dx or / vy dx is large enough.
Thethhe solutiong of (2.1)—(2.3) blow-up in a finite time.
Proof. By the conditions, we can get
w=Au+(14+u+v)In"(14+u+v)>Au+ (1 +u)In? (14 u).

Using Lemma 2.1 and Remark 2.1, we get immediately that u blow-up in a finite time.
This implies the same conclusion about v as well. O

By Theorem 2.3, we can obtian Theorem 2.1.

Proof of Theorem 2.1. We consider the nonnegative solutions of (2.1)—(2.3)
with nonnegative initial data. Obviously, the condition (H3) holds by virtue of v; < %
If we choose one of the initial data large enough and use v; > 1, then all the conditions
of Theorem 2.3 are satisfied. Then the blow-up phenomena will occur in the absence
of control functions. O

3 Proof of the exact controllability result

In this section, we are devoted to prove Theorem 1.2. The proof is based on the null
controllability of the linear parabolic system and the Kakutani fixed point theorem.

3.1 Observability estimate
For R > 0, we set
Kr={(y.2) € (L™(Q0))* |yl z=@n + I2ll=@n < R}
Let (y, z) € Kg. Consider the linearized version of (1.16)—(1.18):
uy = Au+ a(x, t)u + bz, t)v + X, f,

vy = Av + c(x, t)u + d(x, t)v + xu9, (z,6) € 2> (0,T), (8:1)
u(z,0) = ug(x), v(z,0)=wvy(x), x € (), (3.2)
u(z,t) = v(x,t) =0, (x,t) € 9Q x (0,T), (3.3)

with a(z,t) = Fi(y, z;u*,v*), b(x,t) = Fy(y, z;u*,v*), c(z,t) = F3(y, z;u*,v*) and
d(xz,t) = Fy(y, z;u*,v*), and its adjoint problem:
- 1/& = Aqu) + a(:zc, t)qu) + C(ZE, t)g,
- Ct = AC + b(l’, t)i/) + d(xv t)C,
IP(%T) = w(](I), C(va) = CO(x>7 x €, (35)
W(x,t) = ((x,t) =0, (x,t) € 00 x (0,T). (3.6)

(2,8) € A% (0,T),  (3.4)

For the linear system (3.1)—(3.3), the following result is well known.
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Lemma 3.1 (see [15], p.616) Let a,b,c,d € L>®°(Qr). Forany f,g € L™ (Qr), (ug, vo) €
(Wy ™ (Q) N W25 (Q))2, system (3.1)-(3.3) has a unique solution (u,v) €
(L9~ (0, T; Wo™ () N W2HQr))? and moreover

1)l 20 0my < €, )l 0sinrn ey + 1(F- Dlzovin):
From (H3) we can see that for each i > 0, there exits C,y > 1, such that
|Ei(s. 15 80, p10)| < Oy + 0" W02 (L 4[] + |uf) < 2(Cp + 0 (1 + |s] + [l))*2,

for any (s, 1) € R x R and (s, o) € K x K, with K C R. Replacing (21)?? by 7, we
obtain that

2/3 2/3 2/3 2/3
lata, D2 0, 10 OITE 0,0 le@ OIT2 o, I, B)52 o, < Co+nin(1+ R).
(3.7)

By Lemma 3.1, we have that for any (y,2) € Kg, (3.1)—(3.3) possesses one solution
(u,0) € (L%(0,T; WE™(9) 0 W2H(Qr) )2

Following [11], let us introduce some notations. Let w’ € w be a subdomain of w
and let 3 be a function in C?(Q) such that

min{|V5(z)|,z € Q\w'} >0 and g—ﬁg()on o9,
v

where v denotes the outward unit normal to 0€2. Moreover, we can always assume that
[ satisfies

— 3
min{f(x),z € Q} > max {Z||ﬁ||Loo(Q),ln3} ,

and set

KT_wmawe@@ afz,t) =T T . (z,t) € Qr, (3.8)

plx,t) =
where A > 0 and 7 > 0 are appropriate positive constants. The following results hold:

Theorem 3.1 (see [2] and [11] p.288). There exist Ay > 0,790 > 0 and a positive
constant C' such that for any A > Ao, T > 19 and s > —3, the inequality

1 1
J T R e A P
T

T
<C ( // |2 £ Az|?p* e 2 dadt + )\47'4/ / 22,025+36_20‘d:pdt)
T 0 w’!

holds for any function z(z,t) satisfying homogeneous Dirichlet condition and the right-
hand side of (3.9) is finite. Moreover, the constant 1y is of the form 1o = co(Q, W) (T +
T?), and the constants C,cy and Ny only depend on 2 and w'.

(3.9)
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Lemma 3.2 (see [7]) Let Ao > 1, C being the constant given in Theorem 3.1. Then
forany N> Xy, T>1 =L (40)1/3 |(a,b, c, d)”i/oi(QT) and s > —3, the solution (1, ()
of (3.4)—(3.6) satisfies:

T
I(s,) +1(s,¢) < CA\* / / (¥? + ¢*)6* e dadt, (3.10)
0 w’

1 1
whered = Tp and I(s,2) = // <X|Zt|2 + X|Az|2 + N2 V2| + )\454,22) 5% te 2 dxdt.
T

From the results above, we can obtain the observability estimate as follows:

Lemma 3.3 Under the assumptions of Lemma 3.2, the solution (1, () of (3.4)—(3.6)
satisfies:

T
18, C)(0) 2200y < Cr / / e 2 (42 4 (), (3.11)

with Cp = exp {c (1 + L+ 1+ (@b e, d)]|oo)T + [|(a, b, c d)||2/3>}, where
1(a, b, c,d)||c = (HG’HLOO(QT) F 10117 0 0y F NellFoo i@y + Nl (p)) -
Proof. By the definition of function I and Lemma 3.2,

T
/ / et e < 3 (150 +10-5.0) <€ [ [ 0w aaar

As e~20@t) > ¢ - on (%,%) x ) ,we get

/ /w2+¢ d:cdt<CeT2/ / “20 (% 4+ (?)dadt. (3.12)

Recall that (1, ¢) satisfies (3.4) and take m = 3|/(a, b, ¢, d)| (0.,
(T 0y + 10 )
= 270l (1) gy + GO+ [ (0-+ )
= 26Tl 0) gy + GOl + [ (V0 + [V F)da
- /Q a’dx — /Q dC3dx — / (b+ c)v¢da (3.13)

> 2200 (0.~ fallmqon — 3 (blan) + [elliman) [ e

1
+(m = |l z@r) — = IbllLe@r) + el Le@n) | (CPd
2 Q

> 0.
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We obtain that the function e=2™(T=) (|| (t) ||%2(Q) +1|¢(%) ||%2(Q)) is increasing in t. Then
by the monotonicity and the mean value theorem of integral, we can get

T, O
S DO gy + [COa@) < [ [ T2 4 ¢2)daat

Se_mTT/4 /(w2+§2)dxdt.
rJq

Let 7 = C|(a, b, c, d)Hi/j,(QT)TQ with C sufficiently large. Combining (3.12) and (3.14),

we obtain (3.11). O
Our crucial lemma is the following:

(3.14)

Lemma 3.4 Let 1 < N < 6. Suppose that (H1) and (H3) hold. Then the system
(3.1)-(3.3) is null-controllable, that is, for any (ug,ve) € (WgN(Q) N W24N(Q))>2
and T > 0, there exist f,g € LIN(Qr) such that the associated solution (u,v) €
(L9~ (0, T; Wy ™ () N W2HQr))? with

(w,v)(T) = (0,0) a.e. in Q. (3.15)
Moreover,

X1 Zan (r) + X0l ax (@ry < Crll(u0, v0)l|72(0): (3.16)
where Cr is defined in Lemma 3.3.

Proof. For any given (y,z) € Kg and any € > 0, we consider the following
optimal control problem

(P.) Minimize {% /OT /w e**(f* + g*)dxdt + 2i€ /Q[UQ(x, T) + v*(x, T)]dx} :

where (f,g) € L*(Q7) and (u,v) is the solution of (3.1)—(3.3) corresponding to (f, g).
The existence of a pair of solution (f., g.) to the problem (P.) follows from a standard
argument. By the Pontryagin maximum principle, we have

fo=xwe P, 9o = xwe (3.17)

where (4, C.) is the solution of
— Yy = A+ a(z, )Y + c(z, t)(,
— G = A+ b(x, )Y + d(z, t)(,
P(z,T) = —%ua(x,T), ((z,T) = —%ve(x,T), re, (3.19)
Y(z,t) = ((z,t) =0, (x,t) € 9Q x (0,T).  (3.20)

(z,t) € Q2 x (0,T), (3.18)
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Multiplying the first equation in (3.18) by u. and the second equation by v. and
integrating on Qr yield

/ / [(Ve)e + AU + alz, 1)) + oz, t)( Judzdt

+ //T[(Ca)t + A + bz, ) e + d(z, ) Jvdzdt = 0.

Using (3.1)—(3.3) and integrating by parts, it follows that

// (%wae + ngwge)da:dt
- /ﬂ [(Yeue)(T) + (Cove)(T)]da — /Q [(1heue)(0) + (Cov.)(0)]d.

By virtue of (3.17) and (3.19), we have
1

1 200 ( 2 2 1 2 2
s [ e s gttt s o [ e ) 4 o2 e o

< [1(@e, ) (@, 0l 2@ [l (o, vo) | 22y -

Using Lemma 3.3 gives
(the, €)(, 07200 ll (0, 00) | 22(2) < Cr // Xew€ 22 + ¢)dwdt]| (uo, vo) || L2 ()
(3.22)
By (3.17) and (3.21), we can get

/ / Yol (2 4 C)drdt < 2|(6e, ) (@, 0) o0 v0) |2y, (3:23)

T

Combining (3.21)—(3.23), we obtain

I 1
3 [+ Ot L v @ Dl < Collun, gy (3:240)

Next, we will show that our control functions are in L™ (Qr). We introduce
0. = e 2%).. By (3.18)—(3.20), we have

(@) + A(pe) = Ge(x, 1) (z,t) € Q% (0,7T),
Qpe(va) =0, x €,
Pe(,t) =0, (z,t) € 99 x (0,T),

with G.(z,t) = —c(z,t)e (. —4(Va) (e 2*Vi.) + [A(e72¥) + (e72%); — a(z, t) e 2Y]1)...

By parabolic regularity, we have
leellwzriqr < ClIGe(2, 8l 2(@r)-
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On the other hand, setting

L = // Az, t)e **Cdadt,

we have, using (3.10) in Lemma 3.2,

Il :// (CQ(jL‘,t)e_Qa)(e—Zagg)dl‘dt S ||02(x’t)6_2a||L°°(QT) // e_zo‘Cfdxdt
T . ;
S CT/ /62“(w§+c3)dxdt.
0 w

In the same way, setting

I — / / (Vo) (e 22V, [2dadt,
I = / / 20 1 (672, — a(a, £)e 22w,

we can obtain by the same kind of computations that

12,13<CT/ / (2 + 2)dxdt.

It follows from these inequalities that

T
el g, < Cr /0 / e (2 + (2)ddt.

Set 9. = e72%(, and repeat the above process. We can conclude that

T
19l gy < Cr /0 / €% (02 + (2)dadt,

Now, by the embedding W5 (Qr) — LI¥(Qr) and (3.24), we have
Hff-:”%qN(QT) + HgsH%qN(QT) = HXMPsH%qN(QT) + ”Xwﬂz-:”%qN(QT)
T
S CT/ /6_2a(w3 + Cg)dl‘dt S CT||(U(),’U())||%2(Q)
0 w
(3.25)

From (3.25) and Lemma 3.1, it follows, at least for a subsequence, that for e — 0

(fer 9¢) = (f, ) weakly in (L™ (Qr))?,
(ue,ve) — (u,v) weakly in (LI¥(0,T; Wol’qN(Q)) N WqQ](,l(QT))Q,

and (u,v, f, g) satisfy (3.1)—(3.3). By (3.24), we have (u,v)(T) = 0. Moreover, (3.16)
holds. This completes the proof of Lemma 3.4. 0
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3.2 Proof of Theorem 1.2
For each (y,2) € Kg, we define a map @ : Kz(C L2(Qr)?) — 2F°(@1)° by

O(y, 2) = {(u,v) € (L(0, T; Wy ™ () N W (Qr)*% 3 f,9 € L™ (Qr)
satisfying (3.16) such that (u,v) is the solution to the system
(3.1)—(3.3) corresponding to (v, 2), f,g and (u,v)(T) =0 a.e. in Q}.

It is readily seen that ®(y, 2) is nonempty, closed and convex in L?*(Qr). Then we prove
®(KR) C Kg with sufficiently large R > 0. First of all, we show that

11, 0)1 2y < Corll (o, 00) 2o (3.26)

Exactly as in [4], we can obtain

N+2

I, 0) (8) 2y <C (11, v0) iy + T~

t
+H(L+ (e, b, e, d)||L<>o<QT>)/0 ||(u,v)(T)IIL°o<ﬂ>dT) )

+1
(Ixwfllzav @z) + [1Xw 9l Lov @)

and by Gronwall’s inequality,
1, )| Loy <CeCUHI@bedlloe )T,

_N+2
(w0, w0} lzoe(@) + T~ 5% (I laow @r) + Il iavin) ) -
(3.27)

Then by (3.27) and Lemma 3.4, we can get (3.26). Substituting (3.7) into (3.26), we
have

1
| (u, v)H%w(QT) <exp {C <1 + 7 + (1 +[C, +nln(1 + R)¥T
+ Gy nin(1 + R)) bl (o, v0) e
Choosing T :=T(R,n) = [C, + nIn(1 + R)|~!, we get for R sufficiently large
1
(s )2y < exp{C (1 + Z) M (o, vo) 7=

=exp{C(1 + Cy +nln(1 + R)}H| (uo, v0) | T~ (0
<(1+ R)" exp{C(1+ Cy)}H| (w0, v0) |7 (.

Taking n = % yields

1w, )o@y < C(L+ RY2| (0, v0) |70 -
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For R sufficiently large,

1w, )l L@y < R-

It follows that ®(Kr) C Kpg.
Moreover, by the parabolic regularity and (3.16) we have

I ) hwatir) < Crlll(wo, vo)ll 2.

By the embedding W2:'(Qr) — Co00/2(Qr) (0 < a9 < 1) and the Arzela-Ascoli
theorem, ®(Kp) is a relatively compact subset of (L?(Qr))?.

Note also that ® is upper semicontinuous in (L?(Qr))?. Indeed, let (y,,z2,) €
Kgr, (Yn, 2n) — (y,2) in Kg, and (un, vn) € ®(Yn, 20), (Un, vp) — (u,v) in (L2(Qr))2.
We want to show (u,v) € ®(y, z). By Lemma 3.1 and Lemma 3.4 it follows (selecting
a subsequence if necessary) that

(fu> gn) = (f, g) weakly in (L™ (Qr))?,
(tn, Un) —= (@, D) strongly in(C(Qr))?,
weakly in (L™ (0,T; Wol’qN(Q)) N WqQI’Vl(QT))Q.

Then we obtain (u,v) = (@,) € (LW (0,T; Wy ™(Q)) N WAY(Qr))?. Thus letting n
tend to 400 in the system

(Un)t = Aty + F1(Yns 203 0" 0 ) + Fo(Yn, 205 0", 0700 + Xoo fs
(Un)t = Av, + F3(yn7 Znju’, U*)un + F4(yn7 Znju’, U*)Un + Xwn,
Un(z,0) = ug(x), vu(z,0) = v9(x), x e,

0, (z,t) € 09 x (0,7,

(x,t) € Q x (0,7),

Up(z,t) = vy (2, t) =

we conclude that (u,v, f, g) satisfy (3.1)—(3.3), (3.15) and (3.16), i.e., (u,v) € ®(y, 2).
Therefore, ® is upper semicontinuous in (L?(Qr))>.

Then applying the Kakutani fixed point theorem we infer that there is at least
one (y, z) € Kg such that (y, z) € ®(y, z). Hence, our assertion is proved for any T =
T(R,n). For any T' > T(R,n), clearly, we can choose control defined on (0,T(R,7))
which gives a solution satisfying (3.15) at 7' = T'(R,n). We then extend the solution
from 0 to the whole interval (0,7). O

4 Proof of the approximate controllability result

In this section we will prove Theorem 1.3. Let T > 0 and ug, vy € Wy ™ (Q) N W24V (Q)
be given. Observe that we only need to consider the final data ug, vy € C3(£2), since
this space is dense in L?((2).
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For the given time T, there exists § > 0, which is small enough and only depends
on €, f1, f2, ugq,vq and e, such that the following auxiliary system:

hy = Ah + fi(h,§),
& = AL+ fa(h, §),
h(z, T —6) = uq(x), &{(z, T —9)=v4(x), x €,
h(z,t) = &(x,t) =0, (x,t) € 00 x (T —0,T),

(x,t) € Qx (T —0,T),

possesses a solution (h, &) € (C(2 x (T —6,T))NC*(Q x (T —6,T)))? (see [16]) sat-
isfying [|A(-, T) = uall 2@ <&, €¢;T) = vall2(@) < &

We consider the trajectory u* = v* = 0 on [0,7 — 0] with vy = v9 = 0 and
f =g=0. By Theorem 1.2, we can find (f;,q1) € L™ (2 x (0,7 — 9)) so that

w(z, T —9)=0, vz, T—35) =0 a.e. in .

On [T'—0, T, we take the solution of auxiliary system as the trajectory. Using Theorem
1.2 again, there exists (f2, g2) € LI (Qx (T'—4,T)) such that the solution of the system

uy = Au+ fi(u,v) + XUJ]?Q)
v = Av + fou,v) + Xw02,
u(z, T —0)=0, v(z,T—9)=0, x €,
u(z,t) =v(x,t) =0, (x,t) € 0Q x (T —0,T)

(x,t) € QA x (T —0,T),

satisfies
w(z,T) = h(z,T), vz, T) =&z, T) a.e.in Q.
Finally, we define

(fi(z, 1), g1(z, 1)) (x,t) € 2 x [0, T -],

(f(x,1), g(z,t)) :{ (Fa(z,8), Go(,t))  (2,8) € Q x (T — 68,7

Obviously, (1.20) holds. This completes the proof of Theorem 1.3. U

5 Appendix.

In this part, we will give the proof of Theorem 1.1. By deformation, we only need to
prove local existence of (1.7)—(1.9) combining with Schauder fixed point theorem.
For R' > 0,7, < T}, we set

Krm ={(,2) € (L=(Qn))% [ylle@n) + 2] x@n) < B}

EJQTDE, 2012 No. 11, p. 16



where R’,T will be determined in later. The set K 1 is a bounded closed convex
subset of (L™°(Q7,))* Let (y,2) € Kr 1,. We consider the linearized version of (1.7)-

(1.9) in Qr,.

u = Au+a'(z, t)u+b'(z,t)v + x.f,

= Av+ (z, t)u+ d'(z,t)v + xw9, (z,1) € 2 (0. Th), (5:1)
u(z,0) = up(x), v(z,0)=wvy(z), x €Q, (5.2)
u(z,t) =v(x,t) =0, (x,t) € 09 x (0,T7), (5.3)

with a'(x,t) = Fi(y, 2;0,0), V/(x,t) = F5(y, 2;0,0), ¢(z,t) = F3(y, 2;0,0) and d'(z,t) =
Fy(y, z;0,0). From (H2) we can see for each 7y > 0, there exits C(n) > 1, such that
2/3 2/3 2/3 2/3
la' (@ )17 s IV (@ )17 gy 1€ )17 gy 1 (2, D172 g 5.4
< Cpo +moln(l1+ R').

By Lemma 3.1, we have that for any (y, 2) € Kp n, (5.1)(5.3) possesses one solution
(u,v) € (LN(0,Ty; Wy™(Q)) N W2HQr,))% Denote & : Kpqy — (L¥(Qr,))* b
®'(y,z) = (u,v). Then, by Sobolev embedding theorem, ®'(Kp 1) is a relatively
compact subset of (L>®(Qr,))>.

Note that @' is continuous in (L®(Qr,))?. Indeed, let (yn,2) € Kr'1ys (Yny 2n) —
(y,2) in Kpr oy and (un, vn) = 9" (Yn, 20), (Un, vn) — (u,v) in (L°(Q7,))?. We only need
to prove ®'(y, z) = (u,v). We have (up,v,) € (LI (0, Ty; Wy ™ (Q)) N Wil Qr))*. B
Sobolev embedding theorem and Lemma 3.1, it follows (selecting a subsequence if
necessary) that

(tn, ) — (@, D) strongly in(C(Qr,))>%,
and weakly in(L™ (0, T1; Wol’qN(Q)) N Wj&l(QTl))Q.

Then we obtain (u,v) = (&, ) € (L (0, Ty; Wy ™ () N W2H(Qn))?. Thus letting n
tend to 400 in the system

(un)t = Aun + Fl (yna Zn; 07 O)Un + F2(yn7 Zn; 07 O>Un + waa
(Un)t - AUn + F3(yn> Zn;s 0 O)un + F4(yna Zn 07 O)Un + Xwd,
un(,0) = ug(x), va(x,0) =vo(z), z €,
Up(z,t) = v, (2, t) =0, (x,t) € 9Q x (0,T1),

(z,t) € Q x (0,T1),

we conclude that (u,v, f, g) satisfy (5.1)—(5.3), i.e., ®'(y, z) = (u,v). Therefore, &' is
continuous in (L®(Qq,))%.

Next we will choose suitable R and T to have that ®(Kr 1,) C Kp 1,. For any
fixed f,g € L (Qg,) and (ug, vo) € (W™ () N W24¥(Q))?, there exists Cy(Tp) > 0
such that

1f[Lox (@) + 191l 2av (@zy) < CL(T0) (w0, v0) || ()
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Exactly same as in [4], we can obtain
||(u7 U) ||L°°(QT1) < C’exp{C(l + || (ala blv Cla d,)||L°°(QT1))T1}'
,erl
(1o 0ty + 75 7l + Do cory)
1
< eXp{CQ<1 + i + (1 + H(a/7 b/v 6/7 d/>HL°°(QT1)>T1)}”<u07 UO)”LOO(Q)'
(5.5)

Substituting (5.4) into (5.5), we have

]' /
10,0) 10r,) < exD{Call + 7+ (14 [Coy+ mo (1 + RT3} (i 0) =
(5.6)

Choosing 1y = ﬁ and T} = [Cy, + noIn(1 + R')] !, we see that, for R’ large enough,

1, )1 Ze(@ry) < exP{6Cs(1+ Coy +mo In(1 + R)) }Hl (o, v0) |02 0
< exp{6C5(1 + Cy) } (1 + B)2 || (w0, v0) | 7 (0.

and then
2 Lo
”<U7U>HL°°(QT1) < ZR :
It follows that ®'(Kp 7,) C Kr 1. Then by Schauder fixed point theorem, we can

conclude that the system (1.7)-(1.9) has a local solution (u,v) € (L*(Qr,))*>. By
classical parabolic regularity, the solution also satisfies (u,v) € (LI (0, Ty; Wy ()N

W (Qn))* U
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